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Abstract

A density f ¼ f ðx1;y; xdÞ on ½0;NÞd is block decreasing if for each jAf1;y; dg; it is a
decreasing function of xj ; when all other components are held fixed. Let us consider the class

of all block decreasing densities on ½0; 1�d bounded by B:We shall study the minimax risk over

this class using n i.i.d. observations, the loss being measured by the L1 distance between the

estimate and the true density. We prove that if S ¼ logð1þ BÞ; lower bounds for the risk are of
the form CðSd=nÞ1=ðdþ2Þ; where C is a function of d only. We also prove that a suitable

histogram with unequal bin widths as well as a variable kernel estimate achieve the optimal

multivariate rate. We present a procedure for choosing all parameters in the kernel estimate

automatically without loosing the minimax optimality, even if B and the support of f are

unknown.
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1. Introduction

A density f on ½0;NÞd is block decreasing if it is a non-increasing function of each
of its arguments on ½0;NÞ when all other arguments are held fixed. Other definitions
of multivariate monotonicity and multivariate unimodality have been proposed (see
[18] for a survey), but the block decreasing densities are rather natural as a family.
For example, if ðU1;y;UdÞ are independent uniform ½0; 1� random variables and
ðY1;y;YdÞ is an arbitrary random vector in the positive quadrant, then
ðU1Y1;y;UdYdÞ has a block decreasing density. The same is true if U1 is
exponential or the absolute value of a normal variate. The class thus contains all
arbitrary multivariate scale mixtures of basic random vectors with independent
components. The purpose of this paper is to present a study of density estimates for
this important multivariate class. Our results include several new multivariate
density estimates that are tailored to the class of block decreasing densities and that
are minimax optimal for certain subclasses. Actually, most of existing results on
minimax optimality of estimates pertain to univariate data, and few generalizations
to higher dimensions are available. The present work represents a first modest step
towards the study of minimax optimal multivariate estimates. We will show below
that the standard kernel estimate requires a major overhaul before it can be used for
this class. We expect that for other classes, not treated here, other adjustments may
be necessary, and the nature of these modifications will surely prove to be an
interesting topic of future research.

Define the class FB of all block decreasing densities on the unit hypercube Id ¼
½0; 1�d of Rd bounded by B: More precisely, any element f ¼ f ðx1;y; xdÞ of FB

should satisfy
R

f ðxÞ dx ¼ 1; f ðxÞ ¼ 0 if xeId ; 0pf ðxÞpB if xAId ; and, for each

jAf1;y; dg; f is a decreasing function of xj as xjm1; when all other components are

held fixed. Examples of block decreasing densities are given in [2, pp. 58, 63, 68, 72,
88], including particular cases of beta conditional densities, Burr conditional
densities and Pareto conditional densities. The reader can easily construct other
examples by the multivariate scaling property mentioned in the first paragraph of
this paper.
Assume now that we are given an i.i.d. sample of size n; X1;y;Xn; drawn from an

unknown density fAFB: Then the worst-case risk for a density estimate fn of f (a

measurable mapping from Rd 	 ðRdÞn to R) is

Rðfn;FBÞ ¼ sup
fAFB

E

Z
jfnðx;X1;y;XnÞ � f ðxÞj dx

� �

(for the sake of clarity, we will drop in the sequel the ‘‘dx’’ notation when no
confusion is possible). The minimax risk [12,13,16] on FB is given by

RnðFBÞ ¼ inf
fn

Rðfn;FBÞ; ð1Þ

and a density estimate fn is minimax optimal if, for n large enough,

Rðfn;FBÞpCRnðFBÞ
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for some constant C: In the univariate setting ðd ¼ 1Þ; Birgé [5] proved that, if
S ¼ logð1þ BÞ; upper and lower bounds for the minimax risk (1) are of the form

CðS=nÞ1=3; where C is a universal constant not depending upon B or n:
Observing that classical estimates like histograms or kernel estimates would not
lead to the right bound, Birgé [6] also exhibited a minimax optimal estimate
for the class FB merely by considering a suitable histogram with geometrically
increasing interval widths, and fine tuning the geometrical rate of increase.
Birgé’s modified histogram provides us with a nice example of how estimates
can be tailor made for certain classes of densities. We refer to this author for
discussion and references on the problem of estimating unimodal and decreasing
densities.
Our main purpose in this paper will be to generalize Birgé’s results to block

decreasing multivariate densities. In Section 2, we show, using information-theoretic
methods, that lower bounds for the d-dimensional minimax risk are proportional to

ðSd=nÞ1=ðdþ2Þ: In Section 3, we prove that a multivariate generalization of Birgé’s
modified histogram is minimax optimal. In Section 4, we propose a suitable variable
kernel estimate with linear varying smoothing parameter that achieves the optimal
rate. In Section 5, we introduce a method for choosing all parameters in the kernel
estimate automatically without loosing the minimax optimality, even if B and the
support of f are unknown.

2. Minimax lower bounds

We develop information-theoretic methods based on the work of Assouad [3],
Birgé [4], and Bretagnolle and Huber [9].

