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The Uniform Convergence of Nearest Neighbor Regression
Function Estimators and Their Application in Optimization

LUC P. DEVROYE

Abstract—A class of nonparametric regression function esti-
mates generalizing the nearest neighbor estimate of Cover [12] is
presented. Under various noise conditions, it is shown that the es-
timates are strongly uniformly consistent. The uniform conver-
gence of the estimates can be exploited to design a simple random
search algorithm for the global minimization of the regression
function.

I. INTRODUCTION

HE PROBLEM of optimizing a function € with

respect to x € R4 arises frequently in the synthesis of
complex systems. Often the optimization problem cannot
be solved by analytical methods because the mathematical
description of the function is unknown or extremely
complicated. However, in many cases, the value of the
function can be determined with a certain accuracy for any
given value of x. It is known that in such situations, ran-
dom search can be successfully used (for a review of the
literature, see [1]-[3]). Two large classes of random opti-
mization techniques can be distinguished, the nonse-
quential methods and the sequential methods. The most
primitive nonsequential method is the crude séarch [4],
where one lets the estimate of the minimum of @ bé the
best X; among a sequence X3, ---,X, of independent
random vectors, uniformly distributed over the set B of R¢
in which the minimum is sought. If Q(X;) can be exactly
determined, then the value of @ at the estimate will ap-
proximate the (essential) infimum of @ on B as n grows
large. However, if for every x, only noisy estimates
Y1,Ys, - -, (independent identically distributed random
variables with distribution function F, ) can be obtained,
then one could estimate the regression function

Q(x) = fydF.(y),

which is assumed to exist for all x, by the average
X .
Q) =271 3 Y
=

Upon computing such a A-average for every X, it is logical
to define the best X; as the one with the lowest value
&(X;). Again, we can expect that the true value of  at
this best X; is close to the minimal possible value of @ if
A and n are large enough.
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It is not unreasonable in most applications to assume
that @ is well behaved (smooth, continuous) so that in-
formation about Q(x) can be gathered from the values of
Q(y) for all y with [y — x || small. If we construct an esti-
mate g, of @ (g, is a function of x and of the X;, @, (X;),
1 < i < n) and then minimize g,, chances are, in view of
the smoothness assumption, that @(X},), the value of Q at
X, the minimum of g,, is close to the extreme value. One
such multiple trial estimate (multiple, because X > 1) is the
one that lets g, (x) = @,(X}) where X{ is the nearest
neighbor to x among X1, - -+, X,,.

- Often the cost of obtaining the Y; is very high, so that
the said crude search method, or its modification using a
multiple trial estimate, is not economical since both use
An measurements. If we let A =1 and @ (X;) = Y; (so that
(X, YD), --,(X,,Y,) are independent and identically
distributed), then we can only hope to satisfactorily recover
Q if € is “almost continuous.” To illustrate this, let us
briefly review some history of single trial estimates.

Estimates that first partition B up into a grid and then
let g, be constant on each rectangle in the partition have
been suggested by McMurtry and Fu [5], Hill [6], Jarvis
[7], and others in multimodal optimization theory. If
{B1, - - - , By} is the partition, then, for all x in B;, this his-
togram estimate uses

n n
gnlx) = Z YjIlXjeBd/z I{XjeBi}
j=1 j=1

where [ is the indicator function. Of course, unless n — «,
N — «, and all the B; shrink in size, there is no hope or
guarantee that g, (x) will be close to @(x) foragiven x. In
the literature, two classes of nonparametric regression
function estimates have been developed that possess such
asymptotically optimal properties (i.e., such that g, is close
to Q for large n in some probabilistic sense). The first one
has evolved from the Parzen-Rosenblatt kernel density
estimate [8], [9] and is commonly referred to as the Nad-
araya estimate [10], [11] or kernel estimate. Nadaraya
lets

0:(2) = ¥ YK(Xi = 2)/ha) | 3= K(Xi = 2)/ha)
&)

where K is a density on R¢ and {h,,} is a sequence of posi-
tive numbers. In [10], he shows that sup |g,(x) — Q(x)| ™
0 with probability one if d = 1, if @, K, and {h,} satisfy
some regularity conditions, and if the X; have a common
density. The drawback of his estimate is that the h, are
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picked without regard to the data. If K is the uniform
density on the sphere S(0,h,,) centered at 0 with radius h,,
then (1) computes the average over all the Y; corre-
sponding to X; that take values in the sphere S(x,h,).
Assume now that X7 is the nearest neighbor to x and that

¥ is the corresponding Y;, and define h,, = | X7 — x| ; then
(1) reduces to the simple nearest neighbor estimate

qn(x) = YT

which is noted by Cover [12].

In pattern recognition, (X1,Y1), <« +,(X,,Y,), (X,Y) are
independent identically distributed random vectors, the
Y, are {0,1}-valued, and Y is unknown. Upon observing X
= x, Y is estimated by Y, a function of X and of the
(X;,Y;). One rule for which the probability of error Py =
Y} is minimal is the following:

V=1, ifQx)=E{ly-y|X=x}=P{Y=1|X=x}2%
Y =0, otherwise.

Since the conditional expectation §(x) is unknown, this
rule cannot be realized. The obvious solution is to replace
@ by a regression function estimate gp:

if gn(x) = %

otherwise.

