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Abstract

A random suffix search tree is a binary search tree constructed for the
suffixes X; = 0.B;B;11B;y2... of a sequence B;, By, Bs.,... of independent
identically distributed random b-ary digits B;. Let D,, denote the depth of the
node for X, in this tree when B; is uniform on Zj;. We show that for any value
of b > 1, ED,, = 2logn + O(log® logn), just as for the random binary search
tree. We also show that D,/ED, — 1 in probability.
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1 Introduction

Current research in data structures and algorithms is focused on the efficient pro-
cessing of large bodies of text (encyclopedia, search engines) and strings of data
(DNA strings, encrypted bit strings). For storing the data such that string search-
ing is facilitated, various data structures have been proposed. The most popular
among these are the suffix tries and suffix trees (Weiner, 1973; McCreight, 1976),
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and suffix arrays (Manber and Myers, 1990). Related intermediate structures such
as the suffix cactus (Karkkainen, 1995) have been proposed as well. Apostolico
(1985), Crochemore and Rytter (1994), and Stephen (1994) cover most aspects of
these data structures, including their applications and efficient construction algo-
rithms (Ukkonen 1995, Weiner 1973, Giegerich and Kurtz, 1997, and Kosaraju,
1994). If the data are thought of as strings Bi, Bs,... of symbols taking values
in an alphabet Zy = {0,1,... ,b — 1} for fixed finite b, then the suffix trie is an
ordinary b-ary trie for the strings X; = (B;, Bit1,...), 1 <1 < n. The suffix tree
is a compacted suffix trie. The suffix array is an array of lexicographically ordered
strings X; on which binary search can be performed. Additional information on
suffix trees is given in Farach (1997), Farach and Muthukrishnan (1996, 1997), Gi-
ancarlo (1993, 1995), Giegerich and Kurtz (1995), Gusfield (1997), Sahinalp and
Vishkin (1994), Szpankowski (1993). The suffix search tree we are studying in this
paper, first suggested by Manber and Myers (1993), is the search tree obtained for
X1,...,X,, where again lexicographical ordering is used. Care must be taken to
store with each node the position in the text, so that the storage comprises nothing
but pointers to the text. Suffix search trees permit dynamic operations, including
the deletion, insertion, and alteration of parts of the string. Suffix arrays on the
other hand are clearly only suited for off-line applications.

The analysis of random tries has a long history (see Szpankowski, 2001, for refer-
ences). Random suffix tries were studied by Jacquet, Rais and Szpankowski (1995)
and Devroye, Szpankowski and Rais (1992). The main model used in these stud-
ies is the independent model: the B;’s are independent and identically distributed.
Markovian dependence has also been considered. If p; = P{B; = j}, 0 < j < b,
then it is known that the expected depth of a typical node in an n-node suffix trie
is close in probability to (1/&)logn, where £ = Zj pjlog(1/p;) is the entropy of
By. The height is in probability close to (b/¢) logn, where § = log(1/3_; pg’) If ¢
or £ are small, then the performance of these structures deteriorates to the point
that perhaps more classical structures such as the binary search tree are preferable.

In this paper, we prove that for first order asymptotics, random suffix search
trees behave roughly as random binary search trees. If D,, is the depth of X,,, then

ED, = 2logn + O(log? logn)

and D, /logn — 2 in probability, just as for the random binary search tree con-

structed as if the X;’s were independent identically distributed strings (Knuth, 1973,



and Mahmoud, 1992, have references and accounts). We prove this for b = 2 and
po = p1 = 1/2. The generalization to b > 2 is straightforward as long as Bj is
uniform on Z,,.

The second application area of our analysis is related directly to random binary
search trees. We may consider the X;’s as real numbers on [0, 1] by considering the
b-ary expansions

X, =0B;Bjy1..., 1<i<n.

In that case, we note that X;y; = {bX;} := (bX;) mod 1. If we start with X;
uniform on [0, 1], then every X; is uniform on [0, 1], but there is some dependence
in the sequence X1, X»,.... The sequence generated by applying the map X;.1 =
{bX;} resembles the way in which linear congruential sequences are generated on
a computer, as an approximation of random number sequences. In fact, all major
numerical packages in use today use linear congruential sequences of the form =, =
(bzy, + a) mod M, where a,b, ,,, 1, M are integers. The sequence z,,/M is then
used as an approximation of a truly random sequence. Thus, our study reveals what
happens when we replace i.i.d. random variables with the multiplicative sequence.
It is reassuring to note that the first order behavior of binary search trees is identical
to that for the independent sequence.

The study of the behavior of random binary search trees for dependent sequences
in general is quite interesting. For the sequence X,, = (nU) mod 1, with U uniform
on [0, 1], a detailed study by Devroye and Goudjil (1998) shows that the height of the
tree is in probability ©(lognloglogn). The behavior of less dependent sequences
Xp, = (n®*U) mod 1, a > 1, is largely unknown. The present paper shows of course
that X, = (2"U) mod 1 is sufficiently independent to ensure behavior as for an
i.i.d. sequence. Antos and Devroye (2000) looked at the sequence X, = Y | Y;,
where the Y;’s are i.i.d. random variables and showed that the height is in probability
©(y/n). Cartesian trees (Devroye 1994) provide yet another model of dependence
with heights of the order ©(y/n).

The paper is organized as follows: in sections 2 through 5, we develop the basic

tools for our analysis. In section 6, we show that
ED, = 2logn + O(log?logn).

In section 7, a more general refined analysis leads to a weak law of large numbers:
D,/ED, — 1 in probability. These are our main results — they rest on a key
circular symmetrization argument used in the proof of Lemma, 5.1. There is another



avenue, based on the observation that if Si,... ,S] are the lengths of the spacings
defined on [0,1] by Xi,...,X,, then the expected depth of X,1; in the tree for
X1,...,X, is roughly given by
n-1 j .
Y E[S)?]-

=1 ¢=0

<

The study of the spacings is also important for the analysis of the size of the subtree

rooted at X, as this has expected value roughly given by

(n—J)ES;(j — 1),
where S/ (i) is the length of the unique spacing among S{,... ,S! that covers X,,.
Thus we embark on the study of the spacings in section 8 and 9, where we show first
that a randomly picked spacing in the n-th partition is asymptotically of size E/n,
where F is an exponential random variable (just as for the case of spacings defined by
i.i.d. uniform [0,1] random variables). Although this result can be obtained from
the number theoretical work of Rudnick and Zaharescu (2002), a self-contained
probabilistic proof is included in this paper. In section 10 and 11, the spacings
argument is fleshed out to show, for example that the size of a subtree rooted
at X; times j/n tends in distribution to a Gamma(2) random variable, whenever

j/log®n — oo and (jlog?n)/n — 0.

2 Notation

Denote the uniform distribution on [0, 1] by U[0, 1] and the Bernoulli(p) distribution
by Be[p]. We have given a U|0, 1] distributed random variable X; and define Xy, :=
T(Xk—1) for k > 2, with the map 7' : [0,1] — [0,1],z — {22} = 2z mod 1.

In the binary representation X; = 0.B1Bs..., the By are independent Be[l/2]

bits. Then we have
Xy =0.ByBr11Bg1a- ..
for all £ > 1. For m > 1 we introduce the corresponding perturbed random variates
Y™ := 0.BxBis1---Bepma BOB® . k=1, ,n,

where {B](-k) : k,j > 1} is a family of independent Be[1/2] distributed bits, inde-
pendent of X;. Then we have for all £ > 1,
1

X = Y™ < o



and Y™, Y™ are independent if |i — j| > m.

3 The perturbed tree

In this section we control the probability that the random suffix search tree built
from Xi,...,X, and the perturbed tree generated by Y1<m>, . ,ngm> coincide. We

denote by ||z]| := 2|z/2] the largest even integer not exceeding z. For a vector
(a1,... ,ap) of distinct real numbers, let 7(a1,... ,ay) be the permutation given by
the vector.

Lemma 3.1 If m := 18|/ logy n]|, then for all n > 16,

m m 8
IP(w(Xl,...Xn) £ (Y™, .Y >)) <.

