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Abstract

We propose a new, direct, correlation-free approach based on central moments of profiles
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1 Introduction

Most random trees in the discrete probability literature have height either of order /n or of order
logn (n being the tree size); see Aldous (1991). For simplicity, we call these trees square-root
trees and log trees, respectively. Profiles (number of nodes at each level of the tree) of random
square-root trees have a rich connection to diverse structures in combinatorics and in probability
and have been extensively studied. In contrast, profiles of random log trees, arising mostly from
data structures and computer algorithms, were less addressed, and only quite recently were their
limit behaviors, drastically different from those of square-root trees, better understood; see Dr-
mota and Hwang (2005a, 2005b), Fuchs et al. (2005) and the references therein. We study in this
paper the asymptotics of width, which is defined to be the size of the most abundant level, and
its close connection to profile. Not only the results we derived are new, but also the methods of
proof are of general applicability.

Recursive trees. A prototypical log tree is the recursive tree, which has been introduced in
diverse fields due to its simple construction. We will present our methods of proof for recursive
trees and then indicate the required elements needed for other random trees.

Combinatorially, recursive trees are rooted, labeled, non-planar trees such that the labels
along any path down from any node form an increasing sequence. By random recursive trees,
we assume that all recursive trees of n nodes are equally likely. Probabilistically, they can be
constructed by successively adding nodes as follows. Start from a single root node with label
1. Then at the i-th stage, the new node with label i chooses any of the previous i — 1 nodes
uniformly at random (each with probability 1/(i — 1)) and is then attached to that node. This
construction implies that there are (n — 1)! recursive trees of size n. See Drmota and Hwang
(2005b) and Fuchs et al. (2005) for more references on the literature of recursive trees and their
uses in other fields.

Note that the term “recursive trees” is less specific and has also been used in different con-
texts for different objects. For example, they are used in recursion computation theory to repre-
sent computable set of strings with branching structure, and in compiler for recording history of
recursive procedures. They also appeared in classification trees, dynamic systems, and database
languages with different meaning.

Profile. Let Y, s denote the number of nodes at distance k from the root in random recursive
trees of n nodes (the root being at level zero). Such a profile is very informative and closely
related to many other shape parameters, although it does not uniquely characterize the tree. It
exhibits many interesting phenomena such as (i) bimodality of the variance, (ii) different ranges
for convergence in distribution and for convergence of all moments of the normalized profile
Y1 /E{Y 1}, (iii) no convergence to fixed limit law at the middle levels & = logn + O(1), and
(iv) sharp sign changes for the correlation coefficients of two level-sizes; see Drmota and Hwang
(2005b), Fuchs et al. (2005) for more information.

For simplicity, write throughout this paper L, := max{logn,1}. The expected profile
Unk = E{Y,x}, which gives the first picture of the general silhouette of random recursive
trees, is known to be enumerated by the signless Stirling numbers of the first kind (see Fuchs et



al., 2005)
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uniformly for k = L, + O(L,%/ %), where, here and throughout this paper, A := k — L,,. The
asymptotic approximation (1) is crucial for our analysis. In particular, we have

max g = (1+0(L,"); (2)
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see Hwang (1995) for details and more precise expansions for p, k.

Expected width. We define the width of random recursive trees to be W, := maxy Y, .

Theorem 1. The expected width satisfies

E{W,} = (1+0©(L,"). (3)

n
2L,
This result improves upon the error term O(L;U 4 log L,) given in Drmota and Hwang

(2005b), where the proof depends on estimates for correlations of two level-sizes and tightness
arguments for process. The approximation (3) also says, when compared with (1), that

E{W,} = pn,L,+00) (1 + O(L, ).

In particular, by (2),
E {ml?x Y,,,k} = max E{Yui} (1+0(L,")).

Note that the index k reaching the maximum of p, x satisfies
k=[L—1+y+0(L;")]:

see pp. 140-141 of Hwang (1994) or Hammersley (1951). Erd6s (1953) showed that k is unique.
An estimate for absolute central moments. We see from (3) that the expected width is asymp-
totically of the same order as the expected level-sizes at k = L, + O(1). We show that not only

their expected values are of the same order, but also all higher absolute central moments are
asymptotically close.

Theorem 2. Forany s > 0

E{|W, —E{WaI'} = 0 (nL;*2). @)



From Fuchs et al. (2005), we have

E{(Yuk — tns)™} = O (|AI" L") (k= Ly + o(Ly)). (5)
By Lyapounov’s inequality (see p. 174, Loeve, 1977), we obtain, for any s > 0,
E{[Ynk — nkl’} = O (|A|SL;S/’L;,k) (k = Ly + o(Ly)). (6)

In particular, it implies, by (1), that
E{|Wn —E{Wu31'} = O (E{[Ynk — pnil’}) (s 20),
fork =L, + O(1).

Almost sure convergence. As an application of (4), we show that
W,
E{Wa}
This result was proved in Drmota and Hwang (2005b) by martingale arguments and complex
analysis, following Chauvin et al. (2001). Our proof relies on (4) with s = 2 4 ¢ and the usual
Borel-Cantelli argument. It is conceptually simpler and also applies to random trees for which
no martingale structure is available.

—> 1 almost surely. @)

Level reaching the width. Let £* denote the level such that Y, x+ = W,,. To avoid ambiguity,
we take k* to be the one closest to | L, | if there are several of them. We show that k* takes most
likely the values L, + O(1).

Theorem 3. For every B > 0, there exists Ty > 1 such that
P (" = Lyl = T) = 0(T7),
forT > Ty.
Thus width will with very small probability lie outside the range L, + O(1).

Generality of the phenomena. The diverse properties we derived for the width of random
recursive trees will turn out to be the tip of an iceberg. The same types of estimates will be
shown, by extending the same methods of proof, to hold for a wide varieties of random trees:
quadtrees, grid-trees, generalized m-ary search trees, and increasing trees. While one may expect
that the same phenomena hold for general random split trees (which cover most trees we discuss
as special cases; see Devroye, 1998), the main hard parts are always the uniform estimates for
the expected profile for which a general uniform asymptotic tool is still lacking.

