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Distribution-Free Performance Bounds
for Potential Function Rules

LUC P. DEVROYE anD T. J. WAGNER, MEMBER, IEEE

Abstract—In the discrimination problem the random variable 8, known
to take values in {1,---, M}, is estimated from the random vector X. All
that is known about the joint distribution of (X,8) is that which can be
inferred from a sample (X,,0,),---,(X,,6,) of size n drawn from that
distribution. A discrimination rule is any procedure which determines a
decision @ for ¢ from X and (X;,8)), - -,(X,.8,). For rules which are
determined by potential functions it is shown that the mean-square dif-
ference between the probability of error for the rule and its deleted
estimate is bounded by 4/ Vn where A is an explicitly given constant
depending only on M and the potential function. The O(n ~!/?) behavior is
shown to be the best possible for one of the most commonly encountered
rules of this type.

I. INTRODUCTION

ET D,=((X,.0)), - -.(X,.0,) be a sample of size n

drawn from the distribution of (X,8). If (X,8) is
independent of D, then discrimination rules are ways of
estimating the state # from X and the sample, which
assume only that X takes values in R? and # takes values
in {1,-+-,MY). Specifically, if §(n)=g,(X,D,) is the esti-
mate of 8 for the rule given by the function g,: R X (R x
{1,---,M})">{1,---,M}, then

L,=P[0(n)#0|D,]

is its probability of error for the given sample, and we are
interested here in how one estimates L, from D,. (See
Toussaint {1], Kanal [2], and Cover and Wagner [3] for
surveys of the problem.)

If ﬁn is some estimate of L, then one would like to
know

sup P[|L,— L,|>¢] (1)
for 0<e <1 where the supremum is taken over all distrib-
utions of (X,8). As might be guessed, upper bounds to (1)
seem to be the most for which one can hope. To be useful
these bounds must go to zero with n, hopefully as fast as
possible. For linear discrimination rules with the resub-
stitution error estimate, bounds to (1) have been found by
Vapnik and Chervonenkis [4], Cover and Wagner [3], and
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Devroye and Wagner [5], [6]. For local rules (e.g., nearest
neighbor rules) with the deleted error estimate, bounds to
(1) have been found by Rogers and Wagner [7], Devroye
and Wagner [8]. Bounds for (1) for other rules with the
resubstitution error estimate may also be found in [8].

The class of rules which this paper considers may be
described as follows. Let K(x,y,8) be a nonnegative func-
tion defined on R X RYx {1,---,M} and let

21 K(X,X;,0) 1165

be the vote for state j where I}, is the indicator function of
the event [-]. The estimate §(n) is taken to be the integer
with the largest vote, or in the case of ties, the smallest
integer from those tied. This class of rules is large enough
to include the usual potential function methods where K is
the potential function (Aizerman et al. [9], [10], Bashkirov
et al. [11], [12]), histogram rules (Glick [13]), and two-step
rules which use kernel density estimates with the same
kernel widths [3]. Probably the simplest nontrivial rule
from this class is obtained by putting

K(x,y.0)=TIj—yy<r (2)

Then (f(n) is just the integer with the highest frequency of
occurrence from the integers 4, with || X — X,|| <r, 1<i<n.
Mentioned first by Fix and Hodges [14], this rule is
asymptotically optimal if r is allowed to vary with n. In
particular, if L* is the Bayes probability of error for
estimating ¢ from X and if r=r, with

7, Zo
nrd % o0,
then L, 5 L*in probability regardless of the distribution
of (X,0) (Devroye and Wagner [15]).

One estimate of L, called the resubstitution estimate, is
given by

1 n
R_ .
L= 2130

where §,=g,(X,, D,). Because (X,,8,) is also in D, it is not
surprising that LX is frequently an optimistic estimate of
L,. For example, consider the simple rule with K given by
(2). If r is less than ||X,— X|| for 1<i, j<n, then LI is
always zero regardless of the value of L,. From this it is
not hard to see that (1), with this K and the resubstitution
estimate, equals one for 0<e<1—1/M. It appears then
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that L is not a good estimate of L, for the class of rules
considered here.