Y=1,

Y =0,

If g,(x) = Y? as with the nearest neighbor estimate, we
obtain the nearest neighbor discrimination rule which lets
¥ = Y% For more on the nearest neighbor rule, see [12],
[13]. Of course, it is unreasonable to expect that g, (x)
approaches Q(x) as n grows large, unless @ is continuous
at x and F, concentrates its mass at @ (x) (no noise situa-
tion; this condition corresponds to the nonoverlapping
classes condition in discrimination). To correct for this
noise sensitivity, Cover and Hart [13] proposed the use of
a k-nearest neighbor rule in pattern recognition. The k-
nearest neighbor regression function estimate is defined
by

n
qn(x) = k-1 2 YiI{Xi is among the k-nearest neighbors to x}

i=1
(2)
where k/n ™. 0 and k ", «. To estimate nonparametrically
a density f at x, Loftsgaarden and Quesenberry [14] used
a similar idea, viz., they let the estimate be k/n V,(x)
where V,,(x) is the volume of the sphere centered at x with
the kth nearest neighbor to x on its surface. The k-nearest
neighbor regression function estimate (2) was recently
generalized independently by Stone [15] and Devroye [16]
as follows. First, reorder the (X;,Y;) according to increasing
distances | X; — x| (if | X; — x| = | X; — x[, then we ar-
bitrarily call X; closer to x if i < j), and obtain
(X3,Y%), -+« (X5, Y%). Then define
n
gn(x) = Zl Uni Y7 (3
i=
where v, = (Un1, * * * ,Unn) i8 @ probability vector. Picking
vni = 1/k if i < k and 0 otherwise gives us back the k-
nearest neighbor estimate.
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A global measure of the accuracy of a curve estimate g,
is its distance in L, (I < r < «) from @, provided that both
qn and Q belong to L,:

(flCIn(x)_Q(x)lrdG(x))l/r, r< o
HQn - Q”r =

ess sUp |gn(x) — Q(x)},

r= o,

where @ is the common distribution function of the X;. In
the context of this paper, we will define [lg, — Qll~ by
supxe|gn(x) — Q(x)| where B is the support of G. Ob-
viously, if g, and Q are continuous, then both definitions
are equivalent.

If the F, are such that

E{ Y1t = S fy|" dF:(y) dG(x),
and if

for some r < o,

i) bn1ZUp2 2+ 2 Upp,
ii) max; v,; ™ 0, and
i) Ty +1Uni % 0, and k,/n 2 O for some integer se-
quence {k,},

then Stone [15] shows that E{[lg, — Q|} 2 0. This result
is quite surprising because @ is not required to be “almost
continuous” or smooth, the assumption that was at the
basis of our use of k-nearest neighbor estimates. In addi-
tion, the F, and G need not have densities as with the
Nadaraya estimate. Condition i) insures that more weight
is attached to nearer neighbors; the tails of the probability
vector v, must become negligible as n grows large (first
part of iii)) so that only an increasingly small proportion
(k,./n) of the samples plays a role in the estimation of @(x).
However, the noise on the observations can only be aver-
aged out if k, diverges and if, among the k, nearest
neighbors, there is none whose weight dominates the other
weights. But this follows if we make the vote v,; of every
(X7¥,Y?) asymptotically negligible (condition ii)).

Implicit in [16] is the following result. If @ is G-almost
everywhere continuous, if ess sup | Y;| < « and if ii) and
iii) hold, then |g,(X;) — @(X1)] . 0 in probability. If in
addition

> exp <—-a/max Uni) < o, for all « > 0,

n l
then the convergence is with probability one as well. The
main result of this paper is that g, — Qll= % 0 with
probability one if @ is uniformly continuous, if G has
compact support B, and if {v,} and the F satisfy some
regularity conditions (for instance, it suffices to pick the
Uy as with a k,-nearest neighbor estimate and ask that
k,/n " 0, that k,/log n ", =, and that Yj is a bounded
random variable).

The nearest neighbor estimates are useful in applica-
tions because, as will be shown below, all their powerful
properties remain valid for a large class of dependent
sampling procedures. If the estimate g, is used as a guide
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in optimization, then rather than use a nonsequential
random search technique, it may be more economical to
estimate and optimize @ in a sequential manner by re-
peating the following steps:

i) make one observation Y, from the distribution
function Fy,, where the distribution function of X,
itself is picked as a function of g, —1,

ii) find g, and update the current best estimate of the
minimum of §.

The details of this sequential optimization procedure will
be discussed in Section VII. We require that the distri-
bution function of X,, be of the form «,G + (1 — «,)G,
where G is a distribution function as for crude search in B
(e.g., uniform in hypercube), Z,a, = « (this will insure
enough crude search), and the G, are arbitrary distribution
functions, possibly depending upon (Xi,Yq),:--,
(Xn-1,Yn—1). If G, is Gaussian, centered at the old best-
estimate X,_; of the minimum and with a gradually de-
creasing variance o2, then the frequency of samples X; in
the area of interest for the optimization of ¢ will increase
as n grows large.

We will study the asymptotic properties of {g, — @l =,
first for the noiseless case (that is, when Y; = @(X ) with
probability one), next for the noisy case, and finally for the
noisy case with dependent sampling. A brief section is
devoted to the study of the rate of convergence. In the final
section, we show that all uniformly good regression func-
tion estimates (estimates for which g, — @l|~ ™ 0in some
sense) can be used to design asymptotically optimal ran-
dom search procedures. For clarity, all proofs are deferred
to the Appendix.

I1. ESTIMATION IN THE ABSENCE OF NOISE

Assume that X1, - - -, X,, are independent random vec-
tors with a common distribution function G whose support
B is a subset of R9. Assume further that @ is a Borel
measurable function and that, for all x, F, puts mass 1 at
Q{(x). This implies that Y; = Q(X;) with probability one
for all i. The following condition on the sequence of weight
vectors {v,} will be needed throughout.

