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Abstract

We consider a Delaunay triangulation defined on n points distributed independently and uniformly on a planar compact convex
set of positive volume. Let the stabbing number be the maximal number of intersections between a line and edges of the triangu-
lation. We show that the stabbing number S, is @ (4/n) in the mean, and provide tail bounds for P{S, > t./n }. Applications to
planar point location, nearest neighbor searching, range queries, planar separator determination, approximate shortest paths, and
the diameter of the Delaunay triangulation are discussed.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The purpose of this note is to prove a simple result for a random Delaunay triangulation D, on n points, X1, ..., X,,
that are independently and uniformly distributed on a convex set C of R?. Throughout the paper, all convex sets are
assumed to be compact and of strictly positive volume. The stabbing number S, of D, is the maximal number of
Delaunay edges cut by any line. We show the following:

Theorem 1. The stabbing number S, of D, is © (,/n) in the following senses:

(i) ES, =0(/n);
(ii) There exist constants ¢’ > ¢ > 0 such that P{S,, > ¢’ \/n} — 0 and P{S,, < c\/n} — 0.

In Theorem 1* below, an explicit tail inequality is derived which shows that it is rather unlikely that S, is much
larger than 74/n for a constant # depending upon the shape of C only. Okabe et al. [29] describe many of the properties
of Delaunay triangulations needed in the proofs below (see also [2,7,8,10]. See Fig. 1 for an example of a Delaunay

* Corresponding author.
E-mail addresses: jit@cs.carleton.ca (P. Bose), luc@cs.mcgill.ca (L. Devroye).
! The authors’ research was sponsored by NSERC Grant A3456 and FCAR Grant 90-ER-0291.

0925-7721/$ — see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.comgeo.2006.05.005



90 P. Bose, L. Devroye / Computational Geometry 36 (2007) 89—-105

VAN
7
1

Fig. 1. A point set with its Delaunay triangulation. No circle circumscribing any triangle has any data point in its interior.

triangulation). We consider a host of problems that directly or indirectly involve a Delaunay triangulation, and whose
analysis requires the asymptotic behavior of S,. Consider for example point location for a query point X. In 1978,
Green and Sibson proposed rectilinear search, based on ideas of Lawson [21]. Here one draws a data point at random,
and walks in the Delaunay triangulation to X to determine the triangle for X. The expected time is O(y/n) [12].
In this paper, we show that the expected time is O(4/n) even if the query point X is chosen in the worst possible
manner after having looked at the data. The bound on the stabbing number allows one to develop simple yet efficient
algorithms to solve several other problems such as range queries, shortest-path queries, and nearest neighbor queries.
We outline a number of these implications of Theorem 1 in Appendix A.

2. Border points

We will obtain all our results based on the notion of a border point. Let C be a convex set and let X1, ..., X, be n
points in C. Define the distance D; from X; to the complement C€ of C:

D, =xi;1£ 1 Xi — x|
Define the circle B; centered at X; of radius R; = D; V3 /2, and partition B; into 24 cones of equal angle 7 /12,
with the jth cone covering all angles in [((j — 1)/24)2m, (j/24)2m). See Fig. 2 for an illustration. Let N; ; be the

cardinality of the jth cone of B, i.e., the number of Xj’s with k # i that belong to that cone. We call X; a border
point if min; N; ; = 0.

Lemma 1. Let x1, ..., x, be points in the plane. If (x;, x;) is a Delaunay edge, then one of two halfcircles supported
by (x;, xj) must be empty.

Proof. There exists x; such that the circle through x;, x;, x is empty. This circle necessarily contains one of the two
halfcircles. (See Fig. 3.) O

Several properties of border points are useful here. The first one shows why we are interested.
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circle B; centered at X

(D,0)
(R;,0)
%

Fig. 2. The convex region C is shaded. A point X; is a border point if one of the 24 cones centered at it, of radius R; = D;+/3/2, contains no other
data point. Here D; is the distance from X; to the complement of C.

Lemma 2. Consider the Delaunay triangulation D for X1, ..., Xn, Y1, ..., Ym, where Y1, ..., Yy, are arbitrary points
in C¢. If X; is not a border point for C, then there is no Delaunay edge from X; to some Y ;. Thus, all Delaunay edges
from X; to some Y; must emanate from border points X;.

