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Abstract

A random temporal graph is an Erdés-Rényi random graph G(n, p), together with a random ordering of its
edges. A path in the graph is called increasing if the edges on the path appear in increasing order. A set S of
vertices forms a temporal clique if for all u, v € S, there is an increasing path from u to v. Becker, Casteigts,
Crescenzi, Kodric, Renken, Raskin and Zamaraev [(2023) Giant components in random temporal graphs.
arXiv,2205.14888] proved that if p = clogn/n for ¢ > 1, then, with high probability, there is a temporal
clique of size n — o(n). On the other hand, for ¢ < 1, with high probability, the largest temporal clique is of
size o(n). In this note, we improve the latter bound by showing that, for ¢ < 1, the largest temporal clique
is of constant size with high probability.
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1. Introduction

A temporal graph G=(V,E,m) is a graph G=(V,E) together with an ordering 7 :E —
{1,...,|E|} on the edge set, interpreted as the times where the edges appear in the graph, often
called the time stamps of G. We say that an edge e € E precedes an edge ¢’ € E if w(e) < m(¢'). A
path from u to v is called increasing if each edge used in the path precedes the edge that is used
after it, and we say that v is reachable from u (or that u can reach v) if an increasing path exists
from u to v. A set of vertices S C V is called a temporal clique if for all distinct vertices u, v € S,
there is an increasing path from u to v (and vice versa).

In this note we discuss temporal graphs where 7 is a uniform permutation on the edges and G
is an Erdds-Rényi random graph. The resulting temporal graph is called a random simple temporal
graph; RSTG for short. Motivated by modelling time-dependent propagation processes, this model
was introduced by Casteigts, Raskin, Renken, and Zamaraev [5].

One may generate RSTGs by a simple method: start with the complete graph K, then assign
each edge an independent uniform(0, 1) random variable (U, : e € E) and delete every edge with
U, > p. In this construction, we say that e precedes ¢ if U, < U,. We also call the labels U, the
time stamps. Importantly, creating i.i.d. uniform time stamps like this allows us to extend the
notion of a temporal graph to infinite graphs which is needed for our analysis.

Casteigts, Raskin, Renken, and Zamaraev [5] studied connectivity properties of RSTGs. They
identified the thresholds for different strengths of connectivity to be in the region where p=

w for some constant ¢ > 0 (Throughout the paper, log denotes natural logarithm). Furthering
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this work, Broutin, Kamcev and Lugosi [4] identified the asymptotic lengths of the longest and
shortest increasing paths in RSTGs with high probability for values of p in this range. (We say
that an event E = E(n) happens with high probability if P(E) — 1 as n — 00). Becker, Casteigts,

Crescenzi, Kodric, Renken, Raskin, and Zamaraev [2] identified p = @ as the threshold for
the appearance of large temporal cliques. In particular, they showed that for every € > 0, when

p=> (40)1og ™) then there is a temporal clique of size n — o(n) with high probability, while if

, then every temporal clique is of size o(#n) with high probability.

RSTGs are a natural way to model time-dependent processes on networks like social interac-
tions and infection spread. A closely related model is the random gossip protocol model, in which
a sequence of edges ey, . . . , e are chosen uniformly from the edges of K, and constructed a graph
G k- Increasing paths are defined as for temporal graphs. Papers studying this model include
Moon [11], Boyd and Steele [3] and Haigh [9].

For deterministic temporal graph models with random time stamps, see Chvdtal and
Komlés [6], and Graham and Kleitman [8], Lavrov and Loh [10] and Angel, Ferber, Sudakov, and
Tassion [1].

Our contribution is summarised in the following theorem. It shows that in the subcritical
regime p = clogn/n with ¢ < 1, the size of the largest temporal clique is not only o(n) but in
fact, of size O(1), improving the upper bound of [2]. This reveals a quite spectacular phase transi-
tion around p = log n/n, since for ¢ > 1, there is a temporal clique of size n — o(n). The behaviour
of the size of the largest temporal clique near the critical regime remains an intriguing research
problem.

— (1-¢)log (n)
pP=—"7"

Theorem 1. Let p = Clin(”), and let G be an RSTG with edge probability p. If c € (0, 1), then the
largest temporal clique in G is of size at most [%_C + 17 with high probability.

Note that for ¢ < %, Theorem 1 asserts that G has no temporal clique of size 4. This bound
can’t be improved, since for p = (%) the static Erdés-Rényi graph contains a triangle with high

probability. Moreover, every triangl(ie1 is trivially a temporal clique of size 3. We conjecture that the
upper bound of Theorem 1 is sharp for all ¢ € (0, 1).

