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Summary. Consider the Parzen-Rosenblatt kernel estimate f,

=(1/n) Y K,(x—X,), where h>0 is a constant, K is an absolutely integrable
i=1

function with integral one, K, (x)=(1/h%) K(x/h), and X, ..., X, are iid ran-

dom variables with common density f on RY. We show that for all £¢>0,

ne?

sup P( [l fo—fI—Eflfu—fll>)S2e 2]

h>0,f

We also establish that f, is relatively stable, i.e.

fIh=f1
Eflf,—f]

in probability as n—>c0,

whenever liminf|/nEf|f,—f|=c. We also study what happens when h
is allowed to depend upon the data sequence.

1. Introduction
We consider the standard problem of estimating a density f on R? from an

iid sample X, ..., X,, drawn from f. A density estimate f,, a Borel measurable
function of x, X, ..., X, is relatively stable when

E{nJ,,) —1 inprobabilityas n—oo,

where J,= (| f,—f|is the L, error. It is strongly relatively stable when the conver-
gence is in the almost sure sense.
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The notion of relative stability is important in comparative studies of density
estimates. Comparing relatively stable density estimates on the basis of E(J,)
is fair since the actual error J, is with high probability close to its mean. The
situation is more complicated for example when J,/E (J,) tends to a nondegenerate
limit law; the conservative elements among us could be tempted to choose
a density estimate with a larger asymptotic mean but a smaller asymptotic
variance. Dilemmas of this sort do not occur for relatively stable density esti-
mates. Of course, one should keep in mind that the actual value of E(J) is
more important than anything else- just consider that any data-independent
estimate is relatively stable.

Another important point is that simulations of the performance (L, error)
of relatively stable density estimates are very cheap since J, (the computed perfor-
mance) is with high probability close to E(J,). In other words, it is not necessary
to average over several simulation runs. As we will see below, J, is already
an average of sorts because of the global integral in its definition.

The literature on minimax lower and upper bounds for the L, error deals
almost exclusively with E(J,), and not with other quantities such as the p-th
quantiles of J,. In view of the relative stability of most nonparametric estimates,
it is less important to develop minimax theories based upon quantities other
than E(J,), except in special circumstances. One such situation is when the classes
of densities considered in the minimax theory are very small (“parametric”),
so that specially designed estimates (“parametric estimates”) are better suited.

Most parametric density estimates are not relatively stable. Take for example
the class of densities f=pg+(1—p)h where g, h are known disjoint densities
(fgh=0), and p is the unknown mixture parameter. If p is estimated from the
data by the obvious frequency estimate p,, and f,=p,g+(1—p,)h, then J,
=2|p—p,l, and thus, by the central limit theorem,

S

] /1
2 ;p(l—p)

where N is a normal random variable. It is clear that J,/E(J)—|N|/E(]N])
in distribution as n—oo. Therefore, the estimate is not relatively stable for
any density in the given class.

In contrast, popular nonparametric density estimates such as the kernel and
histogram estimates are relatively stable for all densities. This is due to the
local nature of these estimates: densities are estimated locally by considering
a limited number of close data points. Locally, the error’s standard deviation
can be of the same order of magnitude as the error’s mean. Yet, because the
L; criterion sums a lot of many “nearly independent” local errors, the variation
in the local errors averages out, rendering the estimates relatively stable. Thus,
if we had picked a local criterion such as |f,—f|/E(|f,—f|) to define relative
stability, then relative stability would effectively force the bias term to dominate
the variational term, i.e., E(| f,—f )~ | E(f,)—f |. For nonparametric density esti-
mates, one can usually achieve this by taking the smoothing parameter large
enough. Yet, this is a suboptimal strategy because the smallest asymptotic errors

—|N| indistribution
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are obtained by balancing the bias and variation terms. Thus, “local relative
stability” and “locally optimal rate of convergence” are conflicting notions.

Relative stability is a concept first studied by Abou-Jaoude (1977). He
encountered some problems in the decomposition of J, into a bias component
and a variational component, due to the nature of the L, criterion. Interestingly,
even though E(f,) always is relatively stable, and f|f,—E(f)I/E([1f,—E(f)])
can be shown to converge to 1 in probability for all f for the kernel and histo-
gram estimates (Abou-Jaoude, 1977; Devroye and Gyorfi, 1985, pp. 23-33), these
facts do not in general imply relative stability. The two components should
thus not be separated.

