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probab i l i t y  dens i t ies .  I f  f i  has  suppor t  c i '

1 < i < l"l, then we assune that

Abstract

SuDDose a  sample  o f  s ize  n  i s  obsprved f rom the
d - d i m e n i j o n a l  d e n s i t y  f .  c o n d i t i o n s  d r e  g i v e n  w h j c h
insure  tha t  a  s ' ing le - l inkage c lus te r ing  a lgor i thm
can asympLot ica l l y  f ind  the  decompos i t ion  o f  the
suoDor t  o f  f  in to  connected  c loseo sers .

c lus te r ing  is  the  process  o f  g roup ing  s in i la r
ob iec ts ,  For  our  ourposes  the  ob jec ts  to  be  groupeo
ca i  be  thought  o f  as  a  se t  o f  d -d inens iona l  vec tors
and a  c lus te r ing  a lgor i thnr  can be  thought  o f  as  any .
i i t ' eme lo r  par t i t ' i o ; ing  th is  se t  in to  subsets  ca l led
clusters. bu" pape" analyzes the asymptotic perfor-
nance o f  c lus te r ing  a lgor i thms fo r  a  s imp le  p robab i - -
l ' i s t i c  mode l  w i th  ihe  iesu i t  tha t  vers ions  o f  a  s ing le -
l in laqe c lus te r ing  a lgor i thm are  shown to  be  asymp-
to t i c ; l l v  e f fec t i ve .  Exce l len t  sumar ies  o f  p rev ious
work  in  c ' lus te r ing  are  conta ined in  Harc igan and
Doro fevukr '2 ,  wh i ie  a 'nore  techn ica l  and thorough
descr ip t ion  o f  our  resu l ts  nay  be  found in  Devroye
and waqners .

Let X be a randofl vector with values in n- and
a probabi I i ty densitY

a lso  re fe r  to  the  se ts  A1, . . . ,A1  as  c ' lus te rs .  In  the

vas t  c lus te r ing  l i te ra tu re ,  concent fa t ion  is  focused
on group ing  the  sanp le  X1, . . . ,Xn  and the  se ts  o f  thc

p a r t i t i o n  o f  X 1 , . . . , X n  d e t e r f l i n e d  b y  A 1 ' . . ' , A L  a r e

usua l lv  re fe r red  to  as  c lus te rs .  concent ra t in !  on
par t i i i on ing  X l , . . . ,Xn  seems war ran ted ,  fo r  example ,

in  c lus te r ing  prob iems ar is ing  in  pa leonto logy  s tud ies
where nel.l observations are not expected. Ho\' lever,
in  ned ica i  s i tua t ions ,  such as  t ry ing  to  c lus te r  ihe
tvDes o f  shock  fo r  emergency  care  purposes '  the  s ta t l s -
t l t ian  is  in te res ted  in  the  per fo rmance o f  the  a lgo-
r i t fm on  fu tu re  observa t ions .  our  mode l  i s  d i rec ted
toward this type of situation.

Referring to Figure 1 there are three natural
c lus te rs  bu t  ihe  a lgor i thn  r , / i th  the  sa inp le  X1 ' . . . 'Xn

has  y ie lded four  c lus te rs  in  (a ) ,  th ree  in  (b )  and -
iwo in (c). How does one measure the performance of
the alqonithrn on future observations? Agreeing that
what  w i  ca l l  each c lus te r  C i  i s  un impor tan t  as  long as

we give one unique 
' label 

to each Ci we see that the

probab i  I  i t y  o f  m isc lass i f i ca t ion  becones

t -n = ' in $ ' ,4, ' , ,  , , , " ,0*

where the minimum is taken over all one-to-one func-
i i o n s  q :  t 1 , . . . , M )  *  t 1 , . ' . , t ' 4 d x ( ! 1 , 1 ) )  a n d '  i f  M  >  L '
w e  p u t - A l . , 1  -  . . .  A M  O .  I n  p a r t i c u l a r ,  i f  c i  i s

contained in some Aj and each Aj contains at most one

Ci then Ln = 0. It should be stressed that Ln is a

random var iab ' le  wh ich  depends on  x l ' . , . ,Xn  and whose

va ' lue  is  ius t  the  f requency  o f  observa t ions  n isc lass ' i -
f ied  when a  la rge  nunber  o f  new observa t ions  are
c l a s s i f i e d  w i t h  t h e  p a r t i t i o n  A t ' . . . ' A t .

