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ON RANDOM VARIATE GENERATION WHEN ONLY MOMENTS
OR FOURIER COEFFICIENTS ARE KNOWN *

Luc DEVROYE
School of Computer Science, McGill University, Montreal, Canada H34 2K6

We consider algorithms for generating random variates having a density, when only its Fourier coefficients or
moments are known. We also study the expected time per random variate.

1. Introduction

As a result of some theoretical analysis, one sometimes ends up with distributions that are
indirectly specified through a sequence of Fourier coefficients, or a characteristic function, or a
sequence of moments, while neither the density nor the distribution function is explicitly known.
In this paper we look at algorithms for generating random variates with a density f on the real
line in just these situations. The generation problem when only the characteristic function can
exactly be computed is dealt with in a series of papers by the present author [7,10,11,12]. When a
sequence of moments is known, i.e., for each », the nth moment is available at unit computa-
tional cost, a solution is developed in [13] for integer-valued random variables. Unfortunately,
this method cannot be generalized to the continuous case. So, we consider densities that are
specified either through the sequence of Fourier coefficients or through the sequence of
moments. It is known that under some conditions the density can be written as an infinite series
involving these Fourier coefficients or moments, for example, by using Fourier series or
smoothed Fourier series in the former case and Hermite (Gram—Charlier, Edgeworth), Laguerre,
Jacobi or Legendre series in the latter case. Unfortunately, the evaluation of these series takes an
infinite amount of computational effort when we assume that each computation of a Fourier
coefficient or moment takes one unit of time. Hence, we cannot compute the density at all in the
algorithms. Instead, we resort to algorithms that compute a random but finite number of
coefficients or moments per generated random variate. The fact that we can do this and still
insure theoretical exactness shows once again that random variate generation is ‘easier’ than
computing quantities related to a distribution. Most methods discussed here boil down to the
acceptance-rejection method combined with the series method developed in [8,11, pp. 151-171].
There is one interesting exception related to the Fourier coefficient problem. It is known that any
Fourier cosine series with nonnegative decreasing convex coefficients is the Fourier series of a
density modulo a constant [35, p. 183]. This characterization yields a rich source of distributions
that are specified by their Fourier coefficients. The local structure in the sequence of coefficients
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allows us to develop a universal inversion-based generator, i.e., one for which nothing else about
the distribution is known. Other such shortcuts should be possible under various conditions on
the local structure of the Fourier coefficients or moments.

Throughout we assume that real numbers can be stored with infinite precision, that all
standard arithmetic operations take one unit of time, and that we have a source capable of
generating an infinite sequence of i.i.d. uniform [0, 1] random variates U;, U,,.... Some of these
conditions are controversial (e.g., which operations are ‘standard’?), but they are consistent with
those found in many recent articles and books on the subject (see, e.g., [11]).

2. The general strategy

The problem dealt with here can in general be described as follows: the density f can be
represented as

1) = X (),

where {¢,, j>0} is a given fixed family of functions, independent of f, and the a; are
coefficients in the expansion and could be Fourier coefficients, linear combinations of Fourier
coefficients, or linear combinations of finite numbers of moments. Some of these representations
are universally valid, while others apply only to a limited class of densities. We assume that the
a; are given. Assume furthermore that we have enough information at hand to be able to
construct an integrable function g and a sequence of (error) estimates R, such that

f(x)<g(x) forall x

and

n

| f(x)— Y a;9,(x)| <R,(x) forall x and all n.
j=0

It is also assumed that, for almost all x, lim, _, R, (x) = 0. Then, the following algorithm halts
with probability one and returns a random variate with density f:

Incremental form of the algorithm

repeat generate X with density proportional to g;
generate a uniform [0, 1] random variate U;
set T Ug(X), n<0, S< 0
repeat
S S+ ap(X), n—n+1
until |S—T|>R,_(X)
until T< S
return X.
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Dyadic form of the algorithm

repeat
generate X with density proportional to g;
generate a uniform [0, 1] random variate U,
set T« Ug(X), n<1;
repeat
S< X! ad(X), n<2n
until |[S—T| >R, ,(X)
until T< S
return X.

It is easy to verify that these algorithms halt with probability one. Also, when we exit from the
inner loop, we have T < § if and only if T < f( X), so that the algorithm is indeed equivalent to
the acceptance-rejection algorithm.