We will show that for the kernel estimate, consistency implies relative stabili-
ty. It suffices to note that everything that follows remains valid for the histogram
estimate as well. In this paper, the kernel estimate is defined as follows:

9= ¥ Ky X)

i=1

where h>0 is a smoothing factor, K is an absolutely integrable function called
the kernel, and K, (x)=(1/h%) K (x/h) (Parzen, 1962 ; Rosenblatt, 1956). We consid-
er smoothing factors & that are functions of n only. Relative stability in the
L, sense (replace J, by {(f,—f)* in the definition of relative stability) has been
established by Hall (1982) under some regularity conditions on h, f and K,
when d=1. Later, Hall (1984) refined this result and obtained the asymptotic
law of {(f,—f)* when f has two uniformly continuous derivatives on R% Unfor-
tunately, for a variety of reasons, L, relative stability cannot be obtained from
Hall’s results. For example, the relative sizes of the L, error and the L, error
are not related (see Devroye and Gyorfi, 1985), Even if we could show that
one follows from the other, we would still need to impose regularity conditions
such as | f2<oc0.

2. Main Results

We consider only L; kernels, i.e. kernels K with jIKl <o0. Recall that [K=1,
but that K does not have to be nonnegative. The main result from which most
other results will be derived is given in Theorem 1:

Theorem 1. Consider a kernel estimate with L, kernel K. For all ¢>0,

ne?

sup P(|J,—E(})|>e)=2e 32[IKl.

h>0,f

We emphasize that Theorem 1 is valid for all densities on R% Also, the
inequality is uniform over all kh and all densities f. It is true that we pay a
price for the uniformity; for particular cases, better inequalities are obtainable.
Yet, it is the uniformity that will allow us to establish the relative stability
of automatic kernel estimates. When considered as a function of K, the bound
is smallest for nonnegative K.
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It is worth mentioning that the inequality remains valid if J, is replaced
by [|f,—gl, where g is an arbitrary integrable function (e.g., g=0 is allowed),
and the kernel K, while absolutely integrable, violates the condition [ K=1.

We will state the main corollaries of Theorem 1 as theorems. Taking s:u/]/ﬁ
for some constant u, we obtain

Theorem 2. Consider a kernel estimate with L kernel K. For u>0,

uZ

sup P(/n|J,—E()|>u)<2e 2]ix.
h>0,f

In particular, the kernel estimate is relatively stable whenever lim inf WE (J)=00.

n—

If we take ¢=c}/log(n)/n for some constant c>]/33 {IK|, we can conclude

Theorem 3. Consider the kernel estimate with L, kernel K. For all [ and all
sequences of smoothing factors h=h,,,

lim sup é].f,,—-E(Jan]/ﬁ“K[ almost surely.
!/ n

n-* o0

In particular, the kernel estimate is strongly relatively stable whenever

liminf]/ " E()= 0.
n-w logn

Theorem 3 is probably suboptimal because strong convergence is derived
via the Borel-Cantelli lemma.

It is interesting to apply Theorems 1-3 to several special cases. Consider
first the univariate case (d=1) studied from other points of view by Devroye
and Gyorfi (1985). For symmetric nonnegative kernels, and all f, we have

2
liminfinf n° E(J)=7>0
n—*w h
for some universal constant y which is at least equal to 0.8 (Devroye and Gyorfi,
1985, p. 79). Combining this with Theorems 1--3 yields

Theorem 4. Assume that K is a nonnegative symmetric kernel, and that f is an
arbitrary density on R'. Then the kernel estimate is strongly relatively stable,
regardless of how h=h,, is chosen as a function of n. For fixed u>0,

uZ

|J,— E(J)| u >§2e %[k,

E(L) ~ oyn't

lim sup P(

n-—>w

For all f and all sequences of smoothing factors h=h,,,

1/10 _
imsup 2 1B EG)I_}/32[IK]|

n—w I/logn E(J) - Y

almost surely.
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Also,
%%Jzﬂz 0(,1—3%) in probability as n— 0.