The proof of Theorem 1 is based on relating the number of vertices that are reachable by mono-
tone paths from a typical vertex to the total progeny of a certain “temporal” branching process.
We utilise the temporal branching process bounds to assert that the number of vertices that a col-
lection of m > [1 4 IL_CW vertices can reach is small enough so that the chance of them forming a

component unlikely enough that expected number of components of size m tends to zero.

2. Temporal branching processes

We begin this section by introducing temporal branching processes that are the key tool in the
proof of Theorem 1. We only focus on branching processes with binomial offspring distribution
as this is the degree distribution of a typical vertex in an Erdés-Rényi random graph. One way to
generate these processes is as follows. Start with an infinite rooted n-ary tree, add an independent
uniform(0, 1) time stamp U, to every edge. Delete any edge with U, > p. This decomposes the
tree into a forest and we only focus on the component that contains the root vertex. We say that a
vertex v is reachable from the root if the unique path from the root to v in the infinite n-ary tree
has edge labels U, < p for each edge on the path and these labels are increasing on the path. The
subtree consisting of only vertices reachable from the root is a temporal branching process with
a binomial(n, p) offspring distribution. Throughout the rest of the paper, T is always an infinite
n-ary tree with such a labelling on the edges. The following sequence of results provides us with
the necessary upper bounds for the size of the reachable set of T.
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Lemma 2. Let Py, ..., P, be a finite collection of distinct infinite paths in T, and let (Xi)r=o be a
random walk down the tree, that is, Xo 1s the root and Xy is uniformly distributed over the children
of Xi—1 for all k = 1. Then, P(t > £) < -7, where

7 =max{k > 0: Xy, ..., Xy coincides with one of the q paths}.

Proof. If T > ¢, then Xy, . . ., X coincides with one of the Py, . . ., P,. Since X} is uniform over the
children of Xj_; and the tree is n-ary, the result follows from the union bound yields. U
Lemma 3. Let T* be the set of all vertices that are reachable from the root of T. If v1,...,vq are
uniform vertices chosen from the £-th generation of T, then
(g — D1t
]P)(Vl,...,VqET*)S T

Furthermore, when £ > (np)* and np — oo as n — oo,

(q— 1)!C‘“>

*Y
IP’(vl,...,quT)—O< o

for some C > 0.

Proof. Suppose that vy, ..., v, € T* and let T’ be a subtree of T consisting of r distinct infinite
paths starting at the root through vy, . . ., v,. Let (Xj)k>0 be a random walk down the tree (inde-
pendent of vy, ..., v,) and let T be as in Lemma 2. If t = j, then there are £ — j edges left that need
to both exist and be increasing to have Xy € T*. Hence, if V., = {vy, ..., v, € T*},

PX, e TV, N{z=j}) = pz_jIP’({a path of length ¢ is increasing} } {first j edges are increasing})
P
Combining this with Lemma 2 yields
-1
P(X, € T*|V,) < ZP(T =j)P(Xe € T* |V, N{t =j}) + P(r > O)P(X¢ € T*|V, N {T > £})
j=0

¢ r ]]' np)Z J]'
= 2{; (E) 0 ot Z ' M
J:

To get the first bound we use the fact that % < (£+])v to get

B( re"f

Then, since Xp is distributed uniformly across the £-th generation, applying the above inequality
repeatedly,

P(Vl, - Vg € T*) ZP(Vl S T*) : ]P)(Vz S T*|V1) . -P(Vq S T*|Vq_1)
_r -l (renp> B (( D)t ) (g — 1)len@=D ( —1)ted
=(=, ,

Al nt ntd ntd
r=1

For the second inequality, we split the sum in (1) in two separate pieces

Zia o -1
(np)f jl o )t (np)
A= Z —g ad B= ) T CE—1)- - (—k+1)
j=t—Ve+1 k=0
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The first term may be bounded by

" _ %1 (”P)k < e (np)V*
=0

L (np)k
<y M T

k=t

where the second inequality follows from the Lagrange form of the remainder in Taylor’s theorem.
For the second term, since £- (¢ —1)--- (£ —k+ 1) > ¢k(1 — \/Lz)‘/Z for all 0 <k <+/¢, we
have that

N x 1
B<——7 )ﬂ X;) (F) = ” >ﬂ=O(l)’

(1—%

when ¢ > (np)*. Combining both the bounds along with Stirling’s approximation, we conclude
that there is some C > 0 such that