Proof: We introduce the truncated random variables Y; by their binary represen-
tations Yy := 0.BxBgy1** Bgym—1 for £ > 1. Then we have

{W(Xl,...Xn)#ﬂ(Y'l<m),...,Yn<m>)}g U m=v

1<i<j<n
This implies
P (W(Xl, LX) # (™ ,Yn<m>))
< ) PY;i=Y))

1<i<j<n

2 m
n
S 2—m+’nE P(Bl---BmZBj---Bm+j_1).
j=2

For 1 < j < m we have P(B;---Bj_1 = Bj---Byj_2) = 1/29=1. We split the bit
vector By - By, into b:= [m/(j — 1)| blocks of length j — 1. Then we obtain

P(By - By = Bj---Bpij1)

< P(Bi-+-Bjo1=Bj- - Byj_s == Bp_1)j-1)11 " Byi_1))
1

S e DG
1

= gm—2j+2°



Altogether we have

P (X1, Xp) £ w1, Ym))

2 [m/3]

n 1 ik 1
< gmtn| D gmmmt X g
j=2 j=[m/3]+1

o (i, 2

= om " §2m/3 om/3 | °
With m = 18]||log, n ]| we obtain n2/2™ < 4/n? for alln. > 8 and n((4/342)/2™/3) <
4/n? for all n > 16. The assertion follows. H

The perturbed tree and the original tree are thus identical with high probability.
In the perturbed tree, note that YZ-<m> and Yj<m) are independent whenever |i —
jl > m. Unfortunately, it is not true that random binary search trees constructed
on the basis of identically distributed m-dependent sequences behave as those for
i.i.d. sequences, even when m is as small as 1. For example, the depth of a typical
node and the height may increase by a factor of m when m is small and positive.

For later use we provide a technical lemma on the distances of the quantities
X;, X; and YY" respectively.

Lemma 3.2 For all integer 1 <1< 3,1t >1 and real € > 0,

P(1X; — Xj| <€) <2, PV Y| <e)<se

Proof: Define k := j —i. We have {|X; — X;| < e} = {|X; — T*(X;)| < €}, where
T* is the k-th iteration of the map T defined in section 2. With the representation

£ ¢
Xz:2_k 2_1"’ 66{0,...,2’6—1},56[0,1], (1)
we obtain T%(X;) = ¢. Thus we have |X; — X;| = |¢/2% + £/2F — ¢| < ¢ if and only

if

0 —2ke 04 2k
£ [2k_1, 2,C_l]m[o,u.

Plugging this into (1) we obtain

{(1X; — X;| <e} = {Xi € QU ([;k_—_i;;——i] N [%e;—klb } (2)

=0
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Figure 1: Shown is the set {|X; — X;| < ¢} (in red) for k=35 —i=2 and e = 3/20
together with X; and X, where X; is modeled as the identity on [0,1].

see Figure 1. Since X; is U|0, 1] distributed, we obtain P(|X; — X;| <€) < 2e.

For the second statement note that for & > t there is nothing to prove, since
Y;m, Yj(t) are independent in this case. Hence, we assume k£ < t and denote Jy,, :=
[(£—1)/2F + (m —1)/2,, (£ —1)/2F + m/2"] for £ = 1,...,2F, m = 1,... 2!k,
Conditioned on {Yi<t) € Jm} the variables Yi<t>, Yj<t) are independent with uniform
distributions on Jz,,, and Jy, := [(m —1)/2!7%, m /2!7*] respectively. We abbreviate

these conditioned variates by Vy,, an W,,. Then we have

ok ot—k

PV -1 <) = 5 30 3 BllVin — Wl < ). )
(=1 m=1
Note that conditioning on V4, we obtain the estimate P(|Vp,, — W,| < €) < 2e2¢7*,
valid for all £, m. We fix £ in (3) and distinguish two cases:
Case ¢ < 2~k): We have {|Vi, — Win| < €} # 0 for at most three of the m €
{1,...,27%}. Thus, we obtain

2k
1
¢ ¢ N
]P’(|Y;~<>—Yj<>| <e) < 5 E 62 F = 6e.
=1

Case £ > 2-(=k): Since incrementing m by one changes the distance between the
centers of Jym and Jy,, by 27k — 2=t > 9=(=k+1) " at most 2 + 2[2!75+17 of the




events {|Vym — Wi| < €} are nonempty. Thus

| —

My
P(Y;" Y7 <e) < 5

N

2k

D (2e2FH 4 4) = de + 42 R) <8,
=1

which completes the proof. H

4 A rough bound for the height

We will need a rough upper bound for the mean of the height of the random suffix

search tree.

Lemma 4.1 Let a binary search tree T be built up from distinct numbers x1, ... , Ty
and denote its height by H. We assume that the set of indices {1,... ,n} is decom-
posed into k nonempty subsets Iy, ... , Iy of cardinalities |Z;| = n;. Assume that I;
consists of the indices n(j,1) < --- < n(j,n;) and denote the height of the binary

search tree T; buill up from (1), Tn(jm,;) by Hj for j =1,... k. Then we
have
k
H<k-1+) Hj (4)
j=1

Proof: A basic property of the binary search tree is that a pair of keys z < y
is inserted in nodes on a common path form the root if and only if no key s with
z < 8 < y has been inserted before x and y. For an arbitrary node u in T we
consider two keys on its path to the root such that their indices 71 < i2 belong to
the same set Z; for some j € {1,... ,k}. It follows that no key z; exists with index
© <41 and x;, < z; < ¥;,. In particular there is no such z; with ¢ € Z;. Therefore,
in 7; the keys z;,,z;, are inserted on a common path from the root as well. This
implies that the number of nodes in 7 on the path from the root to u having indices
in 7; is at most H; + 1. The assertion follows. W

Lemma 4.2 Let H, denote the height of the random suffiz search tree with n nodes.
Then EH, = O(log®n).

Proof: For j =1,...,m :=18|log, n]| we define Z; := {bm +j : b € No,bm + j <
n}. The families (Yi<m>)iezj consist each of independent random variables being

U|0, 1] distributed. Thus these families form random equiprobable permutations.



The trees 7; built from (Yi(m>)iezj are random binary search trees, where random
refers to the random permutation model. With H j denoting the height of 7;, and
H,, denoting the height of the tree built from Y1<m>, e ,Y,fm), by Lemma 4.1,

Hy, <m+ ) Hj (5)

From the analysis of random binary search trees we know EH ; ~ 7vlog(n/m) with
v > 0 (see Devroye 1987). Thus (5) implies EH, = O(log?n). Finally, we have

H, = H,+1 H, — H,)

{w(Xl,--.Xn);én(Yfm),...,ygm>)}(
< H,+1

{(R(X 1o X ) (V™

Here, 14 denotes the indicator function of an event A. Lemma 3.1, for n > 16,
implies EH,, < EH, +8/n = O(log’n). A

Lemma 4.2 is valid for our model, but also for any random binary search tree
constructed on the basis of U[0,1] random variables that are m-dependent, with
m = O(logn).

5 A key lemma

We introduce the events A; = {X; is ancestor of X,, in the tree}. Then we have

the representations

n—1 n—1
Dn:Zuj, ED, :ZP(Aj).
j=1 j=1

We use the notation a, 8 > y1,-.. ,7n, if there does not exist k with 1 <k <n
for which @ < 7, < Bor f < v < a, ie., «a,f are neighbors in {vy1,...,7,}
Note that A4; = {X;, X, > X1,...,X;_1}. We use A§-m) for the corresponding
event involving the ¥,™: A/ = (v/™ ™ » ¥, ... ¥"]}. Thoughout we
abbreviate m = 18| log, n].

Our key lemma consists of an analysis of the depth of the n-th inserted node
X, conditioned on its location. For z € [0,1] and 1 < ¢ <n — 1, define

2

pi(z) := ]P’(Y-<m),:c > Y1<m>, ... ,Y;&Wi)).



We use the following bad set:
m
By(é) = [J{z €[0.1]: |z - TF(x)| < &}, €>0,
k=1

where T is the map T'(z) := {2z} and T* its k-th iteration, see Figure 2.

Figure 2: The last line shows the bad set B, (€) for m = 6 and & = 3/50. The siz
lines above show the sets {|x — T*(x)| < ¢} for k=1,...,6. In the square, for the

case k = 3, it is shown how these sets emerge.