Approaches used. The most notable feature of our method of proof is that with the two cru-
cial estimates (1) and (5) at hand, only basic probability tools such as Markov and Chebyshev
inequalities and Borel-Cantelli Lemma are used. However, asymptotic tools for proving the two
estimates for general random trees may differ from one case to another. In most cases we con-
sidered, the estimate (1) is proved by a combination of diverse analytic tools such as differential
equations, singularity analysis (see Flajolet and Odlyzko, 1990) and saddle-point method. The
remaining analysis required for higher central moments of the profile is then mostly elementary
since this corresponds roughly to the large “toll-functions” cases for the underlying recurrences;
see Chern et al. (2002, 2005).



Organization of the paper. For self-containedness and for paving the way for general random
trees, we give a sketch of proof for (1) and (5) in the next section. We then prove the theorems in
Section 3. Extension of the same arguments to other log trees is given in Sections 4-7.

Notation. Throughout this paper, the generic symbol ¢ > 0 always represents a sufficiently
small constant whose value may differ from one occurrence to another. Also L, := max{logn, 1}.

2 Estimates for the profile moments

We briefly sketch the main ideas leading to the estimates (1) and (5); see Fuchs et al. (2005) for
details and more precise estimates than (5).

Recurrence of Y, x. By construction, the profile of random recursive trees satisfies the recur-
rence

d 1 n—1 Ui =D =D o (s)
P DD (jl,...,js) (n—1) (Fiker 0+ Y0)
1<s<n J1t+-+js=n—1

IP’( the root degree equals s and )
the s subtrees have sizes ji,..., Js

forn > 2 and k > 1 with Y; o = 1, where the Yn(i,Z’s are independent copies of Y, x. From this
we deduce, by conditioning on the size of the first subtree, that

d *
Yok =Y, e—1+Y, | & (n>=2k=>=1), (8)
with Y70 = 1, where the Y, n’t & $ are independent copies of Y, x and independent of 7, which is

uniformly distributed in {1,...,n — 1}.

The expected profile and the expansion (1). From (8), we derive, by taking expectation and
by solving the resulting recurrence, the relation

n+u-—1
Zun,kukz( o ) (u € ).
k

Then by singularity analysis (see Flajolet and Odlyzko, 1990),

u

3 gt = ﬁ (1+ 0 (juPn™)). ©)
k

where the O-term holds uniformly for |u| < C, for any C > 0.
The uniform approximation (1) is then obtained by Cauchy’s integral formula using (9) and
the saddle-point method; see Hwang (1995).



A uniform estimate for j1, x. A very useful uniform estimate for u, x is given by
i = 0 (Ly2r7*n’) 0 <r = 0(1)), (10)

uniformly for all 0 < k < n. This is easily obtained by Cauchy’s integral formula and (9) since

T
fnk = 0 (r—knrf n_r(l_COSt)d[) ,
-7

which gives (10). Throughout this paper, r is always taken to be r = 1 4+ o(1) unless otherwise
specified.

Although one can prove that w,x = O(L¥/k!) for 0 < k < n, the reason of using the
estimate (10) instead of O(LX/k!) for all k is that for general random search trees it is much
harder to derive the Poisson type estimate for all k.

Recurrence of higher central moments. Let P}E’;? =E{(Ynx — nk)™}. Then P}E’Z) satisfies
the recurrence

1
(m) _ (m) (m) (m)
Prke =77 > (Pj,k—l T Pn—j,k) + Qs

1<j<n
with P,%) = 0 for n,m > 1, where
(m) ._ m 1 p@ p® g (; >
Qn,k T Z a.b.cln—1 Jjk—1"n—j.k n,k(]) (m = )’
(a,b,c)eIm T lfj <n

with vn,k(j) = Wjk—1 + MUn—jk — Hnk and
Iy :={(ab,c)eZ’ :a+b+c=m0<ab<m0=<c < mj}.
We prove (5) in two stages. A uniform estimate for V, x(j) for 1 < j,k < n is first derived,

which then implies by induction a uniform bound for PZ’,? for 1 < k < n. This bound is however

not tight when A = o(+/L,). Then we refine the estimate for V, x(j) when A = O(+/Ly),
which then leads to (5) by another induction.

First estimate for P,%). By (9), we have the integral representation
—k—lnu

1 u
V, iy = —— -
k() = 55 iy T+ 1)

p: j/m(1+0(" +m—,)7"))du, (1D
where ¢(u; x) := ux* + (1 — x)* — 1. Since ¢(1; x) = 0, we have

@(u; x)
r'a+uwu)

uniformly for x € [0, 1]. Substituting this estimate in (11), we obtain

7
Vn,k(j) =0 (r_kn’/ Vé’ie _ 1‘ n—r(l—cos@)de)

=0 ((|r — 1+ L;I/Z)L;1/2r_kn’) , (12)

=0 (u—1)).




uniformly for 1 < j, k < n, where r = 14 0(1). This bound is not tight for all k but is sufficient
for most of our purposes. In particular, since r is not specially chosen to minimize the error term,
(12) is not optimal when |r — 1| = o(L_l/z) which is the case when we choose r = k /L, and

|k — Lu| = o(v/Ly).

We now prove by induction that

n

P = 0 ((Ir = 11" + L") Ly 2Tkt = 0), (13)

uniformly for 1 < k < n.

Obviously, (13) holds for m = 0, 1. Assume m > 2. To estimate QS’Q, we split the sum into
two parts.