* np(l’lp)f enp(np)(”P)2 e(np)2 Cr
PXeeT|V)) < — <T+O(l)) P (W+O(l) 57,

when £ > (np)* and np — o0o. Proceeding exactly as we did for the first inequality,

P(Vl, Vg € T*) =]P>(V1 € T*) . ]P)(Vz S T*|V1) c ~P(Vq S T*|Vq_1)

P @D ) g e (g o
0 pta) T (np)d nta B nta ’

4
where in the final bound we use the fact that o= o(1) as x — oo, which is an immediate
consequence of Stirling’s approximation. O

We may use Lemma 3 to bound the moments of the number of vertices reachable in a particular
generation. For £ > 0, denote by Z, the number of vertices in T reachable from the root in the £-th
generation.

Corollary 4. For all integers £ >0 and q > 1, IE[ZZ] <(q — 1)'e"4. Furthermore, when £ > (np)*
and np — 00, there is a constant C > 0 such that E[Zg] =0((qg—1n'Cci™Y).

Proof. Denoting by S, the set of n® vertices in the £-th generation of T, we may write Z; =
ZVES@ I{VET*}' Then
E[Z]] = n"P(v1,. .., vy e TY),

where vy, ..., v, are independent vertices chosen uniformly at random from S¢. Combining this
with Lemma 3 implies the stated bounds. U

The next bound will control the number of vertices that a typical vertex in a simple random
temporal graph can reach, further allowing us to control the size of temporal cliques.

Theorem 5. Let T* be the set of vertices in T that are reachable from the root and suppose that
np — oo. Then, for any integer q > 1, there is a constant c(q) such that

E[IT*|1] < c(q)(np)*e™1.
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Proof. Observe that

(np)* 1
ETi=E(Y z+ > z
i=0 i>(np)*
(np)4 q q
<217k Z Zi| +21'E Z Zi (by Jensen’s inequality)
i=0 i>(np)*
(np)*
<27 N (mp)' + IR | Yzl | +277 ) P > zize ],
i=0 t>0 i>(np)*
=1

=II

where in the last step we used Jensen’s inequality to bound the first term and the identity E[X4] =

[ qt7'P(X > t)dt to bound the second. The first inequality of Corollary 4 may be used to bound
the expectation in term I, as

(np)*
E| L2 | sep'+ (Sup]E[Z?])s<<np>4+1)(q—1>ze"m.

i=0 iz0

To bound II, we may write

(np)*+logt ¢
P Y Zizt| <P (Z(np)4+logt > 0) +e'e {Zi > m}
i>(np)* i=(np)*+1 &

t
<-1p (z ot s > o) + 11" (log ©) max P (z- > —)
(np)*+logt g (np)* i<l +log i log

=IIT —1V

and we can bound the two terms separately. To bound III, note that at level (np)4 +logt, there

are n(")" 108t vertices, and they are each reachable with probability p(”P)4+1°gt /((np)* + log t)!.
Thus, by Stirling’s approximation,

141 (np)(np)4+log t
((np)* + log t)!
q—1 (np)*+logt
- t17" (enp)
(np)4(np)4+4 log t

. e (np)4+logt
()
(np)®

( 4
:tq—3log<np)< ¢ )np)
(np)?

for any t > 0. In particular, this implies that III is summable and converges to 0 when np — oo.
Applying Markov’s inequality and the second inequality in Corollary 4 gives

k+1 _ 1)1 k-1
Ivio(log )k — 1)IC >

I <

tk—q-‘rl
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for any positive integer k and t > 0. Choosing k=g + 1 results in IV being summable and
bounded above by a constant depending only on q. Grouping up all that only depends on g and
upper bounding by some dominating constant c(g) we get

E|T*|1 < I+ I + IV < c(q)(np)*1e™, a

3. Proof of Theorem 1

We are now prepared to prove Theorem 1. For labelled vertices {1,. .., m} to form a temporal
clique in an RSTG they need to all be reachable from one another. This can happen if and only if
for all distinct u, v € {1, . . ., m}, there is a vertex w that can reach v with only edges that have time
stamps above p/2, and is reachable from u with only edges that have time stamps below p/2. With
this in mind, for any 0 < a < b < p, we define G|, to be the subgraph obtained from G by only

keeping edges with time stamps in [a, b]. Set Ay, . . ., A, to be the collection of all vertices that are
reachable from 1,...,m in Glop/2] and By, ..., B,, to be the collection of all vertices in Glp/2p]
that canreach 1, . . ., m. With this new notation, we can say that {1, . . . , m} form a temporal clique
ifforalli,j € {1,..., m} distinct, the set A; N Bj is nonempty.