Lemma 5.1 For all n sufficiently large, all x € [0,1], and 1 < i < n, we have

2 ) .
pi(®) = Lpp2/i1-m2/i(T) (; + Ri(n,0) + 1g (om2,5) (iU)RQ(n,Z))
+ (1 - 1[m2/i,17m2/'i] (ZE))R?,(’I?/,Z),

where for appropriate constants C1,Cs,Cs > 0,

. log® n
|R1(n,i)| < Clz.gTa

) log® n
[Bo(n,i)| < Gt

) lo
IR3(n,i)| < Cs f .

10



Proof: Let Xi,...,X; be given. Recall the notation from section 2:

Y™ =0.B,B, ... Bp,BYBY ...
Y™ =0.B;Bi,1 ... Bizm_1BYBY ...

We rename these variates by Z := Y,ém) for kK =1,...,4, and circularly complete

the Z; as follows:

Ziy1 = 0.Bip1Biya. .. Bi+m71313§i+1)3g+1) .
Ziyg = 0.BiyaBit3... Bi+m—lBlBQB§Z+2) Bgﬂ) .
Zi+m—1 = O-Bi+m_1B1B2 - Bm_lBY—l_m_l)Béi'i'm_l) o

Define Zy := Zk_j—m+1 for £k > + +m, and let S be a random index uniformly
distributed on {1,... ,i +m — 1}, and independent of the other quantities. Subse-
quently we will repeatedly use the fact that, by the cyclic nature of the sequence
(Zk), the vectors (Zs,Zs+1,--- s ZS+itm—2) and (Z1,... , Zitm—1) are identically
distributed. We write

pi(z) = P oo v™, . v)
= PUY ™,z Y{™, .. V" n{v{™ < z})
I AGNTS AN A Yo Al (6)

We bound the first summand in the latter expression. The second one can be treated

similarly. We have
(Vi zo v VI n Y™ < g} = {2 = max{Z), : k < i, Z < 2}}.

Note that {Z; = max{Zy : k < i,Zy < z}} implies that Z; is one of the m
largest among all Zi,... ,Z;4pm—1 with Zy < x for kK = 1,... ,4 4+ m — 1. Since
(Zs,Zs41y--- v Z5+itm—2) and (Z1,...,Zp+i—1) are identically distributed, the
probability for that is the same as for Z;_1,g being one of the m largest among
Z8, ... 45 +i+m—2. Conditioned on Zi,...,Z;1m—1, which is the same as condi-
tioning on the whole sequence (Zy), this probability is at most m/(i + m — 1) since

S is uniformly distributed on {1,...,7 +m — 1} and has at most m choices. Note

11



largest point < X —$

0] : 1
m largest points < x X

Figure 3: The interval [0, 1] is shown with the m largest of the points Z1, ... , Zitm—1
less than x, where the (green) lines mark those of these m points belong-
ing to {Z1,...,2Z;} and the (red) dots mark the corresponding points from
{Zis1y--+ s Zivm—1}-

that S has m choices if at least m of the points Z1,... ,Z;1m—1 are < = and less
than m choices otherwise. Thus we have
m m

- < —.
1+m = 1

P(Z; = max{Zy : k <1i,Zy <z}) <

Since the second term in (6) can be estimated similarly we obtain the assertion of
the Lemma for x ¢ [m?/i,1 — m?/i].
Subsequently, we assume m?/i < 1/2 and = € [m?/i,1 — m?/i]. We have the

disjoint decomposition

{Zz = maX{Zk 1k S i,Zk S .’L‘}}
= {Zi=max{Z;:k<i+m—1,Z; <z}}
U({Zi =max{Zy : k <1i,Zy <z}}

N{Zi £ max{Zy: k<i+m—1,27 Sx}})
= E1UE1,

hence P(Z; = max{Zy : k < 1,2y < z}) = P(E1) + P(E}).

Using the fact that (Zs, Zs41,... ,Zstitm—2) and (Z1,... , Zi1m—1) are iden-
tically distributed we argue, by conditioning on the sequence (Zj), as above as
follows: Conditioned on (Zj) and that there is at least one of the Zy with Z; < z
we have one possible choice for S and thus in this case the conditional probability
of Ey is 1/(i +m — 1). Clearly the conditional probability of E; is zero if there is

12



no Z; with Z; < z. Hence, we have

P(El) = ]ID(ZS—i—i—l = max{ZS_,_k_l | < k < 1+ m— 1,Zs+k_1 < .’E})
B 1 b i+tjl{z Py }
T oirmo1 |\ 2 EET)

Since z > m?/i and m?/i < 1/2 we obtain, denoting b = |i/m| — 1,

i+m—1 b
IP( N %> x}) < IP’( N {Z1+4m > :v})
k=1 k=0

= (1-gz)*!

m2 i/m—1
< (1-7)
< 2exp(—m)

1
0(5)-
Together we obtain P(E;) = 1/(i +m — 1) + O(n~'7). This term will lead to the
main term 2/i in the representation of p;(z). The contribution of P(E]) gives the

error terms and thus can be bounded from above.
For this we define A := m?/i. For z > A and with I = [z — A, z] we have

Ei c {31Sk§’i+m—1:Zk,Zk+1,---,Zk+z'_1¢I}
U ({ZZ =max{Zy : k <1i,Zy < z}}
m{z,-7émax{zk;k5¢+m—1,zkgx}}m{z,-ez})
= EQUEg.

Using the fact that Z1, Z14+m, Z142m, - .. are independent and that 1 —A > 1/2, we

obtain

P(By) < (i+m—1)P(Z,...,% ¢1I)
< (i+m—1D)P(Z1, Z1im, Zisom, - ¢ 1)
< (i+m—1)1—A)Ym?
< 2(i+m —1)exp(—Ai/m)
< 2(i+m—1)exp(—m)
— OV
= 0@G"%?).

13



For the estimate of P(E3), we first associate an event E3(S) similarly as for the

analysis of F1,

E3(S) = {Z5+i—1 = ma.x{Z5+k,1 | S k S iaZS—Hcfl S ZE}}
N{Zsti-1 #max{Zsip—1:1<k<i+m—1,Zsgyp1 < x}}
N {Zg_H',l € I}.

We have P(E3) = P(F5(S)) since (Zs, Zs+1,--- , Zs+itm—2) and (Z1,... , Zitm—1)
are identically distributed. Note that the probability of E3(S) conditioned on any
event involving only the sequence (Zj) is at most m/(n + m — 1) since S has at
most m choices out of n + m — 1 equally likely indices. These are the choices such
that Zg,,_1 is among the m largest of the points Z1,... , Z;1,—1 less or equal than
z, cf. Figure 3. We condition on

n+m—1

F= ({Zi eIn L_J {1Zi = Zix| < A]’) -
k=1

=1
Clearly, P(E5(S) | F¢) = 0, hence we obtain
P(Es) = P(E3(5))
(E3(S) | F)P(F)

n+m—1 m—1
#P ( U ({Zi eIn U {1Zi — Ziyk| < A})>

i=1 k=1

P
P

VAN

IN

mP ({Zl € I} N 6 {|Zl — Zl+k| < A})

k=1
< mP(X, € IT N B, (A + 257 /n'8Y)), (7)

where, for I, we use the notation [a,b]" := [a — 236 /n!8 b + 236 /n!8] for intervals
[a,b]. Note that we have |Zy — Xi| < 1/2™ for k= 1,... ,m and m > 18logy n — 36.
For n sufficiently large we have 236 /n'® < A and thus It C T := [z — 2A,z + A].
With the representation given in (2) for {|X; — X14x| < 3A} we find that B, (3A)
intersects I at most in 3A (2% — 1) + 2 intervals of lengths at most 6A /(2% —1). This

implies the bound

m—1
,  12A
P(E;) < m; (18A + 55— (8)

18m2A? + 24mA
18mb®  24m3

Z’?

IA

1

14



Together with P(E2) this yields an error term of the order of Ra(n, ).

Finally, we consider z ¢ Bj(A*) with A* := 24/nA and refine the estimate
in (8). For x ¢ B,(A*) we get a contribution of {|X; — X1,4| < 3A} NI in (7)
only if 3A/(2F — 1) + 2A > A*/(2% — 1), see Figure 4, which holds exactly for
k > logy(v/n —1/2). Therefore for z ¢ B, (A*) the summation in (8) can be refined

3A/(2k_1) - 2 A > 4—.4!—0.

