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ABSTRACT: We derive a Berry-Esseen bound, essentially of the order of the square of the standard
deviation, for the number of maxima in random samples from (0O, 1)?. The bound is, although not
optimal, the first of its kind for the number of maxima in dimensions higher than two. The proof uses
Poisson processes and Stein’s method. We also propose a new method for computing the variance
and derive an asymptotic expansion. The methods of proof we propose are of some generality and
applicable to other regions such as d-dimensional simplex. © 2005 Wiley Periodicals, Inc. Random
Struct. Alg., 27, 290-309, 2005

1. INTRODUCTION

Maxima. A point p in R? is said to dominate another point q if the difference p — q
has only nonnegative coordinates. We write ¢ < p or p > . The nondominated points
in a set of points are called maxima. The aim of this paper is to (i) derive an asymptotic
expansion for the variance of the number of maxima in random samples independently and
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MAXIMA IN HYPERCUBES 291

identically distributed (iid) in the hypercube (0, 1)¢ and (ii) derive a central limit theorem
with convergence rate for the number of maxima.

The interest of studying dominance and maxima is multifold. First, dominance represents
one of the most natural partial orders for multidimensional points, and has been widely used
in many scientific disciplines; see Bai et al. [1-3], Chen, Hwang, and Tsai [14] for more
information and a large number of references. Second, the number of maxima is itself
encountered in many applications like analysis of linear programming and of maxima-
finding algorithms; see Blair [10], Devroye [16], Golin [22], Dyer and Walker [18], Chen
et al. [14]. Finally, not much is known as far as probabilistic properties of the number of
maxima in dimensions higher than two is concerned. Asymptotic estimates for the mean
are usually straightforward, but those for the variance are highly nontrivial even in the
simplest case of hypercubes; see Bai et al. [1]. Baryshnikov [7] indicated that the number of
maxima in hypercubes is asymptotically normally distributed but without a complete proof;
see also Barbour and Xia [5]. While the asymptotic normality for the number of maxima in
high-dimensional regions is quite expected, the technicalities required for a rigorous proof
may not be easy to accomplish.

Maxima in hypercubes. Letp,,...,p, be a sequence of iid points chosen uniformly at
random from (0, 1)¢, d > 2. Denote by K,, = K, , the number of maxima in {py, ..., pa}.

Distributional properties of K, were first investigated by Barndorff-Nielsen and Sobel [6],
where they showed that

EIK,] = — /IU — 3" (~ log ) d (1)
! d—-D!Jy ’
From this, one obtains
1 d—1
E[K,] = % + O((log '), @)

as n — oo and d fixed; the asymptotic approximation (2) was first derived in Kuksa and
Sor [27] for d = 2,3, and for general d in Berezovskii and Travkin [9] (with an asymptotic
expansion); Ivanin [24] considered E[K, ] under more general model allowing correlations
between coordinates.

Similar results were later rederived in Vout [31], Calpine and Golding [12], Bentley
et al. [8], Devroye [15], O’Neill [29], Buchta [11]. See also Hwang [23] for a uniform
Poisson-type estimate for E[K,] when d varies with n. We also collect about a dozen of
different expressions for E[K,] in Appendix.

The variance of K, was first studied by Barndorff-Nielsen and Sobel [6] for d = 3, and
then by Ivanin [25], Bai et al. [1], Devroye [17] for general d. It satisfies (see Bai et al. [1])

VIK,]

(log n)d-! = d—1)! + Kkq + 0((10gn)‘1) , 3)

where

1 .
R 1)' 2 e 2 (T) (’D (=D (G 4 R = = k)
=1 <j.k<m
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for d > 2. Recently, Carlsund [13] provides more terms for (3) for d = 3, the main
motivation of obtaining more terms being that the convergence of V[K, 3]/ (log n)? towards
k3 is numerically very slow.

We give in this paper a simple method for deriving the following general approximation.