Q%g: Z (abc)n—l Z Z J(Cgl’gb)fk nk (),

(a,b,c)eZ;, JE€EIm  jETm

where J,, 1= {Jj :n/Lm<j<n—n/Lm}and.7’ ={l,....,n—1}\ Tn.
Then by induction and (12), the terms in Q(  With j € j ' are bounded above by

0 r—mkn—l Z L;(b+c)/2n(b+c)r Z Lj—a/Zjar

(a,b,c)€Tim j<n/L}

+L;(a+c)/2n(d+c)r Z Lj—b/2jbr
j<n/L3

-0 (L—3m/2r—mknmr)
n b
uniformly for 1 < k < n.

On the other hand, when j € J,,, we have L; ~ L,_; ~ L,; thus by induction and the two
estimates (12) and (13)

@ p®) .
Z (abc)n_l Pjakl n—jk Vi (J)

(a,b,c)eT JE€EIm

=0 <(|}’ _ 1|m L~ m/2) L—m/2 —kmnmr) :
it follows that
o) = 0 ((Ir =11 + L;™2) L2k ) (14)

uniformly for 1 < k < n.
From Fuchs et al. (2005), we have the closed-form expression

(m)

PM =™y S Qe L+ 1) ] (1+ ) (15)

1<j<n0=<{=zk j<h<n



where [u!]F(u) denotes the coefficient of ¢ in the Taylor expansion of F. Substituting the
estimate (14), we obtain

J

PO =0 QU+ 3T (I =y L) L

1<j<n

< 3 e+ 1) I (1+%)

0=<{=<k j<h<n

Now

Z Pt + 1) 1_[ (1 + %) < (1+r™ 1_[ (1 + _)

0<{(=<k j<h<n j<h<n

()
J
Thus (13) follows.

When k ~ L,, we take r = k /L, in (13), giving
P = o ((1a1m+ L) L, ).
which proves (5) when /L, < |A| = o(L,).
Proof of (5) when A = O(+/L,). We now refine the above procedure and prove (5) when
A = O(+/L,), which has the form
P = 0 (IAP"L7™20™) (= 0). (16)
By applying the expansion
ou;x) = @, (Lix)wu—1)+ O (lu—1%) (x €0,1)),
and the usual saddle-point method to (11), we deduce that
Vai(/) = O (IAIL;n), a7)

uniformly for A = O(+/Ly) and 1 < j < n. Note that this estimate also follows from (1).
By the same procedure used to prove (14) and by applying (13) to terms with j € J,, we
have

o\ = o (1AL ) (m = 2),

uniformly for A = O(+/L,). This estimate and (14) gives, by (15) and a similar decomposition
of the sums involved,

P =0l oW+ Y Y ==L e+ T (1+7)

JE€Im 0=<L=0(Ly) j<h<n
—0 (|A|mL;3m/2nm) .



This proves (16). [

Such a two-stage proof of (5) is completely general when we have an integral representation
for V,, x (j) of the form (11) and a closed-form similar to (15). We will propose means of handling
the cases when no closed-form solution like (15) is available.

3 Asymptotics of the moments of the width

We first prove Theorem 1; then we extend the proof for (4) and finally prove Theorem 3.

3.1 Expected width

Lower bound for the expected width. The lower bound follows easily from the inequality

E{Wn} Z an
where n
M, = maxE{Y, )} = 14+ 0(LY));
n k { n,k} m( ( n ))
see (2).

An inequality for the upper bound. For the upper bound, we use the inequality

E{Wn} <M, + Z IE:{(Yn,k - Mn)+} + Z Mn,k
A=K |A|>K

= w +w?® + w?, (18)
where K := L,%/3.

The sum w,(,3). The last sum is easily estimated since by (10)

w® =0 L Z + Z rk

0<k<L,—K k=L,+K

Takingr =1 — L;1/3, we see that

—L,+K
> =0 (L
’ n 1—r
_ 173 B —L,+L2%3
-0 (Lnl/znl L, Lr11/3 (1 _Ln1/3)
= 0 (nL; Vo™ 12)
n 9

and the same upper bound holds for ZkZLnJrK MUni by takingr =1 4+ L;1/3.



An estimate for the second sum w,(,z). We use the inequalities

E <{(Yn,k —My)4} <E {(Yn,k - l/Ln,k)l(Yn,k>M,,)}
< I[‘3{(Yn,k - /’Ln,k)z}

b

M, — Mn k
for those k’s for which M,, > w, . By (1)
n 2 3/72
M. — _ (1 _ o—A%/@L)+0(A] /Ln)) 1+ 0(1

A%

uniformly for 1 < |A| < K. On the other hand, we also have the estimates for the variance
V{You) = 0(AL;702,) = O (AL nPem/En), (20)
uniformly for 1 < |A| < K. It follows from these estimates that

V{Yn,k}

u)ISZ) S VYV L)+ Z M, — ik
n n,

1<|A|<K
%) 2,—x2/Ly
_ —3/2 —5/2 ATe
=0 (nLn ) + 0 (Ln n/l 1 o—/GLy dx)
=0 (nL,").
Collecting all estimates, we get a weaker error term than (3)

\/ZI:T—L,Z (1 +0 (L;l/z)) , @1)

but we only used estimates for E{Y, x} and V{Y,, x}.

IE{I/Vn}’ =

Improving the error term by fourth central moments of Y,, ;. We can improve the error term
in (21) by using the estimate (5) for the fourth central moment of Y, . Taking m = 4 in (5) and
repeating the same analysis as above

E{(Ynx — tni)*}
2 < V{Y, y n, n,
w,” = ALl +
n n,|Ly] 15%:51( (M, — Mn,k)3

00 x4e_2x2/L"
=0 (nL,**)+ 0 nL;9/2/ dx
1

(1 — e=x*/GLn))3

)
)
)

+
Q

o0
(nL;2 / v_3/2dv)
1/L,

This proves (3).

10



3.2 Higher absolute central moments of W,
We prove only an upper bound for s = 2, namely for the variance of W), other values of s

following by the same argument and Lyapounov’s inequality.

