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Abstract. A rawa tree is a binary search tree for an ordinary random walk 0, S1, S2, S3,
..., where S, = Z?:l X; and the X;’s are i.1.d. distributed as X. We study the height
H,, of the rawa tree, and show that if X is absolutely continuous with bounded symmetric
density, if X has finite variance, and if the density of X is bounded away from zero near
the origin, then H,/\/2n tends to the Erdds-Kac-Rényi distribution.
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Introduction

Binary search trees are the most common data structures for storing infor-
mation. Given a sequence S of real numbers and a real number z, let L(S,r)
denote the subsequence of S consisting of all numbers less than z and let R(S, z)
be the subsequence consisting of numbers greater than x. In particular, if S =
(So,S1,--.,Sn) are real numbers then the binary search tree for these data is re-
cursively defined as follows: it is a binary tree with root Sp, with left subtree the
binary search tree for L(S,Sp) and with right subtree the binary search tree for
R(S,Sp). Binary search trees permit searching in time bounded by the height of
the tree, where the height H,, is the maximal path distance from any node to the
root (Knuth, 1973; Cormen, Leiserson and Rivest, 1990).

The standard random binary search tree is based on an i.i.d. sequence
(So,S1,---,5n) -

In that case, it is well-known (Robson, 1979, Devroye, 1986, 1987) that if the
common distribution is absolutely continuous, then

H, ~4.33107...logn

almost surely as n — oo. Rather little is known about H, when the defining
sequence is not i.i.d. We define a running average model for a generic random

variable X and an averaging parameter p € [0,00) as follows: let X;,..., X, be
i.i.d., distributed as X, and define Sy = 0 and
X 4+ X
S, =ttt A oy
npP
The running average random binary search tree is based on (Sp, St, . . ., Sn). Within

this model, there are only two choices of practical interest, p = 1/2 and p = 0: for
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p =0, S, is just a partial sum of all X;’s with ¢ < n, and we obtain a binary search
for an ordinary random walk. We define a rawa tree 7, (or 7,(X)) as a binary
search tree based on (Sp, S1,...,S,) where So =0, S,, = 2?21 X;and Xq,..., X,
are i.i.d. distributed as X. We study H, for a large class of rawa trees. If X has
nonzero mean, the random walk will drift off, and the binary search tree has an
uninteresting shape and height H, = ©(n). For this reason, and technical rea-
sons that will be encountered later, we restrict ourselves to nice random variables,
which are random variables with the following properties:

e A. X has a density, is symmetric about zero, and has a finite variance o2.
e B. The density f of X is bounded: ||f||cc < 0.
e C. fis bounded away from 0 in a neighborhood of the origin: lim inf, o f(z) >
0.
Random variables satisfying A only will be called simple.

While the shape of 7,(X) indeed depends heavily on the distribution of X,
it is quite interesting that for all nice random variables, the limit behavior for H,,
is essentially identical.

THEOREM. Let X be a nice random variable, and let T,, be a rawa tree. Then, for
all x > 0,

. Hy _
nlergoP{m<x} = L(z) ,

where L is the Erdés-Kac-Rényi distribution function

_1n _(2n41)2x2 X
£lo) = { 350 e itz >0
0 otherwise.

Note that the limit law does not depend upon the distribution of X, yet the
shape of the rawa tree depends upon the distribution in a substantial manner. Also,
the Theorem does not exclude the possibility that there are symmetric random
variables with different limit laws. Other questions of a more universal nature may
be asked: for example, is EH,, > Q(y/n) for all X with a density? Is EH,, = O(y/n)
for all X with a symmetric density? Binary search trees extract a lot of fine detail
from the underlying sequence in terms of permutations and other global properties.
They thus help in the understanding of the behavior of sequences.