The choice of the dominating curve g is often dictated by the circumstances; of course, we
always have the possibility of choosing g(x) = aypy(x) + Ro(x), g(x) = aypy(x) + a9,(x) +
R,(x), and so forth. This could be especially attractive when f is known to have support in a
finite interval. In the case of Fourier coefficients, we shall use a uniform dominating curve g on
the interval [ — =, «] and, in the case of the Legendre series for the moment problem, this strategy
brings about a nonuniform dominating curve g on the interval [ —1, 1]. With Fourier coeffi-
cients, it seems possible to derive g based upon information present in the sequence of
coefficients. In the moment problem, however, additional smoothness assumptions are usually
required to construct g. This should not surprise us, since it is not clear how to quickly decide,
just by looking at the moment sequence, whether the underlying distribution is atomic, singular
continuous, absolutely continuous, or a blend of two or three types.

2.1. Example ( Fourier series). A function f on an interval [—m, =] has Fourier coefficients
1, 1 .
a,= ;f‘ﬂf(x) cos(nx) dx, b, = ;/_ﬂf(x) sin(nx) dx.

The Fourier coefficients uniquely determine f. Note that a, = 1/n. We shall write
1 o]
f(x)~ 35—+ Y (a, cos(nx) + b, sin(nx))
n=1

to reflect the fact that f has the given Fourier coefficients and that, under certain conditions, the
series on the right-hand side converges and is equal to f. We shall call the series on the
right-hand-side the Fourier series for f. If it converges, its value is denoted by o( f) (which can
but need not equal f). By assumption, the values of a, and b, can be obtained with infinite
precision in one unit of time.

2.2. Example (Legendre series). Assume that f vanishes off [—1, 1]. If we take for {¢;} the
Legendre polynomials defined by

1 9/ ) ; [J/2] X _.(j)(Zj—2k) o
(x)=——(x2-1)' = ~1) 2~ J
8(0)= 5508 = T 0t | T s
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(the middle expression is known as Rodrigues’ formula), then we should use as coefficients in the
expansion of f,

a,=32j+ D) [ f(x)8,(x) dx

This is but a linear combination of the first j moments p; of the distribution

_=2(2J+1)U£]( 1)"2 ’( )(%jzk)ﬂfzk-

Note that, for densmes w1th compact support, all the moments taken together uniquely
determine the distribution. So, not surprisingly, the Legendre coefficients uniquely determine f,
but the series does not necessarily converge for all f. Both ¢, and a, can be computed at O( )
time cost. Luckily, there is a simple recursive formula that allows us to incrementally compute
each ¢, at O(1) cost (see, e.g., (29, p. 178]):

(j+ 1)¢'j+1(x) - (2J + 1)x¢j(x) +j¢j—1(x) =0

with ¢, =1 and ¢, = x.
It should be noted that the Legendre series is but a special case of the Gegenbauer, Ferrer and
Jacobi series [16,29,32].

2.3. Example (Gram—Charlier series of type A). The Legendre series of Example 2.2 is only
applicable to functions ‘with compact support. If f has support on the real line, one can use a
special form of the Hermite series, the Gram—Charlier series of type A. The strategy followed in
this paper is only applicable to those densities for which all the moments are finite. In addition,
we have to require that the moment sequence uniquely determines the distribution, and that this
distribution has a density. Classical references on the moment problem include [30,34]. For more
references and a discussion pertinent to random variate generation, we refer to [11, Section 14.2).
Thus, the method proposed below comes with many limitations, which we shall deal with further
on. The Hermite polynomials H, are defined by H, =1 and
n (n/2]

Hy(x) =o' g e = (<) L (-1 e a0

The coefficients that go with this in the expansion are

a,= o= [1G) () dx
(n/2] ! .
= “/—( 1)" kZO( 1 ﬁk—)'z -2k

The Gram-Charlier type A series uses ¢, =e™ * H,,. It should be noted that the series thus
obtained, when truncated to four moments, has been a time-honoured method for introducing
skewness and kurtosis in families of distributions. The type A series, when rearranged, leads to
Edgeworth’s series (see, e.g., [29, p. 368)).

As in example 2.2, there are recursions for ¢, that can be used to save storage. In particular,

Hn+1(x) + ZXH,,(X) + 2an_](X) = 0’ ¢n+l(x) + 2x¢n(x) + 2n¢n—l(x) = 0
with Hy=1 and H, = —2x.
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2.4. Example ( Laguerre series). The Laguerre series in many respects parallel the Hermite series,
with the exception that it is geared towards functions with support on the positive halfline. The
same remarks about the moment sequence mentioned in Example 2.3 apply. The Laguerre
polynomials L™ are defined by L{¥ =1, L) =0, and

-« X an

X (¥
n!  ox”
! IMNa+n+1) x
=(-1)"Y (-1" "k
( )EO( ) T (atn kD)™

Here, a (> —1) is a parameter of the series. The coefficients that go with this in the expansion
are

L(x) =

[xn+a e—x]

n . k 1 n
S g H-
an = )EO( ) T(a+n—k+1) k)Hnk
and the series uses ¢,(x) = x% *L{¥(x).
As in Example 2.2, there are recursions for ¢, that can be used to save storage. In particular,

nLi(x)=(—x+2n+a-1)L%(x)—(n+a—-1)L(x), n>2,
ng, (x)=(=x+2n+a—-1)¢,_(x)—(n+a—-1)¢,_,(x), n=2,
with L =1, L= —x+a+1and ¢;=x% ", ¢, =x% (—x+a+1).