Condition C1: The sequence {v,,} of probability vectors
(Un1, * - * ,Unn) is such that for some sequence {k,,} of positive
integers, 1)

k./n e 0

and ii)
n n
Z Oni — 0.
i=kn+1

Thus the tail of the vector v, must be asymptotically
negligible. This condition is satisfied if v, = (ay, -+,
ag,0, « - - ,0) for some fixed probability vector (ay, -+« ,ar).
In particular, the nearest neighbor estimate of Cover has
k = 1 (and thus a; = 1). The main result for estimates
satisfying C1 is the following.
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Theorem 1: If Q is continuous, ¢ has compact support,
condition C1 holds, and F, puts mass 1 at Q(x), then g,
— @[~ ™ 0 with probability one.

In [15], [16] it is indicated that for noisy situations, the
influence of a single (X;,Y;) on the estimate must become
negligible as n grows large (max; v,; ”. 0), and this of course
forces k, to grow unbounded in condition C1. Examples
of sequences {v,} satisfying C1 while max; v,; " 0 are
plentiful:

i) rectangular weight vector: v,; = 1/k,, 1 < i < kp,,
and v,; = 0 otherwise; the sequence k,, satisfies k&,
" o and k,/n " 0;

i) triangular weight vector: v,; = 2(k, — 1 + 1)/(k, +

k2),1 <i < k,, and v,; = 0 otherwise; k,, . « and

kn/n " 0;

exponential weight vector: v, = a,(1 + a,)~i(1 —

(t+a,)™)La, " 0and na, * «. Tosee that this

sequence satisfies the said conditions, let &, ~

vn/ay,.

iii)

III. ESTIMATION IN NoOisy CONDITIONS

Assume that (X,Y7),---,(X,,Y,) are independent
R4+l yalued random vectors with a common distribution
function. The distribution function G of X; has support
B, a subset of R¢, and, given that X; = x, Y1 has distri-
bution function F,. We distinguish between several types
of noise. We say that the noise is

absent if

sup Sy — Q(x)|2dF,(y) = 0,

exponential if for all € > 0 there exists a c(¢) > 0 such
that

sup fes(y_Q(x)) de(y) < elslf’

xeB

all |s| < c(e),

bounded if there exist finite nonnegative numbers K
and K, such that
o Q(x)—Kz

dF,(y) +
Qx)+K1 —

sup
xeB

in L; (where t > 0) if, for some finite K,

de(y) = 0)

sup Sly —QW)|tdF.(y) £ K,
xe
uniformly integrable if

|y — Q(x)| dF.(y) = 0, and
|y—Q(x)|=s

additive if there exists a distribution function F such
that F(y) = F,.(y — Q(x)) for all real y and all x € B.

lim sup
s xeB

In random optimization and probabilistic automata
theory, the collection {F, |x € B} of distribution functions
is called a random environment, but in order not to confuse
the reader with more technical jargon, we will use the term
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noise to denote both this collection of distribution func-
tions and the sequence of random variables Yy, ---,Y,.

To situate the types of noise relative to each other, we

recall that bounded noise is always exponential, that ex-
ponential noise is L; noise for all positive ¢, that L, noise
is L; noise if ¢ < s, and that if the noise is in L; for some t
> 1, then it must be uniformly integrable. Further, additive
noise is uniformly integrable since {|y|dF(y) < « by hy-
pothesis. It will also be L; noise for t > 1if f|y|tdF(y) <
o, An interesting case for engineers is when all the F, are
Gaussian with variance ¢2 and mean Q(x). It is easy to see
that this type of noise is exponential if sup,.p ax < w. In
most practical situations, all the F, put their weight on an
interval of length d,. This type of noise is exponential if
sSupygepd, < ®.

Let us for the moment consider estimates (3) for which
condition C2 holds.

Condition C2: The sequence {v,,} of probability vectors
satisfies v,; = 1/k, for 1, <1< k,,and v,; =0fori > k,,
where {k,} is a sequence of positive integers with k,/n ",
Oand k, % «.

If the norm ||:|| that is used to reorder the data is the
maximum component norm, then the following is true.

Theorem 2: If Q is continuous, G has compact support,
condition C2 holds, the noise is exponential, and

k./log n 5 ®,

then llg, — @~ ™ 0 with probability one for estimate

(3).

Theorem 3: 1f @ is continuous, G has compact support,
condition C2 holds, the noise is in L; for some t > 2d + 1,
and

n
kf;l/I’LQd — o,

then llg, — @[~ ™ 0 in probability for estimate (3). If in
addition

S n2/ki < w,

n=1
then |lg, — Q|- ™ 0 with probability one.

For Theorem 3 to apply, the noise must be at least in
Lsg+1. The question remains whether the conclusion of the
theorem remains valid for the class of Ly noises which is
so important in control engineering applications. If the Lo
norm is used instead of the maximum component norm on
R4, then the factor n2¢ in Theorem 3 can be replaced by
nd*1 and the condition ¢ > 2d + 1 must be replaced by the
condition ¢t > d + 2.

The nearest neighbor multiple-trial estimate with A,
trials satisfies similar properties. Obviously, in the absence
of noise, it is senseless to let A,, > 1, while for A,, = 1 the
classical nearest neighbor estimate is obtained to which
Theorem 1 applies. In noisy situations, the k,-nearest
neighbor estimate eliminates the effect of the noise due to

the averaging of Y%, ---,Y% . With the nearest neighbor
multiple trial estimate, the noise reduction is achieved via
averaging of Y7y, - - -, Y),. Thus we can expect that A, will

vanlana b in tha aoanditinneg nf convarcance ag ig gaean fra
valauc itn lll Liico bUllulblUllD Ul LULIVUIETIIVTG, dd i3 dUTLL 11\)111

the following theorems.

Theorem 2': If Q is continuous, G has compact support,
the noise is exponential, and

n
M/logn — =,

then |lg, — Q] -~ ™ 0 with probability one for the nearest
neighbor multiple-trial estimate.