An upper bound for the variance of the width. We show, by using central moments of Y, x
of order 6, that

V{W,} = 0 (n’L};?), (22)

which proves (4) with s = 2.
The proof extends that for E{W,,}. Define ko = | L, |. We start from

E {(Wn - E{Wn})z} =K {(Wn — Mnko T Hnko — E{Wn})z}
<2E {(Wn - /Ln,ko)z} + 2K {(/Ln,ko - E{Wn})Z} .

By (3),
E{(tnko — EWa))?} = O (n*L;7) .

And, similar to the analysis for E{W,},

E {(Wn - Mn,ko)z} <E Z (Yuko+a — ,Uvn,ko)i- ) 1(Yn.1c0+A>Mn,k0)
[A]=0

<V} + Y. E {(Yn,ko—i—A - ,un,ko)i} + > Vi¥ukoral
1<|Al<K A=K
=: v,(ll) + v,(,z) + v,?).
By (20),
ren oD = 0m*L;?).

The estimate for v,(,z) follows mutatis mutandis from that for w,(f) by using (5) with m = 6.

Z E {(Yn,k - /Ln,k)6}

W@ <
(Mn,ko - //Ln,k0+A)4

n

I1<|A|I=K

A6e—3A2/Ln

271 —17
= L
O\ 2 ey

o,]
= (nzL;”2 / v_3/2dv)
1/L,

0]
0] (nzL;3).

For the last term v,?), we use again (10)
V{Yus) < 2y = O (L' n ).

11



uniformly for 1 < k < n, where r > 0 is any bounded real number. Substituting this into v,(,3)

gives

v® — o | L=1n?r Z p—2ko—2A
n n
|Al=K
=0 (L2/3nze_L’l‘/3)
n b
by taking r = 1 + sign(A)L;1/3.
This completes the proof of (22).

Higher central moments of W,. The same analysis can be carried out for higher absolute
central moments using (6). Then the same proof for V{W,} gives (4) by using (6) with order
(2s +2).

Almost sure convergence. We need first a tail bound for the width. By Markov inequality (see
p. 160, Loeve, 1977; sometimes referred to as Chebyshev inequality)
E{an - E{Wn}ls}
(eE{W,})®
=0 (e_SL;S ) ,

IP){H/Vn - E{Wn}l > EE{Wn}}

IA

forany s > 0 and ¢ € (0, 1).
From this estimate, it follows, by applying Borel-Cantelli and by taking s > 2, that
E{W,,}

—> 1 almost surely,

where n, := leV?], since >uLp=0 (> 57%) = 0(1).
Now observe that

gy —hy =0 (neﬁ_l/z) =0 (neL;el) =0 (E {Wne} L;£1/2> .

On the other hand, by construction, adding a new node to random recursive trees affects the value
of W, by at most 1. Consequently,

sup  max (|Wo — W, | [E{Wa} —E (W} ) Sngyy —ny = © (E W, ) L_l/z)'

ny
n£§n<n£_H

So, deterministically,

I
QS

sup
”65”<”e+1

W, Wi,
E(W.} E{W,,)

( E{W,,} L, )

E {W"z} — (g —ny)
(£:)
().

|
S O

This completes the proof of (7).



An alternative form to (7). The same argument can be modified to show that

W,
O 140 (L_1+5) , 23
n/2nxL, § (23
almost surely, for any fixed 6 > 0. The proof is modified from that for (7) as follows. By (3), we

have
W, W,

n/2xL, E{W,)

Instead of n, := leVt], we now take n, = |eVt/2=9) | Then, setting ¢ = &, = L;'%% in the
proof, we deduce that, again by Borel-Cantelli,

(1+0(L,")).

W,,
=14 O(s,,),
E{Wne} ( Z)

almost surely as £ — oo provided that ¢,7 L, ” is summable in £. This forces the choice s > 2/8.
Next,

Ngy1 —ng = © (E{an}g_l/‘t) .
This proves (23).
Almost sure convergence for Y, x. We can also obtain strong convergence by the same argu-

ment for the profiles Yy, x in the central range [L, — L17¢, L, + L1~¢], where ¢ € (0, 1). We now
prove that

sup
L,—L)#<k<L,+L)¢

—1‘ — 0, (24)

almost surely.
Proof. Sett, := 2L)7¢ and n ;= Le‘/zj. Using (6) and Markov’s inequality used above, it is
easy to see that

Yne,K

sup —]E{YHZ’K}

L"z —In, §K§Lne +in,

—1'—>0,

almost surely as £ — oo. By the union bound and Borel-Cantelli, this requires that we take s

so large that L, 7 tnl[‘” is summable in £. Any choice with s > 3/& — 1 suffices for that purpose.

Furthermore, by the monotonicity of Y, s in n for fixed k,

sup sup Yok — Ynyul = sup Yo = Yagul,
ne=n<ngiy Ly,—tn,<k=<Ly,+tn, Ly,—tny<k=<Ly,+tn,
and
sup sup IE{Yn,} — E{Yn, i} = sup IE{Y sy 1t — E{Yug -
ne=n<ngyi Lp,~tn,<k=Lpn,+tn, Ly, ~tn,<k<Lpn,+tn,
Thus,
sup Yn,/c . Yng,lc < Ynz.H,K . Yne,K
ng=n<ng4i ]E{Yn,x} E{Yng,lc} ]E’{Yng,l(} E{Yng,x}
< Ynz+1,l< _ Ynz,K (E{Yneﬂak} _ 1) Ynz+1,l<
- IE{Y,,HI,K} E{Yy, «} E{Yy, .} IE{Y,,ZH,K}

13



Putting the supremum over L,, —1,, < k < L,, +t,, in front of all of the latter inequalities, we
see that both terms tend to zero almost surely provided that

E{Yo i}
EYn, )

This follows from an extension of the Taylor series estimate used in (1); indeed, the estimate (see
Hwang, 1995)

lim sup
=00 Ly, ~tn, <k<Lpn,+tn,

1‘=0.

k
T T(1+ k/Lp)k!