In the figure below, we show six rawa trees to indicate possible pathways for
the proof.
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Figure 1. Six rawa trees are shown, from left to right, top to bottom: the random
variables X are normal, Laplace, s/+/|Us|, 1/U;, UyUUsU,s and s(|U1| + 5Z),
where s is a random sign, Z is Bernoulli (1/3) and the U;’s are uniform [—1,1].
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Relationship between height and record sequences

The proof uses records in sequences. In a sequence s = (sg, $1, S2, - - .), We say
that s, is an up-record if s, = max{so,s1,...,8,} and that it is a down-record
if s, = min{so, $1,...,8n}. Let U(s) and D(s) be the number of up-records and
down-records in the sequence s. It is well-known (Devroye, 1988) that the path
distance from the node for S,, to the root in a binary search tree is

D, =U(L(S<n,Sn),Sn) + D(R(S<n,Sn),Sn) — 2
where S<,, = (So,51,---,Sn—1). Thus, the height of the binary search tree is
H, = max D; = 2ax. (U(L(S<i,S:), Si) + D(R(S<i,5:),5:)) — 2.
It is easy to see that

Ho > Hl, * max (U(S<ns1), D(S<ni1)) — 1.

The proof is based on the following two lemmas, proved in the remainder of the
paper.

LEMMA 1. Let X be a simple random variable. Then, for all x > 0,

HI
JLII;OP{\/%<.’E}=£(.Z‘),

where L is the Erdés-Kac-Rényi distribution function.

LEMMA 2. Let X be a nice random variable. Then for all € > 0,
lim P{H, — H), >e/n}=0.

n— 00

Records and ladder heights for random walks

We first consider the increasing ladder epochs and ladder heights for
SOaSI,' .. 7Sn,

where S = 0. The (increasing) ladder epochs are at 0 = Tp < T} < To < ---,
where

T, = mf{] >T; 1 Sj > ST.‘_1} .
We say that St, is an up-record and call St; — St,_, = H7, an ascending ladder
height. Similarly, we have decreasing ladder epochs for consecutive minima. The
epochs are denoted by 0 = T§ < T{ < T3 < .... We say that Sy is a down-
record and call ST'_: - ST{_1 a descending ladder height. Define M, = maxi<n Si,
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M)}, = —min;<, S;. Let R, = max{k : T; < n} and R;, = max{k : T| < n}. The
R,, ascending ladder heights are denoted by Hi,...,Hr,. The absolute values of
the R descending ladder heights are denoted by Hj, ... ,’Hj% . Note that R, =
U(So,S1,---,S,) — 1, R, = D(So,S51,...,S,) — 1 and H}, = max(R,,R;,). We
define the distribution function

Gz) = {2¢(z)—1 ifz>0

0 otherwise,

where ® is the standard normal distribution function. Thus, G is the distribution
function of the absolute value of a standard normal random variable. Most of the
properties of this section are available in standard references such as Feller (1971,
chapter 12) or Spitzer (1976). The first half of proposition 2 is due to Erdés and
Kac (1946). For more on L, see Rényi (1963). Feller (1971) and Spitzer (1976)
may be consulted for proposition 1 and for more properties of ladder heights and
ladder epochs in random walks.

PROPOSITION 1. Let X be a simple random variable. Then H;,Hs, ... are inde-
pendent identically distributed with mean o/+/2. The same is true for H}, Hb, . . ..

PROPOSITION 2. Let X be a simple random variable. Then
MI

M, ¢ n L max(Mpn, M) ¢
=G, ; and ————"= S L.
ovn g; ovn =G an avn -
Furthermore,
Rn L R! C
=S Gand = 5G .
V2n V2n

REMARK: EXPECTED VALUES. As G has expected value /2/m, and £ has ex-
pected value k def vv/32/73 = 0.930527 ..., where v = 0.915965 ... is Catalan’s

n

constant (Y o2 o %5), it is possible to show that for simple random variables,

EM, ~ov/2n/m, EM, ~ o+/2n/7

and
E{max(M,, M})} ~ koy/n .
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PROPOSITION 3. Let X be a simple random variable. lim,,_, o R, = lim,_,o R, =
oo almost surely and ER,, = ©(y/n), ER, = O(y/n).

The proof of the following routine fact is omitted.

LEMMA 3. If X;,Xs,... are ii.d. random variables with finite mean m, and if
R, — oo almost surely, then Zfi"l Xi/Rn, — m almost surely. In particular, with
M,, and R, as in proposition 2, we have M, /R,, = o/+/2 almost surely.

