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Summary. We consider the maximal k-spacing M,= max (U, ,—U,)
0<ign+1—k

where U, < ... £U,, are the order statistics of an ii.d. sample of size n from
the uniform distribution on [0,1], and U,,=0, U,,, ;=1. The integer k is
allowed to vary with n at a rate not exceeding logn. We obtain laws of the
iterated logarithm for all the k’s in the given range. For small k, the
methods used in the proofs are borrowed from extreme value theory. For
larger k, the techniques are reminiscent of those used in the proof of the
Erdos-Rényi theorem.

1. Introduction and Results

Let U,,...,U, be iid. uniform [0,1] random variables with order statistics
U,<U,<...£0,,, and set U,,=0, U,,.,=1. We define the maximal k-spac-
ing by
M,= max (U, ,.—U,)
0Lignel—k
where k is an integer between 1 and n. We will allow integers k=k, that vary
with n, but in any case, k, is assumed to be nondecreasing. The following

strong law of large numbers is known for M, (see e.g. Mason, 1984):

Theorem 1. A) If k,=o(logn), then nM,/logn—1 as.
B) If k,~clogn (0<c< ), then nM,flogn—ca} as. where o} is the
unique root greater than 1 of
1 1
f(A)=72+log (—) =—,
edl ¢
Q) If k,/nl0, k,/logn—oo, log (1) /log logn—oo (these are called the
Csérgd-Révész-Stute conditions), then '

(nM,,—kn)/|/ 2k,log (En—) -1 as.



316 P. Deheuvels and L. Devroye

Theorems of this type are important in the study of the oscillation behavior
of the uniform empirical quantile process (Mason, 1984) and the strong uni-
form consistency of density estimators (Hall, 1981; Stute, 1982a, 1982b; Ré-
vész, 1982). Also, in the context of goodness-of-fit tests, it seems better to take
either a large constant k or a slowly growing k (del Pino, 1979).

In a series of papers (Devroye (1981, 1982), Deheuvels (1982)), the authors
were able to obtain upper and lower class sequences for M, when k=1. For
example, limiting ourselves to the first term, we have

limsup(n M, —logn)/2loglogn=1 as. 1
and .
lim inf(n M ,—logn)/logloglogn=—1 as. (2)

In this paper, we obtain similar results for all k growing at a rate of logn or
slower. In the spirit of the standard law of the iterated logarithm for sums of
1id. random variables, we will limit ourselves in most cases to one or two
additional asymptotic terms as in (1) or (2). Occasionally, the arguments yield
more terms, and we will indicate so in small remarks further on. Our main
theorem is

Theorem 2. When k— oo, k=0 (logn), then
nM,—logn

o -1 as.
(k—=1)log (e g”)
k
Theorem 2 shows us very clearly that n M, is of the order of logn plus a
elogn

“correction term”, (k—l)log( ) Just how far nM,—logn is from this

k
correction term is indicated in Theorems 3, 4 and 5, and depends very heavily
on the rate of increase of k.

Theorem 3. (Extremely small k.) If log k=o0(loglogn), then
elog n)
k

nM,—logn—(k—1)log (

li =1 as.
H,,TLSCSP 2loglogn &3

If logk=o0(logloglogn), then

nM,—logn—(k—1)log (

im i =—1 a.s.
h,r,ricl,onf logloglogn s

elogn)

Theorem 3 includes the case of fixed k, and can thus be considered as an
extension of (1) and (2). The lim sup part of Theorem 3 is valid for all k that
vary as (loglogn)? for any power p>0. The lim inf part is only valid for a more
restricted class of k’s.
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Theorem 4. (Intermediate k.) If kzo(]/log n), then

1
nM,—logn—(k—1)log (e oygn)
1( = i)
Hnrisololp 2log logn l+cd as
3 _17 ; o logk o
where ce[—35, —3] is a constant and d=Ilim 1nfﬁ1— (which is a number
between 0 and 1/2). Also, n—00 oglogn
1
nM,—logn—(k—1)log (e Ogn)
h}?}i{lf fogk =c~d as.
logloglogn

where ¢ is as above, and d'=lim sup (which is a number between 0

1= 00 logk
and oo inclusive, but in the latter case (d' = o), we refer to Theorem 3).