Proof. For brevity, set X; =0, D; =r, B; = B. Partition B into 24 equal cones of angle 7w /12 each. Assume that
N; j > 0 for all j. Let (X;, Yx) be a Delaunay edge. Let Z be the point on (X;, Yx) at distance r from X; (so that
Z € C). Since (X;, Yy) is a Delaunay edge, one of the two halfcircles supported by (X;, Yx) must be empty. Thus, one
of the halfcircles supported by (X;, Z) must be empty as well. Fix such a halfcircle H. We claim that H must neces-
sarily contain one of the 24 cones, and thus one of the 24 cones must be empty. Therefore, we obtain a contradiction,
and (X;, Yx) cannot possibly have been a Delaunay edge. Assume without loss of generality that H is supported by
((0,0), (r,0)), and faces towards the positive y-axis. Let C be the cone containing (r\/g /2,0). Let C’ be the next
cone in counterclockwise order. To show that C’ C H, it suffices to show that its topmost vertex is in H. This vertex
has coordinates r(\/§ /2)(cosa, sina), where /12 < o < /6. This square of the distance from this vertex to the
center of H, (r/2,0), is

r2((3/4) sin®o + (3/4) cos>a + 1/4 — (v/3/2) cosa)
=r*(1 - (v/3/2)cosa)
<r?(1— (V/3/2) cos(n/6))
=r2(1—3/4)
= (r/2)°.
This concludes the proof of Lemma 2. O
The way Lemma 2 will be used is as follows. Consider data X1, ..., X,, on a convex set C. Let L be an infinite
line, and let N be the number of Delaunay edge intersections with L. Clearly, L partitions C into two convex sets A

and B. Let N4 and Np be the border points for the data, restricted to A and B respectively. It is clear from Lemma 1
that any intersections with L can only be between border points. But the part of the Delaunay triangulation restricted
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Fig. 3.1f (x;, x) is a Delaunay edge, then one of two halfcircles supported by (x;, x ;) must be empty.

to these points is a planar graph, and thus, the number of edges in this graph is at most three times the number of
vertices. Thus,

N <3(N4g + Np).
By virtue of this, we need only study N4, the number of border points in a given convex set. To study N4, we will

use specialized versions of the Azuma—Hoeffding method of bounded differences [4,19,27].

Lemma 3. Let M), be the maximum distance from a border point to C¢. Then, if v is the volume of C, and ¢ > 0,
P{M, > /32vclogn/mn} < 24en' ¢,

Proof. Introduce u = /32vclogn/mn. If M,, > u then for some i < n with D; > u and some cone of radius u«/§/2
centered at X;, no other data point falls in this cone. As the probability of this cone is 7u?/32v, where v is the volume
of C, we see that

P{M, >u} < 24n(1 — J'm2/32v)"_1 < 24ne e /320 < 24en'—c. O
Lemmad. Let X1, ..., X, be i.i.d. and uniformly distributed in a convex set C, and let Y,,(X1, ..., X;) be the number
of border points. Define y = 4p/\/v, where v is the volume of C, and p is the length of the perimeter of C. Then
E{Y,} < y+/n.

Proof. Clearly, E{Y,} is n times the probability that X is a border point. The latter probability is the probability that
one of the 24 cones of the circle of radius D13 /2 is empty, where D is the distance from X to C°. For n =0, the
inequality is clearly true. For n = 1, it is true because ¥, < 1 and y > 8/7. Forn > 2,

E{Y,} =nE{(1— 7 D}/320)" "}
< nE{exp(—(n — )7 D}/32v)}

IP’{exp(—(n — l)er%/32v) > t} dr
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_ pnyJw 32v
T 2w V(m=Dr

_ 8p2n2
V=D

16p2n
v
= (4p/v)vn
=yv/n. O

Lemma 5. Let Cy be a convex set contained in the convex set C, and let X1, ..., X, be uniformly distributed in C.
Let Z,, = Z,(X1, ..., X,) denote the number of border points in Cy. Then

E{Z,} < y+/n,

where the constant y > 0 is as in Lemma 4.

