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Abstract—Let X;...,X, be a sequence of independent R“-valued random vectors with a common density f.
The following class of convex hull finding algorithms is considered: find the extrema in a finite number of
carefully chosen directions; eliminate the X;'s that belong to the interior of the polyhedron formed by these
extrema; apply an 0(A(n)) worst-case complexity algorithm to find the convex hull of the remaining points.

We give weak sufficient conditions that imply that the overall average complexity is 0{A(n)). We also
show that for the standard normal density, the average complexity is 0(n) whenever A(n) = n log n.

1. INTRODUCTION
In this paper we will prove some general theorems about the average complexity of convex hull
finding algorithms that use the throw-away principle[1].
Let {x;,...,x,} be a collection of points from R? let § be the unit sphere of RY(S=
{xlIlx]l=1}),let AC S, and let x'y denote the inner product of x and y, two points from R“.

Definition

The extremal polyhedron P of {x,,...,x,} with respect to A is the polyhedron whose
vertices v are the extremal points of {x;, ... ,x,} with respect to A. A point v €{x,,...,x,} is an
extremal point with respect to A if v’y = x/y for all i and some y € A. The comvex hull of
{x1,...,X,} is the set of extremal points of {x,,...,x,} with respect to S.

We note here that the convex hull of an extremal polyhedron P is the set of vertices of P.
Also, if card (A)=k, then P cannot have more than k vertices. Extremal polyhedra of
{x1,...,x,} can be found in time 0(n) whenever A is a finite set. The members of A can be
considered as ‘“‘directions” in which extrema are found. Akl and Toussaint[1] and Toussaint ef
al.[2] have shown that extremal polyhedra are very useful in the development of fast convex hull
finding algorithms. Consider for example the following class of algorithms:

ALcoriTHM CH

(i) Find the extremal polyhedron P of {x,,...,x,} with respect to a finite AC S.

(ii) Eliminate from {x,,...,x,} all x;’s that belong to interior (P).

(iii) Find the convex hull of the remaining points. Use an algorithm of your choice.

Step (ii) will be called the throw-away step. If the points {x,, ... ,x,} all belong to S, then no
points are eliminated in the throw-away step. However, (ii) becomes effective when the x;'s are
sufficiently smoothly distributed. What we mean by “sufficiently smoothly distributed” will be
clarified further on. From now on we will only consider random vectors Xj,...,X, from R?
that are independent and have a common density f. Let N be the number of elements of the
convex hull of {Xy,...,X,}. For particular choices of f, the properties of N as n—>® are
well-known (see Refs. [3-7]). Theorem 1, in contrast, is valid for all densities f. It shows that
whenever the X;’s have a density f, then only an asymptotically negligible fraction of them can
belong to the convex hull.

2. THENUMBEROFPOINTSONTHE CONVEX HULL
THEOREM 1
For any density on R, we have

E(N)=o0(n) m
and

%»Oa.s. as n-ow, 2
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Proof of Theorem 1. Let N,y be the number of elements of the convex hull of {X.,,...,X}.
Clearly, 0=< Ny =< Nun+ Ny, all 1=k <{<s. Thus, by the subadditive ergodic theorem

([8, 9]) there exists a constant ¢ = 0 such that N/n - ¢ a.s. as n ->x. Also, lim E(N)/n exists and

equals c. Thus, Theorem 1 follows if we can show that E(N) = o(n). Since E(N) = np, where
p. = P(X; belongs to the convex hull), it is clear that we need only establish that p, =0 as
n—, Let p,. be the probability that x belongs to the convex hull of {x, X;,...,X,}. Then

Pn = f Puef (x) dx.

Thus, by the Lebesgue dominated convergence theorem, p, =0 if p,, =0 as n - « for almost all
x(f). This can be proven by using a special version of the Lebesgue density theorem. If
x=(x!,...,x¥)ERY then there are 2¢ d-fold products of intervals of the form (-, x‘] or
(x',»). Each of these sets of R? will be called a quadrant at x, and will be denoted by Q,. We
let S,, be the closed ball of R? with center at x and radius r> 0. Then there exists a set B of
R? for which

(i f(x)>0, x€B,

(i) lim sup r~¢ f If(y)—f(x)|dy =0, x EB,
rlo Q, A

(i) L foyde=1.