Theorem 1. Ford > 2, the variance of K, satisfies

VIK]
(logn)®1

—1y 4
Z (d— i —N! (( j! - ro + Cdf) (logn)™ + O ' (logn)*™"),

0=j=d-1

“)

where T denotes the Gamma function and c; is defined as the coefficient of u’ in the Taylor
expansion of

22 —u) ['(—logx)d! (re —uw
_ dx + Z T k

d-D! Jy (1+x2 = (k= Did—1- k)
1pl — —1— — 11—

y // ((—Ing)" '(—logz)™ ™" (—logx)*"'(—logz)""" ") dedz (5)
0Jo (x+z—xz)*" (x +2)*

The first few values of k; = c40/(d — 1)! are given below in (14). Numerically, the
limiting constant of V[K,]/(logn)?~! first increases and then decreases, with a maximum
reached at d = 4; see Figure 1. One can show, using (13) below, that x; goes to zero
factorially fast as d increases.

The error term in (4) is not optimal and can be improved if required, and the same method
of proof can be extended to other regions.

While numerical calculations of the integrals in (5) are very time-consuming, the expan-
sion (4) represents the first of such approximations for the variance. It remains open how
the integrals in (5) may be further simplified.

A CLT with arate for K,,. We next derive a Berry-Esseen bound for K,,. The proof given
here is not only self-contained, but also the first complete one; cf. Baryshnikov [7].
Let ®(x) denote the distribution function of the standard normal distribution

d(x) = /2 4y,

1 x
— e
A/ 2 /—oo

2 ,/ \\

0 b\o\‘
2 3 4 5 6 7 8 9 10 11
Fig. 1. A plot of the values of k, + 1/(d — 1)! for d from 2 to 11.
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Suppose that Y1, Y, ... is a sequence of random variables. Write {Y,} € CLT(r,), if

< x) — d(x)

sup = O(ry),

X

P (Yn - ]E[Yn]
VV[Y,]

where r, — 0. A sequence r, is referred to as a convergent sequence if r,, — 0.

Theorem 2. The sequence of random variables K, satisfies

{K,} € CLT ((logn)~“~"*(loglog n)?) . (6)

The idea of the proof consists in constructing a sequence of random variables Ky,
satisfying the following two estimates.

Proposition 1.  For a convergent sequence r,, > (logn)~“@=1/2,

{Kn} € CLT(rn) w‘ {KWn} € CLT(V,,)

Proposition 2.  The sequence of the normalized random variables Ky, := (Kw, —
E[Kw,1)/v/VI[Kw,] converges to the standard normal distribution with a rate

di(K;, ,N(0,1)) = O((loglogn)** (logn)~“~"72) |
where N(0, 1) denotes a standard normal random variable and

d\(X. ) := sup { [E[A(X)] — ELR(Y)]] : sup 50| +sup IW ()] < 1].

We then show that the the Kolmogorov distance is of the order of J/d;, and this will
complete the proof of (6).

The main trick used in the paper is the log-transformation first suggested by Barysh-
nikov [7]. It allows us to observe that nearly all maxima occur in a thin strip sandwiched
between two parallel hyper-planes. Switching to a Poisson sample size introduces just
enough independence to apply Stein’s method. Similar ideas have been explored by Bar-
bour and Xia [5]. For a different approach to Berry-Esseen bounds for two-dimensional
maxima; see Bai et al. [3].

2. MEAN AND VARIANCE OF K,

Define
D, = {(x,y) € [0,1]¢ x [0,1]¢ : x incomparable with y},

where two points are said to be incomparable if none dominates the other. For notational
convenience, ITx; stands for [],_,., x;; similarly, ¥ x; = ), _,_, Xi.
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Mean. The mean of K, is easily derived and simplified as follows:
E[K,] = nf (1 —Tx)""dx (7
0.1}
= nf e dx + T (n)
(0,114
/ e Mida4Ti(n) (x> n ;)
[0, nl/l]]d

/ exp(—e ™9 —Xz) dz+Ti(n) (z+— —logu)
d— 1logn o0)d

/ (logn+x)exp(—x —e ™) dx + Ty (n) (x— X z)
—logn

T d- 1)!
(d— DI / (logn —logy)" e dy+Ti(n) (yr>e™)
_ (ogm)™™! —1\ (=1) D y .
T @d- O;d( j )(logn)/'/o (logy)’e™ dy +Ti(n) + O (¢~ (logm)*™)
- (=1)/TY(1) » . o
= e 1o;dj!(d — =y logm ™ + Tilm) + O™ (logm™™; ®)

see also Berezovskii and Travkin [9] for more involved expressions for the coefficients, and
the Appendix for other expressions for (7).