One possible way to remove the optimistic tendency of
LR is to let 4, be the estimate from X, ; and the sample with
(X,,0,) deleted, that is,

éx’=gn—1(Xi’Dni)
where
Dm'=((Xl’01)’. o ’(Xi—l’gi—l)’ (Xi+1’0i+l)" oo ’(Xn’on))‘

The resulting estimate is called the deleted estimate and is
denoted L”. To see how fast (1) might go to 0 with n for
LP, consider again the simple rule with K given by (2), let
M=2, and let X and # be independent with P[#=1]=
P[§=2]=1.If r is bigger than the diameter of the support
of X and n is even, L?=1 whenever the number of
0, - -.,8, equal to one is n/2. Thus, for 0<e< %,

P[|ILP—L,|>€] >P[ > 1[9,_=,]=n/2].
1

Using inequalities for factorials (Feller [16, p. 54]) we see
that this last probability is greater than 1/V2an so that
(1) can go to zero no faster than O(n~'/2) for the simple
rule with K given by (2) and 0<e< ;. The main result of
this paper is the following theorem.

Theorem: Let p* be the smallest number p > 1 such that
the range of K is contained in {0} U[a, ap] for some a > 0.
If no such p exists put p*=o00. Then (1) is bounded by

supE(LP— L,,)z/e2
where
* —
"
and ¢ is a constant independent of the underlying distri-
bution and less than 24.0.

For the K of (2), p*=1 so that (1) indeed goes to 0 as
O(n~'/?)for that simple rule. If K takes the values
0,1,2,---,N then p*= N, while if

K(x,y,0)= e~ Ix=2%/25"
or
K(x.y.0)= { T—|x=yll,  [x=yI<T
0, elsewhere
then p* = c0. We do not know if the above theorem can be
extended to include these two interesting kernels.

II. PrOOFs

We begin by proving two lemmas. A rule is said to be
symmetric if for each n the value of g, does not depend on
the order of the (X,,§,) in D,. In particular, the rules in the
class defined above are all symmetric.

Lemma 1: For all symmetric rules

1
E(LP~L,) < 2n F3Eg,x,.0,) 201 I, (x.D,_ 01|

< 5= +3P[O(n)#0(n—1)].

1
2n

Proof: Let
(Xvat)’(XO’ 00)’ (Xl’al)" ) (Xn’an)

be independent identically distributed (i.i.d.) with the dis-
tribution of (X,#), and for a,b,c contained in {7,0,1,2}
let

AL = 1] (X (K00, 080 800, (X, (X 8,0) 0,
AL =] gy (X (X8, (X509, (X,08) 76,
From Rogers and Wagner ([7, theorem 2.2]) we see that
E(LP - L)'= E(43(1- 43)

+E{AYAY —AVAJ+ 474, — A745). (3)
Using Schwarz’s inequality on the first term of (3), and
noting that (42?=A42, (1—A)*=1— A4, and EA,=EA},
we see that this term is bounded by 1/2n. For the second
term of (3) we see from symmetry that it equals

E{(AY —AD)AY +(A)— A7) A + (43— A9) A

+ A} (A} - A+ (A7 —A[P) A + A7(A45' - 4]))

=E{(AY—A)AY +(A)—AT) A + (43— A7) 47
+AY(A2-4Y) +(A?—A?’)A5‘+(A?2—A?)A§“}

=E{(A) - A))(AY = 4§") + (47— A7) (43~ 43")
+(A42 = 49)(A - 45) }

<3E{|49*~ A}|}

=3E (|1 4,0x.0,61 15, x5, #01] }

<3P[ (n)#0(n— D]

and the lemma follows.

Lemma 2: Suppose Y,Y,, -, are independent identi-
cally distributed with values in [—1, —b]JU {0} U[b, 1] for
some 0<b < 1. Then

{5 1)l

where ¢ < 8.0 and

<—L— (4

Pd)=F bVn+1

1, x>0,
sgn(x)=] 0 x=0,
-1, x <0.