The expected number of outer loop iterations is fg(x) dx, but this is hardly an appropriate
measure of the complexity of the algorithm. In most of the examples that follow, the function
value ¢,(X) can be computed from a bounded number of values ¢,(X) (j <n) in a constant
amount of time, and a, is also available from the given coefficients or moments and possibly
previous a; values in constant time. In Theorem 2.5 we obtain upper bounds for the expected
number of evaluations of Fourier coefficients, provided that no coefficients are stored. These
quantities should give us an appropriate idea of the dependence of the real time upon f. We
should, however, issue a caveat: in some cases, the evaluation of ¢, costs an increasing number
of time units as n grows large; a case in point is the Legendre series. Luckily, in most of these
cases, we have at our disposal a simple recurrence relation that allows us to compute the next
function value in a series in O(1) time. In fact, for all the methods dealt with in this paper, the
thesis that ¢, and a, can be computed in one universal time unit can be supported.

The bounds relate performance to the rate of decrease of the error functions R,, and thus to
the rate of decrease of the a,. It is well known that, in all the cases handled here, the size of the
coefficients a, is roughly determined by the ‘smoothness’ of f. For example, in the Fourier
series, analytic functions f give rise to exponentially decaying «,, while densities with & —1
absolutely continuous derivatives yield coefficients that are O(n~*). Thus, smoother densities
result in faster generators. Via Theorem 2.5 we can use classical results from Fourier analysis to
obtain performance guarantees for the algorithms.

2.5. Theorem. Let N be the number of evaluations of functions ¢,, n > 0, before the algorithm halts.
Then, for the incremental form of the algorithm,

E(N)sfg+2§fRi.

i=1
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For the dyadic form of the algorithm, assuming that R, is decreasing for all x, we have
[e'e)
E(N)<2|g+4) [R,
JeraX |

when, within one run of the outer loop, evaluations of ¢,( X) are saved. If evaluations of ¢,(X) are
not saved, then

E(N)<d[g+8) [R,.
Jes 2 f
In all cases, we have

E(N)zfg+ .ifmin{Ri, g).

Proof. First note that, by Wald’s equation (see [11, p. 50]),

E(N)= [g(x)E.(N*) dx,

where E_ is a conditional expectation given that X = x, and N * is the number of evaluations of
Fourier coefficients and ¢, functions respectively in the first outer loop of the algorithm. Also,

min{Ri(x)’ g(x)}

2R (x)
g(x) '

g(x)

<P(N*>i)<

Thus, using E (N*)=Y* P (N* > i), we have

fg(x)Ex(N*) dx fg+ 2§Ri

E(N*)= <

[ox) ax [s

This proves the first part of the theorem and the lower bound. Consider now the dyadic form of
the algorithm. First assume that computations of ¢, and a, can be stored within one run of an
outer loop (i.e., for fixed X = x). Then, the monotonicity of the functions R, implies that N * is
at least equal to and at most double the value obtained in the incremental algorithm. However, if
values of ¢,( X) are not stored, then we need a small additional argument. Indeed, assume that,
given X, we exit after having evaluated a,,..., a,,, where M = 2% is a power of 2. Then, the
number of evaluations of functions ¢, is

K o0
Y2k i< MY) 27 =2M.

i=1 i=0

Thus, once again, we at most double the expected number of evaluations. O
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3. Fourier series: First an unsophisticated algorithm

The functions

™ =

S,(x. 1) =,(f) = 5=+

l

(a, cos(ix) + b, sin(ix))

are the partial sums of the ordinary trigonometric series. Clearly,

20

1S, (x, f)—f(x)] < Y |a,cos(kx)+ b, sin(kx)| < i Jaz + b .

k=n+1 k=n+1
This rather trivial uniform bound allows us to use the algorithms of Section 2 with

R,(x)=R,= Y \ai+b;,

k=n+1
1 . .
g(x):_z?+R° (so X is uniform on [ —, m]),

a, cos(nx) + b, sin(nx), n>0,

4o ()= . n=0.