Here T, (n) accounts for two types of errors introduced: (i) when replacing n — 1 by n,
which yields an error of order O(n~!(logn)?~!), and (ii) when replacing (1 — x)" by e™™,
which produces an error of the form

&, 1= n2/ e”’“""l'l)ci2 dx,
(0,114

(by the elementary inequality e (1 —nx?) < (1 —x)" <e ™ forn>0and 0 < x < 1);
see Lemma 5 in Bai et al. [2]. By the same analysis as above, ¢, = O(n~'(logn)?~!). Thus
the total errors are of order O(n~!(logn)*~1).

Note that the right order of the error in approximating E(K,,) by the partial sum on the
right-hand side of (8) is indeed O(n~"' (log n)¢~2). The preceding derivations are written in
the given forms so that the same procedure can be easily amended for other integrals.

For simplicity, the symbol a, >~ b, denotes a, = b, + O(n~'(logn)*~2).

Variance. For the second moment, we have
EK:] - E[K,] =n(n—1) | (1 =Tx— My + T (xAy)" 2 dxdy

Dp

~ n2/ eI+ =TT (g AYi)) 4y dy
Dy
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— nZ/ efn(l'lx,-+l'ly,-) dX dy + nZ/ e—n(l‘[x,»+l'ly,-) (enﬂ XAy 1) dX dy
Dp Dy
~ EBIK)? Lo+ Y ( ) o ©)
1<k<d
where (using the abbreviations IT' x; = ]_[f:1 x;and IT" x; = ]_[fl:k X

. 5. !y, "o,
I = n / oMy (enﬂ yill"x 1) dxdy,

xp>y;, 1<i<k
X;j<yj,k<i<d

Lo = 21 e "Mt qy dx.

10,119 x 10,114
y=<x

The main difference between the current proof and that in Bai et al. [1] is that we subtract
the square of the mean at this early step, so that the large amount of cancellations caused
by subtracting (E[K,])? is easier to manage.

By the changes of variables

Xi—=> u, yi—>uwyv; fori <k and x;+— uyv;, yi—>u; fori>k,

we have

. TR ", Y
L, = nZ/ e (M v+ ) (e”n”'”l — 1) ITuy; dudv
[0,179 x[0,1)4

Lo = 2n2/ e MO T 4 du dv.
[0,119 x[0,11¢

By applying the same procedure as for E[K, ], we have

Lo = (logn — log y)~! / e+ dy 4
0 = (d ) / g gy o Y

(log )™ (d— 1) 1 /OO/‘ : -
~2 . : y(—logy)/ (—logz)?~'e™12 dz dy.
(d'— l)P Ogggd Jj (logyﬂj 0 Jo

Denote by [1/] f (u) the coefficient of u/ in the Taylor expansion of f. Then

%0 . o o TQ2—uw
— y(1+x) —
/0 y(—logy)’e dy—J![u’](Hx)zﬂn
and
_ ,(ogn)™! (logn)*’ i (— logx)‘“
b2 G 3 T e )/ e (o)
Note that

re- ‘ i log‘(1
T S (J )(—1>Mr“”(2>—°i(+$f 3
0<t<j
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296 BAI ET AL.

Similarly, for 1 <k <d — 1, we have

Ink =

ZE f/ d(logn — logy)?~!ye @it (2T — 1) dvdy
-4 [0,1]

_ (lognm)?™! (d - 1) (logn)™
0<j<d

T d-1! i Jk=Did—1-k)!

1,1
x / f (—logy)’(~ log 1)~ (— log 241 Fye ) (& — 1) dxdz dy
0 0J0

~ . (logn)™
= (logn) 05,2«1 d—1—-plk—DId—-1—k)!

x [T (2 — u)

/1/‘ ((—Ing)“(—Ing)"” (—Ing)“(—Ing)“">
« _ dxdz.
0 (x +z — xg)?« (x + )%
(11)

Thus we obtain (4) for the variance of K,,, and the expression (5) follows from (9), (10) and
(11). This completes the proof of (4). .