Proof: If 6% denotes the variance of Y,, then the
Berry—Esseen inequality (Petrov [17, p. 111)) yields

P{é(Yi—EYi)<o\/; x}—d)(x)
1

sup
P

3
<G BV —EYP 2
o? Van oVn

where ¢, is a universal constant known to be less than
0.7975 (Van Beek [18]) and

)

®(x)= % = [ e ra,

— 00
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From (5) we deduce that

n ot 4
P{a'<2x<b'J< boa | %% (g
1 V2 oVn  oVn
Additionally, N =311}y .y, then (6) yields
n ) 4
P{a'<2Y,<b';N}< (b= a) “_ @)
1 V27 6,VN  6,VN

where o =var(Y,|Y,#0). Letting A= EY,, p= P{Y,#0},
g=A/p=E{Y,|Y,#0} then two cases can occur.
1) If A><p??/2 and Q=1y . then

ool )3 e
20

4c,

S VIr VN eV ®
2
<(-\/—g— +4c0\/5)/(bx/ﬁ)

since of > 62— (A /p)y* >b%/2.
2) If A2>p??/2 then the left side of (8) can be upper
bounded by

P{Sn+ Yn+1—(]v+Q)q< _(N+Q)q|N,Q}
-*—P{Sn_]vq< —quN,Q}
<24
Ng*>  Nb?

where S, =37

7-1Y, for all n. Replacing c, with 0.7975, we
see that

4 4c0\/§

Nb> VN b

whenever
_4;_ <1
Nb?
and, consequently,

J/ova)

P(sen(Sy. ) %sen(S,N.0) < ( 2L +4,V2

Vo
Now,
P {sgn(S,,)#sgn(S,)}
=E{P{Sgn(Sn+1)#:Sgn(sn)‘N’Q}I[N;eo;Q:,so]}
+P{N=0;0%0}

20 4c,V2 .
<E{(b\/;Q\/7V— + bcz/ﬁ )I[N;eo;Q#O]}'*'(l“P)P
2p 4c0\/§p) } .
=E Ins 1-
{(b\/%\/ﬁ v ol +(1-p)p
=( 2 +4COV5P) ( j+1 )(n+1)
bVm N AT T NI RAYAR
P (1=p)" 7 +(1-p)p
2p 4C0\/§p \/WV n
<(bv;+ b )E{(nﬂ)p}*“"’“’

603

where W is an (n+1,p) binomial random variable. Since

EVW < VEW =V p(n+1) and (1-p)'p<0.5/(n+1),

we obtain

P{sgn(S,,)#sgn(S,)}
<( 2 +800) 1 0.5
Vo Va+lb nt+l
2 0.5 1
<(——— + 8¢+ )
Vo O Va+i/)Va+ib

which proves the lemma.

Proof of Theorem: Let
Y, = K(x,X;, )15 =1~ K(x,X;,)) I 14,
for 1<i<n, 2< ;<M. If
lig,x.0,) #1175, \(x,D,_)) 1]
then for some 2< ;<M
n n—1
sgn( > Y,,)#sgn( > Y,.j).
i=1 i=1

But Y, ---,Y, are iid. with values which may be

assumed to lie in [— 1, —1/p*]U {0} U[1/p*,1]. Thus
E|I[o‘(n);e9]_ 1[5(71—1)#0]!
< esssup E (|{1g,x,0,)»0)~ 15, (x.0, 2011 X:6 }
<(M—1)p*a/Vn

and the theorem follows from Lemma 1 and Chebychev’s
inequality.

III. REMARKS

One would hope that the upper bound for sign changes
in Lemma 2 could be improved by eliminating the depen-
dence on b. It cannot. For example, if X;,X,, - are i.i.d.
with

P{X;=—-1]=1/n,
and
P[X,=b]=1~(1/n),

where b€(1/n,1/n—1), then
n+1 n
sgn( 2 Xi) 7E5gn( > Xi)
1 1
if exactly one X, equals one for 1 <i <n. But the probabil-
ity that exactly one X, equals one is
pn(1=p)"~ ' >pn(1—p)"

>e~"/1-P>1/e%  forn>2.

By extending Lemma 2 slightly, one can get a similar
result to the above theorem for the holdout estimate. See
Devroye and Wagner [19] for details.
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