Theorem 5. (Large k.) If k=o(logn) and k/}/logn—»oo, then

1
nM,—logn—(k—1)log (e (l){g”)
a.s
k—1 elogn
T k=11
(logn)( 1) og( k )

Theorem 6. (The limit case.) If k=clogn+o(loglogn), for some constant ¢>0,
then
_nM,—(1+a)clogn

* loglogn
satisfies
. 1+a
limsup V,=c* almost surely
n— 00
and
. 1+a
iminf V,= —¢'——  almost surely
fo 00 a

1

where a is the unique positive solution of the equation exp (——) =(1+a)e * and
¢

c* and ¢ are constants taking values in [ —%,3] and [ —3, —3%] respectively.

The only case not covered by Theorems 3-6 is when k~c}/logn for some
constant ¢. However, what happens in this border case is not difficult to
deduce from the various detailed lemmas given below. Theorem 6 is an Erdds-
Rényi type theorem (after Erdds and Rényi, 1970) in the style of Deheuvels
and Devroye (1983).

Examples. 1. If k Logk=0(Log, n), where log; is the j-times iterated logarithm.
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We obtain
M _—logn—kl
lim sup e Wi L 0827 _ 1 almost surely,
" 00 log,n
—logn—kl
lim inf nM,—logn OfaM_ _ 1 almost surely.

ne 00 log,n
2. If k=[(logn)*], 0<a<1, from Theorem 2, we conclude that

nM,—logn

(logn)log n—»l—fx almost surely.
h 2
3. lf k=[(log,n)*], a>1, we have

nM,—logn—(log,n)' **
(log, n)*logsn

—o  almost surely. -

The other theorems yield of course finer expansions.

2. Top Bound. Quter Class Sequence

In this section, we will let u, be a sequence of positive numbers. Qur goal here
is to show the following:
Theorem 7.
P(M,>u,io)=0
when k,=o(logn) and

1
un=% (logn+(k—1)10g (e 2g")+(2+8)loglogn

k-1 1
~Hlog@rk)+(149)p - (k—1)log (e zg")>,

where ¢, 0 are arbitrary positive numbers.

From this, we obtain the outer class parts for thé “limsup” results in
Theorems 2 through 5, in view of the relative sizes of the terms that appear in
the expression for u,.

Lemma 1. (About the relative sizes of functions of k and n) Let k=k,  be
nondecreasing, and let k=o0(logn). Then:

A) (k—1)log (e l?{gn) =o(logn).

elogn

B) loglogn=o0 ((k—l)log ( )) whenever k1 co.

C k—1 elogn elogn
' = = ~o(l
) logn Ge 1)10g( % ) 0 (klog( A )), o(logk)=o(loglogn)

(whenever k=0 (]/To—g_n)).
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k—1
D) loglogn and logk are both o ((__) (k—1)log (elogn))
logn k

when k/}/logn—»oo.
Proof of Lemmal. We start with the elementary remark that the function (u

1 . . .
—1)log <e ogn) is strictly increasing for ue[ 1, logn].

Statement A follows from the fact that lim 1logt=0 after taking ¢
=(elogn)/k. oo 1

To prove B, consider first any subsequence along which loglogn/k remains
bounded. Then,

(log Iogn)
loglogn k

1 = l -
klog ( OE n) log ( ol%n)

L . .
in view of '0—]%—2—»00, still along this subsequence. If on the other hand

k/loglogn—0, then
loglogn loglogn 1
klog (105 n) kloglogn k

s

and we are done.
The first half of C is trivial for all k=1. The second half follows from the
observation that

k*loglogn ( k? )/( logn ) 0
= -
logk - logn logk?/ | \loglogn

when k?/logn—0. Statement D follows from the fact that
log logn-logn=2 <logn>2 log-! (<logn)2) /( logn )_»0

K log (lolf n) (k k / loglogn

2
when (l?ké'f) /log n=(logn)/k*—0.

/

Next, we need a few elementary lemmas:

Lemma 2. (U, ,—U,), 0Si<n) are distributed as ((E /ZEi), Ogign)

i
j=0

Lemma 3.If [A,, B,] is the unique (a.s.) interval such that B,—A,=M,, then the
event [U,, (¢[A,, B, 1] implies [M, ;= M,].

where E,, E;, ..., E, are i.id. exponential random variables.

Lemma4. Let u, be a nonincreasing sequence of positive numbers. Then
P(M,>u, i.0)=0 when
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(i) PM,>u,)—0; and
(i1) ZunP(Mn>un)<oO.

Proof of Lemma 4. By a lemma of Barndorff-Nielsen (1961) (see also Devroye,
1981), (i) and (iii) below suffice for P(M,>u i.0.)=0:

(iii) ZP(Mn+1_ Uy, 1, M, >u,) < 0.