The simple formula E(|X|)= | P(|X|>t)dt can be used to show that
0

E(|L—EW)N)=—

C
n

where we can take
tZ

C=[2e »fiKidi=)/32n[|K]|
0

Thus, |J,—E(J,)| decreases to zero roughly as 1/1/1;, which is usually much
faster than the rate with which E(J) tends to zero, ie., n~ %> or slower for
any nonnegative kernel K and d=1.

One could wonder what happens for general (i.e., not necessarily symmetric
or nonnegative) L; kernels K. Theorem 5.16 of Devroye and Gyorfi (1985, p. 136)

states that when h—0, |/nE(J,)— o0 as n—oo, for all f. It is known that 7 —0
is necessary for the convergence to 0 of E(J,) of even a single f when K is
nonnegative, but that this is not necessarily so when K is allowed to take negative
values. Combining this with Theorem 2 shows

Theorem 5. For any L, kernel K with {K=1, any density f on R, and any
sequence of smoothing factors h— 0, the kernel estimate is relatively stable. In
particular, for any nonnegative kernel and any density f on RY, consistency (i.e.,
E(J,) — 0) implies relative stability.

Our theorems would not allow one to obtain relative stability for all L,
kernels. It is known (Devroye and Gyorfi 1985, p. 144) that for some classes

of densities, lim sup WE (J,)< oo provided that h converges to an appropriate
positive constant, and K is a kernel whose characteristic function is one in
an open neighborhood of the origin. The latter condition, combined with [ K=1,
{IK|< o0, forces K to take both positive and negative values. Since E(J,) is
of the same order of magnitude (n”'/?) as |J,—E(J,)|, relative stability is not
obtainable from our theorems in these cases. It even seems that the estimates
with constant h are not relatively stable for these classes of densities.

Consider d=1 again. Let s be an cven positive integer. For general class
s kernels, i.e., kernels K that are symmetric, square integrable, and satisfy j(l
+1x[9K(x)] dx<oo, [K=1, [x'K(x)dx=0 for 0<i<s, and [x*K(x)+0, it
is known that s

liminfinf nZ+TE (| f,—f|=c

n— o h

where ¢>0 is a constant depending upon K only (Devroye, 1987). The second
statement of Theorem 5 remains valid for class s kernels K and all densities
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f on the real line. Also, |J,—E(J)|/E(J)=0(n"1**2) in probability, and, in
analogy with Theorem 4,

1
4s+2 _
tmsup 2 G _)/32fIK]

n—w |/logn E(J) ~

almost surely.

3. Some Lemmas

Lemma 1. Let X be any random variable with finite mean, and let a be an arbitrary
real number. Then

X —al-E(|X —al)|=|X - EX))|+ E(| X —E(X)]).
Proof of Lemma 1. Observe that

| X —a|—|X—-EX)|S|la—EX)|SE(|X—al),
and that
E(|X—a|)-E(|X—EX)|)=E(la—E(X)|)
=la—EX)|S|a—-X|+|X-EX)|. O

Consider next an increasing sequence X, ..., %, of sub-o-ficlds of a basic
probability space, where X, is trivial. A sequence of random variables Z;, 1 <i
<n, is called a martingale difference sequence if each Z; is X;-measurable, and
if E(Z;] ;- 1)=0 for each i. We have for every Z,-measurable random variable ¥,

Y—E(Y)= Z Z,
i=1
where
Zi:E(YIZi)_E(YIZi—l)a

so that the Zs form a martingale difference sequence. Most inequalities for
sums of iid zero mean random variables are also applicable, with minor modifica-
tions, to martingale difference sequences (see e.g., Steiger (1969), Millar (1969),
Freedman (1975), Burkholder (1973), Azuma (1967), Chow (1966) and Stout
(1974, Sect. 4.2)). One that is particularly useful for us is the following exponential
inequality due to Azuma (1967) (see also Stout (1974, pp. 238-239)):

Lemma 2.

where | Z;|| . is the essential supremum norm of Z,.
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4. Proof of Theorem 1

Let us formally define 2;=¢(X, ..., X;), and
Y=[1f~f1-E(lfi~f)