A quick check. Take d = 2 in (4), we obtain
VIK,2] = (14 ) logn + y + o + O (logn)*),

where

1 1 1p1 1 1
C20 =2/ ogX dx+2// ( — ) dxdz,
o (14+x)? oJo \(x+z—x2?  (x+2)?

' logx
2| ——dogl+x)—1+y)dx
fo T (loe 40 y)

+2/I/1 <log(x+z—xz)—1+y B log(x+z)—1+y> dxdz.
(x +z — xz)? (x + 2)?

It is then straightforward to check that c;o = 0 and ¢;; = —72/6.

The leading constant k,. By comparing the two equations (3) and (4), we obtain an
alternative expression for «,

. (— logx)‘“ 1 d 1
ke =" (d—l)ﬂ/ 1+ x)? +(d—1)! l;d(k)(k—l)!(d—l—k)!

1p1 1 1
_ k=1(_ d—1-k _
) /o/o (= log )" (~log2) ((x—i—z—xz)2 (X+Z)2) dredz. (12)

858017 SUOWILIOD 3A1e81D) 3|qeotjdde 8y} Aq pausenob ke Sapiie O ‘88N JO Sa|Nn 10} ArIq1T 8UIIUO AB|IA UO (SUORIPUOD-PUR-SLLLBIWI0D" A8 1M ARRIq 1 BU1IUO//SCNY) SUORIPUOD PUe WIS 1 8L 88S *[9202/80/ET] U0 AriqiTauluo AB|im ‘AiseAlN 1150 Ag £5002 €S/200T OT/I0pW00" A8 1M ARIq 1 U1 |UO//:SONY WOI) papeoumoq ‘€ ‘S00Z ‘8T¥Z860T



MAXIMA IN HYPERCUBES 297

Yet another expression for k, can be derived from the main theorem in Bai et al. [1]
(/“Ln,d = E[Kn])

1 Mok Mm,d—1—k
ki= D, k!(d—l—k)!; 2

I<k=<d-2
1 Lel k=1(_1 d—2—k
=2 / (“log )™ (—log)™** 4
I<k=d-2 kid —1 =Bk —Did =2 -0l Jo X+z—xz

13)

where we use the integral representation (1).
A natural question then is how to prove directly the identity implied by equating (13) to
(12). Note that numerically the use of (13) is preferable to (12).

The exact values of «; for d < 8. The first few «,’s can be explicitly expressed in terms
of Riemann’s zeta function ¢ (s) as follows:

K> =0,

k3 =1¢(2),

ks =2¢(3),

K5=?—2§(4), (14)

=3(5) + Le @2 3),
= 155 £(6) + zc<3>2
=120 + 25 0(2)0(5) + 15 L3 (4).

The values of «, . . ., k¢ are already given in Bai et al. [1].
To see how these values are obtained from (12), we start from the integral

2 ' (—logx)*! . k=1p1-d
Td-D"), (1+x2 x__(d—l)!;(_l) k

2
= - 1)!(1 —27Ned -1,

ford > 2, where (1 — 22" ¢(d — 1) = log?2 for d = 2.
Similarly, the integrals with £ = 1 in (12) satisfy

i | e (- )
d—id—-2 o)y %Y \ari—xr  @to2) TF

_ d ' (—logz)4? d
Cd-Did -2y 1+z

d
(d_]),(l—Zz D=1,

and the integrals corresponding to k = d — 1 in k, give the same value.
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For the integrals with k =2 and k = d — 2 in (12), we have

#/1/1(—10 x)(—lo )d—3< ! _ 1 )dxd
2d—2id=3) Jofy 8 gz Gtz-x2° (x+2)7° ¢

d—-3+27Ncd—-1),

T 2(d-2)!
andfork=3andk=d — 4
d el 1 1
—1 2(—log7)®* - dxd
12(d—3)!(d—4)!f0 | (mlogn)’(=logz) ((x+z—xz)2 (x+z)2> e

T 12(d - 3)! (((d 2)d=3)+2-2"90(d - 1) +20(2)¢(d - 3)

H H,
—2) 5 -2d-3)) md_z) d=5),

m>1 m>1
where H,, ;== Zlﬁjﬁm 1/jand H? := lejﬁm 1/%.
These relations, together with the identities (see Flajolet and Salvy [20])

H, H®
D5 =30 —c@@) — LGP, Y =10~ 5L (6),

m=>1 m>1

give the values of k4,2 <d < 7.
Finally, the value of kg is obtained by a lengthy ad hoc calculation via Euler sums (see
Flajolet and Salvy [20]).