But the n-th term in (iii) does not exceed
PU, elA,, A,+2u,), M, >u)<2u, P(M,>u,).

In what follows, we will need the probability in the tail of the gamma
density,

00 uk—le*u

;[ (k—1)!

Y, (x)= du, integer k.
Lemma 5. (Large deviation result for the gamma density.) If y, is a sequence of
real numbers, and k=k, is a sequence of integers, and if lim y,/k= co, then
h— 00
yk— Lg=un

wk(yn)NW'

Proof of Lemma 5. For k<y,, the following inequality is valid:

20
fu=te " du

1§)’n 1

<

k—1 — = 4
e k

Y .

Vu

from which the lemma follows trivially.

Lemma 6. Let k=k, be a sequence of integers with k=o(logn), let z, be a
sequence of real numbers with |z,|=o0(logn), and let u, be defined by

1 1
= (logn+(k—1)log (e (I)an) +z,,).

Then
log(ny,(nu,))=1+o0(l)—z,—1logRnk)

+(k—1)10g(1+( +(k—1)lo g( lkg ))/logn>, if k 1o,

K
and if k1K < oo, we need only replace 1 —1log(2nk) by R(K)= (K—l)log( )
—log(K—1)!.

For example, if e>0, 0=n,=0 (k log (lo_f_n»’ and k1 oo, then the choice

z,=n ——10g(2nk)+(1+8)—~—(k 1)log (el‘l’cg">
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gives
log(ny (nu,))<2—mn,, all nlarge enough.

Proof of Lemma 6. By Lemma 5, log(ni, (nu,)) is equal to o(1) plus

]
logn+(k—1)log (e (l){gn)——(k—l)log (g)

+(k—1)log (1+(zn+(k——1)log (il%g—")) /logn)

elogn

—logn—(k——l)log( )—zn—log(k—l)!

. . . k
which gives us our result if we can show that R(k)=(k—1)log (E) —log(k—1)!
=1-1log(2nk)+o(l) as k—oo, and this follows directly from Stirling’s ap-
k
proximation and the fact that (k—1)log (m) =1+o(1).
The second part of Lemma 6 is obtained by simply replacing z, in the
asymptotic expression for log(ny,(nu,)), which now becomes

1 el
1+0(1)—17,,+(k—1)[10g(1+ L log(e Og”))

logn logn k
k—1 elogn
_— - < -
(+0)5olog ( X )]=1+o(1) "
for all n large enough. Here we used the fact that for g, beR, ¢>0, log(1 +a+b)
1
—(1+&)b<a—eb and that 7, =0 (klog (ﬁl‘%—”))

Lemma 7. ]/_
P(M,>u,)<exp (~7n> +ny, (u,(n—n>*), any u,=0.

Proof of Lemma 7. Using the notation of Lemma 2, and the symbol G, for a
gamma (i) distributed random variable, we have

n itk—1
P(Mn>u,,)§P(ZEi§n—n3/4)—|—P( Max Ej>un(n—n3/4)>

i=0 Osisn+l-k j=i

A

G —
P( ”n ng—n‘””’)+nP(Gk>un(n—n3/4))

Sexp(— LY/ m)+ny(u,(n—n4),

by an inequality for the tail of the gamma distribution (see e.g. Devroye (1981,
Lemma 3.1)).

Proof of Theorem 7. By Lemmas 4 and 7, we must only show the following:
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() nylu,(n—n**)—-0;

(i) Y nu, Yy luy(n—n¥4) < oo.

If we write u,(e) to make the dependence upon & explicit, then it is easy to

verify that u,(e) n—n¥*)=u, (%) n for all n large enough. Indeed, the difference
between left hand side and right hand side is glog logn—0(logn/n'/*). Now, to

bound ¥, (n u, (%))’ we use Lemma 6 with the following formal replacement:

Z,= (2+E> loglogn—34log(2nk) +(1+5)E—_1(k_1) log (e log n>‘
2 logn k

In case k1 oo, we have for n large enough,

€ 1 g
— < _ — —
W, (nun (2>>=nexp (2 (2+2) 1oglogn>.
Clearly (i) is satisfied. For (ii), we note that nu,~logn, so that we need only

verify the summability of

1

1 £
aloen-ex (2+3) stosr) s

2

and we are done. If k1 K < o0, a similar argument implies (i) and (ii) also.

3. Bottom Bound. Outer Class Sequence

The main result of this section is:

Theorem 8.
P(M,<u, io)=0
when k=o(logn) and

elogn

k

elogn)

u,,=1 (logn+(k—1)log (
n k

k—1
—1log(2nk)—logk—loglog 10gn~s>

where 6>0 is an arbitrary positive number, and ¢ is a constant greater than &,
=log2—2. If kT oo, we can take g,=log2—1.