To be able to apply Lemma 2, we need an upper bound on every
\ZA=IE(J 1 fi—=fNZ)—E(1fu—f 1 Zi- ),

since obviously Y= E(§ | fu—f1 |2,,)—E(j [ fi—=f112,). We note‘that with the nota-
tion W= 3 (Kylx—X)—f)/n,

iisk

|ZJ < JIEQ f,—=SNZ)—E( fu—f 11 Zi )]
zﬂE(lW1,i—1+m,i+m+1,n||2i)_E(|W1,i~1+VVi,i+ WiriallZi2 )]
< [sup|E(la+ W, [)—la+W,,l|

<§IWi—EW, )+ [E(W,;—EW,)l) (Lemma 1)

SAMIKT
T n

Thus, by Lemma 2,

) ne?
P

P(Iflfn—fl—E(fIfn—fl)l>8)§2ew2”(45'KV”)2=2e—32f2|K'- O

5. Data-Based Smoothing Factors

An automatic kernel estimate 1s a kernel estimate in which the smoothing factor
H is a Borel measurable function of the data X, ..., X,. For particular exam-
ples, we refer to chapter 6 of Devroye and Gyorfi (1985). Here we establish
the relative stability of most automatic kernel estimates. For the automatic
kernel estimate with smoothing factor H, we will write J, or J,y for the error,
and f, or f, g for the estimate, so as to make the dependence upon H explicit.

We will proceed as in Theorems 1-5. The kernels we will consider here
are smooth, i.e., there exists a constant C such that

sup f|K—K,|<C(c*—1)

1<hsge

for all ¢>1. C is called the smoothness constant. Smoothness of a kernel implies
that small changes in k induce proportionally small changes on f, with regard
to the L, distance. For example, let K be nonnegative, nonincreasing along
rays, and ||K|<oo. (A kernel K is said to be nonincreasing along rays if
K(ux)<K(x) for all xeR? and all u=1.) For such kernels, we can take C=2
(see Devroye and Gyorfi (1985, p. 187)). When d=1 and K is absolutely continu-
ous, we can take C=j|x||K’(x)|dx+j|K | (Devroye, 1987). Similarly, when
K is Lipschitz on the real line, K is smooth.
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Theorem 6. Consider an automatic kernel estimate on R° based upon a smooth
kernel K with smoothness constant C. Then, for all ¢>0, and all 0<a<b< 0,

P(|J,—E(J)|>e)<P(H¢[a, b])+(2+ 8C:d8 10g(§))2 _512!2|Kl
provided that
g
P(H¢[a, b])ém
and

ne?

4(1+j|K|)(2+8C:d810g(9)) mfmé%
a

Theorem 6 is valid for all densities on R and will be our starting point.
For example, we have

Theorem 7. Consider an automatic kernel estimate on R* based upon a smooth
kernel K. Assume that the smoothing factor H is such that P(Hé¢[a,, b,])

=o(]/logn/n) for some sequences of positive numbers a,<b, having the property
that b,/a,=e°™ for some finite k. Then,

[/n1J,—E(J)|=0(/log(n) in probability as n— .
If in addition ) P(H¢[a,, b,])< oo, then

1imsup]/E’;—|J,,-E(¢,)|gV2048(k+2)j|K| almost surely.
n

n-rco

The ratio of the boundaries of the intervals [a,, b,] can diverge at any expo-
nential rate. We could take [e¢ ™", ¢"] for example. In this light, the conditions
on the rate of decrease of P(H¢[a,, b,]) are not restrictive at all. Theorems 6
and 7 allow us to say things about |J,—E(J,)] provided that we know how
widely H varies for the application at hand. However, the Theorems are useless
as stated when, say, H=0 with probability 1/2. Granted, such estimates are
totally useless, but it is important to make this point nevertheless. Fortunately,
when H is extremely small, both J, and its expected value approach 1+ ||K],
and similarly when H tends to infinity for n fixed. Thus, with good bounds
on just how close J, is to 1+ [|K| in these limit cases, it is possible to insure
that when Hé¢[a, b], |J,—E(J,)| is smaller than a given small value. The rate
with which J, tends to 1+ j |K|in the extreme cases depends upon the peakedness
and the smoothness of f and K. It should come as no surprise that for further
results, just such conditions on f are needed. This is the price paid for letting
H swing widely. In Theorem 9, we state the results that can be obtained by
Jjust such a technique.
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Before we state Theorem 9, it is helpful to recall the following:

Theorem 8 (Devroye, 1987, Theorem S 1). Consider a kernel estimate on R, based
upon a smooth absolutely integrable class s kernel. Then