Remark.  The same approach is applicable to the number of maxima K, in d-simplex
{x:x>0,x;4+ -+ x; <1} for which we have

E[K,] ~ T (§)n“=0/,
VIK,] ~ Cn,

1 (1 _x)dfl

— 1 1
- £ (37 [0 [

I<k<d

1 1
x ((1 474 — xdzd)1+1/d - a +Zd)1+l/d> dzdx.

3. A BERRY-ESSEEN BOUND FOR K,

The proof of Proposition 1 is divided into several steps.
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3.1. A log-Transformation

Assume now that py,...,p, are iid points uniformly distributed in the cube (—1,0).
A crucial step in our analysis is to apply the log-transformation first introduced by
Baryshnikov [7]: x = (x1,...,X;) > ¥ = (V1,-..,Yq), Where

yi = —log(—xi), = 1, . ,d,

from (—1,0)Y to R, = {x : x; > O forall i = 1,...,d}. Such a transformation preserves
the dominance relation, and the maximal points are thus unchanged. Denote by q;,...,q,
the images of py, ..., p, under such a transformation. Then the components of q; are iid
with exponential distribution (A = 1). We define ||x|| = x; + --- + x, for x € R‘fr. Then
Ilq; ]| has a gamma distribution with parameter (d, 1), that is, the density function of ||q,||
is e=*x?"!/(d — 1)! for x > 0 and zero otherwise.

3.2. Approximation of K, by the Number of Maxima in a Strip
Let B, = {x: |x]| > a} "R% and B, = {x : |x|| < o} NRY. Take
o = logn —log(4(d — 1) loglogn),
B =logn+4(d — 1)loglogn.

Let V, be the event that there is no point of {q, . . ., q,,} falling in B4. Let K, be the number
of maxima falling in B, when conditioning on V,. We first prove that for a convergent
sequence r, > (logn)~@-1/2,

{K,} € CLT(r,) iff {K,}e CLT(r,). (15)

The following Lemma is needed to prove (15).

Lemma 1. Let X,,Y, be two sequences of random variables and r, be a convergent
sequence. Suppose that (i) the total variation distance d(X,,Y,) between X, and Y, is
bounded above by O(r,), (ii)

”E[Xn] - E[Yn” = O(Vn \% V[Xn])7
and (iii)
VIX,] — VIY,]| = O(r,v VIX,]).
Then {X,} € CLT(r,) iff {Y,} € CLT(r,).
Let N, (A) denote the number of points of {qy, ..., q,} falling in A and K,,(A) denote the

number of maxima of {qy, ..., q,} falling in A. Clearly, K,(A) < N,(A).
To prove (15), we first decompose K,, into three parts

K, = Kn(Ba)IVn + Kn(Ba)IV,L{ + Kn(BZ)-

Note that
K, = K, (By)1y, conditioned on V,.
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To apply Lemma 1, we first derive the three estimates:

d(K,, K,) < P(K,(Bu)lys = 1) +P(K,(Bg) = 1) +P(Vy),

E[K,(By)1ys] + E[K,(BS
E[K ]+ [Ki( )I?(JVJF) [ (a)]’

|E[K,] — E[K,]| < ‘

[K,] — E[K,1|(E[K,] + E[K,]),

where

E[K?]