Theorem 3’: If @ is continuous, G has compact support,

+ln T f ~ 1
the noise is in iy forsometl > 1, and

n
MTn

then |g,, — Qll« ™ 0 in probability for the nearest neighbor
multiple-trial estimate. If in addition

Y /AT < e,
n=1
then |lg, — @~ " 0 with probability one.

The nearest neighbor multiple-trial estimate with A
trials and n samples X3, - - -, X,, uses An measurements
and can, in data collection cost, be compared with the
A-nearest neighbor single trial estimate with An samples.
It has the advantage however that for a given x, to find
gn(x), it suffices to find the nearest neighbor to x among
X4, -+ +,X,, and to look up the value @,(X7¥) that is already
stored in a memory. Also, the convergence of |g, — @[«
can be assured for all L; noises (¢ > 1) if A\, grows fast
enough. Thus the nearest neighbor multiple trial estimate
seems better suited for situations with heavy noise, easy
access to data, and relatively more expensive computing
time. Notice that in some problems, the engineer has no
access to more than one Y; for every X; so that he is forced
to use a single-trial estimate.

IV. A SIMPLIFIED REGRESSION FUNCTION ESTIMATE

Estimate (3) requires for every x the reordering of
X1,---,X, and the computation of a sum of n terms.
Consider the following simplified estimate derived from

3
Gn(x) = qo(X?) 4)
which has none of these drawbacks because

i) the ¢,(X;), 1 <i < n, can be computed in advance
and stored in a memory, and
ii) to find G, (x), it suffices to find the nearest neighbor
¥ and look up the value of ¢, (X?).

Theorem 4: Let @ be continuous and let G have com-
pact support B. Assume that condition C1 holds, that the
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noise is exponential, that
n
(mgx vni) logn —0
13
or that the noise is in L; for some ¢ > 2, and that

© t—1
>n <max vm-) < oo
n=1 i

then ||, — Q[ ™ 0 with probability one. If, instead of (5)
we have

(5)

t—1 n
n (max v,,,-) —0,
then g, — @[« 0 in probability.

The conditions of convergence of Theorem 4 do not
depend upon d or the norm || that is used to reorder
X1, « -+, X, (actually, any norm on B9 can be used). The
reason that the conditions of convergence are weaker than
the ones given in Theorems 2 and 3 is because G, in (4) is
better behaved than g, in (3) for large n (for one thing, §,
can take only n values while g, ¢an take almost n2d
values).

V. RATE OF CONVERGENCE

Knowing that {lg, — Qll. *. 0 with probability one as-
sures the engineer that taking n large enough will force g,,
to be uniformly close to Q. Two questions immediately
arise.

i) How large should n be such that, for given ¢, 5 > 0,
P{llg, — @ll» > ¢} < 6? That is, how fast does P{||q,,
~ @l > €} tend to 0 as n grows large?

ii) How fast can we make ¢,, decrease to 0 in order that
Plllgn, — Qll» > ¢,} still tends to 0 as n — «?

Some authors prefer to use ii) in the study of rates of
convergence of random sequences but, in the context of
this paper, i) seems to be a far more interesting question.
Assuming for the moment that the conditions of Theorem
2 are fulfilled, we see from a quick inspection of the proof
of Theorem 2 that for every ¢ > 0, we can find an N large
enough and positive constants g;, all depending upon ¢, ,
G, and the collection of Fy, such that, for the Stone-Dev-
roye estimate (3),

Plllgn — Qll« > ¢} < aje=a2 + agan2de~askn
all n with k,, < n/N.

Truly practical expressions for the a; and N can be ob-
tained only if additional assumptions are made regarding
@, G, and the noise.'Assume for instance that @ is Lipschitz
with constant C (that is, |@(x) — Q(y)| < C|x — y|| for all
¥ and y), that G is the uniform distribution function on
[~M,M]¢, and that all the F, put their mass on an interval
of length at most D containing @(x). For

k, = yn(e/AMC)4/2, 0<y=1,

the following bound is valid (see the proofs of Theorems
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1 and 2):

P{llgn = Qo > 26 < 2ABMC/e)de(-n(c/aMCyay
+2(1 + n)2de—'yn62(e/4MC)d/D2'

The best choice of vy seems to be 1, but since we want k,, to
be just large enough so that the noise averaging effect and
the influence of the variation of @ on the k,th nearest
neighbor are about equal, it is logical to try to pick y such
that both terms in the given bound are equal. Matching the
exponents would give v = min (1;(¢/4MC)2(D/¢)2/2).
This is not a surprise since, with small noise (D small) and
highly irregular  (C large), the engineer will intuitively
prefer to use a smaller &, in the k,-nearest neighbor esti-
mate. Similar finite sample studies can be made for other
types of noise, other estimates, and under other conditions
on G and Q.

VI. ESTIMATION WITH DEPENDENT SAMPLING

In the introduction, we indicated why it is important in
some applications to gradually take more samples from a
certain region of B such as the region close to the global
minimum of . Consider thus the following model for a
dependent sampling procedure. Let {a,} be a sequence
from [0,1] with cumulative sums 8,, n = 1, and let
Z1,Zy, -+, be a sequence of independent binary-valued
random variables with P{Z, = 1} =a,,n 2 1.If Z,, = 1,
then X, is independent of Xy, - -+ ,X,,—~; and has distri-
bution function G; while if Z,, = 0, then X,, has an arbi-
trary distribution function G, possibly depending upon
(X1,Y1), -+, (Xn-1,Yn—1). Thus the distribution function
of X, is a,G + (1 — a,)G,,. Given X4, ---,X,, the Yy,
--.,Y,, are independent random variables with distribution
functions Fx,,---,Fx,. In the Appendix, we prove the
following generalization of Theorems 1-3 for the Stone-
Devroye estimate (3).