Theorem 1. There exist positive constants C1; C2 and C3; functions of d, such that

RnðFBÞX
1

4½1þ ½1þ ðC1Sd=nÞ1=ðdþ2Þ�1=d �d
C1S

d

n

� �1=ðdþ2Þ

for C2pSpC3n
1=d :

Proof. The first step of the proof is a discretization argument. Let e be a positive real
number and let rX1 be an integer, both to be determined later. We partition the unit

hypercube Id into rd cells

Ci ¼
Yd

j¼1
½xij�1; xij Þ; i ¼ ði1;y; idÞ;

where x0 ¼ 0 and, for j in f1;y; dg;

xij ¼
ð1þ eÞij � 1

ð1þ eÞr � 1
; ij ¼ 1;y; r:
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Observe that xr ¼ 1 and that
Pr

ij¼1 ðxij � xij�1Þ ¼ 1: For every index i ¼ ði1;y; idÞ;
set i ¼ i1 þ?þ id and define two functions hi and gi supported on Ci as follows:

hi ¼
ld ½1þ ð1þ eÞ1=d �d

2dð1þ eÞi
; gi ¼

ld

ð1þ eÞi
Yd

j¼1
gij ;

where every gij is a piecewise constant function on ½xij�1; xij Þ defined by

gij ¼
ð1þ eÞ1=d on ½xij�1;

xij�1þxij

2
Þ;

1 on ½xij�1þxij

2
; xij Þ

8<
:

and

l ¼ 2ð1þ eÞ
re½1þ ð1þ eÞ1=d �

½ð1þ eÞr � 1�:

Observe that
R
Ci

hi ¼ 1=rd since the Lebesgue measure of Ci is

lðCiÞ ¼
Yd

j¼1
ðxij � xij�1Þ ¼

Yd

j¼1

eð1þ eÞij�1

ð1þ eÞr � 1
¼ edð1þ eÞi�d

½ð1þ eÞr � 1�d
:

Similarly,Z
Ci

gi ¼
edð1þ eÞi�d

2d ½ð1þ eÞr � 1�d
ld

ð1þ eÞi
Xd

k¼0

d

k

 !
ð1þ eÞk=d ¼ 1

rd
:

Let us now compute the L1 separation and the Hellinger closeness [12,16] of the

hypercube of block decreasing densities fy; y ¼ ðy1;y; yrd ÞAf0; 1grd

defined on each
Ci by fy ¼ hi whenever the component of y matching with Ci is 1 and fy ¼ gi

otherwise. With respect to the L1 separation, we have

Z
Ci

jhi � gij

¼ edð1þ eÞi�d

2d ½ð1þ eÞr � 1�d
ld

ð1þ eÞi
Xd

k¼0

d

k

 !
1þ ð1þ eÞ1=d

2

 !d

�ð1þ eÞk=d

������
������

¼ 1

rd ½1þ ð1þ eÞ1=d �d
Xd

k¼0

d

k

 !
1þ ð1þ eÞ1=d

2

 !d

�ð1þ eÞk=d

������
������

X
1

rd ½1þ ð1þ eÞ1=d �d
1þ ð1þ eÞ1=d

2

 !d

�1þ ð1þ eÞ � 1þ ð1þ eÞ1=d

2

 !d
2
4

3
5

¼ e

rd ½1þ ð1þ eÞ1=d �d

¼def a:
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As to the Hellinger closeness, writeZ
Ci

ð
ffiffiffiffi
hi

p
� ffiffiffiffi

gi

p Þ2

¼ 1

rd ½1þ ð1þ eÞ1=d �d
Xd

k¼0

d

k

 !
1þ ð1þ eÞ1=d

2

 !d

þð1þ eÞk=d

2
4

� 2
1þ ð1þ eÞ1=d

2

 !d=2

ð1þ eÞk=ð2dÞ

3
5

¼ 1

rd ½1þ ð1þ eÞ1=d �d
½2½1þ ð1þ eÞ1=d �d

� 21�d=2½1þ ð1þ eÞ1=d �d=2½1þ ð1þ eÞ1=ð2dÞ�d :

By Taylor’s series expansion, we obtain

½1þ ð1þ eÞ1=d �dp2d 1þ e
2
þ ð3=2Þd�2ðd � 1Þe2

8d

" #
for 0oep1;

½1þ ð1þ eÞ1=d �d=2X 2d=2 1þ e
4
þ e2

8

1

d
� 1

� �
� e2

32d2
� e3

32d2

1

d
� 1

� �"

� e4

128d2

1

d
� 1

� �2
#

for e40

and

½1þ ð1þ eÞ1=ð2dÞ�dX2d 1þ e
4
þ e2

8

1

2d
� 1

� �� �
for 0oep1:

Therefore, we are led, after tedious calculations, toZ
Ci

ð
ffiffiffiffi
hi

p
� ffiffiffiffi

gi

p Þ2p 2de2ð1þ AeÞ
Crd ½1þ ð1þ eÞ1=d �d

;

where

A ¼ 32d4 � 24d3 � 9d2 þ 11d þ 2

64ð3=2Þd�2
d3ðd � 1Þ þ 96d4 � 96d3 þ 16d2

40;

C ¼ 16d2

4ð3=2Þd�2
dðd � 1Þ þ 6d2 � 6d þ 1

40:

Thus Z
Ci

ð
ffiffiffiffi
hi

p
� ffiffiffiffi

gi

p Þ2p 2de2ð1þ AeÞ
Crd ½1þ ð1þ eÞ1=d �d

¼def 2� 2b:
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Plugging a and b into Assouad’s lower bound theorem [3,4,9], we obtain

RnðFBÞX
rda
2
ð1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� 2bn

p
ÞXrda

2
½1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nð1� bÞ

p
�

¼ e

2½1þ ð1þ eÞ1=d �d
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2dne2ð1þ AeÞ

Crd ½1þ ð1þ eÞ1=d �d

s" #
:

We define J 
 n to be the nearest larger integer (or: ceiling) function. We can make
the square root less than 1=2 if we take

r ¼ 4:2dne2ð1þ AeÞ
C½1þ ð1þ eÞ1=d �d

 !1=d
2
666

3
777 :

Consequently,

RnðFBÞX
e

4½1þ ð1þ eÞ1=d �d
:

This last expression should be maximized with respect to e; subject to the constraint
that the set of densities Fy ¼ ffy: yAf0; 1grd

g forms a subclass of FB; i.e., that
ldpB: Observe that ld is approximately equal to expðdreÞ: Roughly speaking, this is
at most B if drepS: Substituting r by its approximate value, ð4ne2=CÞ1=d ; we obtain
that dð4=CÞ1=d

n1=deðdþ2Þ=dpS: This is why the value

e ¼ C1S
d

n

� �1=ðdþ2Þ

;

with C1 ¼ C=ð4ddÞ40; is approximately optimal. We must insist that C1S
dpn to

have ep1: This value leads to the desired lower bound. However, we still have to
verify that FyCFB; i.e., that l

dpB with this choice of e: This is done below. We
begin with four small observations.