~

Proof. Let N be the number of X;’s falling in Cy. Let vg, v be the volumes of Co and C, and let py and p be the
perimeters of Cy and C. Then by Lemma 4 and Jensen’s inequality,

E{Zy} =E{E{Z,|N}}
<E{(4po/v/v0)VN |
< (4po/y/00)VE(N)
= (4po/~/v0)y/nvo/v
= (4po/v)Vn
< (4p/Vv)vn. O
Lemma 6. Let X1, ..., X,, be uniformly distributed on a convex set C of perimeter p and volume v > 0. Define
y =4p//vand
W=Y,(X1,..-, Xn) = Yo Xint1, - --» Xn)
forit<m<n/2. Ifc>1,c >0, n>e, and

£ =512clogn(ym+/16clogn/mn + ¢’ logn),

then we have

C
B{w) > &) < 2T 202

where o = min(c — 1, ¢'/3, 128¢cc’/3).

nO(

Proof. Define § = \/32vc10gn/n(n —m), where ¢ > 0. Define t = 2pmé/v + ¢’ logn for ¢’ > 0. Set p = 4t78%/v.
Let Cs be the collection of all points that are within distance § of the exterior C¢. Then define the events

A = [all border points for Xy, ..., X, and X, +1, ..., X, are in Cs];

 m
B= Zﬂ[x,-eca] < ti|;

Li=1

r m
D= Z]l[xiecza] < 2ti|;

Li=1
r n

E = Z ]l[xjeUlSiQMieC25 B(X:,8)] S 2pn].
L j=m+1
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We claim that if A, B, and E hold, then
[W| <max(2pn,t) <&.

To see this, observe that by removing X1, ..., X, from the data, the number of border points may decrease. This can
happen only for X;’s with i < m that are border points for X1, ..., X,,. But under event A, the decrease is not more
than the number of points of X1, ..., X,, that are in Cg, which under event B cannot be more than ¢. The number of
border points may increase. This can only happen if X ;, j > m, is not a border point for the full data set but becomes
one for X,,41, ..., X,. Under event A, each such X; must be in Cs. So, D; < §. But then some X;, i < m, must be
within D; V3/2 <8 of X j (otherwise its removal would have no effect on the status of X ;), and thus X; has to be
within distance 26 from C¢: X; in Cps. Let B(X;, §) be the ball of radius § about X;. The increase in the number of
border points is thus bounded by the number of X ;’s, j > m, that fall in Uigm B(X;, §), with the union restricted to
those X;’s in Cys. By event E, this number does not exceed 2pn. Thus, AN BN E C [|W]| < &]. Therefore,
]P{|W| > 5} < IP{(A NBN E)C}
<P{A°} +P{B°} +P{D} +P{D N E}.
Clearly, with B,, as in Lemma 3,

P{A} <P{B, > 8} + P(By_n > 5} <48e(n —m)'~¢

by a double application of Lemma 3. Next, note that the number of X;’s, i < m in Cs is not more in distribution than
a binomial (m, pé/v) random variable V. Thus, by Lemma A,

P{B°} <P{V >2pms/v + c'logn}
< min(e—pmé/%’ e—(c’ logn/(pm&/v))zpmé/%)
:min(e—pm5/3v e—c/zvlogzn/3pm8).
Similarly, replacing 8 by 28 and ¢’ by 2¢’ throughout,
]P{DC} < min(e—2p1n6/3v e—2c/2vlog2n/3pm8).

Finally, conditioning on X1, ..., X, such that D holds, Z,l}:m gl XjeUrcicmx; ccyy BXi )] is stochastically smaller
than a binomial (n, p) random variable V’. Therefore,

P{DE} <P(V' > 2pn} < e 3.
Plugging this back into our inequalities, we see that
P{|W| > £} <48e(n — m)' = + 2min(e~ /3, =< viog?n/3pms) | p=pn/3,

The first term is not more than 24¢2¢/n°~!. The middle term has two exponents. Regardless of the value of pmé/v,
one exponent must be smaller than —c’ logn/3, so that the middle term in the bound is not more than 2/ ne'/3. Finally,
bound the last term by observing that p > 4c’logn x 8% /v = 128cc’ log2 n/n > 128cc’logn/n. Thus, the third term
does not exceed 1/n128“//3. O

Finally, we turn to the main tail bound for Y,, derived by means of Lemmas 4, 6 and D.