E(infJ,,)
lim — % =1,
n—o I{ E(J,;)
h

Theorem 8 is useful for bounding the denominator of |J,—E(J,)|/E(J,) of
automatic kernel estimates. For example, it is known that for class s kernels
and d=1, and all f,

inf E(J,) 2 (c+o(1)n~ 970,
h

where ¢ is a positive constant depending upon K only (for nonnegative kernels,
see Devroye and Gyorfi, 1985; in general, see Devroye, 1987). The fact that
the infimum in the inequality is over all A>0 does not imply that the same
lower bound is valid for the expected L, error of all automatic kernel estimates.
Indeed, we always have

inf E(J,») 2 E(inf J,).

h h

However, Theorem 8 tells us that indeed

E(infJ,,)=(c+o(1))n~ 92+ 1),
h

Theorem 9. Consider any automatic kernel estimate on R* based upon an absolutely
integrable Lipschitz (hence, smooth) kernel K with compact support. Assume that
feLlog, L(ie. | flog(l1+f)< o), and that {log(1+|x|) f(x) dx < co. Then

lim sup] / B% o —E(,)|<|/10240 [ K|  almost surely.

| (dandiee]

If additionally K is a class s kernel, then the estimate is strongly relatively stable,
and in fact,

1
. T | fy— E
hrnnﬁsgp ’;ogn | nHE(J,,,(,';nH)l §% |/10240|K|  almost surely,

where c is the positive constant depending upon K only that was introduced immedi-
ately following Theorem 5.

Theorem 9 is the only theorem in this paper that does not apply to all
densities on the real line. We have explained above why. Extremely small or
extremely large values of H occurring with too high a probability cause the
statements of Theorem 9 to fail for some densities with enormous infinite tails
or very steep peaks. Let us describe the borderline cases. The peak condition
(feLlog, L) is violated when f(x)~1/(x logZ(1/x)) as x| 0, but is not when f
is monotone | on [0, o), and f(x)~ 1/(x log?(1/x) log! "¢ log(1/x)) as x| 0, where
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¢>0is arbitrary. The moment condition on f is violated when f (x)~ 1/(x log?(x))
as xToo, but for monotone densities on the positive halfline, it is satisfied when
S (x)~1/(x log?(x) log! **log(1/x)) as xToo, where &> 0.

In Theorem 9, as in the previous Theorems, no attempt was made to optimize
the constants in the inequality. Also, the conditions on f and K are such that
the constants in the asymptotic upper bounds of Theorem are not affected,
except perhaps via the factor f |K|. This means that there is some room for
improvement. By fine-tuning the arguments, the conditions on f and K can
be relaxed to the point that the upper bounds become functionals involving
both functions. In view of the fact that K can be chosen by the user, and
that the conditions on f are truly weak in the present form, we will not pursue
this matter any further.

6. Proofs of Theorems 6-9

Proof of Theorem 6. Let S={hy, hy, ..., h,,} be a collection of h-values defined
as follows: ;
de\d

— i=0,1,2,...,m.
2 C) , 1=0,1,2,...,m

hi = a(l +
The number m is obtained from the condition that h, is the first number at
least equal to b. Thus, using log(1 + u) = u/(1 +u), valid for u >0, we have

ool 25

Let V be determined from H by the following rule: V=h,; if h,<H<h,, for
some O0<i<m. If H<a, then V=a. If H>b, then V=b>b. In S, replace h, by
min(h,,, b). Let D be the event [He[a, b]] and let D be its complement. Note
that

| how— v | SV — Jov | Ip +2(L+ [ | K] Ipe

<C(<1+ﬁ)”d_1)+2(1+j1|1<|)1

= 8C be
<C(ﬁ)+2(1+§|f<|)1 =220+ {IKDI
="\8cd g pe

and
|ECum)—E(h) S g +2(1+ 1K) P

Thus

P(|hg—E(Ln)|>#)

éP(l'InV_E(JnV)|+2+2(1+j|K[)IDﬂ+2(1+j!KI)P(DC)>8>

gP(rJ,,V—E(J,,V)|>§)+P<DC)
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when P(D%) <¢/(8(1 + || K))). Next,