Theorem 5: Let G have compact support B, let X;,
X, « « -, take values (with probability one) in a closed set
By containing B, and let § be continuous and bounded on
B,.

i) If condition C1 holds, if k,/8, ™ 0, if 8, ™ «, and if
the noise is absent, then ||g, — Q| « ™ 0 in probability for
estimate (3). If in addition 8,/log n — =, then |lg, ~ Q| »
" 0 with probability one.

ii) If condition C2 holds, if k,./8, ™ 0, if k,/logn *, o,
and if the noise is exponential, then g, — @l ™ 0 with
probability one.

iii) If condition C2 holds, if k,,/8, ™ 0,if k. }/n2d ", o,
and if the noise is in L; for some t > 2d + 1, then | g, —
Qll~ ™ 0 in probability. The convergence is with proba-
bility one if in addition =,n2¢/k;™1 < o,

VII. AN APPLICATION IN OPTIMIZATION

In estimation, the distribution function G of the X; is
often unknown, while in crude search of a regression
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function the distribution function G is picked in such a way
that it covers the area in which the minimum of @ is
sought, e.g., G is uniform on a hypercube B so that the
search area and the support of G coincide.

Consider the following general setup for a sequential
random optimization scheme that uses all the past infor-
mation in an intelligent way. Let X1,X5, - -+, be the se-
quence of best estimates of the minimum of @ in R¢, and
let (X1,Y1),(X9,Y9), .-+, be a sequence of R4+ -valued
random vectors. Given X,_; and (X1,Y1),---,
(Xp-1,Yn-1), take three steps to find X}, the next best
estimate of the minimum.

i) Make one observation (X,,Y,) where X,, has dis-
tribution function a,G + (1 — a,)G,, with a,, € [0,1]. G,
is an arbitrary distribution function and a Borel measur-
able function of (X1,Y1),++«,{Xn-1,Yn-1), Xn_1.Given
that X,, = x, Y, is an independent random variable with
distribution function F,.

it) Let v, be a number from [0,1], and let H,, be an ar-
bitrary distribution function and a Borel measurable
function of (X,Y1),-+,(Xn,Ys), Xr_1. Let further
W13, - -+, W, be asequence of independent random vectors
with common distribution function G. With probability
Yn, define W,, = W;,. W, called the candidate best esti-
mate, has distribution function v,G + (1 — v,,)H,.

iii) Compute g,,(W1), - -+ ,g,(W,,) and let X}, be the W;
for which g,,(W;) is minimal (in the case of ties, break them
arbitrarily).

The search is started with o; = v, = 1. As an example,
let ap, = v, H, = G,,, and W,, = X, so that, on the basis
of g, X, is the best choice among X1, - - - ,X,. Usually the
search area B is a hypercube, and G is a global search ori-
ented distribution function such as the uniform distribu-
tion function on B. G,, is a local search oriented distribu-
tion function such as the one that is Gaussian with mean
Xr-1+ D, (D, is an R -valued random vector called the
bias) and variance S,,, where

0, ifXhoi X

Sp =
. * *
a2, if X =Xn-

and
Dy, = §(Xpo1— X5o9),

We can let «,, tend to 0 (insuring however that Za;,, = «)
so that in the beginning there is a larger portion of global
search, and in later stages the emphasis will be on local
search. To control the portion of estimation relative to the
effort spent on optimization, H,, can be the distribution
that puts mass 1 at X;,_;. The net result of this is that the
number of different values taken by the W;, 1 <i <n, is
approximately equal to Z/%; v;.
The minimum of € is defined by

forsome s> 1,0 > 0.

Qmin = ess inf Q(x).
G

Thus if qmiy is finite, it is the unique number with the
property that, for all ¢ > 0, P{Q(X1) < gmin — ¢ = 0 and
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PiQ(X1) < @min + ¢ > 0.If @ is continuous, then gy is the
infimum, over the support B of G, of Q(x). If G is atomic,
then regardless of whether @ is continuous or not, q i will
be the infimum of @(x) over all x for which P{X; = x} >
0.

Theorem 6 shows why it is important that g, — @/~ *
0 if the estimate g, is going to be used in optimization.

Theorem 6: 1f q, is any estimate of @ with the property
that [lg, — Q[ » " 0 in probability (with probability one),
if G has support B, if all W, take values in B with proba-
bility one, and if

then max (Q(X7},),qmin) " Gmin in probability (with prob-
ability one).

Notice that we must use max (Q(X},),qmin) since it is
possible that @(X7},) is strictly smaller than gmi, (e.g., let
B = [0,1], let G be uniform on B, and let Q(x) = 1 with the

ntinn that O(0 2 =0 Tfan = L and H ic atamic at
<3 V. i1 Yp

Xcey\ll\lll viiauv gV J2 AR iip 1D ALVULILIU AU

0.3, then Q(X,) tends with probability one to 0 while qmin
=1).

One can object that the given optimization procedure
requires a growing memory for the storage of the (X;,Y;)
(and the W; in some cases). Clearly this is not a major
drawback in the presence of ultrahigh-speed and large-
capacity computers. Moreover, the loss (in terms of the
number of samples to be collected for the same accuracy
of the search) incurred by forgetting or not using some of
the (X;,Y;) may be higher than the cost of time and
memory resulting from the computations of the ¢, (W;)
and the storage of the (X;,Y;). Thus the specific field of
application of this class of optimization techniques seems
to be the one in which data collection is expensive and
computation is cheap. A paper is in preparation in which
the (X;,Y;) and the W; need not be memorized but in
which, upon observing a new (X,,,Y,,), the estimate X, is
updated, and (X,,,Y,) is forgotten. Such a technique has
the limited memory flavor of the classical search tech-
niques, but the engineer cannot use it in applications in
which for some reason he desires to have an estimate of the
regression function that he is minimizing.