From this, we obtain directly the outer class parts for the “lim inf” results
in Theorems 2 through 5. (See also Lemma 1 for the relative sizes of the terms
involved.) Assume for the time being that Theorem 8 is proved. In view of
Lemma 1, we have thus obtained Theorems 2 and 5 as immediate corollaries of
Theorems 7 and 8, since for these results inner class sequences are not needed.
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To prove Theorem 8, we start with some fundamental inequalities for key
probabilities:

Lemma 8. Let u,eR. Then

1 ~
P(M,_<u,)<exp (—Z]/n> +exp (— [g] npk(un(n+n3/4))>, n=16.
If also u,zu,_ , then

P(Mn+l<un+17Mngun)
<2u,, [eXp (—%l/ﬂ) + (1+ [%] lﬂk(un(n+n3/4))> ¢ (L= ptentoe ))],

for n =16, where [u] is the largest integer not exceeding u.
Proof of Lemma 8. In the notation of Lemma 2,
P(M,<u)<P (Z Eizn+n3/4) +P( Max G,<u,(n+n*%),
i=0 0<ign/kl—1

where G,...,G,,... are iid. gamma(k) random variables. By an inequality
found in Devroye (1981, Lemma 3.1), if G}, , is a gamma(n+1) random
variable,

v

n+l=

P(G*, . zn+n’*)=P <Gf+1—(”+1) ”3/4—1)

n+1 n+1i

n3*—1
<exp (—%(n”“—l)z(n—i—l)‘1 (1— | ))

<exp(—4y/n), nzl6.

Furthermore, the second term in our upper bound is exactly equal to

n n
(=t fnt W zexp =[] vt +74).
The second inequality in Lemma 8 can be obtained as follows: let S; be the i-th
uniform k-spacing determined by X, ..., X,, i=0,1,...,n+1—k. Then
P(Mn+1<un+1’ Mngun)
<P(X, €lA,,B,], B,—A,<2u

Sos 81> Saps--n 18 <u, q)

s 1> Second largest of

<2u, , P(second largest of §,, S,. ... is <u,)

is

<2u, (P (Z Eign+n3/4) + P(Second largest of G, ..., G[,,]
i=0 T

<u,(n+ n3/4))>

<2u, (exp(—1/m+ =+ [F]wa w7, nzis,
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where ¥, =, (u,(n+n*%). We obtain the desired result now by elementary
observations.

Lemma 9. Let u, be a nonincreasing sequence of positive numbers, such that

1
©ER Then, if for some ¢>0, and all n large enough,
n

un
E] W (14 n¥4) = (2 +8) log log

we have P(M,<u, 1.0.)=0.
Proof of Lemma 9. By Lemma 8, for n large

P(M, <u,) Sexp(—})/n)+exp(—(2+¢)loglogn) ~0.
Also, by the monotonicity of the function (1 +u)e™* u=0, we have

P(Mn+1<un+1’Mngun)

1 1 1
<3 Ofnexp (“ZI/ )+3 ogn (1+(2+8)10g10gn)el—(2+a)loglogn

for n large enough. But since this upper bound is summable in n, we have

Y P(M,, <u,,,, M,2u,)<oo. Thus, once again we may employ Barndorfi-

Iilielsen’s Borel-Cantelli type Theorem and conclude that

P(M,<u, io.)=0.
Proof of Theorem 8. We verify the condition of Lemma 9. First, as in the proof
of Theorem 7, it suffices to look at gd;k(nu,,). Assume first that k{c0. Then, in

Lemma 6, the probability ¢, (nu,) can be estimated by setting

1
z,=(1— 5)k (1)1 (e (;cgn>—%log(an)—logk—logloglogn—s,
so that
log (% V.(n un)) =1+o(l)+e+logloglogn
b

+(k—1)(10g(1+ +— )—( 0) )

logn logn logn
where

b,=(k—1)log (e lc;cgn)‘

Now, we are done if we can show that for all n large enough,

z,+b b,
log [1+2—)—-(1 =
Og(+10gn> ( logn™
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' . . b
But clearly, by Lemmal, the first term in this sum ~—i’); , so that the
n

difference ~(z,+db,)/logn. (Since z,=o0(b,) and b, =0 (logn), we need not con-
sider higher order terms to obtain a correct asymptotic expansion.) This
concludes the proof of Theorem 8 for the case kTooc. When k=K < o0, we note

that the 1+¢ in the asymptotic expression for log (% V. (n un)) must be replaced

by R(K)+35log(2n K)+e. For this to be greater than log2, we need a universal

lower bound for R(K)+3log(2nK): for K=1, we have $log(2n)>2. For K>1,
. K 1

a Jower bound is given by (K—3%) log (K 1>_12(K 1).