(see for example, Ref. [10]). In particular, if V = #¥?/T'((d/2)+ 1) is the volume of S, then for
x € B and all quadrants Q,, we have

f fNdy~f(x)V24rias rio0.

X.I‘nQX

Now, for all >0, and fixed x € B,

D=

Pu=< 2 P

all quadrants Q, i

| [XES.,NQD ©)]

i

which for r small enough is not greater than
(A= fx)Vri2dhy 150 as n >,
This concludes the proof of Theorem 1.

Remark 1

We say that x, is a maximal vector of {x,,...,x,} when at least one of the quadrants Q,, at
x; does not contain any x, i# 1. Let N* be the number of maximal vectors of {X,...,X,}
where the X;’s are independent R“-valued random vectors with common density f. Clearly,
N = N*=n because every convex hull point of {Xj,...,X,} is also a maximal vector of
{Xi ..., X,). In Theorem 1, we have in fact shown that E(N*)/n >0 and N*/n >0 a.s. as
n->. Without additional assumptions on f, very little additional information can be obtained
about N*. We just menion here that if X; has a density f, and if all the (d) components of X
are independent, then

E(N*)~2%logn)?'/(d - 1)! as n »=x.

(see Refs.[11,12]
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3. RADIAL DENSITIES
Let M be the number of X;’s among X,,... X, that do not belong to the interior of P, the
extremal polyhedron of {X),...,X,} with respect to A. When A is finite, E(M)/n is not
necessarily small even when E(N)/n is. For example, if f is the uniform density on S, then it is
necessarily true that

EM)nzc>0 C))

for some constant ¢ = ¢(A), aithough Renyi and Sulanke [3] for 4 =2 and Raynaud[6] for d =2
have shown that

E(N)/n - 0(" —2/(d+l)).

Thus, in view of equation (4), the effectiveness of the throw-away step is limited. Nevertheless,
for some classes of densities we will have E(M)/n—0 as n >, For example, Toussaint et
al.[2] have shown that when f is uniformly distributed on a rectangle of R? and A consists of 4
points of the form (= 1/V2, = 1/V2), then

E(M? =0(n).
However, unless the support of f has a special shape, there seems to be very little hope for
obtaining small values for E(M) when f has a compact support. Of the class of densities with

infinite support, the radial densities are undoubtedly the most important ones.

Definition
A density f on R? is called radial when it is of the form

f(x)=fo(r) (5)

where 7 =|x| is the usual Euclidean norm of x.

The properties of radial densities are well explained in Kelker[22). For example, when
equation (5) holds, then the random variable R = || X| has density

g(r)=Vdri'fyr), r>0, ©)

whenever X has density f. We recall here that V is the volume of S. We will also use

G(r)=P(R=r)= fmg(u)du. @)

Definition
A function L on [0, =) is slowly varying when L(t) >0 for all ¢t >0 small enough, and
L(tu) _

i = >0.
ltlln(} 70) 1, all u>0

Definition
A density f on R? is called slowly varying radial (s.v.r) when it is radial, and when the
function G™! determined by

G~ (u) = inf {t|G(t) = u}

from G (see equation (7)) is slowly varying and G~ '(u)->= as u | 0.
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LeEmMa 1
For all a >0,

o0
f uletdu~r*le " as ro o, )

r

and

o
f u e Mgy ~ pa272 35 00, )

r

Proof. For (8), see Tricomi [14]. Property (9) follows from (8) by using the transformation
u="t}2.

Examples of s.v.r. densities
When f is standard normal, then

g(r) = VdQmy ¢l e
and, by (9),
G(r)~ VdQm)y 4 ri-2e "2 a5 row,

It is not hard to establish that f is s.v.r. from the last expression. Similarly, if fo(r) =e™"/(Vd)),
then g(r)=r*"'e"/(d - 1)! is the gamma density and G(r)~r?'e "/(d—1)! as r->». Once
again, f is s.v.r.