Lemma 7. Let y =4p//v be as in Lemma 6. Then, there exists a universal integer nq such that for n > ny,

8358 + 334161log’
PY, > 4(y v/ + 129024102 n)} < 220 F e

no

Proof. Assume throughout n > 231, If 16p//v > /i, the probability is clearly zero, as ¥, < n. So, we assume
p/+/v < A/n/16. Note that in any case, p//v > 2./ > 3 because for fixed volume v, p is minimized for the circle.
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Define k = [log® n|, and note that 0.999910og> n < k < log’>n < n/2. Define m = |n/k| and n’ = mk. Note that
n/2<n—k<n <n,and thatn’/(n' —m) =k/(k — 1) < 1.0001. Define

W=Y,(X1,..., Xn) — Y (X1, ..., Xu)

and
Z=Yy(Xy1,..., Xp).
We have
Yo(X1,....Xp) S WH Z.
Partition the data X1, ..., X,/ into k vectors Zy, ..., Zy, where Z1 = (X1, ..., Xm), Z2 = (Xm+1, ..., Xom) and so
forth. With a slight abuse of notation, we use Y,/ (X1, ..., X,y) and Y (Z, ..., Zx) according to whichever is more

convenient. With this notation, we have Z = Yj. Clearly, Y; > 0 and Y} is permutation invariant. So to apply Lemma D
we need to bound the tail probabilities for

W =Yi(Z1, ..., Z) — Y1 (Za, ..., Zk).
We have, for &,0 > 0,

P{Y, >4(y~/n+60log>n)}
SP{W > yn+0log®n} +P{Z > 3(yv/n +60log’n)}
SP{W >y /1 +0log?n} + 4kP{|W'| > /2 + 6 log?(n)/2) +4exp(—m>
where we used Lemmas 4 and D. We choose

¥ = 60534y /nlog™"*n
and

6 =2 x 64512 = 129024

and bound each of the terms in the upper bound individually.
The term involving W. We apply Lemma 6 to W and show the following:
8354
P{W > y/n+0log’n} < —.
n
First, we replace m in the definition of & in Lemma 6 by n — n/, set ¢ =7, ¢ = 18 there, and define

¢ =512clogn(yk/16clogn/mn + ¢'logn) = 6451210g2n + 2048y(10gn)3/2k\/7/rm.
By the bound of Lemma 6, if n is so large that

2048(logn)>?k\/7/mn < /n,
then
C
_3+24e2° 8354

P{W > y/n +64512log> n} <P{W > ¢} < T S5
n n

since « = min(c — 1, ¢’/3, 128¢cc’/3) = 6.
The term involving W’. We apply Lemma 6 to W' and show the following:

8354

P{IW'| > y/2+601og’(n)/2} < —

First we choose & as in Lemma 6 (which should be applied with m as in the present context, but with n replaced by
n’). Picking ¢ =7, ¢/ = 18, we have
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& =512clogn’(ym+/16clogn’ /wn’ + ¢’ logn’)
< 512¢¢’ log? n +2048¢logny/ 14nlogn k>
< 645121og” n 4 30267y /nlog™"*n

Recalling 6/2 = 64512 and ¢ = 60534y /nlog~"/? n, we conclude from Lemma 6 the following:

4
B(IW| > 9/2+01og’n)/2) < P{IW > &) < ot

The exponential term. The last term in the upper bound is

(st i)
<ol —
P 2k + 6log’ n)?

)/ n
<dexp| —
p( 4k<w2+9210g4n>>

y’n
410g n(605342y2nlog™" n + 1290242 log* n))

1
4exp< PP 3 )
4(6053421og™2 n 4 1290242 10g” n/y2n)

1
<dexp| — 3 )
4(6053421og™2 n + 1290242 log’ n /647 n)
<4 log”n
ex
P\ 5 x 605342
S n_6

provided that n is so large that 4 x 1290242 log® n/647wn < 60534 1log™2 n, which is the case here, and that logn >
30 x 605342,

We let ng > 23! be so large that for all n > ng, n/(logn)>? > 2048,/7/ and logn > 30 x 605342. Collecting
bounds, we thus have for n > n,

441 +4k)8354 8358 +334161log’ n

6 < 16

IP{Y («/—+010g )}

n

Lemma 7 provides a useful tail bound for the number of border points in any convex region that has n uniformly
distributed points in it. However, we need more, as we will consider all regions that are obtained by intersecting
C with a linear halfspace H. Note in particular that the care we took in the previous lemmas with respect to the
dependence of various inequalities on the perimeter and volume of C finally pays off. Without it, we would not have
been able to handle the boundary effect correctly. Also note the dependence of the final result, once again, on the
shape parameter y. Indeed, the bound below cannot be made uniform over all convex sets: just consider a rectangle C
of length n and height 1.