+—K1—1> L , we obtain the weaker lower bound 1—-(Q2K)*—(12(K—1))"'>1

—4-1-12- 1 =2%. Thus, in all cases, the choice ¢>log2—2 will do.

But since log (1

4. Bottom Bound. Inner Class Sequence

We have already proved Theorems 2 and 5. Thus, there is no harm in

assuming from now on that k=0(]/ logn). Using the fact that P(M,<u,)—1
implies that P(M,<u, i.0)=1, and reconsidering the proof of Theorem 7, we
notice that P(M,<u, i.o.)=1 for the following sequence u,:

elogn
k

k—1 elogn
+(1+5)@(k~1)10g( k >+11,,>

where n,— o0, and 6>0 is arbitrary. This, together with Theorem § is strong
enough to obtain the second half of Theorem 4 at least for the case

———% (10gn+(k—1)log( )—%log(Zﬂk)

logloglogn=o(logk), k=o(]/log n). But because we want to see the

“logloglogn” term in u,, just as in Theorem 8, in the hope to cover both

Theorems 3 and 4 simultaneously, we are forced to use a more sophisticated

argument. We will follow the “small k” technique developed in Devroye (1981).
We begin with a useful inequality.

Lemma 10. Let X,, ..., X, be independent random variables, and let J,, o J, be
subsets of {1,...,n}, where m is another integer. Then, for all integers ki, ...,k

P(Y X2k, ..., ¥ X,2k,)= HP(ZX 2 k).
iedy lGJm j=1 ied;

Proof of Lemma 10. We argue by induction on n. For n=1, it is clear that for
any m

(,O LX,= )é]le(X1 k).
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Assuming that the inequality is valid for n—1, we need to show that for all
1£l<m and all m,

PX,+ Y X2k X+ Y X2k Y X2k, pse, Y X2k,

ieJy ieJ; ieJi+1 iedm

]‘[ P(Y X;=k) ﬂP(X + Y X, 2k)

] +1  ied; ielJ,

(which we shall call inequality *) and this, for all possible subsets J;, 1<j<m,
of {1,...,n—1}. But, by conditioning on » and using our induction hypothesis,
we sec that the left hand side of (*) is at least equal to

I p(zx>k)E(np (Y X2k X |X))
j=l+1  ied; j=1 ieJ;

1

The random variables in [] are all of the form f;(X,) where the f/s are
j=1
nonnegative nondecreasing functions. But, by Gurland’s inequality,

E (,.‘jlff(X")) nE £XD.

Now, taking expectations again gives the right hand side of (*). This concludes
the proof of Lemma 10.

This lemma allows us to obtain the following rather crude lower bound for
P(M,<u,):

Lemma 11. For u>0 and A€(0, 1), we have
P(M,<u)2(1 =¥, (nu(l =) —exp(—ni*/2).
If A=A, k=k, and u=u, are such that 2€(0,1), all n, and

@A) nyiru(l—2)-0;
(i) Yy (ru(l—1)/A* >0,
then
P(M,<u,)Z(1+0(1)) exp(—ny(nu(l —4).

Proof of Lemma 11. We will use Lemma 2 again, together with its notation.
Clearly, if J;={j,j+1, ...,j+k—1}, then

P(M,<u)zP( Max Y E;<un(l—A)— P(iE<n(1 /1)

L 0=j  ieJ; i=
jEn+1—k

n+1—k

[T P(3 E;<un(1—2)—exp(—3ni’)

j=0 ied;

(L= (un(L =)™~ —exp(—3n %)

1\
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which gives us the top inequality. The second part of Lemma 11 follows from
the first part after noting that log(1 + z)=z+0(z?) as z—0.
The main result of this section can now be announced as follows:

Theorem 9. If k=o (]/log n), and

elogn

(Iogn—i—(k 1)1g< )+1—logloglogn—(§~s)log(2nk)), £>0,

then
PM, <u,io)=1.

Theorem 9 can of course be improved for fixed k, and the constant 2 is
chosen for practical convencience only. Nevertheless, even in this crude form, it
is powerful enough to give us the “liminf” parts of Theorems 3 and 4, when
considered together with the outer class result of Theorem 8.