18 sufficient for our use.
Thus we have shown that

(1+0(L,")) (k = O(L,)),

Mn.k

Yn,/c
E{Y, .}

sup sup — 1‘ —0

ng=n<ngii Lne —In, SKSLne +tn(

almost surely. An additional argument shows that for £ large enough, [L, — L)=¢ L, + L17#]is
contained in [L,, — t,,, L,, + t,,] for ny < n < ny4, thus concluding the proof of (24).
3.3 Level reaching the width

We now prove Theorem 3. For |A| > |l€ —koland B > 1
P(k™ = ko + A) = P(Wy = Yuko+a)
< P(Yuko+a > Ynko)
=P (Yn,ko-i-A - ,u’n,k()-}-A > Yn,ko - Mn,ko + IU/n,k() - /“Ln,ko-i-A)

1
E IED (Yn,ko-i-A - M/n,k()-}-A Z 5 (/’Ln,ko - IU/n,k()-i-A))

1
+ ]P) (Yn,ko - ,u“n,k() S _5 (Mn,k() - Mn,k()-i-A))

< 2BE|Yn,k()+A - Hn,k()+A|B 2BE|Yn,ko - /’Ln,k()|B

T (Mnke = Mnkora)B (nko — Mnkotra)B’
by Markov inequality. By (1), we obtain a similar estimate to (19) for p,x, — Mn ky+4, Which
together with (20) gives

ABL_B —BA2/(2L,) L—B
]P(k*zko—i-A):O( n_¢ n

(1 — e=A%/GLn))B T (1 —e=A%/(BLn))B
=0 (A P+ APV L,®)
=0 (A7),

uniformly for 1 < |A| < K. It follows that there exists a 7y > 1 such that for 7" > T

P(k*—ko|=2T)=0| Y AP|+P(k* kol = K)
T<|A|I=K

O (T'2) + P(|k* — ko| = K).
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The tail probability P(|k* — k¢| > K) is estimated as follows. Let k; := |/ Ly].

P(k* — kol > K) < IP( max Y > Y,,,ko)
lk—ko|=K

< IP’( max Y, > ,un,k0+k1) +P Yok < Mnkotk:)

lk—ko|=K
< M—l Z Lnk + VYo ko )
— Mn,koy+kq n.k ( _ )2
|k—k0|ZK /'Ln,k() Iu'n5k0+kl

—0 (Lrlz/3e_L’l’/3/2 —|—L;2),

which tends to zero as n — oo, where we used again (10) to bound Z| k—ko|> K Mn.k- Since B > 1
is arbitrary, this proves Theorem 3.

Limit distribution of W,? It is known that the centered and normalized random variables
Yok — tnk)/ vV V{Yn i} do not converge to a fixed limit law when k = L, + O(1) due to
periodicity; see Fuchs et al. (2005). The origin of the periodicity lies at the second-order term in
the asymptotic expansion of [ty 1,+0(1)

1 <l;)1 —

where {x} denotes the fractional part of x and
x? 3 02 3 y? x? 13
=—— —— U x———|z—-y|{——= — - —.
pi1(x) 2+( Y + )x (2 y) 2+)/+12 2

This periodic second-order term is the origin of all fluctuations of higher central moments.
The main open question is the limit distribution (if it exists) of W,. Simulations seem to
indicate the closeness of the histogram of W), and that of Y, |, —1; see Figure 1.

784342
803081
821820
840558
859297
878036 ||
896775
915513
934252
952991
971729

1009207

1027946

1046684

1065423

1084162

1102900

1121639

1140378

1159117

1177855

Figure 1: Simulated histograms for Wy, and Y, |1, |+¢ for € = —1,..., 1, wheren = 10".

15



4 Width of general random log trees

We first describe roughly the estimates we need for handling the width of general random log
trees, and then discuss a few concrete examples. We start from a general framework for the
profile of random log trees.

Recurrence of profile. Assume that the profile of the random log trees in question satisfies
d .
Y= Y v =2k =), (25)
1<j<h

with Y, 0 = 1 for n > 1, where the Yn(’,;)’s are independent copies of Y, x and the underlying
splitting distribution satisfies ) j In,j = n — « for some integer k > 0. Then the moments of
Y, k satisfy the recurrence

Ank = h Z Tn,jdj k-1 + bn,kv (26)
0<j<n
where i > 2, Y . 7, ; = 1 and 7, ; = P(I,,; = j). For our purpose, we can always assume

that b, x = 0fork < 0and k > n.

An analytic scheme for the expected profile. The following simple framework gives sufficient
conditions we need in order to obtain asymptotics of the width of general random log trees.
Assume that the generating polynomial of the expected profile j, x := E{Y, «} satisfies

En(u) =) pnsu = gn’@ (1 4+ 0@n™)), 27)
k
uniformly for |u — 1| < &9, &0 > 0. Here g and f are analytic functions in |u — 1| < g and
satisfy g(1) = 1l and f(1) = 1. If
|En(w)] = O (n'7°), (28)

holds uniformly for {u € C : 1—&; < |u| < 14+¢&1}\{u € C : lu—1| < go}, where 0 < &; < &,
then we have, by standard application of the saddle-point method,

1+ |A
Hn e = S e ™A%/ oL +O0(1AF /L) (1 + O ( * | |)) , (29)
V2mo?L, L,

uniformly for |A]| < L3 where A := k — f'(1)L, and
o= VI + /7).