77

Even though no information is required besides accessibility to a program that computes each a,
or b,, it is not clear that we always have access to the tail sums needed in the formula for R, (x).
An important group of problems in which we do know R, (x) include those in which a, and b,
are explicitly known and the tail sums of the coefficients can be evaluated in constant time. And,
in any case, if the tail sums are awkward, it is always possible to replace R, by upper bounds.

The algorithm halts with probability one if and only if the coefficients are absolutely

summable:

> (la,|+1b,]) < oo.
n=1

Note that the absolute summability of the Fourier coefficients implies that the trigonometric
series 1s absolutely and uniformly convergent to f for all x, and that the function f is necessarily
continuous on [ —m, 7] (see, e.g., [35, pp. 232-245] or [2, p. 331]). Sufficient conditions for the
absolute summability of the coefficients include (i) f is Lipschitz of order a > 1; (ii) f is of
bounded variation and Lipschitz of order a > 0, and (i) f is absolutely continuous and
[f'log, | f | < oo (see [35]). It is easy to see that not many interesting continuous densities are

excluded. For the incremental form of the series method we have, by Theorem 2.5,

E(N)<1+4a ), Y Jai+b;

n=0 k=n+1

o0 0
=1+4n Y kjai+b2 <1+4n Y k(|a.|+ b)),
k=1 k=1
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where N is the number of (a,, b;) pairs that are evaluated before halting. To make this finite, it
suffices to have coefficients that are O(n~27%) for some &> 0. It is also known that

i—.(laig]+1b,]))=0(Q1/n) implies that f has bounded variation (see [35, p. 211]). Thus, it is
almost true that the bounded variation of f is a necessary condition for E(N) < oo.

4. Fourier cosine series with convex coefficients

This section is a digression from the main stream of throughts. We include it here to show that
if additional structure is assumed in the sequence of Fourier coefficients, then some special
algorithms may be available that do not require the use of the series method or any other
acceptance-rejection method. We shall make this point with the aid of the Fourier cosine series
for symmetric functions f on [—m, 7],

o0
fag+ Y a,cos(nx), |x|<m,

n=1

where
a,= lfr f(x) cos(nx) dx
n aT e *

If a, |0 and the sequence a,, a,,...1s convex, then the Fourier series converges, except possibly
at x = 0, to a nonnegative integrable function f, and is the Fourier series of f (see [35,p. 183)).
The limit, for x # 0, 1s

o0

f(x)= ¥ n(n+1)&a,K,(x),

n=0

where A’a, =a,,,—2a,., + a, is the second-order difference, and K, is the Fejer kernel (or
Fejer density)

1
K, (x)=(2n(n+1)

0, jx]|>m.

— 2
sm(z(n+l)x)), x| <.

sin(3x)

If the function f is a density, then from the fact that K, is a density for each n, we deduce that f
is a mixture of Fejer densities with mixture weights given by

po=m(n+1)Aa,, n>0.

A random variate with density f can thus simply be generated by first generating a discrete
random variate Z with probability vector { p,, n > 0}, and then exiting with a random variate X
having the Fejer density K,. A random variate with density K, can be generated in expected
time essentially independent of n (see below), and a random variate with probability vector p,
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can be generated in a myriad of ways. The first one that should be considered is the inversion
method:

Inversion method for convex Fourier cosine series

Generate a uniform [0, 1] random variate U,
Z< 0, S mA’a,;
while U> S do
Z—2Z+1
S S+m(Z+1)A%ay,;
generate a random variate X with Fejer density K;
return X.

The observation leading to the above algorithm can be considered as the discrete analog of a
similar observation we made for generating continuous random variates with a Polya characteris-
tics function [10]. The number of steps in the inversion method, i.e., comparisons U > S, is
Z + 1. We have the following theorem.

4.1. Theorem. For the inversion algorithm shown above,

E(Z+1)=1+21) a,,

n=1

and, for k >0,
P(Z+1>k)=a(k+1)(a,—a;,,)+ma,.,.