Proof of Theorem 9. We employ the technique for k fixed of Devroye (1981),
that is, we show that
P(M} <u, i.0.(in i))=

where M,: is the maximal k-spacing formed by X, ,,,....X,, and
I£n,<n,<... is an increasing sequence of integers. We will choose n,
=[exp(2ilogi)]. (Technical note: the reason for choosing such a sequence,
roughly speaking, is that n,—n, , and n; are of the same order of magnitude,
so “forgetting” a subsample of size n; ; does not matter too much.)

Since we need only verify that
Z P(M}<u,)= 0,

it is important to have a reasonable lower bound for the i-th probability. The
lower bound of Lemma 11 will be used here with

k=k,, wu=u,, A=(@m-—n_)"" n=n-—n,_,.
By elementary calculus, we verify first that
1 1
nfn,_y ~(ei), (m;—n;_1)=mn; (1_ +20i£ ))
e

(see also Devroye (1981, Lemma 5.2)). If we can show now that for all i large
enough,
(=1 )Y (=1, _ ), (1= (n,—m,_ )~ V%) Zlogi,

then obviously, (i) and (ii) of Lemma 11 are satisfied, so that the last inequality of
Lemma 11 can be used. But this gives a lower bound of (1+0(1)) exp(—Ilog(i))
for the i-th probability, and this is not summable in i.

The argument of ¥, is

1+0(1 1+0(1
iU (1_ o2 ig )) (1_ ej;ogi(/Z)):niun,(l_(1+0(1)) (e i)uz)-




328 P. Deheuvels and L. Devroye

This can be rewritten as
elogn,

logni+(ki—1)log( )—log loglogn,+1

1

2ilogi
~(5—8)log2m k) —(1+0(1) "5 -

Assume first that k4 co, so that we may apply the first estimate of Lemma 6.
We have, omitting the argument of ¥, ,
(=1 )i )~n () ~exp(l —¢ log(2mky)+ log log log n,— 1 +0(1)
+(k;—1)log(1 +v,/logn,))

elogn,

where viz(ki—l)log( )—logloglogni—i—1+0(1)—(%—s)10g(2nki). By

adding logloglogn; to v;, we obtain an upper bound for our expression. We
check quickly that v;=o(logn;) and that k,v,/logn,=o(logk,) (here we need the

fact that k=0(]/l—(;g—n)). Thus, an upper bound for our expression is
exp(o(l)—(e+o0(1)) log(2n k) +logloglogn,) ~(logi)- e~ +oNlog@nk)

and we are done. When k=K < o0, exactly the same upper bound is valid. To
see this, note that the quantity R(k)+3log(2nk)<1 for all k (see Lemma 6 for
the definition of R(k), and use the fact that log(k—1)!=(k—1)log (k—j>

e
+3log(2n(k—1)), k>1, and that log(l+z)<z to obtain the bound (k—3)/(k
-1, k>1).

5. Top Bound. Inner Class Sequence

Theorem 10. Assume that kzo(]/ logn) and that

elogn

unzl (log n+(k—1)log ( ) +(2—¢)loglogn—3log(2n k)—log(k))
n

for some ¢>0. Then
P(M,>u,io)=1.

Theorem 10 together with Theorem 7 imply the “lim sup” results found in
Theorems 3 and 4. In the proof we make heavy use of the fact that k changes
very infrequently.

Proof of Theorem 10. Consider a strictly increasing sequence of integers n;. We
will show that P(M, >u, i.0.)=1 by a technique that could be called “bridging
between the liminf and limsup bounds” (see Devroye, 1981, for another
example of this technique). Let us define
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1 I
b= (logn+(k—1)log (-e%) ~1log(2mk)—logk—log log log n— 1),
n

and recall from Theorem 8 that M, > v, f.0. almost surely.
Now, if v, Zu,  for all i large enough, then we are done if P(C, i.o. (in i))
=1 where

Ci= ﬂ [Xj¢[Aj*17Aj—1+uj]]'
j=n;+1
But, by the conditional independence version of the Borel-Cantelli lemma, this
is true if

iP(Ci)=oo.
i=1

In view of

P(C)=(1 _uniﬂ)nlﬂﬁni gexp(_”n,ﬂ(nu 1 _”i)_ui-ﬂ(npr 1= 1)
~exp(—tt, ) (n; 1 —n,)
for i large enough, if

M1 1y
logn,, - —*1—1-0,
Mist
we see that it is only necessary to find a subsequence n; verifying the following
conditions:
(i) v, =2u

ni="ni+1?