E[K?] —

VIK,] - VIK,]| < |BIK?] -
<|i-
IE[KZ(B Yvel + E[KZ(BS)] + 2E[K? (B, )]]E[KZ(B‘)]
P(V,)
Recall that E[K,] =< (logn)~! and E[K?] < (logn)*“~"; see (2) and (3). By

Chebyshev’s inequality P(V}) < E[N,(Bg)].
We claim that

i. E[N,(Bp)] = O((logn) 1),
ii. E[K,(B;)] = O((logn)~“~"),
iii. E[K,(B,)1vg] = O((logn)~“~1),
iv. E[Kz(Ba)lvrg] = O(1), and
E[K; (Bg)] = O((logn)~>“~1).
It follows from these claims that
d(Km En) = 0((108 n)_(d_l))3
IE[K,] — E[K,]| = O((logn)~“~"),
IVIK,] — VIK,]| = O(1).
Thus the proof of (15) is reduced, by Lemma 1, to proving the five claims.
Proof of i.

E[N,(Bg)] nP(llqlll > ﬂ)

(d - 1)'
= O(nﬁd le™P)
= O ((logn)“"").

Proof ofii. Let Uy = {z : z; > y;,i = 1,...,d} be the first quadrant of y. Then the
probability that q; falls in Uy is given by

= (x =y

T e dx = e M.

Iyl
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Thus, given q;, the conditional probability that q; is a maximal point satisfies (1 —
e~lulhyn—1 < e~ =De 190 herefore,

E[K,(B;)] = nP(q, is a maximal point falling in B,)

o xa’—l e
< }’l/ —e—(n—l)e —X dx
0

d-1)
< }’l(lOg n)d_l fa e—(n—l)efx—x dx
- d=D! J

n(logn)?=! e (=D
- d-1 n—1
= 0 ((ogm)@-1)

Proof of iii. Let A; be the event that q; lies in Bg. Then V¢ C U’ A;. The number of
maxima in A; is less than the number of maxima in {qi,...,qi_1,qi+1,---,q,} + 1. Note
that P(A;)) = P(llq; || = B) = O(n~'(logn)*“~"). Thus
E[K,14,] < PA)(E[K, 1]+ 1) = O(n~" (logn) ™",

and then

E[K,(B.)1vg] < E[K, 1yl = O((logn)™>“"").
Proof of iv.  Similarly,

E[K;14,] < PA)EIK; |1+ 2E[K, 1]+ 1) = O™ (logm)~“~").

Thus

E[K;(Bo)1ys] < E[K;1yc] = O((logn)~“"").

Proof of v.  Given qi, q2, the conditional probability that q falls in Uy, U Uy, is
1
P(Uql) + P(qu) _ P(Uql N qu) > E (efl\!hl\ + e*l\lhl\) :

the conditional probability that both q; and q, are maxima is less than

1 "2 Loy (e=latll g p—llarl
1 — 2 (el o p-lazl < g (Tl perlanl)
( 2 (@ +e ) <e

We thus have

2
E[K,? (B;,)] =E |: Z lqi is maximal and ||q,~|<a]

1<i<n

= E[K,(B;)] + n(n — 1)P(both q; and q, are maxima falling in B)
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2 o o
= BEEI* g - DIE /0 /0 (ay)= e 30Dl e mey g
n*(logn)* @V
[(n —2)(d - D!'?
=0 ((log n)_z(d_l)) .

< E[K,(B)] +

3.3. A Poisson Process Approximation

Construct a Poisson process {W,} on S, = B, N B;; with intensity function

ne—wl

~ Plall < B)°

n

Denote by N,, the number of points of the Poisson process falling in S,,. Also, let Ky, denote
the number of maxima of the Poisson process and N, be the number of points that falls in
S, when conditioning on V,. It is easy to see that the conditional distribution of K, given
N, = m is identical to the conditional distribution of Kyw, given N,, = m. Thus, the total
variation distance between K, and Ky, satisfies (see Prohorov [30])

sup |[P(K, € A) — P(Ky, € A)|
A

=su PN, = m)P(K, € AIN, = m) — P(N,, = m)P(Ky, € AIN,, = m
up| > P )P( | )= Y P )P(Ky, € Al )

0<m=<n m=>0

< D IP(N, = m) — PN, = m)|

m=0

= 0(pn),

(the implied constant can be taken to be 2; see Barbour, Holst, and Janson [4]), where

P =P(qi € S,lllqill < B)