Definition
A cone C = C(x, y, 8) or R is determined by its top xeR*, its central direction y (wWhere y € S)
and its angle 8> 0. It is the open set of all points z of R“ that satisfy

angle (y,(z-x))< 6.

Definition
A collection € of cones C(0, y, (#/2)), y € AC S, with the property that

o con)

yEA

covers R? (except possibly the origin), is called a simple cone cover of R“. In that case, we say
that A generates a simple cone cover of R

Any d + 1 points of S that form a regular simplex define a set A that generates a simple cone
cover of R On the other hand, the minimal number of elements in A in order that 4 be a
simple cone cover of R? is d + 1. Besides the notion of a simple cone cover, we will also
require an interesting property of all s.v.r. densities in R*:

LEMMA 2

Let 3, be a partition of S into a finite number of measureable sets B,. For each By, let
B ={x|x = cy for some ¢ >0, y € By} be the star set generated by B, and let each set B have
infinite Lebesgue measure. Let B = {B|B, € B,}.

Assume that X,,...,X, are independent random vectors from R with common s.v.r.
density f, and define

X, if X,€ B and |X] = max |X],
i X;€A

X(B) = )
0 if no X, belongs to B.
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Then

@
max [X(B)|/min|X(B)|| -1 in probability as n -,
BE® BE®

and

(i)

max| X (B)|| = max || X;| > a.s. as n > .
Be® I=<isn

Proof of Lemma 2. Let p = inf P(X,€ B)>0, and let N(B) the number of X/’s in B. By
Be®

the strong law of large numbers, N(B)/n - P(X, € B) a.s. as n >, If we let m be the largest
integer in np/2, then (i) follows if we can show that

max|| X[/ G"(%) -1 probability as n -, (10)

and

max|| X/ G“(%) - 1 in probability as n - . (11)
It is known that max||X;|/a(n)~ 1 in probability as n - for some sequence of numbers a(n) if
and only if

G(ru)
G(r)

fim =0, allu>1 (12)
see Refs. [26, 15, 16], and that in such a case we may take a(n)= G~'(1/n)}{17}. If (12) is valid,
then also

max|| X ~ G"(%) in probability as n -,

Here we used the fact that G™! is slowly varying. We merely have to check equation (12). But
equation (12) is implied by the fact that G™' is slowly varying and that G is continuous. Finally,
(i) is a straightforward consequence of G '(u)—>= as u | 0. This concludes the proof of
Lemma 2. :
4, THE AVERAGE COMPLEXITY OF ALGORITHM CH
Consider algorithm CH with a given finite set A. For a given set {x,, ... ,x,}, we will let C; be
the complexity of the ith step in the algorithm. By our assumptions, it is clear that

C,+C,=0(n), uniformly over all {x,,... x,}. (13)
The convex hull finding algorithm in step 3 operates on M < n points. We are not specifying
which algorithm will be used here, but we do assume the following: if the convex hull finding

algorithm of step 3 is fed a sequence {x,,...,x,}, then its complexity is uniformly bounded
{over all such sequences) by

A(n). (14)

In R?, we can consider that A(n) = 0(n log n) for the algorithms of Graham{18], Preparata and
Hong[19], Shamos[20), Toussaint ef al.[2] and Bentley and Shamos[21]. and that A(n) = 0(n?)
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for the algorithms of Eddy[28] and Jarvis{13). In R, Preparata and Hong[19] have proposed an
algorithm with A(n) =0(n log n). We mention here that Avis[23] and Yao[24] have essentially
established that A(n)= cn log n for some ¢ >0 when d =2.

Assume now that we present algorithm CH with a sequence X|,...,X,, and that C =
C(X,,...,X,) is its complexity. With assumptions (13) and (14) it is clear that

E(C) = 0(n) +0(E(A(M))) (15)

where M is the number of the X;’s not eliminated in the throw-away step. Thus, the average
complexity of algorithm CH is small when M is small. We can now present our main theorems.