[ ] | X’I | | LA E
}_ [ /'l¢ L - | |_|
0 lEk-1) £'1(2"-1) X 1

Figure 4: Shown is a case, where the part {|T*(z) —z| < 3A} of the bad set B, (3A)
(in red) intersects the interval [x —2A,z+ A] (in green), while x is outside the part
{|T*(z) — z| < A*} of the bad set B,(A*) (in blue).

to
ml 12A
2
P(E3) < m > (18A +2k_1>
k=log,(v/n—1/2)]
< 18m2A? 4 BmA
NG
< 18mb  48m3
= 2 T2

We have estimated the first summand in (6) for all different ranges of z appearing
in Lemma 5.1. Since the second summand in (6) can be estimated similarly we
obtain for all z € [0,1] and 1 <i <n —1,

2 . .
m + Rl(n, Z) + 1Bn(2m2/\ﬂ) (I)RQ(?’L,Z)
+ (1 = Lpn2/i1-m2yi (2)) Ra(n, i),

pi(z) = 1[m2/i,1—m2/i](ﬂ7)(

with orders for Rg(n,i), k = 1,2,3, as in the Lemma. Since we have |2/i —2/(i +
m — 1)| < C(logn)/i? for some constant C' > 0 the assertion follows. H

6 Expansion of the mean of the depth

In this section we find the mean of D,,:

15



Theorem 6.1 The depth D, of the n-th node inserted into a random suffix search

tree satisfies
ED, = 2logn + O(log?logn).

Proof: We recall the events A; = {X; is ancestor of X, in the tree} and the

representations

n—1 n—1
Dn:Zuj, ED, :Z]P’(Aj).
j=1 j=1

For the estimate of P(A;) we distinguish three ranges for the index j, namely
1 <j < [login], Mogn] <j<n—m,and n —m < j < n, where we choose
m = 18| logy 1.

12
The range 1 < j < [logs? n]: Note that Z]“:O%? "l 4; is bounded from above by the

height of the random suffix search tree with [logi? n] nodes. Thus, by Lemma, 4.2,

we obtain

og}” n]
Z P(4;) < EHpgp12, = O(log2 logi? n)) = O(log? log n).
j=1

The range [logi2n] < j < n — m: We start, using Lemma 3.1, with the representa-

tion

IP’(A]) = P(Xj,XnDXl,... an—l)
_ P(Yj<m>’Yn<m) > Yl(m>’ o an<in1>) +0(1/n?)
_ (m) 2
= P(4;7) +0(1/n%).
Note that ngm> is independent of Y1<m), . ,Yj(m), since j < n — m. Thus for the
calculation of ]P’(A§-m>) we may condition on v,{™ . With the notation of Lemma 5.1
and using the fact that Y,ﬁm) is U0, 1] distributed this yields for all 1 < j < n —m,

log® n

m m 2
P(A™) = Efp; (¥,™)] =5t Bugy [Bugl <O

for some constant C' > 0. When summing note that
o

log®n 6
—5 <log’n /
>, i |

. logi?n]—1 %
j—|—10g¥ n-| g2 -|

>0 1

dz = O(1).

16



We obtain

n—m

nifl P(4;) = Z (g + Ry, + O(%)) = 2logn + O(loglogn).

j=[log3? n] j=[log3? n]

Hence, this range gives the main contribution.

The range n —m < j < n — 1: With g := |j/m] — 1 we have

P(Xj,XnDXj_m,... ’Xj—qm)
= P, v ey Y )+ 01 /n?).

m’ qm

IA

We have, using Lemma, 3.2, for n sufficiently large,
(m) v (m (m) (m)
PV, Y™ e YY) (9)
< By - Y| < m?/j)
+ P({|Yj<m> _ ngm>| > m2/j} N {Yj(m)’yn(m) b Yj(i“%, o ’Y]_<1n> })

am
2 2\ i/m—2

< 8+ (1- m—.)]/m

J J

m2
< 8— +4exp(—m)

J
<

m?2 1
o o( L)

The summation yields

so that the third range makes an asymptotically negligible contribution. Collecting

the estimates of the three ranges, we obtain the assertion. W

7 A weak law of large numbers

In this section we prove a weak law of large numbers for the depth D,,.

Theorem 7.1 We have D,/ ED, — 1 in probability as n — oo.

17



Proof: Let ¢,¢' > 0 be given. We have to show

D
IP’(‘ r_q >e)<£'

ED,
for all n sufficiently large. We define the decomposition D,, = D;, + D;*, where

Ln/2] [1og®® n|—1 n—1
D:l = Z 1Aj, D;;* = Z 1Aj + Z 1Aj-
j=|1og® n| Jj=1 j=[n/2]+1

From Theorem 6.1 we have ED} ~ 2logn and ED}* = O(loglogn). We bound

the summands in the estimate

D, D € Dx* €
P -1 <P 1> = P L — 10
(‘EDn ‘>8)_ (‘EDn ‘>2)+ (EDn>2> 10
separately. By Markov’s inequality we have

Dr* ED** log |
P( n >§><7n O(M>SEI/2

ED, ~ 2) = (¢/2)ED,, log 7

for all n suffitiently large. Thus we only need the first summand in (10) to be at
most €'/2. By Chebychev’s inequality this is implied by

Var(D;,)

——— —0

(ED,)? ’
as m — oo. Since we have (ED,)? = Q(log?n) and (ED})? ~ 4log?n, it is
sufficient for completing the proof of Theorem 7.1 to establish

E[(D;)?] = > P(A; N A;) ~ 4log? n.
[log®® n|<i<j<|n/2]

Since the contribution of the summands with ¢ = j is of the order O(logn) we
may additionally assume i < j. We distinguish the cases where j — i > log? n and

j—i<log*n.

The case j — i < log®? n: We have

P(4;04) = P(A;N04;0{X; - X;| > (2log?n)/i})

+IP’(AZ~|’1AJ-|’1{|XZ~ ~Xj| < (210g2n)/i}). (11)

18



For all n large enough we obtain with b := [i/m| — 1, Lemma 3.1, and (log?n)/i <
1/2,
P(A; 0 4; N {IX; - X;| > (2log?n)/i} )
, 8
< P(A™ nA™ (Y™ - Y™ > (0g?m)fi}) + —

< P({l/;(m)’y}(m) I>Y1<m>,... ,Y;<_"{>}

(m) _ y(m) : 8
N{Y™ =¥ ™| > (log?n)/i}) + —

’I’L2
< P({y;<m>,yj<m>|>Y1<m>,Y1<f)n... ym Y
(m) _ 1 (m) 2.\ 8
NIV =¥ 2 (log”n) /i}) + —
2 i/m—2
< (L
1 n

log? n 8
< 4exp(— 7gn )+—2

n
< 12
=~ nz'

For the last summand in (11) we introduce the lengths of the spacings formed
by Xi,..., X, on [0,1] by §7 := X(j 1y — X(j) for j =1,... ,n—1and S := X,
Sy = 1— Xy, where X(;) denotes the j-th order statistic of X,... , X;,. Further-
more we denote the maximal spacing M; := maxo<x<i—m S) " of the X1,..., X;
and correspondingly, Mi<m) for the maximum spacing of the perturbed variates. For

n sufficiently large, and with n — ¢ > m, we have
P(A; N 4,0 {|X; — X;| < (2log?n) /i} )
< P40 4;0{1X: — X;| < (2log?n)/i} 0 {M; <1/Vi})

+ (40 A 0 {1Xi - X < (2log? ) /i} 0 {M; > 1/V3))

VAN

P(A™ N A™ A (v - vI™) < (4log? n) /iy 0 {M™ < 2/i}) (12
i j ) J ?

+ P({Mzﬂ’”) > 1/(2%')}) + %

19



For the estimate of H”({MZ-(m> > 1/(2v/4)}) note that for any 0 < z < 1/2 we have,
with b= [i/m]| — 1,

P({M™ > 22}) (13)

[1/z]-1
< P( U {Yf’”%---,Yi“’:,i¢[<f—1>w,ew1}um<m>,---,Wmm—x,x]})

{=1

Yzl sup (N0 Y ¢ o+ )
Yy 1=

VAN

< [1/a](1 —a)/m?
)

< 41 —— .