Our interest here is f inding uhat properties are
necessarv  fo r  c lus te r ing  a lgor i lhms to  insure  tha t
i - - ; -o  r l  t  p robab i l i t y -one '  The fo t low ing  c lus te r ing

a iqor i thn t ,  a  vers ion  o f  the  fan i l ia r  s ing le - l inkage
a laor i thms,  has  th is  p roper ty  w i th  some s l igh t  d00r -
t i6na l  assumpt ions  on  f .  l ' l o re  ex tens ive  resu l ts  to r

oirrei aigorilhms and assunptions may be found in
Devroye and llagnerr.

If r > 0 connect the two points Xi.Xj if

d ( x ' x r )  <  r ,  1 <  i , j  <  n '  c a i l  t w o  p o i n t s  x k ' X e

connec ied  i f  there  ex is ts  a  sequence Yo ' . " ,Ym f ron

t X l , . . . , X n )  w i t h  Y O  =  x k '  Y m  =  x r ,  u n d  t t , t :  t i . '

c o i n e c t e d ,  1 <  i  .  t r .  T h e  s e t  { X 1 , . . . ' x n }  i s  t h e n

par t i t ioned in to  connected  subsets  Kr " " ,Kr  A

p a r t i t i o n  A . r , . ' . , A ,  o f  I R o  i s  o b t a i n e d  f r o m  K l " " ' K L

by  pu t t ing  i t te  po i i t  x .R0 in to  A j  i f  Lhe  c loses t

po in t  to  x  f ron  x l , . . . , xn  i s  in  K j  ( t ies  a re  b roken

( 3 )
( 1 )

( a )

( b )

( c )

C i  i s  c o n n e c t e d ,  1 <  i :  M '

C f , . . . , C t , t  a r e  d i s j o i n t ,  a n d  ( 2 )

c i  i s  bounded,  1<  i  <  l ' 1 .

The suppor ts  Ct , . . ' ,C l l  may be  thought  o f  as  the  c lus-

te rs  chosen by  na ture .  In  par t i cu la r ,  i f  independent
o lserna t ions  i re  made on  ( I )  then c1 ' ' . . ' cM detenn ine

a natural partit ion of these observations. However'
iuppo ie  t t r i t  the  s ta t i s t i c ian  assumes on ly  tha t - (1 )
i n i ' ( z )  h o t a  f o r  s o n e  M ,  ' r 1 ' . . . ' i r M  a n d  f r ' . . . ' f t

and ,  in  p lace  o f  spec i f i c  knowledge o f  f ,  has  a .  sample
i i r "  n  r i o t  ( 1 ) ,  s a y  X r , . . . , x n .  T h e  q u e s t i o n  t h a t

concerns us here is how the statistician can asymp-
to t i ca l l y  ob ta in  the  same g foup ing  o f  observa t ions  on
(1)  as  he  wou ld  i f  he  knew c1" . . , c f i .

F rom the  sarnp le  x l , . . . , xn ,  the  s ta t i s t i c ian  w i l l  '

fo r  h is  c lus te r ing  a lgor i thm,  cons t ruc t  a  par t i t i0n

A1, . . . ,A1  o f  tRo.  Fu ture  observa t ions ,  tha t  i s '

observa t ions  f rom ( i )  wh ich  are  inde?endent  o f  those
in  h is  sample ,  w i i l  then  Lre  grouped together  i f  they
fa ' |1  in  the  same se t  A" '  For  th is  reason '  f le  sha l l
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arb i t ra r i lY ) .

ihe f fe f l .  l f  r  =  r -  sa t is f ies  \

( i )  n r n " / l o s  n .  -  
( 4 )

( i i )  r n  *  I

and i f ,  fo r  some a ,b  >  0 ,

here S(x,o) is the sphere centered at x with radius
p ' then

Ln - '  0  w.  P . l .

Proof. l le recall that the support c of a density f is
tlre srnallest closed set with the property that

/ f1 " )o*  
=  l .  In  par t i cu la r ,  the  C i  a re  c losed se ts .