(1) Spð11=12Þðdþ2Þ=dð1=C1Þ1=d
n1=d is equivalent to ep11=12;

(2) r ¼ 1þ ð4ne2=CÞ1=d ¼ 1þ SPðeÞ=ðdeÞ; where

PðeÞ ¼ 1þ 1

d
A � 1

2

� �
eþ 1

2d

1

2
� A

d

� �
e2

þ A

4d2
e3 þ 1

16d2

1

d
� 1

� �2

e4 þ A

16d3

1

d
� 1

� �2

e5;

(3) ðð1þ eÞx � 1Þ=x is nondecreasing in x for x40;
(4) PðeÞX0:95 and PðeÞ logð1þ eÞpe for 0oep1:

This is used in the following chain of inequalities:

l ¼ 2ð1þ eÞ
re½1þ ð1þ eÞ1=d �

½ð1þ eÞr � 1�

p 2
ð1þ eÞeSPðeÞ=ðdeÞ logð1þeÞ � 1

eþ SPðeÞ=d

1þ e

1þ ð1þ eÞ1=d
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p 2
ð1þ eÞeS=d � 1

0:95S=d þ e
1þ e

1þ ð1þ eÞ1=d

p 2
ð1þ eÞeS=d � 1

0:95S=d þ e

p eS=d � 1

p ðeS � 1Þ1=d :

Only the fourth inequality requires explicit verification. This boils down to verifying

eS=d 2þ e� 0:95
S

d

� �
p2� e� 0:95

S

d
:

For SX60=19d; we have eS=d
X23 and 0:95S=d � 2X1Xe: So, the left-hand side

of the last inequality is at most equal to

23 2þ e� 0:95
S

d

� �
:

Thus it suffices to check that

24ep22 0:95
S

d
� 2

� �
:

This is immediate from the fact that SX60=19d and ep11=12: The
proof of Theorem 1 is completed taking C2 ¼ 60=19d and C3 ¼
ð11=12Þðdþ2Þ=dð1=C1Þ1=d

n1=d : &

Remark (On the constraints). Note that both constants C2 and C3 depend on the
dimension. Calculations show that C2 and C3 are increasing slowly towards infinity.
For d ¼ 1; we have C2 ¼ 3:16;C3 ¼ 0:19: For d ¼ 2; C2 ¼ 6:31;C3 ¼ 1:92: For d ¼
3; C2 ¼ 9:47;C3 ¼ 3:28: For d ¼ 4; C2 ¼ 12:63;C3 ¼ 4:55: For d ¼ 5; C2 ¼
15:79;C3 ¼ 5:81: Therefore the constraints on S and n do not dramatically get
more severe as d increases.

3. Birgé’s multivariate histogram estimate

Let e be a positive real number and let rX1 be an integer. As in Section 2, we

partition the unit hypercube Id into rd cells

Ci ¼
Yd

j¼1
½xij�1; xij Þ; i ¼ ði1;y; idÞ;

where x0 ¼ 0 and, for every j in f1;y; dg;

xij ¼
ð1þ eÞij � 1

ð1þ eÞr � 1
; ij ¼ 1;y; r:

G. Biau, L. Devroye / Journal of Multivariate Analysis 86 (2003) 143–165 149



We define

fn ¼
X
i

mnðCiÞ
lðCiÞ

1Ci
; ð4Þ

where mn denotes the empirical measure based on the sample X1;y;Xn; and where

the summation extends over all i in f1;y; rgd : When d ¼ 1; estimate (4) reduces to
the one-dimensional histogram with unequal bin widths already defined in [6]. For
dX1; we take the liberty of calling (4) Birgé’s multivariate histogram estimate. From
Theorem 1, we recall that the lower bound for any estimate in the class FB is

proportional to ðSd=nÞ1=ðdþ2Þ: Theorem 2 below implies that Birgé’s multivariate
histogram is minimax optimal.

Theorem 2. Birgé’s multivariate histogram (4) on Id with

r ¼ JðR2nS2Þ1=ðdþ2Þn; R ¼ 2þ 2d�3ðd � 1Þffiffiffiffiffiffiffiffiffiffiffiffiffi
2d � 1

p

and

e ¼ eS=r � 1

satisfies

sup
fAFB

E

Z
jfn � f j

� �
pC1

RdSd

n

� �1=ðdþ2Þ

þC2
RdSd

n

� �2=ðdþ2Þ

;

for all nXC3S
d ; where C1; C2 and C3 are positive functions of d.

Proof. Let f be any element of FB and introduce the notation gi ¼
R
Ci

f =lðCiÞ:
Then Z

jfn � f j ¼
X
i

Z
Ci

jfn � f j

p
X
i

Z
Ci

jfn � gij þ
X
i

Z
Ci

jf � gij

¼def Vn þ Bn;

where Vn denotes ‘‘variation’’ and Bn denotes ‘‘bias’’. Define i ¼ ði1;y; idÞ; 1 ¼
ð1;y; 1Þ; i� 1 ¼ ði1 � 1;y; id � 1Þ: We have

Bnp
1

2

X
i

lðCiÞ½f ðxi�1Þ � f ðxiÞ�

ðsince f is block decreasing on Ci; see ½13�Þ

p
1

2

X
iAId

lðCiÞB þ
X
iAIc

d

lðCiÞf ðxi�1Þ �
X
i

lðCiÞf ðxiÞ

2
4

3
5;
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where Id ¼ fi : (jAf1;y; dg with ij ¼ 1g; and Ic
d is the complement of Id in

f1;y; rgd : Observing thatX
iAId

lðCiÞp
de

ð1þ eÞr � 1
;

we have

Bnp
1

2

Bde
ð1þ eÞr � 1

þ
X
iAIc

d

ð1þ eÞdlðCi�1Þf ðxi�1Þ �
X
i

lðCiÞf ðxiÞ

2
4

3
5:

Using the fact that for 0oep1; by Taylor’s series with remainder,

ð1þ eÞdp1þ deþ 2d�3dðd � 1Þe;

and, for a block decreasing density on Id ;X
iAIc

d

lðCi�1Þf ðxi�1Þp1;

we conclude that

Bnp
de
2

B

ð1þ eÞr � 1
þ 1þ 2d�3ðd � 1Þ

� �
:

To bound Vn; we let Zi be a binomial random variable with parameters n and

pi ¼
R
Ci

f ; and we proceed as follows:

E fVng ¼
X
i

lðCiÞE fjZi � E fZigjg
nlðCiÞ

p
1

n

X
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E fðZi � E fZigÞ2g

q
ðCauchy2Schwarz inequalityÞ

¼ 1

n

X
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
npið1� piÞ

p
¼ rdffiffiffi

n
p 1

rd

X
i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pið1� piÞ

p

p
rdffiffiffi

n
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

rd

X
i

pi 1� 1

rd

X
i

pi

 !vuut ðJensen’s inequalityÞ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
rd � 1

n

s
:

Combining the bounds on Bn and Vn; we obtain

E

Z
jfn � f j

� �
p

de
2

B

ð1þ eÞr � 1
þ 1þ 2d�3ðd � 1Þ

� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
rd � 1

n

s
:
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We choose e ¼ eS=r � 1 and insist on ep1: Resubstitution yields

E

Z
jfn � f j

� �
p

de
2
½2þ 2d�3ðd � 1Þ� þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
rd � 1

n

s

¼Aeþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
rd � 1

n

s
ðwith A ¼def dð1þ 2d�4ðd � 1ÞÞ

pAðeS=x � 1Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2d � 1Þ xd

n

s
for any r � 1oxpr:

In the last inequality, we used the bound rd � 1oð2d � 1Þ xd for r � 1ox; which

follows from the binomial identity. The derivative of the function x/AðeS=x � 1Þ þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2d � 1Þ xd=n

p
is zero for the solution of

xðdþ2Þ=2 ¼ ½2A=ðd
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2d � 1

p
Þ�
ffiffiffi
n

p
SeS=x:

Roughly speaking, this solution increases with n; so that eS=x approaches 1 as n-N:
Therefore, the choice

x ¼ ðR2nS2Þ1=ðdþ2Þ; r ¼ Jxn and R ¼ 2A=ðd
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2d � 1

p
Þ

will do. Plugging this back into the upper bound for the expected L1 error, we obtain

E

Z
jfn � f j

� �

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2d � 1Þ xd

n

s
þ A

S

x
þ S2

2x2
eS=x

� �
use eu � 1pu þ u2

2
eu for u40

� �

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2d � 1

p
þ A

R

� �
RdSd

n

� �1=ðdþ2Þ

þ A

2R2

RdSd

n

� �2=ðdþ2Þ

expððRdSd=nÞ1=ðdþ2Þ=RÞ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2d � 1

p
þ d

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2d � 1

p

2

 !
RdSd

n

� �1=ðdþ2Þ

þd
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2d � 1

p
e1=R

4R

RdSd

n

� �2=ðdþ2Þ

for RdSdpn:

Observing that ep1 when Sd=ðR2 logð2ðd þ 2ÞÞÞpn; the proof of Theorem 2 is
complete if we set

C1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2d � 1

p
þ d

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2d � 1

p
=2;

C2 ¼ d
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2d � 1

p
e1=R=ð4RÞ;

C3 ¼ max½Rd ; 1=ðR2 logð2ðd þ 2ÞÞÞ�: &
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Remark (On the constraints). Note that both the constraints on S and n become
more severe as the dimension increases. We have C3 ¼ 2; 2:08; 3:45; 18:20; 353:15 for
d ¼ 1; 2; 3; 4; 5; respectively.

4. A minimax optimal variable kernel estimate

Let K ¼ 1½�1=2;1=2�d be the uniform kernel, let rX1 be an integer and let e ¼
eS=r � 1: For x ¼ ðx1;y; xdÞARd ; we define the function

hðxÞ ¼ ðhðx1Þ;y; hðxdÞÞ;

where, for uAR;

hðuÞ ¼ e
1þ e

2

u þ 1

ð1þ eÞr � 1

� �
:

We also set *hðxÞ ¼ hðx1ÞyhðxdÞ: In this framework, the variable kernel estimate fn of

f with kernel K and smoothing parameter h [15,16] reads, for xARd ;

fnðxÞ ¼
1

n*hðxÞ
Xn

i¼1
K

x � Xi

hðxÞ

� �
;

where the argument of K is a vector with components ðxj � XijÞ=hðxjÞ; 1pjpd:With

our choice of K ;

fnðxÞ ¼
1

n*hðxÞ
Xn

i¼1
1Wd;x

ðXiÞ; ð5Þ

where Wd;x stands for the d-dimensional hypercube ½x1 � hðx1Þ=2; x1 þ hðx1Þ=2� 	
?	 ½xd � hðxdÞ=2; xd þ hðxdÞ=2�: The following theorem states that the kernel
estimate (5) is minimax optimal.