< an/alex (-2)
Using this with = 1/(4V/i) we obtain P{M™ > 1/2vi)}) < (16vi +
4) exp(—+/i/(4m)) < 1/n? for n sufficiently large, since we have i > log® n.

It remains to bound the term in (12). Note that Agm) in particular implies that

(™ vimeyim™ v Under {M™ < 2/V/i} this implies {|Y;™ - ;™| <
2/+/i}. Hence, using Lemma 3.2 and that Y™ is independent of (Yi<m>,Yj<m>) we

obtain
P(A{™ 0 Al™ (™ - ¥ < (41og?n) /iy 0 {M™ < 2/Vi})

< P{Y™ —¥{™| < (a10g2m) /iy Y™ — Y™ < 2/Vi})
1281og%n
33/2
Combining all this yields P(4;14;) < (Clog?®n)/i%? for an appropriate constant
C > 0. Therefore, the contribution of this range is

1
Y. PAin4) < Clghn Y 5
i>|log® n] i>|log® n]
i<j<i+|log®? n|
< Clog34n/ 732 dg
[log®8n|—1

= 0(1).
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The case j — i > log®? n: We have

]P’(AZOA]) = P({Xi,XnDXl,... ,Xi_l}ﬂ{Xj,XnDXl,... ,Xj_l})

< Py ey, vy

m m m m 8
N{Y ™, v e v Ly >})+—

Jj—1 n2
< P({y\™ ymyyim oy
7 n 1 i—1
m m m m 8
SRARR LTS AN 74 Ear

where we assume that n is sufficiently large such that log*?n > 2m. Conditioned

on ngm) these two events are independent. This implies

8
P(4; N A4j) < Elp; (V™)pj—icm(Y™)] + pvr

We abbreviate £ := j —¢ —m and s := ¢ A£. Thus from Lemma 5.1, for appropriate
constants C,C’ > 0,

C 4

B (1= L joa e et < S,
- . . Clm15
E [t am i (I pe(6™)] < =

Note that in the last estimate we used Lemma 3.2 to obtain A(B,(2m?/y/s)) <
4m?/+/s, where A denotes Lebesgue measure. Therefore, with an appropriate con-
stant C” > 0 and C; as in Lemma 5.1, we have

2 Clm6> (2 C1m6> C’”m15 8

P(A"HAJ')S<{+W RATE Jsil w2
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Thus we obtain

Z ]P)(AZ N AJ)

[log®® n | <i<|n/2]
i+[log®® n] <j<|n/2]
2 COymb\ /2 COymSb C'"m!® 8
D VI (T STCRE PRl
[log® n] <i<|n/2]
[log®? n|—m<e<|n/2]
1
< 41 2 " 15
< 4log®n+ O(logn) + 2C"m Z <—s3/2r) +0(1)
[log®? n| —m<s<r<|n/2]
1
< 4log?n + O(logn) + 2C"m!® Z an

s>[log®2n|—m

= 4log’n + O(logn) + O(1).

The assertion follows. H

8 Further analysis of the model

In the remaining sections, we analyze the random suffix search tree from another
perspective, based on the spacings defined by Xi,..., X, on [0,1]. This approach
provides some new insight, and bears many fruits, as it permits us to analyze the
size of the subtrees at the nodes. We begin with four auxiliary lemmas in the present
section, and obtain the fundamental limit theorem for the size of a random spacing
in the next section. The implications for the random suffix search tree are explained

in section 11.

Lemma 8.1 Let I be an interval in [0,1] of length |I|. Then for all 1 < i <

—logy |I| we have

I
]P(Xl,X1+Z' € I) < |2_z|

Proof: With the map T'(x) := {2z} we have X;; = T%(X1) and {X1,; € [} =
{X; € T7YI)}, where T~" is the i-th iterate of the inverse image of 7. With

I = [z, + A] we obtain the representation

[k—l z k-1 z+

2’L
T =L L=ty g
k=1

22



Since i < —log, |I|, the interval I can only cover either one of the intervals I! or
parts of two consecutive I}s with total length covered being at most |I|/2°. This
implies

1|

P(X,, X, el)=|INnT {I)| < 5 [

Lemma 8.2 For all integer 1 < i < j, t > 1 and real € > 0, and U being U|0, 1]
distributed and independent of Xl,Y;.(t),Yj(t) we have
P(X;, X; € [U,U +e]) <262, P ¥ € [U,U +¢]) < 8€2.

Proof: With Lemma 3.2 we have

P(X;, X; € [U,U +¢])

P(lXi — X;| < 5)P(Xian €UU +¢]||Xi — Xj| < 6)
< 2ee = 2¢2.

The second statement follows analogously. H

Lemma 8.3 For any Borel set A C [0,1], real €,0 > 0, integer i > 0, and U being
U|0,1] distributed we have
eA(4)

PAT((U,U +¢)) N 4) 2 0) < =,

where A(-) denotes Lebesgue measure.
Proof: Applying Markov’s inequality and Fubini’s theorem we obtain

PAT (0,0 +2)NA) >8) < TENT (0,0 +2)N A)

1 [t
- 5/0 /o LA 17-i((@,a+e)) (y) dy dz
211

1 1 1
< 5/0 1A(y) Z/O 1[2iy7j76,2iy7j](x) dz dy.
=0

A nonzero contribution of the inner integrals may happen at most for two values of
7. We obtain
2t—1

1
> /0 piy—j—e 2iy—5)(7) dz < €,
=0

uniformly over all y € [0,1]. The assertion follows. W
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Lemma 8.4 For alln >1,a €[0,1), and A € (0,1/+/n) with a + A < 1, we have

m LA 2L
IP’(Yl A L/2¢[aa+A])g1—T+?

where L = ||logyn|| and m = 18L.
Proof: Since |Yj<m) — X;| <4/n'® <4/nfor j=1,...,L/2 we have
IP’(Y1<m>,... ¢ fa, a—i—A])
< ]P’(Xl,... Xy ¢ [a+4/n,a—|—A—4/n]). (14)

Applying the Chung-Erdés inequality (Chung and Erdés 1952) and denoting I :=
[@ +4/n,a+ A —4/n], we obtain

P(X1,...,Xpp ¢ 1)

L/2
= 1—P<U{Xj eI})

Jj=1

(ZL/ 2P(X; € I))

< 1- =5 : (15)
2t P(XG € D) + Y icicjcrnp P(Xi, Xj € 1)
We have
L/2—1
Yo PXuX;el) =D (L/2—k)P(X1, X4 € 1),
1<i<j<L/2 k=1

and since k < L/2 < logy y/n < —logy A < —log, ||, we may apply Lemma 8.1 to
obtain P(X1, X14x € I) < (A —8/n)/2k. Thus,

Y OPXXjeD << (A—%)

1<i<j<L/2

Plugging this estimate into (15) and (14) we obtain

- ) (L/2)(A — 8/n))?
IP’(Y1 e Y ¢[G’G+A]) & 1_(L/2)(A—8/n)+(L/2)(A—8/”)
LA 2L
=1l-0+, =
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9 Weak convergence of a random spacing

The lengths of the spacings formed by Xi,..., X, on [0,1] are denoted by S} :=
X1y —Xyforj=1,...,n—1and S := X(1), S := 1—X(y), where X(; denotes
the j-th order statistic of X1,... , X,,. In this section we provide a limit law for the
rescaled length of a spacing chosen uniformly from Sg,... .Sy, where by uniform
we mean that we choose one of the indices j = 0,... ,n uniformly at random. In
the next section we will choose an index by into which spacing an U[0, 1] random

variable, independent of X, falls.

Lemma 9.1 We have

nSp £ B, (n— o), (16)

Z

where E is exp(1)-distributed, i.e., has Lebesgue-density e * on [0,00) and I, is

uniformly distributed on {0,... ,n} and independent of X .