PROPOSITION 4. Let X be a simple random variable. Then, for all z,
< (v <o)
P{—<z;-P{——=<z, >0,
{ 2n ovn
R! M!
P L<zry—P L <rp—0,
{ Vv2n } {U\/ﬁ }

, !
P{zna_’dl_’@m—RrJq}_P{MMQQ}ao.

and

Von av/n

PRroOOF. We only show the proof for the last statement. We may assume z > 0.
For arbitrary small € > 0

P {max(R,,R.) < V2nz}

= P{max(M,, M) < (5 + €)\/nz,max(R,, R,,) < V2nz} +

+ P{max(M,, M.) > (¢ + €)v/nz, max(R,, R},) < V2nz}

P{max(M,, M) < (o + €)y/nz} +

+P{H1+"'+HR" S a+e}+P{’H11 +...+Hp S a+e}
Ry V2 Ry, V2

By Lemma 3, the last two terms tend to zero, so

lim sup P{max(R,, R}) < V2nz} < limsup P{max(M,, M},) < (o + €)v/nz},

n—o0 n—0o0

IN

and by the continuity of the limit distribution of max(My, M) in Proposition 2

lim sup P{max(Ry,, R,) < V2nz} < limsup P{max(M,, M},) < ov/nz} = L(z).

n—0oo



Rawa Trees 9

On the other hand for arbitrary small e > 0
P {max(M,, M}) < (0 —€)v/nz}
= P{max(R,,R}) < V2nz,max(M,, M,) < (¢ — €)v/nz} +
+ P{max(R,, R}) > V2nz, max(M,, M) < (¢ — €)\/nz}
P{max(R,, R,) < V2nz} +
+P{H1+"'+HR“ a—e}+P{'H'1+---+HIR'n<U—e}

<
R, V2 Ry, V2

and by Lemma 3 the last two terms tend to zero, so

lin_l)ian{max(Rn,R'") < V2nz} > linl)ian{max(Mn,M,’l) < (o0 —€)v/nz} .

IN

By the continuity of £,
lim inf P{max(R,, R,,) < V2nz} > lin_l)ian{max(Mn, M) < ov/nz} = L(=)

n—oo

gives the result. []

COROLLARY. Let X be a simple random variable. For all z > 0
lim P{max(R,,R;)/V2n <z} = L(z) .
n—oo

Note that this implies Lemma 1.

Concentration results for random walks

In this section, we study upper tail bounds for an empirical concentration
function for the random walk,

Qn(¢) =sup Z lis.e(z,z+0)]
T =1

for a particular range of interval sizes ¢ roughly between 1/1/n and 1/ n'/3. Classical
concentration inequalities for S,, are nicely described by Petrov (1995, section 2.4).
For example, Petrov (1995, (2.71)) shows that there exists a positive constant A
(referred to below as Petrov’s constant) such that uniformly over all ¢,

Asup, P{X € [z,z + (]}

(1-sup, P{X € [,z +{]})

where X is the generic summand in the random walk. In particular, if X has a
density f bounded by || f|lco, and £|| f||lcc < 3/4, then

2A¢) flloo
e

sup P{S, € [z,z + {]} < 7

supP{S, € [z,z + {]} <
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We do not expect @, (¢) to be substantially larger than n times the latter bound,
i.e., Qn(¢) should be O(¢+/n). This result, even without a tight constant, will suffice
for the present paper. Lemma 4 takes care of this.

LEMMA 4. Let X have density f, and let f be symmetric and bounded by || f||co-
Let £ > 0 be so small that {||f|| < 3/4, and let A be Petrov’s constant. Then, if
Yi = 1s,¢[z,z+¢), We have

n 4
E (Z Yi> < 543 max (16, \*n?)
=1

where A = 2A||fl|oof-

PRrOOF. Note that Y; is increasing in £. If A\\/n < 2, then we increase £ to make
Av/n = 2. Thus, without loss of generality, we can assume that A\\/n > 2, and we
need only prove the inequality with 543A*n2 on the right-hand-side. We proceed
by repeated use of Petrov’s inequality. The following simple summation bounds
are easy to verify:

1
— <2 s
2 S
> \/.—\/%5(2\/5)2,
1<i1 <i2<n hviz =4
1
—— —— — < 2\/53,
1§i1<§<i3_<_n \/1:\/12 —11V1i3 — 12 ( )
1
< (2vn)*.
15il<izz<;3<“§n \/1-1\/12-11\/13—12\/14—'13
Thus,
n 4
=1