Proof.
o0 oc

E(Z+1)_—1+ Z n+1)(an+2 2an+1+an):1_2ﬂ2n(an-f-l__an)
n=0 n=1

where we twice applied Abel’s transformation for summation by parts. Furthermore, for & > 0,
with Aa,=a,,,—a

ns

P(Z+1>k)= ) aw(n+1)A%a,= Y =3 (Aa,,,—Aa,)
n=k n=k j=0
=n) Z ne1—Aa,)=—a(k+1Aa, +7 Y, (—Aaj)
J=0n= j=k+1
=7k +1)(a;— ayy1) + map,,. -

Theorem 4.1 shows that the average time behaviour of the inversion method is directly related
to the rate of decrease to zero of the Fourier coefficients. It is instructive to compare the
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performance with that of the ‘unsophisticated’” version of the series method applied to Fourier
series in the previous section. In the notation of that section, we had E(N) <p 21 + 4n¥X%_ ka,.
From the proof of Theorem 2.5 we recall that often E(N) = p while, in most cases, E(N) > cp
for a positive constant ¢. Assuming that N and Z + 1 roughly measure comparable units of
computation, the improvement in expected performance is truly remarkable. Not only is
E(Z+ 1)< 3(p + 1), but it is possible to have £(Z + 1) < oo while p = oc.

This leaves us with the problem of generating a random variate with density K. It is easy to
show that

K,(x) <min{;(n+1), w/[2(n + 1)x?] }.

A random variate with density proportional to the dominating curve can easily be obtained by
the rejection method described in [11, p. 315]. Interestingly, the rejection constant is y2m,
independent of n.

Rejection algorithm for the Fejer density

repeat
generate a uniform [0, 1] random variate V and an independent uniform
[ =1, 1] random variate U;
setY— I(n+1)WV? X< Ufn/[2(n+ 1)Y];
[(X, Y) is uniformly distributed under the dominating curve]
until Y < K,(X)
return X

5. Legendre series

The relationship between the moments and the coefficients a; used in the series is given in
Example 2.2. The dyadic form of the algorithm is recommended. Theorem 2.5 is relevant since
the nth partial sum of the Legendre series can be obtained at cost n.

Not surprisingly, we need to restrict the densities somewhat in order to obtain useful error
estimates R, (x). Assume, for example, that f is absolutely continuous on [—1, 1] and that f’ is
of bounded variation in [—1, 1]. Then, by a theorem due to Jackson [19], in a form explicitly

computed by Sansone (29], we can use

. 16V2 (sup, e _1.,y| /" (¥) | + Variation( /")) N c

(1 —x)an (1—x2)"*n .

R, (x

The real problem here is that the quantities appearing in the upper bound are usually not directly
available. Since a,= & and a; = 3p_we can take the following dominating curve:

<
(1-x2)"*

A random variate with density proportional to (1 — x?)~'* can be obtained by Ulrich’s [33]
polar method for symmetric beta random variates as sin(2nV )1 — U*, where U, V are indepen-

g(x) =max{0, 3 + Ipx} + | x| <1.
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dent uniform [0, 1] random variables. It is not difficult to verify that the following mixture
algorithm can be used to generate a random variate with density proportional to g:

Generator for density proportional to g
[SET-UP]
compute the weights p < 1, g« {8,/7 T'3(3)C [NOTE: g = 2.396280467...C];
it [y | >3, setpe1+(1-3[p)2/(12(pq )i
[GENERATOR]
generate a uniform [0, 1] random variate W,
tW<p/(p+q)
thenif |u,| <3
then
generate X uniform on { — 1, 1] and U uniform on [0, 1];
if 3 +3u,X—3U<0then X— —X
else
generate i.i.d. uniform [0, 1] random variates U, V; set Y «
min{U, V};
X —=W/(@Buqy) + (1 = W) sign(p,)
else
generate i.i.d. uniform [0, 1] random variates U, V;
X < sin(2aV 1 — U*

return X.

For other bounds, see [28] or [29, pp. 203-205]. It is worthwhile mentioning, however, that if f
has r derivatives, and f{” is absolutely continuous on [—1, 1], we have

R(x) < |cf 17000 1ay| w2 nz
-1

where r is a positive integer, and C is a universal constant dependent upon r only [19, p. 76].

6. Gram-Charlier and Laguerre series

Conditions under which the Gram-Charlier series of type A converges are given in [6] and [31]
(see also [32] and [21, p. 173]). Most of the known results are collected or simplified in [27]. For
example, assume that

v/noo(f(x) +f(—x)) e* x> dx =0(1/n)

and that [f log, f < co. Then, the Gram~Charlier type A series converges at almost all x to f
(combine [32, p. 247] with [27, Section 4]). Basically, the density should drop off faster than a
normal density. Stronger conditions are needed to obtain useful error estimates.

The Laguerre series suggested in this paper converges under similar conditions. Again, assume
that ff log,f < oo. Then, if

1 [ee]
/ x4 (xydx <o and f x"/TBN2 ex27(x)y dx = o(n”?),
0 n
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then the Laguerre series converges all almost all x (combine arguments from Szego [32] and
127)).

7. Fourier series with theta factors

The advantages and disadvantages of the trigonometric series are captured in the following
lemma.