—X

1 B xd-1
~ P(lqul Sﬁ)/a d—n°

_0 ((log n)¥'loglog n)
n

Similarly, we have the two estimates

E[K,] — E[Kw,]| < np;,
E[K, (K, — D] = E[Ky, (Kw, = D]| < n(n = Dp;.
The above three estimates imply, by Lemma 1, that for a convergent sequence r, >

(log n)~@-1/2
{En} e CLT(r,) iff {Ky,} € CLT(r,).
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3.4. A Central Limit Theorem for Ky,

We prove in this section Proposition 2 by applying Stein’s method.
Split Ri into cubes G, ., of edge-length 1/2", where m > 0. Let

Zymy = min(1, the number of maxima of W, falling in the cell G, ).

Observe that ) ° Z, ,,, is nondecreasing in m, where the sum runs over all possible indices

for cells, and
lim IP(Z Ty = Kwn> =1,

for fixed n. Thus
an v E Zn m,y
lim d; K;‘VH,Z”( e~ B2 D | g,
V[ Zv Zn,m,v]

the same result also holds under the total variation distance.

For convenience, we write G, = G, ,, and Z, = Z,,,,. In the following proof, n is a
large integer and m is suitably chosen (whose value depends on 7). To prove Proposition 2,
it is sufficient to prove the same convergence rate for { > ZV} (normalized) to N(0, 1)
for sufficiently large m, and for that purpose, we apply Stein’s method (as formulated in
Theorem 6.33, Janson, Luczak, and Rucinski [26]), where the Stein remainder term is
expressed in terms of the d,-distance. It suffices to verify that

MnQi

W = 0((10g log n)zll(log n)f(dfl)/Z) ’

where

M, =Y _EIZ)] < E[Ky,] = O((logn)*™"),

v

0, = max Z E[Z,1Z;, Z] = O((loglogn)?) . (16)
’ Zy dependent on Z; or Zj,
For large enough m, V[ 3~ Z,] ~ V[Ky,] < (logn)*~"; see (3).

Proof of (16). Let N, be the number of points of W, falling in G,. We choose m so large
that min;; P(N; = O, N, = 0) > 1/2. Note that E[Z,|Z;,Z,] = Z, < 1 forv=jorv =k.
We claim that
E[Z,|Z;, Z] < 2E[N,], a7

for all v # j, k. As one can see from Figure 2, for any given Gy and G;j, Z, is dependent
on Z; or Z; only when the overlapping region of G, and the shaded area is nonempty. From
this it follows that

> ElZ|Z,Z] <2+2 > EWVI

Zy dependent on Z; or Zj Zy dependent on Z; or Z

B
= 0((,3 —)?! / ne”’ dt)

= O((loglogn)),
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Fig. 2. Possible configurations of G,, G;, and Gy.

BAI ET AL.

proving (16). Thus the proof of (16) is reduced to that of (17), which is split into three cases

conditioning on the possible values of (Z;, Z;) = (0,0), (0, 1) or (1, 1).
The first case when both Z; and Z; are zeros is estimated as follows:

PZ,=1,7Z=0,7Z,=0)
P(Z =0,Z, =0)

E[N,]

<

~PWN; =0,N,=0)

< 2E[N,].

ElZ,|Z =0,Z, = 0] =

For the remaining cases, we observe that

P(Zk = 1|N1 :0) 2 ]P)(Zk = 1) fol‘i # k,

P(Z =1,Z = 1IN, =0) > P(Z = 1,Z = 1) fori # j.k;

thus

P(Z, = 1|N; > 1) < P(Z, = 1) fori # &,

P(Z =1,Z =1|N;> 1) <P(Z = 1,7 = 1) fori # j.k.

(18)

19)
(20)
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Consequently, when both Z; and Z; are 1, we have, by (20),

PZ =1,Z=12=1)
P(Z =17 =1)

_PMN,=1.Z=12=1

= PEZ=1Z=1)

_P(Z=1,Z =1IN, = DP(N, > 1)

P(Z =1,Z=1)
<PW, =1
< E[MN]

E[ZV|ZJ = I,Zk = 1] fd

Similarly, from (18) and (19) it follows that
Pz, =1,Z=0,Z,=1)
P(Z =0,Z, =1)
- PN, > 1,7, =1)
T PN, =0,Z,=1)
P(Z. = 1IN, > DP(N, > 1)
T PZo= 1N = 0)P(Y, =0)
_PO,z 1
= PN, =0)
< 2E[N,].