Lemma8. Let X1, ..., X, be i.i.d. and uniformly distributed in a convex region C with perimeter p and volume v > 0.
Set y =4p//v. Let H denote the class of all closed halfspaces, and let Yy denote the number of border points of the
subsample that belongs to C N H. Let ngy be as in Lemma 71, and define 6 = 129024,

u = max(no, v/32(yv/n + 6 log*n)),
and

n>= max(no, 8)/2, 8e1692).
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Then:

8358 +33416log’ n
- .

sup P{Yy >u} <2e /6 +
HeH u

Proof. First we note that n > \/gy\/ﬁ, n > /80 1log” n (the latter follows from the inequality logz < e*z!/* for
z>0),and n > v/32(y /n + 0log?n), so that n > u for all n as in the statement of Lemma 8. We introduce Ny, the
number of data points in H N C, which is a binomial (n, vy /v) random variable, where vy denotes the volume of
H N C, and py denotes its perimeter. We set yg = 4py/./vn. Our inequality uses the following inclusion of events,
after noting that Yy < Ng:
Yy Z2ul<[vg/v<u/2n, Ny > M]U[UH/U u/2n,Ng 2 u,¥Yy > 16(]7H/«/UH)\/NH]
Ulva/v=u/2n, Ny > u,u <16(pa//Va)vV/'Nu |-
We consider each event separately. By Lemma A, as u < n,

Plvg/v<u/2n, Ng > u} < P{binomial (n,u/2n) > u} e U0,

By Lemma 7, if u > ng, and vy /v > u/2n,

8358 + 334161log> N
P{NH u,Yg =2 16(pg//va )v' N } <E{1[Nﬁ2u] G g H}
H

_ 8358+ 33416log> n

X

6
u®.
Finally, by Lemma A again, if vy /v > u/2n,

P{Ny > u,u <16(py/v/vr)v/Nu } < P{binomial(n, vy /v) > u’vy /256 p% )
gIP’{blnomlal(n vy /v) =2p an/va}
gIP’{ inomial(rn, vy /v) >2v1.1n/v}
< /3
<e 0,

This concludes the proof of Lemma 8. O

We note that the last inequality is uniform over all C and all H, so the tail of the random variable Yy /y behaves
in a universal manner. It is precisely this universality that will allow us to derive a number of nice results.

We used a concentration result for Yz in the proof of Lemma 8. However, we did not present the best possible
bounds as that would have made the paper too long. It suffices to say that the variation of Yy about its mean (which
is ©(/n)) is close to O (n'/4).

3. The stabbing number
In this section, we prove our main result.

Theorem 1%. Let S,, be the stabbing number for the Delaunay triangulation of n points that are independent and
uniformly distributed on an arbitrary convex set C with perimeter p and volume v. Define y =4p/./v. Let ng be as
in Lemma 7, and define 6 = 129024,

u = max(no, v/32(yv/n + 60 log*n)),
and

n> max(no, 8)/2, 861692).



98 P. Bose, L. Devroye / Computational Geometry 36 (2007) 89—-105

Then:

24+13x1071og’n
p .

P{S, > 0.1875y + 3.18y/logn + 6u} <

Proof. Partition the perimeter of C into n pieces of length p/n each, where length is measured along the perimeter.
Call the endpoints of these pieces x1, ..., X, in counterclockwise order. Let L; ; be the line segment joining x; and
xj,and let §; ; be the number of Delaunay edges encountered by L; ;. Take an infinite line L, and let x, y be the points
where L enters C and where it leaves C respectively. Locate the two neighbors x;, x; 1 of x along the perimeter, and
similarly, find the two neighbors x;, x4 for y. Let H be the halfspace supported by L; 1, ; that contains the arc from
Xi+1 to x; in counterclockwise order, and let H’ be the halfspace supported by L 1 ; that contains the arc from x4
to x; in counterclockwise order. Assume for now thati # j and i + 1 # j and j 4 1 #i. We claim that any Delaunay
edge reaching L either emanates from a border point in C N H or a border pointin C N H' or a pointin C — H — H’.
Using the notation N¢_g_ g to denote the number of data points in C — H — H' and Yy for the number of border
points of C N H, we see that the number of Delaunay edges reaching L cannot exceed

3(Nc—H-m'+Yu +Yw).

If x; 41 = x;, then a similar argument yields a bound
3(Nc—p' + Yw).