Theorem 3. The variable kernel estimate (5) with

r ¼ JðR2nS2Þ1=ðdþ2Þn and R ¼ 3þ 2d�3ðd � 1Þffiffiffiffiffi
6d

p

satisfies

sup
fAFB

E

Z
jfn � f j

� �
pC1

RdSd

n

� �1=ðdþ2Þ

þC2
RdSd

n

� �2=ðdþ2Þ

;

for all nXC3 max ðSd ;S�2Þ; where C1; C2 and C3 are positive functions of d.
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Proof. First observe that for uAR;

u � hðuÞ
2

¼ 1

1þ e
2

u � e
2þ e

1

ð1þ eÞr � 1

and

u þ hðuÞ
2

¼ 1þ e
1þ e

2

u þ e
2þ e

1

ð1þ eÞr � 1
:

Therefore, the variable kernel estimate (5) vanishes almost surely outside the d-
dimensional hypercube

Pd ¼ �e
2ð1þ eÞ

1

ð1þ eÞr � 1
; 1þ e

2
þ e
2½ð1þ eÞr � 1�

� �d

(note that each component of h is positive on Pd ; so that fn is well defined). Now, let
fAFB: As for Birgé’s multivariate histogram, we split the expected L1 error of the
kernel estimate into a variation and a bias term, namely

E

Z
jfn � f j

� �
¼E

Z
Pd

jfn � f j
� �

pE

Z
Pd

jfn � Effngj
� �

þ
Z
Pd

jE ffng � f j

¼def Vn þ Bn:

We have for xAPd ;

jEffnðxÞg � f ðxÞjp 1

*hðxÞ

Z
Wd;x

jf ðtÞ � f ðxÞj dt:

Let us introduce the sets

Ad ¼ 0; 1þ e
2
þ e
2½ð1þ eÞr � 1�

� �d

;

Hd ¼ e
2½ð1þ eÞr � 1�; 1þ

e
2
þ e
2½ð1þ eÞr � 1�

� �d

;

H0
d ¼ Ad\Hd and H00

d ¼ Pd\Ad : Fig. 1 illustrates the respective positions of the

sets Pd ;Ad ;Hd ;H
0
d and H00

d in dimension 2.

Since f is bounded and block decreasing on Id ; a moment’s thought shows that,
for xAPd and tAWd;x;

jf ðtÞ � f ðxÞjp
B if xAH00

d ;

maxff ðxÞ;B � f ðxÞ; f ðxÞ � f ðx þ hðxÞ
2
Þg if xAH0

d ;

maxff ðx � hðxÞ
2
Þ � f ðxÞ; f ðxÞ � f ðx þ hðxÞ

2
Þg if xAHd :

8>><
>>:
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Therefore,

Bnp
Z
H00

d

B dx þ
Z
H0

d

B þ f ðxÞ � f x þ hðxÞ
2

� �
dx

þ
Z
Hd

f x � hðxÞ
2

� �
� f x þ hðxÞ

2

� �
dx:

Moreover,

maxðlðH0
dÞ; lðH00

dÞÞ ¼
de

2½ð1þ eÞr � 1�:

Thus

Bnp
3Bde

2½ð1þ eÞr � 1� þ
Z
Hd

f
1

1þ e
2

x � e
2þ e

1

ð1þ eÞr � 1

� �
dx

�
Z
Ad

f
1þ e
1þ e

2

x þ e
2þ e

1

ð1þ eÞr � 1

� �
dx:

Using the (multivariate) change of variable

yj ¼
1

1þ e
xj �

e
1þ e

1

ð1þ eÞr � 1
; j ¼ 1;y; d;

Fig. 1. Examples of sets P2;A2;H2;H
0
2 and H00

2 :
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in the first integral leads toZ
Hd

f
1

1þ e
2

x � e
2þ e

1

ð1þ eÞr � 1

� �
dx

¼ ð1þ eÞd

Z
Hn

d

f
1þ e
1þ e

2

x þ e
2þ e

1

ð1þ eÞr � 1

� �
dx;

where Hn

d stands for the d-dimensional hypercube

Hn

d ¼ � e
2ð1þ eÞ

1

ð1þ eÞr � 1
;
1þ e

2

1þ e
� e
2ð1þ eÞ

1

ð1þ eÞr � 1

� �d

:

Consequently, using ð1þ eÞdp1þ deþ 2d�3dðd � 1Þe for 0oep1; and the fact
that Z

Hn

d

f
1þ e
1þ e

2

x þ e
2þ e

1

ð1þ eÞr � 1

� �
dxp1;

we deduce that

Bnp de
3B

2½ð1þ eÞr � 1� þ 1þ 2d�3ðd � 1Þ
� �

þ
Z
Hn

d

f
1þ e
1þ e

2

x þ e
2þ e

1

ð1þ eÞr � 1

� �
dx

�
Z
Ad

f
1þ e
1þ e

2

x þ e
2þ e

1

ð1þ eÞr � 1

� �
dx:

Observe finally thatZ
Hn

d

f
1þ e
1þ e

2

x þ e
2þ e

1

ð1þ eÞr � 1

� �
dx

p
Bde

2½ð1þ eÞr � 1� þ
Z
Ad

f
1þ e
1þ e

2

x þ e
2þ e

1

ð1þ eÞr � 1

� �
dx:

By definition of e; we obtain

Bnp de
2B

ð1þ eÞr � 1
þ 1þ 2d�3ðd � 1Þ

� �
¼ de½3þ 2d�3ðd � 1Þ�

¼def Ae:
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Let us now turn to the analysis of Vn: From a straightforward adaptation of
Theorem 7.3 of Devroye [12, p. 113],

E

Z
Pd

jfn � Effngj
� �

p
Z
Pd

ffiffiffiffiffiffiffiffiffiffiffiffi
Effng

n*h

s
;

and therefore

E

Z
Pd

jfn � Effngj
� �

p
Z
Pd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f � f þ Effng

n*h

s

p
Z
Pd

ffiffiffiffiffi
f

n*h

r
þ
Z
Pd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jf � Effngj

n*h

s

p
1ffiffiffi
n

p
ffiffiffiffiffiffiffiffiffiffiffiZ
Pd

1

*h

s
þ 1ffiffiffi

n
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ
Pd

jf � E ffngj
s ffiffiffiffiffiffiffiffiffiffiffiZ

Pd

1

*h

s

p
1þ

ffiffiffiffiffiffi
Ae

pffiffiffi
n

p
ffiffiffiffiffiffiffiffiffiffiffiZ
Pd

1

*h

s
ðas BnpAeÞ

p
2ffiffiffi
n

p
ffiffiffiffiffiffiffiffiffiffiffiZ
Pd

1

*h

s
because we will insist that Aep1:

Elementary computations show that, for 0oep1;Z
Pd

1

*h
¼ 2þ e

2e

� �dYd

j¼1
2r logð1þ eÞ ¼ 2þ e

2e

� �d

2drdðlogð1þ eÞÞd

p
2þ e
e

� �d

rdedp3drd :

Putting all pieces together, we obtain

E

Z
jfn � f j

� �
pAeþ A0

ffiffiffiffiffi
rd

n

s
;

with A0 ¼ 2
ffiffiffiffiffi
3d

p
: Using the inequality rdo2dxd for r � 1ox; valid for rX2; the end

of the proof is similar to the end of the proof for Birgé’s multivariate histogram, with

C1 ¼ ðd þ 2Þ
ffiffiffiffiffi
6d

p
;

C2 ¼
d
ffiffiffiffiffi
6d

p
e1=R

2R
;

C3 ¼ max Rd ; 1=ðR2 logððd þ 2Þð1þ A�1ÞÞÞ; 2
dþ2

R2

� �
: &
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Remark (Grenander’s estimate). Grenander’s estimate for univariate monotone
densities [19] has been shown to be minimax optimal for FB [7]. The multivariate
generalization of it was shown by Polonik [27–29] to be the maximum likelihood
estimate. However, it was not shown there to be minimax optimal, so that question
remains open. For additional results on Grenander’s estimate, we refer to Wegman
[33–35] and Groeneboom [20].

Remark (On the constraints). Note that both the constraints on S and n become
more severe as the dimension increases. We have C3 ¼ 5:33; 47:02; 276:48 for
d ¼ 1; 2; 3; respectively.

5. Adaptive polynomial bandwidth kernel estimates

We saw in the previous section why kernel estimates with bandwidths of the form
a þ bx; xX0 are important for monotone densities on the real line—they
are minimax optimal modulo a universal constant. However, the form of band-
width suggested in the previous section cannot be computed, since it involves

unknown quantities. In Rd ; a d-dimensional bandwidth vector with jth compo-
nent aj þ bjxj is similarly optimal for d-dimensional block decreasing densities. If

one uses the values for aj and bj suggested in Section 4, then it is necessary to at least

know (or have a good estimate of) f ð0Þ and the smallest box ½0; s1� 	?	 ½0; sd � of
unit probability. By rescaling the minimax results appropriately, we note that each hj

is of the form sjðaj þ bjxj=sjÞ; where aj and bj are functions of n; d and

gðf Þ ¼def f ð0Þ
Qd

j¼1 sj only. However, what happens if f is not bounded or not of

compact support? Or what happens when f is far removed from the densities that
occur as worst cases in the minimax bound? Thus, to be really useful, we need to be
able to choose the aj’s and bj’s automatically, so that we get near-optimal expected

error rates for all densities, and near-optimal bounds for block monotone densities
that match the minimax lower bounds derived earlier. This sort of universal
robustness is derived here, based on the combinatorial method of Devroye and
Lugosi [16].
Let

Y ¼ y ¼ ðh1;y; hdÞ: min
j

hj40

� �

be the parameter space of all bandwidths. Consider the product kernel estimate on

Rd defined by

fn;yðxÞ ¼
1

n

Xn

i¼1
Kyðx � XiÞ
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where

KyðxÞ ¼
Yd

j¼1

1

hj

Kj
xðjÞ

hj

� �
; x ¼ ðxð1Þ;y; xðdÞÞ;

and K1;y;Kd are fixed one-dimensional kernels integrating to one. In this estimate,
the smoothing factor varies in each direction. This, of course, is the multivariate
extension of the Akaike–Parzen–Rosenblatt kernel estimate. The automatic selection
of the bandwidths has been discussed in [16], where additional references may be
found. The most recent results on the consistency of multivariate multiparameter
kernel estimates are in [14].
The variable kernel estimate of the Breiman–Meisel–Purcell kind is defined by

fnðxÞ ¼
1

n

Xn

i¼1

Yd

j¼1

1

hj;i
K

xðjÞ � X
ðjÞ
i

hj;i

 !
; x ¼ ðxð1Þ;y; xðdÞÞ;

where K is a one-dimensional kernel (typically a density), and each Xi has its own set
of d bandwidths, ðh1;i;y; hd;iÞ; which possibly depends upon the data. The original

paper by Breiman et al. [8] had the one-dimensional version of this, which was
subsequently studied by Habbema et al. [21], Abramson [1], Devroye [11], Devroye
and Penrod [17], Hall and Marron [23], Mielniczuk et al. [26], Hall [22], Terrell and
Scott [32], Marron et al. [25], Hazelton [24], Sain and Scott [30,31], and Devroye and
Lugosi [15].
If K is a density, then so is fn: A second estimate that is not a density but may,

nevertheless, have interesting properties is one in which the smoothing factor
depends upon x; not Xi; as in

fnðxÞ ¼
1

n

Xn

i¼1

Yd

j¼1

1

hjðxÞ
K

xðjÞ � X
ðjÞ
i

hjðxÞ

 !
;

where hðxÞ ¼ ðh1ðxÞ;y; hdðxÞÞ is a given vector of functions of x: Typically, fn is no
longer a density. An interesting approach to local bandwidth selection could consist
in parameterizing h in an appropriate way. For example, we may have a polynomial
choice

hjðxÞ ¼
Xk

c¼0
aðj; cÞðxðjÞÞc

for coefficients aðj; cÞ: Clearly, care must be taken to insure that hjðxÞ40 for all x; so

not all choices of coefficients are feasible. It is easy to avoid that problem, but that
will not concern us here. For example, one might set

hjðxÞ ¼ exp
Xk

c¼0
aðj; cÞðxðjÞÞc

 !

or something similar.
Define y ¼ ðaðj; cÞÞ0pcpk;1pjpd as a ðk þ 1Þd-dimensional vector of parameters.