Theorem 6 remains valid if X}, is picked in such a way
that

qn(X3) = min g, (x)
xeB

when g, is an estimate which attains its minimum on B (all
the estimates discussed in this paper do). However, this
would require a subsequent search at every iteration in-
stead of the proposed relatively simple comparison of n or
less vectors.

For the selection of a,, v, G, and v, the engineer must
be guided by his experience. A choice for v, is suggested
in the section on the rate of convergence of estimate (3).
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For choices of local search oriented distribution functions
G, the reader is referred to the random search literature,
in particular to the work by Cockrell and Fu [3] and
Matyas [17].

APPENDIX

We start off by showing that if B is the support of G, the
common distribution function of X1, - -+ ,X,,, then P{X, € B} =
1, and B is closed. If @ is continuous, then it follows that  is
bounded and uniformly continuous on B whenever B is bound-
ed.

Proof: If G.(¢) = P{|| X1 — x| < ¢}, then the support of G is
the set of all x with the property that G, (¢) > Oforalle > 0. It is
easy to see that B is closed. Indeed, if y is a cluster point of B and
¢ > 01is arbitrary, then there exists an x . in the intersection of B
and S(v,¢/2), the closed sphere with center y and radius ¢/2. Thus
Gy(0) = Pl X1 — yll < d 2 P{IX: — 2. < /2 = Gy (e/2) > 0.
In conclusion, if there exists a finite M such that P{|| X[ < M}
= 1, then B, the support of G, is compact.

To show that P{X, € B} = 1, note that B¢, the complement of
B, is the set of all x in R¢ for which for some e(x) > 0, P{X; e
S(x,e(x))} = 0. We also know that R is separable, and thus that
there exists a countable dense subset D of R<. Since D is dense,
find for each x in B¢ a d(x) in D such that d(x) € S(x,e(x)/3).
Thus, S{d(x),e(x)/2) is contained in S(x,e(x)), and therefore
P{X, e S(d(x),e(x)/2)} = 0. Also, x is in S(d(x),e(x)/3) so that

P{X;e B¢} < P{X,e S(d,a)}=0

d=d(x) for some x in B¢

as a countable union of null sets, where

e(x)/3.

a= sup
x in B¢ for which d(x)=d

QED.

Next we show that if B is bounded, then inf, . gG, (¢) > 0 for
all e > 0.

Proof: Assume that inf, . gG, (¢) = 0 for some ¢ > 0. Thus
there exists a sequence x1,x9, « - -, from B with G,,(¢) — 0. Since
B is compact, the sequence {x;} must have a cluster point y in B.
Therefore, there exists a further subsequence {x;} such that G; ()
—0and |x] — y|| <¢/2for alli. Thus S(x1,¢/2) is contained in
the intersection of all the S(x},¢). Hence, G,:;(¢/2) < lim inf;
G () = 0, which contradicts the fact that x1 belongs to B.

Q.E.D.

Lemma 1: If X4, ---,X,, are independent zero-mean random
variables with the property that for every ¢ > 0 there exists a c(e)

> 0 such that
EfesXi} <elsle forall |s] <cle)and1 <i <n,

and if (aq, - - - ,a,,) is a probability vector, then

n
P[ 3 a,-XL-| > e] < K e~ Ke/maxiai
i=1
for some K1,K3 > 0 depending upon e.
Lemma 2: If X4, --+,X,, are independent zero-mean random
variables with the property that

E{| Xt} <M < =, 1<i=<n,somet>1,

then

|

for some K3 > 0 depending upon L, ¢, and €. If (a4, -+ -,a,) isa
probability vector and ¢ = 2, then

P|

for some K4 > 0 depending upon L, ¢, and e.

i X,-/nl > 6} < Kj3/nt-1

i=1

n t—1
a,-Xi| > e} <K, (maxai)
i=1 i

14

Proof of Lemmas 1 and 2: For Lemma 1, we have that
j3 { 34X, > e} <5 [] ElessXi),  alls >0,
i=1 i=1 ‘

< e-lslegZlslaic/2, gl s with a;|s| < c(e/2), 1 <i<n,

< e—|s]e/2 < e—c(e/2)/2 max;a;

Thus, by symmetry, Lemma 1 holds with K; = 2 and Ky =
ec(e/2)/2.

The first part of Lemma 2 is a direct corollary of a theorem of
Wagner [22]. In [22], no explicit expression for K3 is derived.
Values for K for the case t = 2 can be found in Fuk and Nagaev
[19, p. 653]. In addition, they show that

P {l 5 x| 2 | =20+ 2y £ BllnacXi| noy

+ 2 exp <—2e”tn2e2/(t +2) i E{InaiX,-|2}>.
i=1

By using the facts Za; = 1, E{| X;|3 < (E{| X;|)¥t < M?t,
E{| X;|t} < M, this expression can be overbounded by K s (max;
a;)t~1+ 2 exp (—K5/max; a;) where K = 2(1 + 2/t)!M/et and K5
= 2¢~te2/(t +.2)M?/t. Since, for all x,y > 0, e~* < (y/ex)?, we
can further overbound the last expression by K (max; a;)t ! if
welet Ky = Ky + 2((t — 1)/eKg)i~ 1L Q.E.D.

A last word of caution is in order before we can start to prove
Theorems 1-6. It is in general not true that one can specify a
collection of distribution functions F, for x belonging to a closed
subset B of R4, and then claim that there exists a random vector
(X,Y) where X has distribution function G on R and, given that
X = x, Y has distribution function F,. However, this measura-
bility question is easily solved if there exists a probability space
(Q,A4,P) and an(QXB,AXB%) — (R, B) measurable function h
(B$% is the class of all Borel sets contained in B, and B is the class
of all Borel sets of R) such that Y = h(w,X). In that case, we de-
fine

F.(y) = Plw|w e Qh(wx) <y}, =x€B,yeR.