all i large enough;
(i) log’n, ,=o(nl ,/(n;, , —n));

(111) Zexp(—uni+1(ni+1—ni)):w'
i=1

In our hunt for such a subsequence, the sequence n,= [exp(]/ 2ilogi)] seems to
fulfill the role, were it not for the fact that (i) is not satisfied when k increases
in the i-th block between n; and n,, ;. To circumvent this problem, we collect
all integers i for which k, =k, in a set G, and all other integers in its
complement, G°. Since (ii) is obviously satisfied, we see that we are done if (iv)-
(vi) hold:

(iv) v, =u all i large enough, ieG;

(V) un,+1(ni+1~ni)§10gi+0(1);
. 1
vi) ) -=owo.
icG

We will proceed in reverse order, starting with (vi). Let N, be the number of
integers i <m in G°. Then,

| =

> ,gliminle,soo
ieG

m—00 N, !

when log(m/N,)— 0, i.e. when N, =o(m). Now, by the monotonicity of k,
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lwgkmﬂ=0&ngHD=MVmbgmL

and (vi) follows. log i
By a simple exercise in analysis, we see that n; ; —n;~n; |/ BT and thus

that n;, ; ~n;. We note that (v) is nearly proved since

logn,, logi (21’10gi-10gi>1/2 _
=)~ : o ~ =logi.
t (1 1) m+1"lb 2i 2i &t

Unfortunately, this is not good enough, and we are forced to bound things
with more care. First, by a standard Taylor series bounding technique, we have

<14-EL (1 logi).

Ty 2ilogi

Also, for i large enough,

ni+1§logni+1+2]/logni+11og10gni+1
<logn,, ,+2(3ilogi)"*-logi.

u

ni+1

Combining this, (v) follows if

1+logi
1 2ilogi

1/2 1 . 1/2
But 10gni+1_£_]/§(i+1)10g(i+1)=ﬁilogi-(1+1,) (O—gio(gﬁ) . The i3
i i

contribution to ‘our product is o(1), and the contribution of the factor 1 in “1
+1logi” is 0(1). Thus, we need only show that

1/2 :
logi- (1+l,) (ﬁ_log(l—i—.l)
i logi

(logn;, , +i'*)<logi+0(1).

1/2
) <logi+0(1).

1 log(i+1)

1/2 1
This follows from the inequalities (1 +—,> =<1 +os and 1on] <1+-. This
concludes the proof of (v). ! l ogi i

. logi\'/?
For the proof of (iv), we note that n;, ,/n;=1+(1+o0(1)) (—(;g—l> . Now, for
i

ieG, ie. k;, ; =k;, and writing log; for the j times iterated logarithm,

v n

ng __ tit 1

elogn;
k.

]

logn,+(k;—1)log ( ) —Xlog(2nk;)—log(k))—1—logyn;

I .
©OB%1) tlog2nk) ~loglk) +2—#)loglogn,

logni“—l—(ki—l)log(
ni+1_ﬁ l

n, b’

i i
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elogn,

)
—log(k;), which is positive for all i large enough, can be subtracted from
numerator and denominator. This gives a strictly smaller ratio (a lower bound
thus):

Now, for i large enough, a;<b;. Also, the term (k,—1)log ( —2log(2nk,)

Migr logn,—1—log,n
. 1 . ’
g logniH+(2—8)10g10gni+(ki—1)10g(%))
But l
logi\}?
log(ny, /)= -0 (1) (55)
1+0(1) {logi\!/? .
log, n;, , —log, n,=log (l—i— logn, (~2l—) >=(1+0(1))/(21).
Thus,
_(1+0(1))10g10gi
v logi\!'/? V2ilogi
—m o> 1 .
unm_( +{l+ol ))( 2i ) ) +(2—g)%log(2ilogi)(1+0(1))

logi\'/? /e 1 2ilogi
-+ (5) o)

which is all we need for (iv).