THEOREM 2
If A generates a simple cone cover of R and if f is s.v.r., then

E(M)=o0(n)as n—>o, (16)

THEOREM 3
If A is finite and generates a simple cone cover of RY, if f is s.v.r. and if A(n)/n } , then the
complexity C of algorithm CH satisfies

E(C) = o(A(n)). (17

Proof of Theorems 2 and 3. Theorem 3 follows easily from Theorem 2: by equations
(13)-(15) we have

E(C) = 0(n) + 0(E(A(M)))

o240 )

=0(n) + 0(A(n) E(M)/n)
=0(n) + o(A(n))
= o(4(n)). (18)

Next, note that if P({x,,...,x,}) denotes the extremal polyhedron of {x,, ... ,x,} with respect to
A, then

E(M)=nP(X, € int(P{X,,....X.)))
=nP(X, €int(P{X;,....X,}))

=npp-i.

It suffices to show that p, >0 as n > . We may always assume that A is a finite set, because
if it is not, we can find a finite subset of A such that this finite subset generates a simple cone
cover of R (by the Heine-Borel theorem), and because M =M(A X, ... . X,)=<
M(A' X, ...,X,) whenever A'C A.

Consider thus a finite set A with cardinality K, and let B, be the radius of the largest sphere
with center at the origin that is entirely contained in P({X,,...,X,}). It is clear that B, > in
probability as n — o implies p, >0 as n >,

Let p = p(A) be the radius of the largest sphere that is entirely contained in the polyhedron

formed by the elements y,, ..., yx of A, and let A’ be another set of K points of S, yi,..., yk.
The distance between 4 and A’ is

d(A, A) = maxlly; - y].
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For every € >0, there exists ¢ = £(€) > 0 such that d (4, A") < ¢ implies that |p(A)— p(A")| <€
because p is a continuous function of y;,...,yx. From here on, we let

and define

)

Consider all cones C; = C(0, y, (¢2)) and C;= C(0, y;, £), and form the differences "= C;~ C.
Let C,= R? - UC’, and let X(C;) and X(C;) and X(C") be defined from X, ..., X, as in the proof
of Lemma 2. Define further
W= max [X(C)llv max |X(C?
Osi<K 1sisK
and

W' = min |X(C)|» min [X(C)|.
O=i<K I=izK

By Lemma 2, when ¢ > 0 is smali enough, W/W'—1 and W'« in probability as n ==, Notice
further that

(1+6)cos £=%(cos§+cos f) < cos

4
5

Therefore, by a purely geometrical argument, (W/ W')< 1+ ¢ implies B, = (p/2) W". Thus, for all
constants ¢, however large,

P(B, <c)sP(Bn <§W’)+P(§W'<c)

sp(ﬂ,>1+e)+1><w'<-2£)
w p

»0as noo,
This concludes the proof of Theorem 2.

Remark 2

Theorem 3 can be considered as a validation of algorithm CH in view of its generality. In
essence, for all s.v.r. densities, we can construct an E(C)= o(nlogn) convex hull finding
aigorithm in R? merely by the use of a throw-away step. It suffices to take for example a set A
with the directions (1,0), (-1, 0), (0,1) and (0,- 1); but the set {(1,0), (-~ 1/V2), (1/V2)),
(-=(1/V2), —(1/V2))} will also do. In RY the d unit vectors and their opposites always
generate a simple cone cover of R*.

Remark 3

Let X have an s.v.I. density £, and let A be a given nonsingular dxd matrix, then AX has an
elliptically symmetric slowly varying density. Theorems 2 and 3 remain valid for such
densities.

5. THE NORMAL DENSITY
We wish to conclude with a more specific result announced in Toussaint ef al.[2] for normal
densities. Since the normal density is s.v.r., we have E(C)=0(A(n)). Thus, since A(n)=
cnlogn for some ¢ >0 by the Avis-Yao result[23,24], at best Theorem 3 will allow us to
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conclude that E(C) = o(n log n). For many densities, such as the normal density, this can be
considerably improved (see Theorems 4 and 5 below). The following Lemma wili be usefui.