It is important to note that G2 and Gjg /2] are identically distributed RSTGs, but are not
independent. Observe that for any 0 <a < b < p, the RSTG Gi, is determined by the binary
vector X = (X1, ... ,X(;)) defined by X; = LeieGly, (for some enumeration of the edges of Kj,)

and a random permutation Of,p) of [(})] that denotes the relative orderings of the edge labels.
In the next lemma we consider certain functionals of Gy, ), represented by X and Oy, ;). More

precisely, such a functional is of the form f : {0, 1}(2) x Sym((5)) — R, where Sym((})) is the set

of permutations of [(Z) ]. The next lemma deals with the dependence between two subgraphs Gy, 5
and G 4}, forsome0 <a<b<c<d=<p.

Lemma 6. Let G be an RSTG with vertices labelled {1,...,n}, and let 0 <a<b<c<d<p.
Set Xi = leeGryy Yi= leeGy, for some enumeration of the edges of Ky, e, .. ey, and let
X=Xy... ,X(;)) and Y =(Y1,..., Y(;)). Let Opqp) and Oy q) be the permutations that denote

the relative orderings of the edges in the two graphs. Let f, g : {0, 1} x Sym((3)) — R be such that
flxr, ... > X(1)> s) and g(x1,. .. > X(7)> s) are two non-decreasing functions in x, . .. > X(7) for any

fixed s € Sym((})). Then
E[f (X, Oap1) 8 (Y, Orea)) | <E[f (X, Opa)) | E [g (Y, Opean) ] -

In particular,
E[|A1|q oo |Ap|T- BT - |Bm|Q] §]E[|A1|q - |Am|‘1]E[|Bl|‘1 - |Bm|‘1]
=]E[|A1|q~'|Am|q]2,
forallq>0and Ay, By, ..., Am, By, defined as above.

Proof. Conditioned on Z=(X;,Y,... ,X(g), Y(g)), all of the randomness of f (X, O[a,b]) and
g (Y, O.41) comes from the random relative orderings. Since a < b < ¢ < d, the two random vari-

ables Oy, 5 and O ) are independent, which implies that f (X, O(,5)) and g (Y, O,4)) must also
be conditionally independent on Z. Hence, by the tower property of conditional expectation,

E[f (X, Opain) 8 (V. Oca)| =E[E[f (X. Oasr) £ (¥ Opca) |7]]
=E [E [ (X. O1a) ‘Z] E[g (¥, 0pa) )Z]] .
—E []E [f (X, Olap)) ‘X] E [g (Y, Ojeqy) ‘Y]] ,
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where the final equality just follows from the fact that, once we condition on X, knowing Y tells
us nothing about f(X, Oy, p)) and vice versa. The random variables

E [f (X, Orap1) ‘X: (z1,. .. ,Z(;))] ,and E [g (Y, Orea) )Y: (z1,. .. ,Z(;))]

are non-decreasing functions in zj, . . . > 2Z(1) by the definitions of f and g. Furthermore, the col-

lection of random variables {X;:ie {1,..., (;)}} U{Y;:iefl,..., (;)}} are negatively associated
(this can be seen by combining Proposition 7 and Lemma 8 from Dubhashi and Ranjan [7]). With
this, applying the tower property again gives

E [f (X, Otap1) & (Y. Oea) | <E[f (X, Opa) | E [g (Y- Opear) ] -

Observing that |[A;| - - - |Asu| and |By] - - - |Bp| satisfy the conditions of the first statement and are
identically distributed is enough to complete the proof of the second inequality. U

The next lemma acts as a bridge between RSTGs and the temporal branching processes
explored in the previous section. The idea behind the proof hinges on the fact that the sizes of
binomial(#, p) branching processes upper bounds the sizes of neighbourhoods around vertices
in an Erdés-Rényi graph, though formalising this idea takes some work. Equipped with this and
Theorem 5, the proof of Theorem 1 is reduced to a routine use of the first-moment method.

Lemma 7. |A,| is stochastically dominated by | T*|, where T* is the set of vertices reachable from the
root in a temporal branching process T with offspring distribution binomial(n, p/2). In particular,
E[lA111] < E[|T*|9] for all g > 0.

Proof. We can determine A, via the foremost tree algorithm from Casteigts, Raskin, Renken, and
Zamaraev [5]. The algorithm builds a tree recursively, building a tree of increasing paths starting
from an arbitrary vertex. The algorithm is defined as follows:

Initialise with 7o = 1 and G as the single vertex labelled 1.