'JnV—E(JnV)‘Z lZJnhiI[V=hi]_'E(ZJnhiI[V=hi])l
= IZ(Jnhi ‘E(Jnhi)) I[V=h,-]—E(Z (Jnh,- _E(Jnh,-)) I[V:h,—])]

é max l Jnhi - E(Jnhi” + E(max ‘ Jnh,— - E(Jnh,-) ‘)
i i
where we used the fact that ) Ijy_,,=1. Thus,

P(| g —E(,m)| > )

<P{ max |, — Bl + E(max [y~ EU))> 5 )+ PIDY
0<izm

0<ism

<(m+1)sup P({Jnh E(Lh)|> )—{—P(D”)

h>0
when P(D)<¢/(8(1+ [|K])) and E(mgx | Jons— E(J,5)]) = &/4. The last condition

is satisfied when 2(1+§|K[)(m+1)supP(] — E(T,) | >¢/8)<¢e/8. Now apply
Theorem 1. [

Proof of Theorem 7. Theorem 7 follows directly from Theorem 6, first by taking
¢=c|/logn/n for some large constant c, and then by setting ¢ equal to
/2048 (k+2 4+ 8) {| K| for some small §>0, and applying the Borel-Cantelli lem-
ma. [

Proof of Theorem 9. k and ¢ are positive constants to be picked further on.

Define the interval A=[ga, b] A:[e"‘k, e"], and relate the random variable H*
to H in the following manner:

e", if H>e"
H*= H, if e">=Hze .
e, if eT™>H

By Theorem 7,

lim sup % | Jeme— E(J, )| ]/ 2048 (k + g + 2){IK| almost surely.

n— 00

(We will later see that we can take k and g slightly larger than 3 and 4 respective-
ly.) Also,
|Jor— gl 2sup |1+ J| K| =),
h¢ A
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By the triangle inequality, the fact that |J,,| <1+ [|K|, and an application of
Theorem 8, Theorem 9 is proved if we can show that

lim sup |/Esupll+j|K|— Jx|=0  almost surely
n-ow he¢A
limsup |/ —— E(sup |1+ | K|— ]} =0.
n—w IOgn hé¢d

We will achieve this by showing that for every 0, {>0, we have for all n large

enough,
o 2
P(sup|1+§|K|—J,.h|>0]/ st
héd n n

and applying the Borel-Cantelli lemma. This will be done in turn by considering
the suprema over h<a and h> b separately. 5
Assume that K vanishes off [ —s, s]. Take 4=z where 6>0 is a constant
n

and

to be picked further on. Let N be the number of X;’s for which [ X;—2a, X;+2a]
has at least one X; with j=1i, and let D be the union of the sets [X;—a, X;+a]

for those X; not counted in N. Note that 1> j [ﬁ,hl/flK|>
over h<a. We have for arbitrary ¢>0,

—N .
, uniformly

Plsupl [l fu1 1=(1+ ] 1K D29 P(sup | |fnh|<j|1<|—~)
<a h<a p
if 6<p(f, ) where péls‘ljlp(f) exp(— lsz(f)) and w(u) ulog(l+u). To

show this, we note that ¥ is convex, and that for u=>0, ' (u) < 2u/log(1l +u).
Let 4 be Lebesgue measure. For any set B with A(B)< [y (f),

[ A <%£(%) (Jensen’s inequality)
- 20U
~log(1+ [y (f)/A(B)

Take & so small that uniformly over all sets B with A(B)<sd, j" f<g/6. By

the inequality given above, this can be done if 6<s™ ! {y(f) / (exp(lz! v ))

—1). Note in passing that A(D)<sd. It suffices to show that sup { |/l

B:A(B)<sé B

= [|K|—¢/3 implies that [|f,,—f|=1+[|K|—e We have {|f,—fI=[IK]
B
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—&/3— jf j | fon—f12 ff j|f,,,,| which is at least 1—jf-s/3 Summing
this and notmg that jf§s/6 shows thatﬂf,,h—flgl—i—lel—s.