LEMMA 3
Let ¢>0, and let n'~cn be a sequence of integers. Let Xj,...,X, be a sequence of
independent random variables with common density

x4 e x>0,

where ¢’ = Vd/(2#)#* is a normalization constant. (Note that if Y is standard normal in R?, then
[Y|l is distributed as X,.) For all € >0,

P(max X; > V/(2(1 + €) log n)) = 0((log nY4*"'n"*) (19)

and

P(max X; < V(2(1 - €) log n)) = 0(e ™) (20)

isn’'

as n—->w,

Proof of Lemma 3. Let F=1-G be the distribution function of X;, and recall from
Lemma 1 that for any sequence a, -, G(a,) ~ c'a? % exp (- a,%/2). Thus,

P(max X; < a,)= F"(a,) = (1- G(a,))"

<exp (—n'G(a,))

=exp(—cc'(1+o()nad e+,

With a, = (2(1 - €) log n)"2, the exponent becomes
_(Crr_ 0(1)) (lOg n)(d/Z)—lnc

for some constant ¢” > 0. Formula (20) follows trivially. Also,

P(ma)'(Xi >a,)<n'G(a,)

i=n
=cc'(1+o0()n™*(2(1 + €) log n)¥?-!
when a, = (2(1 + €) log n)"2. This concludes the proof of Lemma 3.

THEOREM 4
If A generates a simple cone cover of R?, and if f is the standard normal density, then there
exists an € = €(A, d) > 0 such that

E(M)=0(n""). 21
THEOREM 5
If A is finite and generates a simple cone cover of RY, if f is the standard normal density,

and if A(n) =0(n log n), then algorithm CH satisfies:

E(C)=0(n). (22)
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Proof of Theorems 4 and 5. Theorem 5 follows from Theorem 4 in view of

E(C)=<0(n)+0(E(M log M))
=<0(n)+0(E(M)log n)
=0(n)+o(n'*logn)
=0(n).

We inherit the notation of the proof of Theorem 2, and note that it suffices to show that
pn = 0(n~¢) for some €= €e(A,d)>0. If (.)° denotes the complement of a set, then for some
sequence 4a, —> %,

pe=k( [ fox)
S8.8,

< P(B, <a,)+P(|X||> a,). (22)
By Lemmas 1 and 3, P(|X\|>a,)~c'al?exp(—a,’/2) where ¢’ is defined in Lemma 3.

Choose p, ¢ and 6 as in the proof of Theorem 2, and note that they only depend upon A and 4.
Let us take a, = (p/2)V(log n) = (p12)V(2(1 - [1/2)) log n. Clearly,

\ L\(dI2)-1,,—p2/8
mn Je

DAV~ 4 Y= NMNno ) X\
L\jjAq]| ~ Ga) = VWUUE 71) &5)

Since we can always assume that 8 < 1, we have in particular (1 + 6/2)/(1- 6/2) <(1+ #)%. Hence,

P(B, < a,)=P(B, <(pl)W")+ P(W' <(2/p)a,)

sp(%> 1+ o) + P(W' <V(log n))

sP(W> \/(2<1 +-gi) log n) +2P<W'< \/<2(1 —-;i) log n). (24)

Since W <max| X, Lemma 3 shows that the former term of equation (24) is

0((log n)“@?-1n=92), 25)

Let % be the collection of sets {C,, Ci,...,Ck.CY,...,Ck} defined in the proof of Theorem 2.
For any C€ %, let p(O)=P(X,€C) and let N(C)= ?l Iixec) where I is the indicator
function. Note that inf p(C) = p >0. Let m be the largest integer in pn/2. Then we have

(<o)
< 2K + DP(maxlx] < N (2(1-2)1081))

+ ;@ P(N(C)Y=np(O)2). (26)

The former term on the right-hand-side of (26) o(exp (—n%?)) Lemma 3. By Chebyshev’s
inequality [25], the latter term of (26) is O(r™') (in fact, one can show that it is
O(exp (- np*2)) by employing Hoeffding’s exponential inequality). Combining (22), (23), (24),
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(25) and (26) shows that Theorem 4 is valid with

L

2.

3.
4.

7.
8
9.

10.
1.

12.
13.

14.
15.
16.

17.
18.

19.
20.
21,
2.
23
24,
25.
26.

27.

28

2
.y Q)
0<e<mm(8, 2 )
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