Throughout we assume that the distribution functions F, are
obtained in this fashion without explicitly mentioning the
mapping k. Thus, we can write

Qx) = fy dF.(y),

instead of Q(x) = fh(w,x)P(dw). This approach has the advan-
tage that (X,h(w,X)) is a random vector whenever X is a random
vector.

Proof of Theorem 1: Let ¢ > 0 be arbitrary, and find an a >
0 such that |@(z) — Q(x)| < ¢/2,forallz,x € B, and [z — x| <
a (use the uniform continuity of @ on B). Let A,, be the event that
X3, — x| <aforallx € B, and let gmax = max, . pQ(x), and gmin
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= min,gQ(x). Clearly,

P{sup lan(®) - Q)| > } < PlAg)
xeB

+P{An, sup |a(x) — Q(x)| > }

=< P{A%} +P [ ' '-ki+l Uni(Qmax - Qmin) > 5/2]
kn
+P {An, sup | 3% 0,(Q(XF) — Q) | > e/z]
xeB li=1

< P{Ag}

for all n large enough, since %y, 11 Ui ™ 0, Gmax — Gmin < ®, and
since, on 4,, |Q(X¥) — Q(x)| <e¢/2forallx inBand1 <i <k,.
We tacitly use the fact that, with probability one, all the X; take
values in B and that, also with probability one, Y; = @(X;) for
all ;.

Next,

A, < {un(S(x,a)) < k,/n for some x in B},

where p, (C) = %, Iix;c ci/n is the empirical measure of a set C
with X, ---,X,, and where S(x,a) is the closed sphere with
center x and radius a. If i is the measure on the Borel sets of R¢
that corresponds to G, then we have seen that inf, . gu(S(x,a/2))
= ¢ > 0. Since B is compact, we can find a finite number N, of
points xy, -+ » X, from B with the property that, for every x in
B, there exists an x;, 1 <i{ < Ny, with Jlx — x;|| <a/2. Thus, ifn
is so large that k,/n < ¢/2, then

Pfllg, - Qll- > ¢ < PlA} <P [ inf pn(S(x,a)) <kn/n

xeB

Ny
<P U lun(S(x00/2)) < k]
< N sup P{p,(S(x,a/2)) < k,/n}
xeB

< Ny sup P{u,(S(x,a/2)) — u(S(x,a/2)) < —c/2}

xeB

< 2N, e—2nle/2)?
= 2N,e —nc?/2
where we used Hoeffding’s inequality [21]. Theorem 1 now fol-

lows by the Borel-Cantelli lemma since the last term in the chain
of inequalities is summable with respect to n. Q.E.D.

Proof of Theorems 2 and 3: Let ¢ be arbitrary and note
that

P {sup lgn(x) = Q(x)] > 2e}
xeB
<P [Suplqn(x) — gnolx)| > e]
xeB
+ P {sup |qna(x) - Q)| >
xeB

where gno(x) = 2% 10,;Q(X7¥). The last term on the right side is
overbounded as in the proof of Theorem 1 because the conditions
of Theorem 1 are fulfilled. The first term, accounting for the

noise, is overbounded as follows:

P [sup [@n(x) — gnolx)| > e]
xeB

kn
=P [sup |3 (Y7 - QX7 /kn >e]
xeB li=1
kn
-E P[sup 3 (Y — Q(XE)/kn >e|X1,---,Xn]]
xeB li=1
<E P[ sup
Aed(X1,4,Xn)

P

‘ZA (Y; = QX)) /kn

<E {s(./l,n) sup

all subsets {/1,~.Jkn} of {1--n}

< s(A,n)

.p[

where J(X1, - - - ,X,,) is the collection of all sets of k,, indices from
{1,-+.,n}such that A = {jy, - - +,ji,,} belongs to J(Xy, - - -, X,,) if
and only if there exists an x in R¢ for which X, - - -, X}, are the
k,-nearest neighbors (not necessarily in that order) to x among
X4, -+, Xn; A is the class of all closed and open spheres in R¢;
and s(A,n) is the maximum, over all (xy, - - - ,x,) € R, of the
number of different sets in {{x1, - - ,x,} N A|A € A}

From Lemmas 1 and 2, we know that, for every ¢ > 0, there exist
positive constants K1,K5,K3 such that

sup
Fn=(x1,",Xkp)€ Bkn

kz"l (Y: = Q(X))/kn

i=

>e|lXi=xg,0 Xp, = xkn],

sup P{

Ene Bkn

kn
S (Yi = QX)) kn| > €| X1 = x1, -+, Xk = 2k
i=1

<

IK 1exp (—K2ak,), if the noise is exponential,
Ks/ki™Y if the noise is in L; (¢t > 1).

Again using the fact that ||g, — @ll« < supxeplgn{x) ~ Q(x)]
whenever B = support (G), we have, using a result from Theorem
1, that for all n large enough,

P{llgn - Q. >24 < P [sug gn(x) = Q)| > 2¢

2N exp (—nc?/2) + s(A,n)K; exp (—Kqok,),
if the noise is exponential,

2N, exp (—nc2/2) + s(A,n)Kz/ki,
if the noise is in L.

With the maximum component norm s(A,n) < (1 + n)2¢ and
with the standard Ls norm, $(A,n) < (2n)¢+1 Thus collecting
bounds completes the proof of Theorems 2 and 3. For the “with
probability one” part of the theorems, the Borel-Cantelli lemma
is used together with the fact that, for any a > 0,

3 nte bkn < w, forallb >0

n=1

if and only if k,,/log n 2, . Q.ED.