The previous facts can now be combined to conclude that for § small enough,

N e EN £
P(iti;:Ijlfnh—f!—(l+IlKl)lég)éP(7>§]T1ﬂ>+P(T>W)'

By Markov’s inequality, this can be made smaller than a given small constant
g, if

&~

EN . &
< — g,
, <min(l, &) 3f|K| £,

Note that we will take e=0]/logn/n, and &, =1/n'"% Thus, for all n large
enough, &, =(0]/logn)/(3 | | K |n**3/%). But

x+s5djn

EN/néjf(x)min(l,n { f(y)dy)dx

x—sd/n

x+sé/n

§2s5§f(x)£—5 [ fO)dydx
x—sd/n

[y ()

<2s5]feou (340

2y
log(1+n [ (/)25 6)

Thus, we need to choose ¢ such that

5<—j|// f)/(exp(2 Hl(f)) 1).

We can now choose k because a=exp(—n*) and a=s45/(2n). One can verify
that for n large enough,

=20 o 2 o[22

when k=3+(+n for arbitrary small #>0. We conclude that for all n large

enough,
logn 1
PlsupIfl fus 1=+ JIKDI267/<E%) <L
h<a

We finally consider the case h>b. Let w be the modulus of continuity of
K defined by w(u)=sup sup |K(x)— K(x+y)|. By our assumptions on K, w(u)

x |yIsu

) {(Jensen’s inequality)

IIA
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<lu for some constant >0 and all u>0. Let t and T >t be positive numbers

z+t

chosen in such a way that | ]Kl>§|K|—— and sup | |K]<— Also,

t<|x|=T z z—t

T should be so large that | f<e/(6f|K|). This fixes ¢ and T once and for

|x[zT

all. Let N be the number of X;’s with | X;|= T. We have the following inequality:

| K= T=o( )+ 2K

th<|x|<Th

This can best be seen by noting that

=Kl =% 3 (= X0 Ko

i=1

1 1

<= Y sup |[Kyx—y)—Kux)|+= Y IKu(x—X)]
Bilx<r visT LX) >T

1 T 1

) () K,(x—X))|.
w“’(h)*n,-:,x,.zlﬂ' Sx— X))

Now, integrating over the given interval and noting that h=b yields the result.

For h=b,

Y e B I e

th<|x|£Th th=|x|<Th fx|<th |x|<th
o IKul=  § fw—Kil— | f
th<|x|STh th|x|<Th th<|x|<Th
1 n
+ j f——Z j | Ky(x— X))
|x|<th Poi=1 x|
T z+t
>§|K|———(T t)co() lel +1-2 j f—sup j |K|
th<|x| z z—t
e T N e
V| K|l———(T—t w(—)— [K|—+1-2 f—
J 4 ( : b f h rbéjlxl 4
2¢ N
>5|KI+1——~f|Kln

if b is so large that (T—¢) o(T/b)+2 [ f=<¢/6. Thus,

ths|x|

Plup I fu—f1<1+ 1K= =P 25 )
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Note that EN/n= | f<¢/(6(|K]|) by our choice of T. Thus,

IxI2T
p(ﬁz é )sp(N_ENz ¢ )Se_24,}ISKI.
n~3f|K|/™ n T 6[IK|/T

The last inequality is obtained by an application of Bennett’s inequality (Bennett,
1962), which in a form convenient for us states that if X is binomial (n, p),
then P(X —EX >nu)<exp(—nu?/2p(1—p)+2u)) for u>0. This is used with

p=u=¢g/(6 f |K). We now replace ¢ by 6]/logn/n, and note that, provided that
we can choose ¢, T and b as required for such an ¢,

0)/nlogn
P(Sup|‘“fnh~f|_(1+§’K|)1>0@)§€— 24§|15| .
hzb

It remains to be verified that we can choose t, T and b. By the Lipschitz condition,

we see that |K|§|/lj|K| 4K*, so that we can pick t=¢/(8 K*). Next, T is
picked by

T=eXp(65|KlIlog(lﬂxl)f(x)dx)_

g
This insures that

flog(1+|x])f(x)dx _
lxéT /= log(1+T) 6fIK]|

IA

The condition  § |K|gj|K|—§ is obviously satisfied for n large enough,
t<|x|<T

by the choice of t, and the fact that T—oo. Finally, the condition involving

b is satisfied if IT?/b<e/12 and | f<e/24. Using the same logarithmic

b= x|

bounding technique again, we see that it suffices to take

bgmax(%T_z, lexp(24§ log(1+]x]) f(x)dx»_

t &

Since b=exp(n?), we see that such a b can be found provided that g>1/2. []
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