Note that to prove the estimate (29), we used (27) and (28) only when u = el 0 e R.
However, the uniform estimates (27) and (28) in a complex neighborhood of unity also yield, by
Cauchy’s integral representation,

HUnk = O (L;l/zr_knf(’) + r_knl_g) =0 (L;l/zr_knf(’)) , (30)

uniformly for all k = 0,...,n, where r = 1 + o(1). Although this estimate becomes too crude
for |k — f'(1)L,| = eL,, it is sufficient for our purposes and very useful in bounding all error
terms involved.
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Estimates for V, ;. For higher central moments of the profile, we consider the difference

VakG) = D Mjokr — kit jp=n—x), (31)
1<(<h
where j = (ji, ..., jn), which, by Cauchy’s integral formula and (27), satisfies
Vo (G) = L (u)u—k—lnf(u) wj/m|1+o0 Z 1 du
S v Jo+ 1
lu—1|<e 1<t<h
+ 0 (r_knl_s) ,

where
j(i f(u)
oluj/m = Y u(;) 1
1<f<h

Since ) <, je = n + O(1), we deduce, by expanding ¢(u; x) at u = 1, the two estimates

0 ) ((|r 1)+ L;1/2) L;I/Zr_knf(’)> , (r =1+ o0(1)),

Vi () = (32)
" 0 (|A|L;3/2n) :

where the first estimate holds uniformly for all tuples (i, ..., jz) and 1 < k < n, and the second

for all tuples (i, ..., jn) and A = O(+/L,). Note that if we take r to be the solution near unity
of the equation rf'(r) = k/L, = f'(1) + A/Ly,thenr =1+ A/(6*L,) + O(A?*/L2) and

Pk d ) — o= 82/ Q07 L)+ OUAR L) (33)

uniformly for A = O(L,z,/ 3). This means that the first estimate in (32) is not tight when A =

o(~/Ln).

Asymptotics of width and estimates needed for higher central moments. If we can prove
that

E{(Ypx — ni)™} = O (lAlmL;m/LZk) (m > 0), (34)

uniformly for |A| = o(L,), then the width W}, := maxy Y, i satisfies the following estimates.

n
E{W,} = ——(1+ 0(L;")).
i \/27r02L,,( " ( " ))
E{[W, —E{W,31} = 0 (L) (52 0),
E{W,}
P(k* = f/(DLyl = T) = O(T5).

(35)

—> 1 almost surely,

the last estimate holding for every B > 0 and 7" > T, for some 7 > 1.
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Remarks for (35).

1. For the almost sure convergence in (35), we also need the additional property that inserting
a new node to the tree changes the width by at most a bounded quantity, which is easily
justified for almost all trees we are considering.

2. For most log trees we encounter, the O-estimate in the asymptotic approximation for
the mean width in (35) is indeed tight; for simplicity, we content ourselves with the O-
estimates.

3. From the preceding rough description, we see that the three main hard parts are (27), (28)
and (34).

Instead of formulating a general theorem, which will be heavy at this stage, we consider in
the following three major classes of log trees.

S Random quadtrees and grid-trees

We start from quadtrees, and then indicate the estimates needed for the more general grid-trees
proposed in Devroye (1998).

Construction of random quadtrees. Given a sequence of n points independently and uni-
formly chosen from [0, 1]¢, the random (point) quadtree associated with this random sample is
constructed by placing the first point at the root, which splits the space into 2¢ hyper-rectangles,
each corresponding to one of the 2¢ subtrees of the root. Points falling in each hyper-rectangle
are directed to the corresponding subtree and are constructed recursively. For more information
on quadtrees, see Flajolet et al. (1995), Chern et al. (2005) and the references therein.

The profile. By such a construction, the profile Y,  satisfies (25) with 4 = 2¢ and

Tong =P (Lng = j1,..., Iyga = jaa)

Je
N (]1 n_ ljzd) /[0 14 l_[ ( l_[ bi(l =) + (1 _bi)Xi) dx,

1<¢=<24 1<i<d
L—=1=(b1,.sba)2
where (by, ..., bs), denotes the binary representation of £—1 (prefixed by zeros if |log,({—1)] <

d —1)and dx = dx; ---dxy.

The underlying recurrence. From the expression for 7, j, it follows that all moments of Y, x
satisfy (26) with

1 1
Tnj = — _ 0<j<n). (36)
SRS eI

J<i1=+==ja—1=n
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In particular, the expected profile i, x satisfies the estimates (27) and (28) with f(u) = 2u'/4 —1
and .
( ) 1 l_[ I‘(2u1/d(1 _ ezem/d))
u) = .
g T Qu/d)d(2ul/d — 1) T(2 — 2ul/de2tnild)

1<{<d

see Chern et al. (2005). The exact form of g is less important for our purpose; the analyticity of
g for u near unity is however technically useful. Note that

V2

f/(l)zg’ 027'

Recurrence of P,E'Z) = E{(Yux — nx)™}. Obviously, P,golz =1, P,fllz = 0 and PIE'Z) satisfies
the recurrence
P =27 3" m PR+ 00 (m=2),
1<j<n

where
m.— 3 " 3 PO P Vi G 37)
Qi = io, -+ g i) k-1 Jpa k=1 Vnic\d)-
((0serind)€Tm ~ J1++jya=n—1
Here V, «(j) is given in (31) with i1 = 24 and k = 1 there and
T = {(igs ... ixa) €{0,....m} " 0 <iy,... i <m).

Following the proof pattern for recursive trees, we prove, based on the estimates (32), the two
bounds

O ((Ir =11+ Ly™) Ly Pr=mbnml @) p =1 4 0(1)

(m)
P =
mk 0] (|A|mL;3’"/2nm) :

(38)

the first being uniform for 1 < k < n and the second for A := k — f'(1)L, = O(+/L,). These
two estimates imply (34) by (30) and (33).

An asymptotic transfer for the double-indexed recurrence. To justify the results in (35), it
remains to prove the two estimates in (38). Note that an exact solution for (26) similar to (15)
is still possible by the Euler-transform approach used in Flajolet et al. (1995), but the resulting
expression is less manageable and the approach is less useful for other random log trees. Thus
we use an inductive argument, which is easily amended for other varieties of trees.