6. An Erdos-Rényi Type Theorem

Deheuvels and Devroye (1983) have shown the following

Theorem 11. If k=[clogn] for a positive constant ¢, and if a is the unique
positive solution of the equation

_1
e ‘=(1+4+a)e ",
then

"nM,—(1+a)(clogn) 1 a+1
V: e —— e —
loglogn 2

in probability.

n

This result was obtained as a special case of a much more general result on
the oscillations of partial sums of ii.d. random variables. From it, we can only

. 1 1
deduce that almost surely, the limsup of V, 1s at least equal to —3 ﬂ—, and
a

the liminf of ¥, is at most equal to the same number. Theorem 6 stated in the
Introduction is valid for less strict conditions on k, and gives also inner class
sequences. Since it can be proved without a lot of extra effort, its inclusion in
this paper seems natural. To obtain sharp inner class results however that
improve on Theorem 11, quite a bit of new heavy machinery seems necessary.
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First of all, we will need a large deviation result for the gamma density in
the spirit of Lemma 5:

Lemma 12. (Large deviation result for the gamma density.) If a>0 is a con-
stant, and a,, b, are sequences of real numbers satisfying a,=(1+a)k+b,, b,

=0()/k), then

1
Y (a)~ ]/n exp (k(log(l—{—a)—a)—l—il—bk) as k—»oo.

a K

Proof of Lemma 12. Consider first the series

(k— 1)'Zak’(k -~ Z—I— Z (for integer M <k—1).

j=0 Jj= j=M+1

For fixed M, the first sum is at least equal to

Mok—M X Mk 1=((1=ME)A+apM Tt 1—(14a)" MY
Z( a, )’”Z ( l+a )' - (-Mk)/1+a) = 1-(+a)' °

j=0 j=0

and is at most equal to

u (14+4)~0r+0

ky ¥ _j_l—
j;o (a—k> ~j§0(1+a) B 1-(+a !~

The second term is at most equal to

> . 1+0(1)
1 1 1 “I=(1 “MeD . 50 M .
(+o( ))j}ﬂ( +a)=(1+a) —(ta as M— o0
Since M was arbitrary, we conclude that the series converges to % as k0.
Next, by elementary calculus,
00 ,k—1 —y 1 ,—ax ] a—1
e T )
dy = = e Umadd | =
o ® o el g a
=a, | (L +uf e *du
0
k—1 o0 k 1
=a, ) f( , )u’e*”""du
=00 \ J
k-1 o0 k—1
=ay f( : )7’e_zdz ag 9t
j=00 \ J
_kil (k—l)‘ k_j
j=o (k=1=j)!
_)1—|—a as k— oo
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Next, by Stirling’s formula,

l+aaite =

V)~ =
l+a ((1+a)ke k_l( be N7 i akem ~1/2
~ (ﬁ) 1+(1+a)k> ¢ 2k
k
JAFa exp (k—(l +a)k+—1—bk—bk> @mk)=172,
l4+a

which concludes the proof of Lemma 12.

Proof of Theorem 6. We will first show that P(M,>u, i.0.)=0 for
1 1
U,=— ((1 +a)(c logn)+(%+a)ilog log n), e>0.
n a

We can apply Lemma 4 again since u, is eventually nonincreasing. Applying
Lemma 7 to the conditions of Lemma4 leaves us with the simple task of
showing that

(l) n Wk(un(n - n3/4)) - 0)
(i) > logn v, (u,(n—n>*)< oo.

- &
Because u,=u,(e) satisfies: u,(¢) (n—n>*)>u, (§> n for n large enough, we see

that in (i) and (i) the argument of i, can be replaced by

wlE)

We write u, (g) nas (1+a)k+b, (in the notation of Lemma 12) where

i
b= (1 +a)(clogn)+ @%) f—aimg logn—(1+a)k

1
= (g—l—ﬁ—i»o(l)) ilog logn.
22 a

. k -
Because obviously n=exp (——i—o(log log n)), and bk=o(]/ k), we have by Lem-
ma 12, ¢

ny, (nun (%)) =exp (— (%+§+0(1)> loglogn—4log logn)
—2—%—0(1;

=(logn)
It is clear that (i) and (i1) hold for each &> 0.
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Next, we will prove that P(M,<u, i.0.)=0 when

1
=~ ((1+a) (c logn)——(%-ks)aailloglogn), £>0.

. . logn . .
Since u, 15 eventually monotone, and u,~(1 +a)c——g—, we are in a position to
apply Lemma 9. For n large enough, we have

0o 2w, (5) )

1 k k
Na——i—n:k exp (E+o(log logn)—loglogn+ (%+%+0(1)) loglog n—z)

=exp ((%—l— o(l)) loglog n) ,

which satisfies the inequality of Lemma 9 for all ¢>0. This concludes the proof
of Theorem 6.

Remark. We have used the fact that Theorem 11 holds under the weaker
conditions on k stated in Theorem 6. Note however that if the o(loglogn)
terms is replaced by a bigger term in the condition for &, the estimate obtained
via Lemma 12 will be influenced to such an extent that the conclusion of
Theorem 6 may no longer be valid.
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