7.1. Lemma. (a) For all f€ Li[—m, m], S, (f)— f almost everywhere for some subsequence m,.
Furthermore, S,(f)= O(log n) for almost all x, and [|S,(f)| = O(log n).

(by If fe L,|—m, m] for some p > 1, then S,(f)— f for almost all x.

(c) There exists an f € L,[ —m, ©] with the property that lim sup | S,(f) | /log log n = oo for all
X.

(d) For all sequences m; 1 oo, there exists an f € L[ —m, m] such that lim sup S, (f) = oo for
almost all x.

Part (a) has been proved in all standard texts (see, e.g., [35, Section 7.3] or [15, pp. 167, 180)).
For p =2, property (b) is known as Carleson’s theorem [5]. The general statement for p > 1 was
proved by Hunt in [18] and is now known as the Carleson—Hunt Theorem (see also [26] or [20]
for proofs). Part (c) strengthens Kolmogorov’s counterexample [22] (see [35, Section 8.4]), and is
due to Korner [23] who also proved part (d) based on ideas of Kahane and Stein.

Part (a) tells us that there exists an almost everywhere convergent subsequence for every f:
thus, there is hope of obtaining a universally applicable algorithm. Unfortunately, we need to
have bounds on the error. In view of the negative results in parts (¢) and (d), this is an ambitious
exercise. For certain subclasses of densities (such as the densities that are in L,[—, «] for some
p > 1), there is hope of obtaining just such a method. There exist smoothed versions of the
trigonometric series that have better consistency properties and lead to better error estimates:
these are based on a sequence of m(n)th degree trigonometric polynomials of the following
form:

m(n)

S.(f)= El; + kz—:1 6,(k)(a, cos(kx) + b, sin(kx)),

where m(n) increases with n and is such that 6,(k) =0 for | k| > m(n). Butzer and Nessel [4, p.
47} call the 8,(k) row-finite theta factors. The theta factors control the degree of smoothing (see
Table 1). These examples are all discussed in more detail in [4]. For all these theta factors, except
the Dirichlet factor, we know that S,(f) — f almost everywhere and, in the L, sense, for all f.
For all continuous f (continuity is defined for the periodically continued f on the real line), in
all cases, the Dirichlet factor excepted, the convergence is uniform. Thus, for continuous f, we
can realistically expect to obtain uniform error bounds. We call these bounds R, (f):

18,(f) = f1 <R, (f).

Note that the R,(f)’s are uniform in x but not in f. Typically, they depend upon »n and some
smoothness property of f, such as a Lipschitz constant or a uniform bound on some derivative of



L. Devroye / On random variate generation 83

Table 1
Name m(n) 4,(k)
Dirichlet factor n 1
Fejer factor n 1-k/n+1
. 1, l<k<n
De la Vallee—Poussin factor 2n -1 {2_ k/n, n+l<k<2n-1
Rogosinski factor n cos(km/(2n +1))

(n—k+3)sin((k+1)/(n+2)w)—(n—k+1)sin((k—1)/(n+2)n)

Fejer-K kin fact
ejer—Korovkin factor n 2(n+2) sin(m/(n +2))

f. The fact that the R,( f)’s or upper bounds for them have to be known explicitly is perhaps the
greatest drawback in the algorithm. At this point, we do not see how this is possible to avoid in
one form or another. The dyadic form of the algorithm of Section 2 could be used with the
following substitutions:

R, (x)=R,(f), the bounds given in this section,

g(x)= 51; + R, (so X is uniform on [—m, 7]),
m(n)

S « % + kz:,l 6,(k)(a, cos(kx) + b, sin(kx)).

It should be noted that, in most cases, 8,(k) depends upon both n and k. Therefore, every
evaluation of S,(f) in the inner loop takes time at least proportional to m(n) (which is usually
equal to n). Also, the computations cannot be saved from one iteration to the next for most theta
factors. Nevertheless, the results of Theorem 2.5 remain relevant.

7.1. Uniform error bounds

It is helpful to recall some results from Fourier analysis about just how good Fourier series
can be.