Lemma 1. Assume that a, i satisfies (26) with m, ; given in (36) and a0, a; x = O(1). If
|bn il < clke = f' (D) Lu*LE o™ n%,

forn>1and1 <k <n, where ., >0, § € R, ¢ > 0, and the two real numbers a, p > 0 satisfy
p < ((+1)/2)4, then

|ank| < Colk — f/(1)Ly* LEp~*n®, (39)

forn > 1and1 < k < n, where Cy > 0 is chosen so large that Cy > ¢/ (1 — % — 8).
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Proof. We apply induction on k and n. The boundary conditions are easily checked by taking Cy
sufficiently large. We may assume that |k — f”(1)L,| — oo, for otherwise we need only modify
the value of ¢. By induction hypothesis, we have (see Chern et al., 2005)

|ani| < clk — f'()L,|* LE p™*n®

+ 2dC(),01_kl’l_1 Z

1=j<ji=+~=ja-1=n

~ ek = f'() Lyl LEp™n

29Cy i 4 , b N
d-n’ " Yo k= (ML;MLY) log7
' 1<j<n

k —1— f/()L;*LF je
e jd

+

d

Sl B L R R —
nP (a + 1)4

Co(1 + o)k = /() Lal*LE p'~*n®;
thus (39) follows by properly tuning C, (since p < ((a + 1)/2)%). O

Asymptotics of P,ft’,?. We prove first by induction the first bound in (38). Assume m > 2.

Consider Q;"Q We split the inner sum in (37) similar to the Q,(T"Z) of recursive trees. If
Jiseeosjoa=n/L% then Lj, ~ L,forl =1,.. .,24 and we have

m _p) (iya) io /s
Z (l() P izd) Z ]Tn"]leak_l ”-szd,k_lvn,k(-])
(i0smrina) €T ~ 7 nJ LY <1 ,eesfpa <n
=0 ((lr _ llm 4+ L;m/Z) L;m/zr—mknmf(r)) . (40)
We now assume that one of the j;’s, say j, is less than n/L!". We may furthermore assume

that the corresponding index i; of j; is nonzero; for otherwise, if all iy = 0 for those j,’s with
je < n/L", then the bound on the right-hand side of (40) obviously holds since all other j;’s

satisfy L;, ~ L,. Terms in Q,(:'}{) withi; > 1 and j; < n/L" are bounded above by

o | r—mk Z =i £(r) Z nn,jljlilf(r) :O(L—mr—mknmf(r))_

n
(i05-++si,d )EIm j1=n/L3}

This proves that
o) = 0 ((Ir =11 + Ly™2) L2/ @)

Thus the first estimate in (38) holds by applying the O-transfer of Lemma 1.

The proof of the second estimate in (38) follows the same inductive argument, details being
omitted here.

Consequently, the width W), of random quadtrees satisfies all approximations in (35); in par-
ticular, the expected width satisfies

dn
2L,

20
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All our results are new except when d = 1 for which quadtrees reduce to binary search trees and
the almost sure convergence in (35) was derived in Chauvin et al. (2001), and the expected width
in Drmota and Hwang (2005b) (with a weaker error term).

Random grid-trees. Grid-trees were first proposed by Devroye (1998) and represent one of the
extensions of quadtrees. Instead of placing the first element in the given sequence at the root (as
in quadtrees), we fix an integer m > 2 and place the first m — 1 elements at the root, which then
split the space into m? hyper-rectangles (called grids). The remaining construction is similar to
that for quadtrees.

In this case, we have 7 = m? and (jo := j, ju :==n—m + 1)

TTn,j = E :

J<j1S=<ja—1<n—m+11=4=d

(J'e—jz—l +m—2)
m—2
(G
m—1
and (27) and (28) hold by applying the approach proposed in Chern et al. (2005), where f(u)
satisfies

(@ + D) (f@)+m—=1)) =m%u  (m=2;d>1),

with (1) = 1. An O-transfer similar to that given in Lemma 1 can also be derived by noting
that

Y muglk—1— (L PLE @

1<j<n
e 17 L)
= >, k=1 LML ] ~—F5525—
1=j=j1=+=ja—1=n—m+1 1<{=d ( m—1 )
(m —1)4 1 ( jd—l)m_2
~— 7 : 1 —
n ) Z Jd—1 n . Z
=Jja—1=n 1<jg—2=ja—1
1 Ji " / AT B a J "2
e X Z —\1-== Z |k — f/(D)Lj] Lj] l—=
<7< J1 J2 1<i<i J1
<j15)2 <j<h

1) (F(m — Dl (a+ 1)

d
gt Ar B a.
o E0) - L P L

so that the same type of asymptotic transfer there holds when «, p > 0 satisfy the inequality

p < ((“+1)'--(a+m—1))d,

m!

Then the approximations (35) hold for the width and we have

/ 1 H?
U= 4@,y ° =N\ &, -

where Hy, := ) o<, 1/j and HP = di<j<m 1/j2. Note that d = 1 corresponds to m-ary
search trees, and m = 2 to quadtrees. No martingale structure is known for grid-trees for general
(m, d). Our results are new.
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6 Generalized m-ary search trees

Binary search trees, which are special cases of quadtrees and m-ary search trees, have yet another
extension; see Hennequin (1991), Chern and Hwang (2001a). Instead of placing the first m — 1
elements in the given sequence of numbers at the root (as in m-ary search trees), we choose a
random sample of m (¢ + 1) — 1 elements, where m > 2 and ¢ > 0, and sort it in increasing
order. Then use the (¢ 4+ 1)-st, the 2(¢ + 1)-st, ..., and the (m — 1)(¢ + 1)-st smallest elements
in the sample to partition the original sample into m groups, corresponding to the m subtrees of
the root. Elements falling in each subtree are constructed recursively in the same way and the
process stops as long as the subtree size is less than m(¢ + 1) — 1, which can then be arranged
arbitrarily since asymptotically this will have limited effect.
In this case, the profile Y, x satisfies (25) with 4 = m and
Jiy... (Jm
]P)(In,l = J1, " ;In,m = ]m) = M