This can be reduced to the following result on the spacings between fractional
parts of lacunary sequences due to Rudnick and Zaharescu (2002). A lacunary
sequence is a sequence (a;);j>1 of integers with lim inf; o aj4+1/a; > 1. The primary
example is a; = 2/. Now, for an @ € R we define S]’-L(a) for j = 0,...,n as the
spacings between the fractional parts of aa;, j = 1,... ,n, in the unit interval [0, 1].
More precisely, for 97 := {aa;} we define S7(a) := 911y —d forj=1,... ,n—1
as well as Sff(a) := 9(1) and Sj(a) := 1 -9 (,,). Then Rudnick and Zaharescu (2002)

prove:

Theorem 9.2 Let (a;) be a lacunary sequence. Then we have for almost all « € R
and all 0 < a < b,

. 1
lim
n—oon + 1

b
#{0 <j <n:nS}(a) € [a,b]} :/ e *dz. (17)

For background, see also Kurlberg and Rudnick (1999, Appendix A). This can
directly be turned into a proof of Lemma 9.1:

Proof of Lemma 9.1: The result of Rudnick and Zaharescu says that nS} («) —
E in distribution for almost all @ € R. Note that in this notation the variate
St (U), where U is a unif[0, 1] distributed random variable being independent of I;,,
coincides in distribution with the S7 defined previously. Let ', F,, Fp denote the
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distribution functions of nS} («), nST , and E respectively. Then, by dominated
convergence, for all z € R,

1 1
Fn(w):/o Fg(x)da—>/0 Fu(@)da = Fu(z), (n— o), (18)

thus nS7? — E in distribution. [ |

However, since the proof of Theorem 9.2 is rather involved, it is of interest to

give a direct probabilistic proof of Lemma 9.1.

Probabilistic proof of Lemma 9.1: We have to show P(nS? <t) = 1—e™" for
all ¢ > 0. Define € := t/n. Using the convention X, := 0, we have

1 n
P(ST, >¢) = n—HZP({Xl"" s Xi—1, Xpr1y - -+, X & [ X, X + €]}
N {Xk < 1- 6}) .
It suffices to show that each summand satisfies

lim P({X1,... s X1, Xps1s--- » Xn & [Xp, Xp +e]} N {Xp <1 —¢}) =™, (19)

n—00

We derive an upper and a lower bound. Throughout we set m = 18|[logy ]|

Upper bound for (19): For intervals [a,b], we use the notation [a,b]” := [a +

236 /18 b — 236 /n18]. This yields with &' = ¢ — 236 /n!8

]P)({Xla an—lan-f-la X ¢ [Xkan+€]}m{Xk 1_6}) (20)
< p({r™,... Y,C(ml),y<+1>, R AR AR AR S I ARE ST
S JCLACIINN A AN ALK I AR AREES S IR ARRS )]
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(m)

In the last expression, Y}
condition on Yk<m> =g for 0 <z <1-¢": We have

is independent of the other random variables. Now

LSO AN AN AR IR TN (21)
= P@#”¢@x+dwwoﬁa¢hﬁ+dﬁ
e P(Y(<fn}m1 ymi1 & [T, 2 +€]” )
XP( V¢ [w,o+ e | Y+1¢[xm+6]_)
x P(YT0 ¢ [, + € |V, Vi ¢l + ]

X P(YQYnHZLQ [z, 7 +¢e]” IYQTTL,YB,L"H ¢ [z, + 5]_)
X P

NEEE

m%mﬁ¢m@+d*uﬁi.,zTL¢AJ

LY ¢ matel)

< (L=pr )" (L= pe) ™,
where, for i =1,... ,m,
pie =P(Y™ € fwo+ 7 1™, Y g e ],
We introduce the bad set

Bu®) = |J A{z€l0,1]:|T%) -TI(@)| <&}, >0 (22)

0<i<j<2m

Note that, by Lemma 3.2, we obtain
Mz €[0,1] : [T (2) =T (x)| <€}) =P(IXit1 — Xja| <€) < 2, (23)
so that

A(Bn(¢)) < 8¢m? = O(&log? n).

With the notion of the bad set and [a,b]™™ := ([a,b] ™)~ for intervals [a, b] we have
pie > PO € lma+e ™, YL Y ¢ e a et e])

Y

I[D(Xz € [IE,.’L‘+€]__,X1,... ,Xifl,Xm_Fl,... aXm—H'fl ¢ [LE,.’L'+8])
> P(X1 €T ([z,z+¢]77) N By(e)).
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In order to estimate this term we define for 7 > 1 the sets
D;:={z€[0,1] : P(X; € T ([z,z+ €] )N B(e)) > (1 —1/logn)e}

and

With U being U|0, 1] distributed, Lemma 8.3 and the estimate (23) imply

MDi) = PNT ([U,U+e] )N Bj(e) > (1—1/logn)e)

> PNT([U,U +¢"7)NB,(e)) <¢&/logn — 238 /n'8) — ¢

= 1-P\T YU, U +¢€]"7) N B,(e)) > ¢/ logn — 2°8/n'®) — ¢
> 1-PATT([U,U +¢]) N By(e)) > ¢/ logn — 2% /n'®) — ¢

s B

- e/logn — 32/n'8

> 1—Ctloin

for n sufficiently large, where C' > 0 is an appropriate constant. Hence, we have

log* n

)\(Dn)ZI—O(t )—>1, n — o0.

For z € D,, we have p;. > (1 — 1/logn)e for all i = 1,... ,m. Thus we obtain for
the term (20) splitting into the set {Yk(m> € D,} and its complement

PY™, . ™y v g (v v 4 e

k—m? " k+m’ "
1 ¢ n—3m
< XMDp)(1-(1- — X(DS
< a0 (1- (17 n) 2] MDD
— et n— oo

Lower bound for (19): We have the basic estimate

P({X1, . Xe1, X1, X & [Xe, X +e]} N {X, <1—¢})

> P({X1, e s Xooms Xy Xn & [Xi, Xe €]} 1 {Xe < 1—¢}) (24)

—]P’({Xk <1- 6} N U {Xj € [Xk,Xk +€]}>.

{7:1<lj—k[<m}
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The second summand in (24) has a negligible asymptotic contribution: We have,

using Lemma 3.2,

]P’( U {XelX X +€]}) < ]P’( U x5 — Xl gg}>
{5:1<[j—k|<m} {j:1<|j—k|<m}
< 2m2e

< 7910827

n

For the lower bound of the first summand in (24) we use for intervals [a,b] the
notation [a, b]T := [a — 236 /n'® b+ 236 /n18]. We have with &' = & + 236 /n!8,
P({Xla s an—maX/H-ma . ¢ [Xkan + 5]} N {Xk <1l- 8})

> IP’({Y1<m AN AU 4 LR AL AL L e P AL g'}).

A decomposition as in (21) gives

PY,™, .. Y,fm%,Y,f_T;, Y ¢ (x4 e]T)

= (1- )Ln/mJ L. _plm’g)[n/qu X P,
where analogously to (22) we have
P =POY™ € [ma+ et |V Y YIS ¢ [n e e,

and, with sy =n —m(|n/m] — 1) and so =n —m|n/m|,

HP( s14i ¢ [z, $+5]+ |K917?|-)17 .- ’Ytg?—)z 17Y;(2T—>1’ )

Y e # [m,2+ 6]
x 1_‘[]1»( L mr et |V Y ¢ +e] )
sz—f—z so+17° ’ a+1—1
=1

For £ <1 — €' we obtain the estimate

PY,\™ € [z,z + €]*)

P ™, Y Y ¢ m et
€+ 237/71,18

= 1—2m(e + 257 /n18)’

pie <
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which is independent of i. Analogously we have

P> (1- gt 2% n® )
1 —2m(e + 236 /n18)
so that
POy v v ¢ [ w o+ €]

e+ 237 /n18 "
1—
( 1—2m(e + 236/n18)>

_ (1 a4 0(1))3>n

n

— et n-— oo

This implies the remaining lower bound. W

10 Uniform integrability

In this section we show that the convergence in Corollary 9.1 holds for all moments.
(m),n

Analogously to the notation 57 we introduce the lengths Sj for j=1,...,nof
the spacing formed by Y1<m>, e ,Yn(m>. In this section we denote m := 18| log, ||
and define intervals of indices as follows. For j =1,... ,s:= |n/(18.5|logsn]|)| we
define

G; = {185(j —1)L+1,...,(185( — 1)+ 1/2)L},

D; = {(18.5(j —1)+1/2)L+1,... ,18.5;L}.
Then, by construction, the random vectors (Yém)) KEGLy -« - 5 (Yk(m>) keg, are indepen-
dent.

Lemma 10.1 For all fized p > 0

sup E(nS7, )P < oo,
neN

where the random index I, is unif{0,... ,n} distributed and independent of X;.