Let f be the periodic continuation of a density on [—m, «], and let / be continuous with
modulus of continuity

w(8, f)= sup |f(x+h)=f(x)].

x,0<|h|{<8

The generalized modulus of continuity [4, p. 67] is

w (8, /)= sup [fx+h)+[(x—h)=2f(x)]

x0<|h| <8

It is also helpful to define a few classes of densities on [ —«, w]. When r is a natural number,
we define

W,={f: f is r times differentiable, and the rth derivative is continuous}

and
Lip(C, @) ={f: w(8, f) < C8°}, Lip*(C, a) = { f: w*(8, f) < C8°}.
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Finally, we define W,.(C, a) to be the subset of W, consisting of all densities which have r — 1
absolutely continuous derivatives and for which f” € Lip(C, a). Similarly, we define W.*(C, «)
to be the subset of W, consisting of all densities which have r— 1 absolutely continuous
derivatives and for which f(” € Lip*(C, «). Without loss of generality we may restrict the order
«a in these definitions to 0 < a < 1 for Lip(C, «), and to 0 < a < 2 for Lip*(C, «). By controlling
r and a, we now have a continuum of classes of ever smoother densities.

7.2. Lemma. Let T, denote any trigonometric polynomial of order not higher than n (i.e., any linear
function of 1, sin(ix), and cos(ix) for 1 <i < n), and define
E,(f) = inf max | /(x) = T,(x) .

Then, the sequence E,( f) decreases monotonically to 0 (Weierstrass’s theorem—see [2, p. 35)).
Furthermore,

E(f)<12w(l/n, f) and E,(f)<18w*(1/n, f)
(Jackson’s first theorem—see [2, p. 533] and [4, p. 97)). Also, for all fe W,,
E(f)<(36/n) | f" |l and E,(f)<1297(36/n) w*(1/n, f)
(Jackson’s second theorem—see (4, pp. 97-98)). Also, for fe W,,

E,(N) = 8¢/ [1771]ftn+1)"
where C=Y, . o( —1)*" D2k +1)"U*Y is the best possible constant in the inequality [17].

Lemma 7.2 establishes the connection between the best possible supremum error with order n
polynomials and the smoothness of f. Note that E,( f) measures the uniform error. Some errors
R, (f) for theta factors given in the previous section can be directly related to E,(f).

7.3. Lemma. (a) For the Dirichlet factor, we have Lebesgue’s inequality,
R,(f)<(3+(4/7%)log n) E, ().
(b) For the Rogosinski factor,
R,(f)<@u+1)E,(f)+20*(1/n, f).
(¢) For the De la Vallee—Poussin factor, R,(f) <4E,(f).

Proof. For part (a), combine [4, p. 105] with an estimate of [14, p. 297]. Part (b) is shown in [4, p.
106]. For part (c), see [4, p. 108). O

The Dirichlet factor, which leads to the ordinary trigonometric series, has a performance
bound at most log n times E,( f). It is thus possible that the bound given in Lemma 7.3 does not
tend to O even though E,(f) tends to 0. This, of course, is tied to the nonconsistency of the
trigonometric series estimate exposed in Lemma 7.1. The main advantage of the trigonometric
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series is that computations of a,, b, can be saved between iterations: S, ;( f) can be computed
from S,(f), a,.,, and b, . This property is not shared with the other series.

Let us next look at the Rogosinski and Fejer—Korovkin factors. For both, the bounds on
R, (f) depend on w*(1/n, f). From [4, p. 76], it is perhaps worthy to recall that, for f€ W, we
have

w*(1/n, f)<(1/n)o1/n /)< 1 f7 |l o/n*

Note that the same bound remains valid for all f& W, regardless of how large r is. Thus, the
bounds of Lemma 7.3 do not allow us to obtain a rate which is better than 1 /nz. In fact, there is
no hope of obtaining a better rate because the error is bounded from below by a constant times
n~? for all densities. We note in passing that the Fejer factor has a disappointing 1/n lower
bound for all densities.

There exist factors without built-in limitations, such as the De la Vallee—Poussin factor. The
bound on R, (f) is at most a constant (in this case 4) times the best possible bound (E,( f)).
Note that E,( f) can decrease to 0 at any possible rate, so the smoother f, the smaller E,( f), and
the smaller the error bound for the Fourier series.

7.2. The Fejer—Korovkin factor

Combining some computations of [4, pp. 70, 80], and using 1 — cos x < }x? yield the bound

R,(f)=(3V2 + 3n) 0 (3m/2 /(n+2), f)
when the Fejer—Korovkin factor is employed. On W,, this can further be bounded by

(V2 + 30 ) 32 /(4 D)0 f7 e = DILS" 1l oo/ (0 + 2),

where the constant D equals 35.194114087.... With the given choice for R, (f), we see from
Theorem 2.5 that the expected time taken by the algorithm is bounded by a constant times