Il

Y. E{Y.Y.Y}

1<41,i2,i3,14<n
24 Y B{HYLY,Y}+36 Y B{YY.Y)

1<i1<i2<i3<ia<n 1<i1<i2<i3<n

+14 Y E{Y,Y,}+ Y E{v,}

1§i1<i2§n lgilfn
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)\4
s 241§i1<i§3<i4§n Vi1 (2 — i1) (i3 — i2) (14 — 13)
/\3
30 191022:@-35“ Vi1 (i2 — 1) (i3 — i2)
+14 > X > 2
1<iz<ig<n V iy (i — 01) 1<i;<n Vit

< 24(20v/n)* + 36(2Av/n)® + 14(20v/n)? + (2Av/n)
< (2A0/n)*(24 4+ 36/4 +14/16 + 1/64)
< 543(An)' . O

LEMMA 5. Let f be a symmetric density bounded by ||fl||«, and assume that f
has finite variance o2. Let ¢ be a sequence of interval sizes depending upon n such
that n¢® = o(1). Then, for every € > 0,

lim P{Qn(¢) > ev/n}=0.

PROOF. We may assume without loss of generality that n¢?> — oco. If not, we
increase ¢ artificially, which by virtue of the monotonicity of @, (¢) with respect to
¢ is allowable. We partition R into intervals of length 2¢ each and let N; denote the
number of S;’s that land in the i-th interval, 1 < j < n. Clearly, Qn(f) < 2max; N;.
Let B denote the set of interval indices for intervals that intersect [-n,n], and note
that |B| < 2+ n/f. Let N denote the number of S;’s that fall outside [—n,n]. Let
n be so large that 2¢||f||co < 3/4. Define k = €¢/n/2. We have, if X denotes the

generic summand with density f,

E{N}/k=>_ P{|S;| >n}/k

P(N >k} <
j=1
= kn? - kn?
_ (e o
2kn .

Let A be Petrov’s constant. By Lemma 4, if n is so large that 4A¢|| f||ocv/n > 2,
P{maxN; >k} < |BlmaxP{N;2 k}
|BIE{N;'}
k4
543|B|(44]|flloct)*n?
—— k4 .
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Thus,
P{Qn(6) 2 2k} < P{N 2k} + P{maxN; > k}

O(1/k) + O (nt?)
o(1).OJ

Il

The height of a rawa tree: proof of Lemma 2

Throughout this section, we set £ = 1/n%/1°. Observe that the condition of
Lemma 5, n¢3 — 0, holds. We call the depth D(z) of = the path distance from
z to the root for the binary search tree defined by Sy, Si,...,Ss,z. Consider the
collection C = {if : i integer}. Recalling the definition of @,(¢) from the previous
section, we note that the height H,, of the rawa tree satisfies

Hp < Qu(6) + max D(z) .

Fixz > 0.Let 1 <T; < T < --- be the epochs at which the random walk reaches
a maximum: so, T;4, is the first index greater than T; for which St,, > St,. We
define A(x) and B(z) as follows: let ¢ be the unique index for which St, < z <
St.,,, where St,,, is replaced by oo if T;y1 > n (to take care of the rightmost
interval); then set A(z) = S, and B(z) = St,,,. A similar symmetric definition
is used for £ < 0 with possibly A(z) = —oo. Observe that

Ho < Qull ¥ o aBBnences )
For z > 0, there are no S;’s strictly in (A(z), B(x)) with j < T;;,. We condition
on the history of the random walk up to T;4; and call it F. Note that D(z) is
bounded by the sum of 7 + 2 and the number of local left records, plus the number
of local right records. A local left record is a record value (maximum) among
those S;’s that fall in (A(z), ). Clearly, each value of j must exceed T;;;. A local
right record is a record value (minimum) among those S;’s that fall in (z, B(z)).
Observe that i + 1 < H), if |A(z)| + |B(z)| < oo. Denoting by L(z) and R(z) the
number of local left records and local right records for x respectively, we see that
D(z) <i+ 2+ L(z) + R(z), and that

H,-H < )+ max L(z) + max
" n S @0 z€C:|A(z)|+|B(z)|<o0 () z€C:|A(z)|+|B(z)|<oc0

The proof is complete if we can show that for each € > 0,

lim P{Qn(0) > eV} =0,

lim P { max
n—o0 z€C:|A(z)|+|B(z)|<o0

L(x) >e\/7_z} =0,

and

lim P{ max
n—00 z€C:|A(z)|+|B(z)|<o0

R(z) >e\/1_1} =0.
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The first part was shown in Lemma 5. We will show the second part involving
L(z), as the third part is similar.