While 7 < p/2, set 711 to be the smallest time stamp of an edge connecting vertices in Gy
with vertices outside of Gy that is larger than 7.

o If 731 < p/2, add the corresponding edge e, and vertex vy, to obtain Gy .
o If 7y > p/2, the algorithm terminates and outputs G.

Note that |A;| equals the number of vertices of the resulting tree G, that is,
|A1|=inf{k20:tk>‘§}. 2)

This foremost tree algorithm can also be run on the tree T as a way to generate T* with the same
procedure, and we denote the sequence of timestamps in this graph as 7;". Additionally, we denote
by Ej and EJ the collection of all viable edges that could be added during step k, that is, all edges
from Gy to K, that, if added, keep the graph Gy, as an increasing tree (all vertices reachable from
the root). Note that by the definition of the algorithm, every edge in E; must have a time stamp
that is at least 74 and similarly for E} and 7;/. Moreover, the time stamps of edges in Ey and Ef
are uniformly distributed on [7;_;, 1] and [r,f_l, 1], respectively. By means of a direct inductive
coupling we show that 7 stochastically dominates t*, | E;| stochastically dominates |Ex|, and hence
| T*| must stochastically dominate |A; | by the characterisation of (2).

The base case of the induction is easy to see. By definition |Ei|=n—1, |EJ|=n, 11~
minj<j<,—1 Uy, and 7" ~ min; <, Uy;. Thus, just using the same uniforms to generate both 7;
and 77" is enough. Now suppose that there is some probability space (2x_1, Fx—1,Px—1) and ran-
dom variables distributed as |Ex_1], [Ef_,|, Tx—1, T{_, (we just use the same symbols to denote
these random variables) such that |E;_;|(w) < |E{_,|(w) and 7}’ | (@) < 71 () forall w € Q;_;.
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In the (k — 1)-th step of the algorithm we added a new vertex to both graphs, resulting in n — k
possible new edges to G and » edges to T for the k-th step. Hence, since we cannot add edges that
are below 71 and 7;°_| respectively

|E| ~ |Ex—1| + binomial(n — k, 1 — t,_1),  |Ef| ~ |E;_,| + binomial(n, 1 — t}),
and, recalling the distribution of time stamps in Ex and Ej,

T~ The l1—1t_1) min U;, 17 ~7) 1—1 min Uy;.

k™~ Th—1 + ( k—1) jmin Uk T~ Ty +( 1) o ki
Let (2, Fk, Py) be the product of (21, Fx_1, Pr_1) with (2, 7', '), the probability space of
(g) + n independent uniform random variables, (Uy;:1 <i< (;) + n). Here we can couple the
binomial random variables by generating them as Zf»‘:l L,<(-1._,)) and Zle Ly, <07 )
respectively. Then, if we generate |Ex| and |Ej| with these binomials, by the inductive hypothesis,
it must be the case that |Ex|(w) < |Ef|() for all w € Q. Similarly, using the uniforms (Uy;:n +
1 <i <|Ef]) to generate both 7; and 7/ according to their distributions results in also having
t,j(w) < tx(w) for all w € Q. O

With the lemmas out of the way we now prove our main result.

Proof of Theorem 1. Let m >0 and let Ay, ..., A, B1,. .., By, be as defined in the beginning of
this section. Let N be the number of temporal cliques of size m in G. Then, if we take (vlj);f}:l to
be independently and uniformly chosen random vertices from the labelled set {1, . . ., n}, we may
apply Lemma 6 to get that
E[N] <#"P{1,..., m} form a temporal clique)
= nm+m(m_1)]P)(V,‘j €A vij € Bj Vi#j)
="t VE (v € Ay v € By Vi j[lAil -, Anls Bil,- . Bl |

-1 -1 -1 -1
< nmm=ng | (FAYT (Aal\TT (BN 1Bl T
- n n n n

-1 -172
< pmmm-Ig 14l ; (A ;
- n n

<" EDE[A A

Applying Holder’s inequality along with Lemma 7 and Theorem 5 applied for the probability
p/2 =clog (n)/(2n), gives us the upper bound

8m(m—1) ym—m(m—1)+c(m(m—1)

E[N] < 0" " DE[|Ay """ D) < i (5 log ()

where «,y, is a constant depending on m only. If m — m(m — 1) + cm(m — 1) < 0, then E[N] — 0
as n — 00. Rearranging, this inequality is equivalent to m > (%_C + 17 as m is an integer. U
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