Jc
Because the Ci are bounded,

inf  l lx-Yl l  '  6 '  0
xeCi ,yeCj

whenever i I i . l le assume that n is so large that
r n  <  6  ( u s e  ( 4 ( i i ) ) ) .  s u p p o s e  t h a t  x l ' . . . , x n  i s  s u c h

tha t  every  sphere  S(x , r " , /3 )  con ta ins  a t  leas t  one o f
M '

the  Xr  fo r  xeC =  U Cr .' 1

If we can show that

(i) whenever ci n Aj I 4 and XreCt'

then Xr€Aj ' and

( i i )  whenever  C i  n  A j  I  {  and l r l c i ,

then XrlAj,

li1
t h e n  w e  k n o w  t h a t  M  =  L  a n d  U c . =  U ( C r n A ^  ) '

9 / :  \

fo r  some one- to -one mapp ing  g :  {1 , . ' . 'M}  *  {1 ' . . . ' t i } '
r rh ich  in  tu rn  imp l ies  tha t

o < L n :

and

P{Ln > o} I  Pt in l  r rn(s(x,rnl3))  = 0) (6)

rhere un is the enpir ical  neasure for X1' . . . 'xn.

Let  us  now prove ( i )  and ( i l ) .  Proper ty  ( i i )  i s

t r i v ia l  s ince  rn .  d  and X je  
I  

C i  fo r  a ' l l  i  w i th

probabil ity one, For property (i) '  we need only show
that  fo r  any  x  in  C i ,  and anJ  XrcCt ,  there  ex is ts  a

s e g L r e n c e  Y r , . . . , Y ,  f r o n  x l , . . . , X n  w i t h  Y l  =  X t " '

Y ,  =  x ; , l l Y 1 1 1  -  Y l l l  :  r n ,  1 <  k  <  r ' ,  n h " r "  x ( 1 )

is  the  neares t  ne ighbor  to  x  among Xr , . . . ,Xn ,

S ince  s (x , rn /3 )  con ta ins  one XO,  and s ince  rn .6"

we know tha t  x (1 )  b" longs  to  c i  as  tve l l ,  no  mat te r

what  x  i s  p icked in  C i .  By  the  connectedness  o f  C i ,

t , e  c a n  f i n d  { x 1 , . . . , x r }  S  C ' ,  w i t h  x ,  "  X t " ,  x ,  =  X , ,

a n d  l l x t + t  -  x g l l  .  r n l 3 ,  1 < k < r .  T h u s '  s ' i n c e

every  S(x . , rn l3 )  con td in r  one o f  the  Xk 's ,  we knox

t h a t  t h e r e  a r e  Y * c S ( x * , r n / 3 ) ,  1 <  k  <  I ,  Y t  =  X " ' ,
yr = xj .  Also, l lYk+t -  Ykl l  :  l lYl*1 -  *1*1l l  *

l lxo*t  -  x l l l  + l lY* -  x l l l  .  rn '  This concludes the
proor  oT (  r ,  .

As  fo r  (6 ) ,  because the  c i  a re  bounded,  we can

f ind  a  g r id  {Y i , ' . ' , y l }  S :c  w i th  the  proper ty  tha t  fo r

every xeC there exists an v, withrl lvi - xl l < rnl12.

Such a  gr id  conta ins  a t  most  Y / rn 'po in ts  where  Y >  0

is  a  cons tan t  depend ing  upon d ,  l l . l l ,  and  the  d iameter
o f  C.  I f  rn l12  <  b ,  then

w f r(z)dz > inr f il.ra,
i  " /s(y i , rn l6)  

-  
xcC /S(x, rn l I2)

/"-\d, .\f"r/

Also,  i f  in f  |n(s(x, rn l3))  = 0,  then un(s(v | rn/6))  =0

for  a l l  i  so that

P{Ln > 0}  1 Pi in f  pn(S(x, rn l : ) )  = o}

= 0 ]

r(z)drn

_1_

" dn

i n f  f .  f ( x ) d x  >  a p d ,  o  .  p  .  b ,  ( 5 )
l l  rs(  x ,p )

xeUCi
1

I.',"nrtz)

1 t rrun(s(v.,,rnlo))

: (r'.d)(r - 'fi '

"" I ,.,

$ " 
{t 

r,(x)dx = o
v ( i )

t  (r"t)(t  -  
"no 

.rtr)n

"-onrnd/12d

8y the  Eore l -cante ' l l i  l ema and (4 ) ( i ) ,  $e  have tha t
tPtL. > 0l < -, completing the proof of the Theoren.
n "

Q .  E .  D .
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