Given F, we may have largé values for L(z) if B(z) — A(z) is large. So, let G
be the event

max B(z) — A(z)| < 6v/n]
zGC:lA(z)|+|B(z)|<oo| ( ) ( )l - \/_}

where § > 0 is to be picked as a function of €. Let G¢ denote its complement.
Clearly,

P{G‘} < P{m?xlXA > 5\/5}
nP {lel > (5\/7_1}

E{XP1x, 500}
" 62n

IN

IA

= o(l)
if E{X?} < oo. Thus, by Lemma 5,

L(z) > e\/ﬁ}

{ max
z€C:| A(z)|+|B(z)|<o0

< P{G} +P{Qn(0) > (¢/3)Vn}
P {G, Q) < (fIVA, _ max L) > e\/ﬁ}
< o)

+ P U [@n(0) < (¢/3)v/n, |B(x) — A(z)| < 8/n, L(z) > ev/n]

z€C:
| A(2)|+[B(x)| <00
o(1)

IN

+ E 3 1 (e (o) <5A] {Qn(é (e/3)vn, L(z) >e\/_]]-'}

z€C:
[A(z)|+|B(z)|<o0

We show that we can find § > 0 so that the last term is o(1).

Using the chain of inequalities for N in the proof of Lemma 5, we see that the
probability that there is one occurrence of |S;| > n? is bounded by the expected
number of such occurrences, which by Chebyshev’s inequality does not exceed

o2 /n?. Thus, with probability at least 1 — O(1/n?), the number of z € C' with
|A(z)| + |B(z)| < oo is not more than 2 +2n*/¢ = O(n 24/10) By trivial bounding
then, it would suffice if we can show that for an approprlate choice of § > 0, and
uniformly over all z, and all histories F with |B(z z)| < dy/n,

P {@n(0) < (¢/3)VA, L(x) > 6\/5‘;} < exp (~en!19)
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for some ¢ > 0. We drop the conditioning in the notation. By condition (C) on
f (see the definition of nice random variables), we find a pair b > 0 and r > 0
such that inf|;|<, f(z) > b > 0. Any such pair will do. Then we partition [A(z), z]
into intervals of length r/2 starting from A(z), taking care not to cover z (thus
leaving an interval of length less than r that reaches z; call that interval I). Let J
be the rightmost interval. Replace J by JUI — [z — ¢,z] and I by [z — £, z]. Thus,
r—{€>|J| >r/2—¢>r/3 for n large enough. Consider the following process:
a local left record S; arrives in one of the intervals (I and J excluded). At that
time, given that we are in an interval to the left of J, there is a probability of at
least (r/3)b that S;;1 hits one of the intervals to the right, J included. Picture
this as a success. Let the number of intervals up to and including J be k, and note
that k¥ <1+ 26y/n/r. Let N* be the number of local left records in the intervals
to the left of J. In what follows, we set m = |(¢/3)y/n]. [N* > m] implies that in
m such trials we had less than k successes. In other words,

P{N* > m} < P{binomial(m,br/3) < k} .

If we set k < mbr/7, then this probability is exp (—Q(y/n)), by Hoeffding’s in-
equality (Hoeffding, 1963). This condition is satisfied for n large enough when
§ = ebr? /43, which is the choice we will adopt. Let N’ be the number of local left
records in J. Here, we move to I with probability at least (1/2)b¢, so that by the
same argument,

P{N'>m} < P{binomial(m,bl/2) =0} = (1-bl/2)™
exp (—mbl/2) = exp (—Q (nl/lo)) .

Finally, let N be the number of local left records in I. This is clearly bounded by
Qn(?), uniformly over all z and all A(z), B(z). As L(z) < N* + N' + Q,(¢), we
see that

P{Qn(0) < (¢/3)Vn,L(z) > ev/n} < P{N*>m}+P{N' >m}

— e (-0 (w)) .

IN

This concludes the proof of Lemma 2. []
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