The space for y is O; where we only restrict aðj; 0Þ40 for all j: Denote the variable
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kernel estimate with polynomial choice of each hj by fn;y: Our interest in this section

is in the data-based selection of y when the kernel is the uniform kernel K ¼
1½�1=2;1=2�: We call the estimate with these choices of hj and K the polynomial

bandwidth kernel estimate. We are only interested in densities on Q ¼ ½0;NÞd with
our particular choice of y: The purpose of this section is to show that there exists an
algorithm for picking y depending upon the data (this data-based choice will be
called Y) such that

E

Z
jfn;Y � f j

� �
pC1 inf

yAO
E

Z
jfn;y � f j

� �
þ C2

ffiffiffiffiffiffiffiffiffiffi
log n

n

r
;

where C2 depends upon d and k only and C1 is a universal constant. As O
contains the standard product kernel density estimate, we note that modulo a
factor C1; the data-based estimate is as good as the best product kernel estimate,
even if f were given to us beforehand. In particular, we have universal consistency:
for all f ;

lim
n-N

E

Z
jfn;Y � f j

� �
¼ 0:

If we apply the above result to the estimation of block decreasing densities
on Q; we note that the kernel estimate of the previous section had k ¼ 1; with
all 2d coefficients given explicitly in terms of the supports sj and a shape parameter

gðf Þ ¼ f ð0Þ
Qd

j¼1 sj: This setting is of course contained in O: For that choice, the

kernel estimate of that section had an expected L1 error Oðððlogðgðf Þ þ
1ÞÞd=nÞ1=ðdþ2ÞÞ: Let F denote the class of all block decreasing densities on Q: As
the inequality above is valid for all n; we thus conclude that fn;Y has the same order

for its expected L1 error for densities that have gðf ÞoN; and this is adaptive in a
very strong sense:

sup
t40

sup
ffAF:gðf Þptg

E
R
jfn;Y � f j

$ %
½ðlogðt þ 1ÞÞd=n�1=ðdþ2Þ

¼ Oð1Þ:

Thus, we need not know the support, f ð0Þ; or gðf Þ to get performance commensurate
with the minimax lower bound, uniformly over all block decreasing f with gðf Þpt:
In other words, the estimate ‘‘adjusts’’ to the individual values gðf Þ: The estimate of
the previous section does not do that, as it only adjusts to the densities in the class
with the highest value of gðf Þ:
We now describe the manner in which we select the coefficients of the polynomial

bandwidths. Split the sample in two parts, X1;y;Xn�m and Xn�mþ1;y;Xn:

Consider the subsets of Rd defined by ffn�m;y4fn�m;y0 g; with y; y0AO: The collection
of these sets is called a Yatracos class and is denoted by A: Then select Y so as to
minimize

Y ¼ arg min sup
AAA

Z
A

fn�m;y � mmðAÞ
����

����;
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where mmðAÞ ¼ ð1=mÞ
Pn

j¼n�mþ1 1½XjAA� is the empirical measure for A based on the

second part of the sample. If the minimum does not exist, we select Y such that

sup
AAA

Z
A

fn�m;Y � mmðAÞ
����

����o inf
ynAO

sup
AAA

Z
A

fn�m;yn � mmðAÞ
����

����þ 1

n
:

For this method of choosing the polynomial bandwidths, we show the following
nonasymptotic bound, valid for all n and all densities f on Q:

Theorem 4. For the polynomial bandwidth kernel estimate with Y as selected above,
for any f on Q,

E

Z
jfn;Y � f j

� �

p5 inf
yAO

E

Z
jfn;y � f j

� �
1þ 2m

n � m
þ 8

ffiffiffiffi
m

n

r� �
þ 5

n

þ 8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðk þ 1Þd logðdðn � mÞÞ þ ð2ðk þ 1Þd þ ðk þ 1ÞdÞlogð2mÞ þ 3

m

s
:

The choice m ¼ n=2 yields

E

Z
jfn;Y � f j

� �

p inf
yAO

E

Z
jfn;y � f j

� �
ð15þ 40=

ffiffiffi
2

p
Þ

þ 8
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðk þ 1Þd logðd=2Þ þ ð4ðk þ 1Þd þ ðk þ 1ÞdÞ log n þ 3

n

s
þ 5

n
:

The proof of Theorem 4 follows from Theorem 5 and Lemma 1 below without
further work. Many classical nonparametric density estimates may be written in the
form

gnðxÞ ¼
1

n

Xn

i¼1
Kðx;XiÞ;

where K :Rd 	 Rd-R is a measurable function. Such estimates are called additive

[16, Chapter 10]. We say that the additive estimate gn is regular if for each x;
E fjKðx;X ÞjgoN: The multivariate variable product kernel estimate introduced
here is additive and regular.

Theorem 5 (Devroye and Lugosi [16, Theorem 10.3]). Let the set O determine a class

of regular additive density estimates (with possibly
R

fn�m;ya1 for some or all y). Then
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for all n, mXn=2; and f :

E

Z
jfn;Y � f j

� �
p 5 inf

yAO
E

Z
jfn;y � f j

� �
1þ 2m

n � m
þ 8

ffiffiffiffi
m

n

r� �

þ 8E

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log 2SAðmÞ

m

r( )
þ 5

n
:

Here SAðmÞ is the shatter coefficient for A; i.e., the maximal number of sets in

fðy1;y; ymÞ-A: AAAg; where the maximum is taken over all ðy1;y; ymÞARdm:

We will not be concerned with the actual details of the minimization algorithm.
We realize that more work is needed to make the present method computationally
feasible. Note that A; and thus SAðmÞ; depend upon X1;y;Xn�m: First we show
that for any A; there is a uniform bound for SAðmÞ over all values of X1;y;Xn�m:

Lemma 1. Let fc;y be the polynomial bandwidth kernel estimate of order k, the degree

of the polynomial on Rd ; based on a fixed sample of size c: Define the class of all sets

fx: fc;y4fc;y0 g; with yay0AO: Then

SAðmÞp2ðkþ1Þ
dþ2þ2ðkþ1Þd 	 ðdcÞ2ðkþ1Þd 	 m2ðkþ1Þdþðkþ1Þd

:

Proof. We cut the proof in several parts. First, we introduce the notation x1;y; xc

for the sample from Rdl used in the definition of fc;y: It is deterministic, and the

bounds below will hold uniformly over all such samples. To compute the shatter

coefficient, we will use ðy1;y; ymÞ as the sample from Rdm to be employed. We begin
by defining the vector

Vðj; i; yÞ ¼def K
y
ð1Þ
j � x

ð1Þ
i

h1ðyjÞ

 !
;y;K

y
ðdÞ
j � x

ðdÞ
i

hdðyjÞ

 ! !
;

where the dependence upon y is through h1;y; hd : Then define the m 	 c matrix
VðyÞ of vectors Vðj; i; yÞ; 1pjpm; 1pipc: We will first verify how many possible

values this matrix can take as we vary y: Fix 1pjpm; 1pipc: Set a ¼ y
ð1Þ
j � x

ð1Þ
i ;

b ¼ y
ð1Þ
j ; and

P1ðbÞ ¼ a10 þ a11b þ?þ a1kbk:

Consider the values Kða=P1ðbÞÞ can take as ða10;y; a1kÞ varies. As K ¼ 1½�1=2;1=2�;

we note that Kða=P1ðbÞÞ ¼ 1½jP1ðbÞjX2jaj�: Note that jP1ðbÞjX2jaj translates into

ja10 þ a11b þ?þ a1kbkjX2jaj

with the only variable items being ða10;y; a1kÞ: Thus, we have two linear
inequalities. Every ði; jÞ pair and every component index (of d possible components)
yields a different pair of inequalities, for a total of 2dmc linear inequalities in the
ðk þ 1Þd-dimensional space of the free parameters, ða10;y; a1kÞ;y; ðad0;y; adkÞ: It
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is well known from Cover’s lemma [10] that the number of regions in the partition
defined by these inequalities does not exceed

2
Xðkþ1Þd�1

s¼0

2dmc� 1

s

 !
p2ð2dmcÞðkþ1Þd :

Within any of these regions, the matrix VðyÞ is fixed, with all kernels K taking

precisely one value. We may do the same for Vðy0Þ; and thus note that there exists a

partition of O2 of size at most

ð2ð2dmcÞðkþ1ÞdÞ2

such that on any set of the partition, ðVðyÞ;Vðy0ÞÞ is fixed.
Fix such a region R of O2: This fixes all values for VðyÞ and Vðy0Þ: Next we are

interested in the collection of indicators

Z ¼def ðZ1;y;ZmÞ ¼def ð1½fc;yðy1Þ4fc;y0 ðy1Þ�;y; 1½fc;yðymÞ4fc;y0 ðymÞ�Þ:

Indeed, the shatter coefficient is nothing but the number of different possible values

of Z as ðy; y0Þ varies. We will calculate a bound W on the number of different

possible values of Z when ðy; y0Þ varies within a region R of O2; and show that W

only depends upon d; c;m; k: Then, by recalling the bound on the number of regions
R; we see that the shatter coefficient is bounded by

W 	 ð2ð2dmcÞðkþ1ÞdÞ2:

To compute W ; we fix all values of

Vðj; i; yÞ ¼def K
y
ð1Þ
j � x

ð1Þ
i

h1ðyjÞ

 !
;y;K

y
ðdÞ
j � x

ðdÞ
i

hdðyjÞ

 ! !

for all j; i: For fixed j; let Nj be the number of xi’s, 1pipc; for which

Yd

s¼1
K

y
ðsÞ
j � x

ðsÞ
i

hsðyjÞ

 !
¼ 1;

where hs depends upon y through the coefficients in the polynomial

hsðyjÞ ¼ as0 þ as1y
ðsÞ
j þ?þ askðyðsÞ

j Þk:

We will write h0
s if the coefficients of y

0 are used instead. Let N 0
j be the corresponding

value of Nj: Clearly,

fc;yðyjÞ ¼
Nj

n
Qd

s¼1 hsðyjÞ
; fc;y0 ðyjÞ ¼

N 0
j

n
Qd
s¼1

h0
sðyjÞ

:
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Thus, ffc;yðyÞ4fc;y0 ðyÞg as a function of a generic yARd is a set defined by an

inequality of the formYd

s¼1
h0

sðyÞ4c
Yd

s¼1
hsðyÞ;

where c is a fixed value. This is a polynomial inequality with each monomial being of
the form

ðyð1ÞÞp1 	?	 ðyðdÞÞpd

and each 0ppspk for all 1pspd: The number of such monomials does not exceed

r ¼def ðk þ 1Þd : By a mapping that makes each of the monomials a new variable, it is

easy to see that considered as a set in Rr;Yd

s¼1
h0

sðyÞ4c
Yd

s¼1
hsðyÞ

is just a homogeneous linear inequality of the form a1w1 þ?þ arwr40; with the

coefficients ai depending upon the pair ðy; y0Þ only. The shatter coefficient for a
collection of m points in Rr for a collection of linear halfspaces is not more than

ðm þ 1Þr: Thus, in particular, the number of possible values of Z is not more than

ðm þ 1Þr (see, e.g., [16]), and therefore,

Wpðm þ 1Þðkþ1Þ
d

:

Putting everything together, we conclude that

SAðmÞp ðm þ 1Þðkþ1Þ
d

ð2ð2dmcÞðkþ1ÞdÞ2

p 2ðkþ1Þ
dþ2þ2ðkþ1Þd 	 ðdcÞ2ðkþ1Þd 	 m2ðkþ1Þdþðkþ1Þd

:

This finishes the proof of Lemma 2. &
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