Proof of Theorems 2’ and 3': Copying the proof of Theo-
rems 2 and 3, we see that we need only overbound, for all ¢ > 0,
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Plsupsc B|gn(x) — gno(x)| > ¢ where gno(x) = Q(X7). But
P (sup |gn(x) = uol®)] > ]
xeB

=P {0 11QX) - @nX0l > df
=1
< nsup P{|Q(x) — @, (x)| > ¢
xeB
0, in the no noise case,
< {Kin exp (—K5\,), if the noise is exponential,
Kan/ 1, if the noise is in L;,

for some K1,K5, K3 > 0. The “in probability” part of the theorems
follows trivially. For the “with probability one” version, the
Borel-Cantelli lemma is used. Q.ED.

Proof of Theorem 4: Let ¢ > 0 be arbitrary and note that,
with the same @, ¢max, min, and A,, as in the proof of Theorem
1,

P [sup 14(x) - QG| > 3¢
xeB
<PlAS}+P [An, sup |dn(x) = Q)| > 3e].
xeB

Now, on A, |@(x) — Q(X%)| < ¢/2 for all x € B; while, also for
allx € B,

|Q(X) — gno(X7)]
n kn
S((]meal){_qrnin) Z Ui + (Z Um') 6/256
i=knt1 i=1

if 2% p+1 Uni < €/2(@max = ¢min). Thus with N and ¢ as in the
proof of Theorem 1, we have, for all n large enough,

P [ggg 10(2) = Q)] > 3¢]

< 2N 2+ P {surl 1gn{X5) = qno(XD)| > 36/2]-
xeB
The last term is overbounded by
n
P{§ l1an(X0 ~ ano(X0)] > 372

< nPf{gn(X1) — gno(X | > 3¢/2}

<n supP[ 3 Ui (Y — QXN > 36/2]
xeB =1

<nsup B [P]| £ 0¥y - Q)| > 30211, - X3
xeB =1

<n sup

Tn=(x1,%n)€ B

-P[ 3 omilYi — QX)) >3e/z|x1=x1,---,xn=xn]
i=1

nK exp <—K 9 / max Um'), if the noise is exponential,
i

-1

nKjy (mgx vm-) , if the noise is in L (t = 2),
14

where K1,K9,K 3 are constants not depending upon n (use Lem-

mas 1, 2, and the definitions of exponential and L, noise). This

concludes the proof of Theorem 4. Q.ED.

Proof of Theorem 5: Let N, = 2%, Z;, and note that N, has
mean 8, and variance % ;{1 — «;) < 8. Thus, by Bennett’s
inequality for sums of independent bounded random variables

P{Nn < 611/2} < P{(Nn "E{Nn})/n < —B,,/Qn}
< exp (—n(B,/2n)%/(2Bn/n + B,/2n)) = exp (—B,/10).

Since B, is monotone, it is clear that Z2-; e;7#*1® < « if and only
if Bn/log n . =. Let ¢ > 0 be arbitrary, and let a be so small that
[Q(x) — Q(z)| < ¢/2 for all 2z and x from Bg with [[x — z{[ < a.
Define further ¢ = inf, - gu(S(x,a/2)). Then

P|sug lgn(x) — Q(x)] > 26
<P {sug 2n(x) = ano(x)| > & No > an/2]

+P [sug [gno(x) — Q)| > ¢ Ny > ﬁ,,/z) + PIN, < 8,/2)

Proceeding as in the proof of Theorem 1, we have, with the same
definition of N,

P (sug gno() = Q)| > & Ny > ﬂn/z}
<P [sug IX%, — x|l >a, N, > 6,,/2}

+P lsup [gno(x) = Q(x)| > ¢ sup | X5, — x| < a]
xeB xeB

< sup P {forsomex € B, S(x,a) contains less than k,X;’s
k>Bn/2

with Z; = 1|N, = k}

(for all n large enough by condition C1 and the boundedness
of @ on By)

< 2Njexp (—B.c2/4)
(for all n large enough by 8, . « and k,/8, ". 0).

To obtain an upper bound for P{sup,e |gn{(x) — gno(x)] > ¢in
the proof of Theorems 2 and 3, we did not use the independence
of the X;. Thus the derived bounds remain valid for all sequences
X4, +--,X,, of random vectors taking values in B. In particular,
for some positive constants K1,K2,K3 not depending upon n,

P

sup |gn(x) — guo(x)] > ]
xeB

0, in the no noise case,
= {1+ n)2K; exp (—K2kn),
l(1 + n’)2dK3/ka_1)

if the noise is exponential,
if the noise is in L.

Theorem 5 follows from all these inequalities and the Borel-
Cantelli lemma. Q.E.D.

Proof of Theorem 6: We sketch the proof for the “with
probability one” part only. The “in probability” part is proved
in a similar fashion. Let ¢ > 0 be arbitrary. Then
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P kCJ {Q(X;) > Qmin + 6}]

© k

<P{U U llax(Wo) - Qwol > /4]
© &

+P{ 0 0 QW) > guin + /2]

<P O sup[qk(x)-—Q(x)|>e/4”
B

k=n lxe

+P| () QW) > Guin + /2,

in view of the fact that all the W; take values in B with probability
one. As n grows large, the first probability tends to 0. If § =
P{Q(Xl) = Gmin t 6/2}’ then

Pl O QW) > guin + /2
<p [ A (W, has d.f. H,,) U {W; has d.£. G
i=1

and @(W;) > gmin + 6/2}]}

< I (= 7+ YPIQUXY) > i + /2)

< [T (=0 = [1 exp (=7i0)
i= i=1

= —0% v) >0 E.D.
o (-0 5 %) q
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