(m(t+1)—1)

Furthermore, (27) and (28) hold with f'(u) satisfying the equation

(m(t + 1))!
TESE

with /(1) = 1, where m > 2 and ¢ > 0; see Chern and Hwang (2001a, 2001b) for the asymptotic
tools needed (based on differential equations). Straightforward computation gives

(f)+t+D)---(fW)+mit+1)—1)=

) )
(1) = 1 o = Hm(t+1) T Ht+1
Hug+1y — Higr' (Hm@+1) — Hi+1)3

The estimate (34) can be checked by an inductive argument similar to quadtrees using the

expression . '
() (nDas'n—1)

(m(t—fl)—l)

Tn,j =

In particular, we can derive an O-transfer similar to Lemma 1 with the two numbers «, p there
satisfying
- a+t+1)---(x+m(it+1)—1)
t+2)---(m(t+1))
Note that m-ary search trees correspond to ¢ = 0, and m = 2 reduces to the so-called fringe-
balanced or median-of-(2¢ + 1) binary search trees; see Devroye (1998).

7 Random increasing trees

Increasing trees are rooted, labeled trees with labels along any path down from any node forming
an increasing sequence; see Bergeron et al. (1992). The exponential generating functions t(z) :=
>, Tn=12"/n! for the number 7, of increasing trees often has the form

T'(2) = ¢(x(2)), (41)
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with (0) = 0 and (1) = 1, for some function ¢ (w) with ¢(0) = 1 and nonnegative coeffi-
cients. In this case, there are three representative varieties of increasing trees: (1) recursive trees
with ¢(w) = e¥; (ii) binary increasing trees with ¢(w) = (1 + w)?, and (iii) plane-oriented
recursive trees (PORTs) with ¢ (w) = 1/(1 — w).

We already studied the width of random recursive trees and random binary increasing trees
(identically distributed as random binary search trees). We consider first PORTs and then mention
other varieties of increasing trees (in some generality).

Random PORTSs. PORTs are labeled, ordered (or plane) trees with the property that labels
along any path down from the root are increasing; see Bergeron et al. (1992), Prodinger (1995)
for more details.

The recurrence for the profile Y, x is similar to (8) but with a very different underlying distri-
bution (see Hwang, 2005)

d
Yok =Yoo +Y, o (=2k=>1),
where the Y ¥, ’s are independent copies of Y, x and
2j—2\ (2n—2j—2
gy

j (Znn—_ 12)

T =P, =j) = (1=<j<n).

We have

[1]

— ! 27 (u+1)/2 ) —&
"(u)_(1+u)(F(u/2)n +1)(1+0{m™)),
uniformly for |u| < C, for any C > 0; see Bergeron et al. (1992), Hwang (2005), Prodinger
(1996). Thus f(u) = (u + 1)/2, so that ¢ = 1/+/2. All approximations in (35) hold for the
width. Note that although the recurrence satisfied by Y, x is not of the form (25), the technicalities
are similar to those for recursive trees; see Hwang (2005) for details.

The widths and profiles of random increasing trees for which 1/¢(w) equals a polynomial
also exhibit similar behaviors.

Polynomial varieties. We now show that the same results (35) (except the almost sure conver-
gence) also hold for polynomial varieties of increasing trees; see Bergeron et al. (1992). Briefly,
these are increasing trees whose exponential generating function t(z) := )., 7,z"/n! satisfies
(41) with

pw):= Y gw  (d=2)

0<j=d
where ¢; > 0 for 0 < j < d and ¢, ¢z > 0. In this case, it is known that
T, )4 “1/d=1) ry—n . —(d—2)/(d— 2 /(d—
= T (@ = DgaR) VU R =D/ (14 0 (nED)) @)
: d—1

where p denotes the period of ¢(v), R := fooo dv/¢(v) and
Kz oo 1
ZE{Yn,k}H i (‘L’ (Z)) [0 (‘L’ (v)) dv;
n,k ’
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see Bergeron et al. (1992). From these relations, we deduce the two estimates (27) and (28) with

d 1

S =gt gt

_ L (1—w)/(d—1) _n(—dwy@-n LA/(d=1) [ —w
g() = ¢ (R ~ 1)) s | e,

Furthermore, the higher moments of Y, x (centered or not) satisfy the recurrence

pk = bn,k + Z Wy, jdj k—1,

1<j<n

where ( )
Dy j 1= ”T—j!"’[z"—l—f]wr(z)).

By (42), we then derive an O-transfer for a, x similar to Lemma 1 with @ and p there satisfying

A=, L,
P=apa= \*Ta_1)

from this the estimates (34) are then justified.

Random mobile trees. These are increasing trees whose enumerating generating function sat-
isfies (41) with ¢(w) = 1 — log(1 — w); see Bergeron et al. (1992). This example is less natural
but very interesting because nodes are distributed in a rather different way. First, the expected
profile is given by

' z
E) = Y pensi = LG [0
Tn 0
k

Here the number 7, of such trees satisfies

2= R (14 0(L;").

where R = fooo(l + v)~ e Vdv. By singularity analysis (see Flajolet and Odlyzko, 1990), we

deduce that oo I
Ea(u) = g(u)nLi™ (1 +0 ( Oi )) ,
n

where the O-term holds uniformly for bounded complex and

g(u) = R_lu/ e '(1 +v)™“dv.
0

Note that this is not of the form (27) and g(1) = 1. Thus such mobile trees are very “bushy” at
each level (the root already having about n/ L, nodes) and we have
n

v 2m log L,

the mode being reached at k ~ log L,. The same methods of proof we used for recursive trees
can be extended to show that

max [k ~
k

n

V21 log L,

a very different behavior from all types of random trees we have discussed.

E{Wn} ~
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