EIZ|Z = 0.2, =1]=

for j # k. This completes the proof of (17).

3.5. From d,-Distance to Kolmogorov Distance

With Propositions 1 and 2 at hand, we need only to apply the following lemma to complete
the proof of Theorem 2.

Lemma 2. Assume that the sequence of random variables Y, converges to the standard
normal distribution with a rate

di(Y,,N(0,1)) = O(r,),
where r, — 0 and N(0, 1) denotes a standard normal variable. Then

(Y.} € CLT(/7).

Proof. Fix n. Let

0 ify <z,
h) =91 0—2/2 ifz<y=<z+2r,
T ify>z4+2/r,.
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Then sup, |7, (y)| + sup, |A.(y)| < /r, + 1/2. Without loss of generality, assume r, < 1/4.
Then

VP, <2) = @) = /P, = 2) —PWN(O, 1) = 2)|
< sup |E[h.(Y,)] — E[A (N (0, )]

+ VP <N@©O,1) < 2427
< d(Y,,N(0, 1)) +r,
= 0(r).

Thus sup, [P(Y, < z) — ®(2)| = O(/r). .

Remark. By the same method of proof, we can derive a Berry-Esseen bound for the
number of maxima K, in d-simplex of the form

{K,} € CLT(n~“=Y/“D log ) + n~"(logn)?) .

APPENDIX. VARIOUS EXPRESSIONS FOR E[K,, 4]

We collect some expressions for u, 4 := E(K,,) in the case of hypercubes. These expres-
sions obviously show the diversity of the nature of the enumeration problem; see also
Flajolet et al. [19], Labelle and Laforest [28].

Summation formulae.

Mna =) (Z)(—l)k—‘k‘-d,

1<k<n

1
Mnd = ‘ Z m,
15115.4.5101_]
H’il (Hr(l2))i2 . (H’gd—l))id_l
Z i eecdgog i (d = 1)1’

i1 +2ip 4 (d—1)ig_1=d—1
i5e0ig—120

Mnd =

where H\" := 3", . 1/j.

Recurrence relations. Forn > 1landd > 2

Mnd—1
Mnd = Hn—14 + n 5

Mna = Z Ma

1<j<n J

1 3
Mnd = ——7 Z H

1<j<d-1

with p,,; = 1 forn > 1.
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Integral representations.

Mnd = n/ (1 —xxp -+ - x)" " dx,
o4

1
— n _ n—1,__ d—1
Mnd = - 1)!'/0 (1 —=x)""(—logx)“" dx,

I . I
nd = 3. a dz,
Hord = i A el

|z|=r<1 l<j<n

(_l)n %+ioo n! d
Hod =00 ﬁ_m Ao—D—n)

2

Probability expressions. See Flajolet and Sedgewick [21] for integrals of the form of the
last expression.

fina = nE[(1 = U Uy -+ Ug)" ],

Mnd = l’lP(Yz R Yn < d)’

where U,, U, ..., U, are iid uniform [0, 1] random variables and the Y;’s are geometric

random variables
1 —

1 —

=

E[Z'] =

2=<j=<n;

~.inm

see Bai et al. [1].
Also w,4/n is the probability that the first subtree in a random quadtree of n nodes is
empty; see Flajolet et al. [19].

Asymptotic approximations. Let p := (d — 1)/logn.
i. If 1 <d <logn— M,/logn, M > 1 being sufficiently large,

=Ir{1- (log ™ 1+0 d
pna = T'( p)m< ((logn——dﬁ))’

uniformly in d.
ii. If d = logn + x,/log n, where x = o((log n)"/®), then

n 1 ’
ot _ o (14 0f LY,

n J9ogn
uniformly in x.

iii. If d > logn + M,/logn, then

| — Hna _ O(n~r'er™~(logn)~'"?),
n

uniformly in d; see Hwang [23] and the references therein.
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