Proof: From |X; —Yi<m>| < 236 /n18 we obtain for n sufficiently large | ST —Sém)’"| <

1/n? and therefore
(nS7)? < (nS{" +1/n)" <22 (nS7,)" + (2/n)P.
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Hence it is sufficient to prove sup,,cy ]E(nSgn) "™)P < co. We have the basic estimate

o
E(nS}nm%n)p = /0 P((n5§nm>’n)p Zw) dz
np/2 1/p nP 1/p
< / P (s}’”*” > ”’—) dz +/ P (s}’”*” > ”’—) dz
0 n n np/2 n n
= J1+ Jo.

With y := z!/P the integrands can be rewritten as

P (Sgn)’n > y/n)

1 . m m m m m m
= (L v ¢ Y 4y m)
=0

Y™ <1-y/n}),

since a random interval drawn equally likely among all n 4+ 1 intervals can be
drawn by choosing one of the left endpoints Y0<m> =0, Y1<m>, -, Y™ equally likely.

Estimate of J;: Note that Y;(m> is independent of at least s — 2 of the families
(ch(m>)lcegja j=1,...,s, say the first s — 2 families. This implies with Lemma 8.4,
y < 4/n, noting that Yi(m> is uniformly distributed on [0, 1], and for n sufficiently
large such that L(y —4)/(2n) <1/2,

i—1 7 T441 0

< /Oly/np(ﬁ ﬂ {Yk(m> ¢ [a,a+y/n]}>da

I=1kegG

< /Ol—y/n (]P’(krjgl {Yk(m> ¢ [a,a+y/n]}>>s da

I ARNIIR ALIR A RIS dLN A AR AR Se RV ARES TR0

s—2
SQ_@+%)
2n n
_ n/(18.5L)—3
< (1_L(y 4))
- 2n
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Thus, we obtain

nP/2 1/p _ 4 00 1/p _ 4
Jp < /0 Sexp<—ac 37 >dm§8/0 exp(—ac 7 dr < o0,

uniformly in n € N for all p > 0.

Estimate of Jo: For all ¢ € {0,...,n} at least s — 2 of the random variables
Y1<g"5>(j L4170 j=1,... s are independent of Yi<m>' For y > v/n and n sufficiently
large we obtain
{ 1 -1 Z—I—l’ ; y n y n
< P m {Y18.5(j—1)L+1 ¢ [Y; Y+ ﬁ)} N {YZ <1-— ﬁ}
j=1
y s—2
< g
< (1-9)
n/(18.5L)—
< ( " )
<
< Sexp ( 18.5L)
< Cexp(— 1/3)

with an appropriate constant C' > 0. Hence, we obtain

nP
Jo < Cexp(—n'/?)dz < CnPexp(—n'/?) = 0, n — oo,

np/2

for any p > 0. W

The limit law of Theorem 9.1 together with the uniform integrability of Lemma,

10.1 implies convergence of all moments (Billingsley 1979, Theorem 25.12). Thus
we have

oo
lim E(nS} )" _/ e Tdr =10, £=0,1,2,.... (25)
0

n—oo

In particular we have:

Corollary 10.2 We have E(nS} )?> — 2 for n — oo.
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We turn to the analysis of the rescaled length of a spacing chosen according
to into which spacing an indepedendent U[0, 1] random variable falls. For this we

define the conditional distribution of the index J,, chosen, by
P(J, =k|Sy,-..,5,)=8;, k=0,...,n

Then we have the following limit law:

Lemma 10.3 We have

nSy, N G2, (n— o0),

—Z

where Gy is Gamma(2)-distributed, i.e., has Lebesgue density ze=* on [0,00).

Proof: We use the method of moments. With I, uniformly distributed on
{0,... ,n} and independent of X; we have for all £ > 0,

E(nS} )t = n*E[E[(S])"]|SE,... .50

[
- nf]E[ZP (Jo = k| ST,...,SYYE[(ST)| ST, ... ,s;;]]

— 'E [ Z(Sg)é-i—l]

k=0
= né(n +1)E(ST, )Hl

_ n+1 ( Sn)é—i—l

o [

where we used the representation (25). The last integral is the /th moment of

the Gamma(2)-distribution. Hence we have convergence of all moments of nS% to
the corresponding moments of the Gamma(2)-distribution. Since these moments

characterize the Gamma(2)-distribution uniquely we obtain the assertion. H

11 Applications of spacings

In this section we show how the analysis of the random spacings generated by
X1q,...,X, can be used for the asymptotic analysis of parameters of the random
suffix search tree. First we show how the leading order term of ED,, can be ob-
tained. This provides an alternative path to that followed in Theorem 6.1. After-
wards we obtain a limit law for the size of the subtree rooted at X; for a large
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range of values j. This result is rooted in the lemmas of section 10. We provide two

lemmas.

Lemma 11.1 Let (a,) be a sequence of real numbers with a, — a # 0 and (73,),
(&n) be sequences of integers with log(t,) = o(log(n)) and n — &, = Q(n). Then we

have

n_sn

Z % ~alog(n), (n— ).

J=Tn

Lemma 11.2 For all ¢ > 0 we have

o0 2 q
1 1
X (x) (2) =i
i=1 q
Proof: The function f : [0,1] — R{, y — y2(1 — y)? is unimodal with the

maximum at 2/(2+q), thus || f|je < 4/¢%. Therefore we may estimate the series by

the corresponding integral where we have to estimate the summand being maximal

00 121 1qd
—2+/0 w) " Tw)

separately. This implies

2(3) (-3)

INA
2|~

+

4 1 [t
= — / z(1 —z)?dx
¢>  log2 Jy
4 1 1
e

log2 (¢ +1)(¢+2)’

which implies the assertion. H

Proof of ED,, ~ 2logn: We introduce the events A; = {X; is ancestor of X,, in

the tree} and recall the representations

n—1 n—1
Dn:Z1Aj, ED, :ZP(Aj).
j=1 j=1

For the estimate of P(A;) we distinguish three ranges for the index j, namely 1 < j <
MogS n], logdn] < j < n—m, and n—m < j < n, where we choose m = 18| log, n]|-
Ranges 1 < j < [logg n| and n —m < j < n: We refer to the corresponding range

1 <j < [logi?n] and n —m < j < n in the proof of Theorem 6.1. We only treat
the critical middle range:
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The range [logg n] < j < n —m: We use the notation «, 5> 1,... ,7n, if there does
not exist k with 1 < k < n for which a < v < Bor 8 < 7 < a, i.e., a,( are

neighbors in {7y1,... ,7,}. In this notation we have, by construction of a binary

search tree, A; = {X;, X, > X1,...,X;_1}. Denoting t := j — m, we start, using
Lemma 3.1, with the representation
P(4;) = P(Xj,Xpv>X1,..., X 1) (26)
PY™, Y e Y™, LY 4 0(1/n?)
= P Y™ e v{™, Y ™) + O(1/n?)
—]P’({Y Yim sy iy (27)

Y™ v s vy }C) .

With ¢ := |j/m]| — 1 we estimate

P({Y,™, Y™ s v Y {y vim e v v (28)
j—1
< Zp({y3<m>,y,§m>.>yj<i”g,1g<"3m,. Yy gy v e yime).

In order to estimate the latter summands we introduce e := 1/2% and for a € [0, 1]

the intervals ale, | := [a — &k, a] and a[e}}] := [a,a + &]. Then we have

—2m? "

(m) ym) 5 yrfm) yrom) (m) (m) vr(m ¢
IP’({Y]- Y™ e Yy, qu}ﬂ{Yj L yim o yime) (29)

k>1

N Y Y Y [e,;]}))

p( U (0 < v <1- e n (™™ e vimie )

E>1
MY Y Y £ Y [e;:n)>.

The last two summands are the same. We will consider the first summand. Note
that all random variates appearing there are U|0, 1] distributed and that we have

dependency only between Yi<m) and Yj<m). Therefore with Lemma 8.2 and Lemma
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11.2, the first summand in the latter display is bounded from above by

ZIP’( Y™, v e yim [5,;_1])(1 —ep)? < S 16eR(1— gp)"
k=1

< 15 (1)

_ Y (1og;2(n)> .