" - 1
1+4D | f" |, X

—— =14+4a(i* =)D f" || -
PP n(em*=1)D| £ |

It is important to observe that the expected time is finite when the absolute value of the second

derivative of f is bounded. In fact, the expected time grows in proportion to || f” || .. For the
users, we recall that in the algorithm one should use
R.(f)  m(n) 0,(k)
D|If" |l w . (n—k+3)sin((k+1)/(n+2)n)—(n—k+1)sin((k—1)/(n+2)7)
(n+2) 2(n +2) sin(w/(n+2))

7.3. The De la Vallee—Poussin factor

If one wants to have very small error bounds for very smooth f, it is perhaps best to work with
the De la Vallee—Poussin factor, or factors with similar optimality properties. For f€ W,, we
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have useful bounds from Lemma 7.2 combined with Lemma 7.3, part (c). By using estimates
obtained in the previous section for the Fejer~Korovkin factor, and substituting the appropriate
terms in the proof of Jackson’s second theorem {4, p. 98] we have, in fact,

R(1)<4E,(N <4 525) 177 11

where B=my/2 (3 /V2 + im)? =20.373053357.... In conjunction with Theorem 2.5, this shows
that the performance is not greater than a constant times

r

o]
L+da| f7 1 4B" ) (n+2) "<1+16m| f llw,ljl
n=0
when r > 1. The bound deteriorates with increasing values of r, and when r | 1. Although we are
not resolving the question of how large r should be (this obviously depends upon f), the value
r =2 certainly seems like a good compromise even if bounds on higher derivatives are available.
For the users, we recall that in the algorithm one should use

R,(f) m(n) 6,(k)

B 1
r ) — ’
" 2)||f le 2n-1 {2—k/n, n+l1<k<2n—-1 1<k<n

A

7.4. Lipschitz densities

For the important class Lip(C, «a), all factors discussed so far are about equally good; that is,
the error rate is either n~* or log(n)n™°. Just to illustrate the use of the recovery process for the
ordinary trigonometric series, we proceed with the entire algorithm. Note that it is no longer
necessary to double » in every iteration. We can use the inequality

R,(f) < (4+ (4/72) log n) 25

n*
Also by the Lipschitz condition, it is easy to bound the density from above; a trivial bound is
1/(27) + Cn® The expected time of the algorithm is oo for all choices of a (0, 1], but the
algorithm nevertheless halts with probability one.

Trigonometric series method for Lipschitz densities

repeat
generate a uniform [ — =, 7] random variate X;
generate a uniform [0, 1] random variate U;
n<Q0;
VU /@m)+ Cn®),
S« 1(2m);
repeat
ne—n+1;
S« S+ a, cos(nX)+ b, sin(nX)
until |V- S| >(3+(4/m%log n)12C/n"
untilvV< S
return X.
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For the Fejer kernel, and f € Lip*(C, a),

Cn?/[2m(a—1)], acs(1,2],
R,(f)<{C(1+ }mlog(mm))/n, a=1,
C(1+7/(2(1—a)))/n%, a<c(0,1)

[4, p. 81]. It is well known that the Fejer factor yields a series whose error cannot decrease faster
than 1/n, regardless of how smooth the density is. It should thus only be considered for classes
W, or Lip(C, a): noting that Lip(C, a) C Lip*(2C, «) we see that, for the simple Lipschitz class
with a =1, the best rate 1/n is obtained. Also, observe that for f€ W, we have fe&
Lip()] f" || ».» @), so that once again we obtain the rate 1/n.

8. Improvements

The algorithms’ expected time performance can be enhanced by starting from a nonuniform
dominating density. Note that, in the general setting of Section 2,
n

f(x) < X a;0,(x) + R, (x)

Jj=0

for all n. The upper bound is either a polynomial of degree »n (as in the case of Legendre or
Hermite-related series), or a trigonometric polynomial of degree » (as in the trigonometric
series), or a trigonometric polynomial of degree m(n) (as with the Fourier series when theta
factors are used). If we can easily generate random variates with this nonuniform dominating
density, then the following modification of the algorithm could be feasible:

Series method with nonuniform dominating density

[NOTE: n is a parameter of the algorithm]
repeat
generate a random variate X with density proportional to g(x)=
I oqig(x) + Ry(x);
generate a uniform [0, 1] random variate U;
V< Ug(X);
me« n;
repeat
m<2m
S <X oa$(X)
until (V-S| >R, (X)
until V< S
return X.

The only modification we made here to the original algorithm is in the choice of the
dominating curve. Sampling from it can be done very efficiently by table-based methods (see,
e.g., Marsaglia’s rectangle-wedge-tail method [25], the method of Ahrens and Kohrt [1], the
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alias-rejection-mixture method [24], or one of the methods of [11, Chapter VIII]). The investment
in a table method will only pay benefits when many random variates from the same distribution
are needed.
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