Note that the big O term is independent of 7. Plugging this into (28) we obtain

P({Yfm), Yn(m> > Yl(m> Y<m } N {Y ( ) > Y< ) J(inl)}c)

_ 0 (10?57») _0 (j—3/2) ,

since 7 = Q(log®(n)) in the range under consideration. Substituting this into (26)

we obtain
P(4;) = PY™, Yo v{™, Y™+ 0G?). (30)

Now, we note that Y™, Y™ are independent and U[0, 1] distributed, and inde-
pendent of Y1<m>, ... ,Y< ™), Therefore, with I; uniformly distributed on {0,... ,t}

and independent of all other quantities, we obtain, by Corollary 10.2, and using
X, — Yi(m)| < 236 /p18,

t
P(Yfm),yn(m) > Yl<m)’ o ’Yt<m>) - E Z(Si(m)’t)2

= IEZ ((SH?) + O((logn)/n'®)

= (t+1) (81,)* +0(1/n?)

= LLEEs))?+ 001 /m)
~ J_Lm (j = oo). (31)

Putting (30) and (31) together we finally obtain for the second range
n—m n—2m o
> -y (%)+ow,
j=llog§ n]+1 j=Mog§n]+1-m
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with a; — 2 for j — oo which, by Lemma 11.1, implies
n—m
Z P(A;) = 2logn + o(logn). A
j=[log§ n]+1

We turn to the analysis of the size IV, ; of the subtree rooted at Xj.

Theorem 11.3 The size Ny ; of the subtree of the random suffiz search tree of size
n rooted at X; satisfies for j = j(n) with j = o(n/ log?n) and j/log®n — oo,

o
EN,; ~ 7” %Nn,j £ Gy,

as n — oo, where Gy denotes the Gamma(2)-distribution.

Proof: Recall the notation S} (j) for the length of the unique spacing among the
spacings formed by Xi,... ,X; on [0, 1] which covers X,,. We denote by §;(]) the
corresponding length for the quantities Y1<m>, e ,Yn<m> and by S,(j) and §n(])
these chosen spacings respectively. We show first that for the j = j(n) under
consideration we have Eé\l;(‘] —1) ~ 2/j and jg; (j — 1) — G in distribution.

From this we will then obtain the assertions.

Claim: IE,S/”\;‘ (j — 1) ~ 2/4. With the notation M ;m> for the maximal spacing formed

by Y1<m>, e ,Yj(m> as introduced in the proof of Theorem 7.1 we define the sets

m—1
vV o= U {1@<m>,y}<ink) l>Y1<m),---Y}<in,21},
k=1
(my ™
W = M-7 N — .
J
Then we have
$G-1) = 5G-m-1v(8G-m-5G-1) (32)

= §;(] - m) — (1W + 1Wc)1v(§;(j — m) — §;(j _ 1))

Using the the estimate (13) we obtain P(W¢) = O(1/n?), thus together with §;‘ (G-
m) — §;(] —1) < 1 we obtain

E[1weiy (856G —m) - §;(i - )] =0 (%) .

n
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On the set W we have §;(] —m) — 5‘;"‘(; — 1) < m?/;j thus we obtain

m2

E[1wiy (856 -m) -8 -1)] < P (33)

< m—ZP( Ly vy

j—m
_ 0 (logzn> ’
J

where we estimate the last summands as shown in (9).

For the estimate of IE.S/'\; (j — m) note that this is now the length of the spacing
among the S(()m>’]_m, ... ,Sgi)é-j_m, which are generated by Y1<m>, . YJ@TZL on [0, 1],
where Yj<m> falls into. Moreover Yj<m> is independent of the generating points. Thus

applying Corollary 10.2 we obtain similarly to the estimate (31),

ESi(j—m) = E (ng>,j_m)2

2
= j——m(l +o(1)),

as j —m — oo, where I, ; is uniformly distributed on {0,... ,m — j} and inde-
pendent of X;. Collecting all the estimates we obtain
log® n) 2

32 i’

o~ 2
ES;(j—1)= ;(14—0( ))+O(
as n — oo, when log®n = o(j).

Claim: j5}(j — 1) -5+ G. Note that §3(j — m) is in distribution equal to the

quantity Sﬂ;_"; appearing in Lemma 10.3, thus (j — m)gj*(] —m) — Gy in
distribution. Now note that for S7(j — 1) we have the representaion (32) and that
P(V) = O(log® /§) = o(1) as shown in (33) for our j under consideration. Thus the
second summand in (32) tends to zero in probability. Since j/(j — m) — 1, the

first summand there tends to G9 in distribution.
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Claim: EN, ; ~ 2n/j. Applying Lemma 3.1, we obtain

n
ENnj = ED lixees;)
k=j

- 1
= E kz Liyimes; -y TO (ﬁ)
=J

n
= E Z l{yljm>e§j(jf1)}+0(10g”)
k=j+m

= (n—j—m+DP{Y,™ € 5(j —1)}) + O(logn)

= (n—j—m+ l)IES\';-‘(j — 1)+ O(logn)

2n

g

as n — 00, j = o(n/logn) and log® n = o(j), where we used that for k > j + m we
have independence between Yk(m> and §j(j —1) and ]ES\';(] —1) ~2n/j.

Claim: (j/n)Ny ; = G2. We denote the number of nodes of the subtree rooted at
Yj<m> in the tree built from Y1<m>, e ,Yn<m> by NT(:;). Then we have

Nuj = N + 14 (N — NJ),

n,j

where A denotes the event that Xi,...,X, and Y1<m>,...Yr§m) do not give the
same permutation. By Lemma 3.1 we have P(4) — 0 as n — oo thus the second
summand in the last display tends to zero in probability. Hence it is sufficient to
show Né? — (9 in distribution for the choices of j under consideration.

The number Nfg) is given as the sum P+ ;" | Py, where P denotes the number

of points among ij_nf, ..., Y'™ \Which contribute to the subtree rooted at Yj<m) and

’ ]-'—m
P, denotes the corresponding number for the points Yj(j_n,g +man<47_nk) +2m’y}(fk> qem
where gy = (n —j —k —m +1)/m]. Thus we have ) ;" gx = n — j — m. Note
that given S7(j — 1) = T, by indepedence, Py is binomial B(g,T') distributed

for k = 1,... ,m. Thus by Chebyshev’s inequality, noting that 0 < P < m, and
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denoting T} = §J* (7 — 1) we obtain for all § > 0, almost surely

NE

PN = (n—j—mTy| 2mi+m|T) < Y P(|P-an|20|T)

k=1
m
T (1 - Ty)
< Y The—E
k=1
< ST

Thus for arbitrary € > 0, we have, choosing § = en/((m + 1)j), almost surely
Japimy  (n—j—m)j_ N L (m+1)%2
P(|hay) - | 2 e 1) < L
Now, for all z > 0, denoting by Fg, the distribution function of the Gamma(2)

distribution and using the last estimate, ]§J*(j — 1) — Gy in distribution, and
IES/';“(j — 1) ~ 2/j, we obtain, as n — 0o, j = j(n) = o(n/log?n) and j tending to

infinity,
PN <a) = P(%A¢?>gx,gtl%flzyzy>ar+s)

J (n—j—m)j

Joamy (n—j—m)j
< (i - timmin) > )

(TL —J— m)] O* (.
+P<—n Sj(]—l)Sm+e)
m+1 2j2 (.

< %E[Sj(]—l)]+FG2(:B+6)+0(1)
2(m + 1)%j5

~ 782’)1 +FG2("E+€)

— Fg,(z+e¢).
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Similarly, we have

IP(%NX?) <z) = 1 —IP(%NX?) > 1)
= I—P(%N%) >x,WTj<m—a)
—P(%N,ﬁ? SR e Bk OV _jn_ m)jTj >z — e)
> 1-p(En - 0TIy
_P((n_j _m)]g;-‘(j 1) >CE—6>
P ;;)2]2 E [s;(J — 1)] (1 - Fg,(z —€)) + 0(1)

— Fg,(z —¢).

Since Fg, is continuous and ¢ > 0 arbitrary we obtain (j /n)N,SZL) — G in distri-
bution and thus (j/n)N, ; — G2 in distribution. W

Using similiar arguments it can be shown that in the case j ~ an with a € (0, 1) the

size N, ; tends in distribution to the negative binomial distibution with parameters

(2, @), given by its generating function s — (a/(1 — (1 — a)s))°.

2
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