If i = j, we obtain the bound
3(Ne—pr + Yn),

where H” is the halfspace supported by (x;, x;+1) that contains the arc (x;4+1, x;) (in counterclockwise order). Note
that all sets C — H', C — H, C — H", C — H — H’ have probability not exceeding p*/2nv because they can be fit into
arectangle of base p/2 and height not exceeding p/n. There are at most n? such sets, which we might as well number
A1, ..., A,2. Similarly, we may label all possible halfspaces Hi, ..., H,». Let S, be the stabbing number. Observe
that

S, <6 sup Yy +3 sup Ny,.
1<ign? 1<i<n?

By Lemmas A and 8, if n > ng,

P{S, > (3p*/2v)(1 +4/18vlogn/p?) + 6u}

n2

<) P{Na, = (p*/20) (1 + /18vlogn/p?)} + Y P{Y, >u
i=1

i=1

< n*P{bi 1 2 20) (1 +,/18vl 2 ZsupP{Yy >
P{binomial(n, p*/2nv) > (p*/2v)(1 + vlogn/p?)} +n szp Yy > u}

2,6 (8358 + 334161og’ n)n>
ub

<1 _Va0legn , (835843341610’ n)n?

; +2n%e + 325,60

<n? exp(—3logn) 4+ 2n-e

2 8358 +33416log’n
<=+

n 3238673n
24+13x1071log’n

n

\

Replace p/+/v by y /4 and conclude. O

In the notation of Theorem 1*, we obtain trivially a bound for E{S,,}, as S, < 3n, valid for all n > ny:
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3nIP’{Sn >0.1875y% +3.18y/logn +6u} +0.1875y2 + 3.18y/logn + 6u
6+3.9 x 1077 log’ n + 0.1875y% + 3.18y /log n + 6+/32y /n + 36+/326 log* n
O(y*+yvn).

E{S.} <
<

4. Applications

In this section, the different applications and consequences of Theorems 1 and 1* are explored. We assume a
Delaunay triangulation of the data X1, ..., X, that are independent and uniformly distributed in a convex set C. We
also assume that the Delaunay triangulation is stored in a standard graph structure such as a doubly-connected edge
list, a winged-edge structure or a quad-edge structure [18]. All of these structures support such operations as reporting
the d edges, vertices and triangles incident to a given vertex in O(d) time or reporting the two triangles incident on
one edge in constant time.

Planar point location

Planar point location, in our case, refers to the problem of determining which triangle in a Delaunay triangulation
contains a given query point. Three criteria are usually measured when addressing the problem of planar point location:
pre-processing time, storage space of the data structure and query time. Although there exist many optimal solutions
in the literature, most of the solutions are complex and require intricate secondary structures to support fast query
times (see Snoeyink [32] for a survey). We will show that in a Delaunay triangulation D,, for data X1, ..., X, stored
in the standard manner, a very simple algorithm performs quite well.

Given a query point X, the goal is to determine the triangle to which X belongs (if any). This can be achieved
by the following simple method suggested by Lawson [21] and Green and Sibson [17]: take a random point from
the X;’s, and follow the triangles intersecting the segment [X;, X] in order until the triangle containing the query
point X is reached. Finding the first triangle out of X; costs O(D;) where D; is the degree of X;. Each subsequent
step across triangles costs O (1), therefore, the total search cost is bounded by a constant times the degree of X; plus
the number of triangles crossed. The number of triangles intersected by the line segment [X;, X] is bounded by the
stabbing number of the line through the two points. Thus, by Theorem 1, this quantity is O (/n).

Let D; denote the degree of X; in the Delaunay graph, and set D)} = max;g;<, D;. Assume that the X;’s are i.i.d.
and uniformly distributed in a convex set C. Bern et al. [6] showed that for all points that are at least € > 0 away from
the exterior C¢, the expected maximal degree is © (logn/loglogn). The maximal degree is greatly influenced by the
border effect. In fact, for sufficiently rotund C, E{D}} = ® (logn), the maximum occurring roughly speaking for a
convex hull point. However, this result is not of primary interest in this paper, so a weaker result is sufficient for the
sequel, and follows very easily from our results on border points.

Lemma 9. For any convex set C, E{D}} < 1+ 12logn +4E{S,} = O(/n).
Proof. Consider the two vertical lines and the two horizontal lines at distance u = /32cvlogn/mn from X;, where
¢ =3m/64, and v is the volume of C. Let B be the intersection of C with the square of side 2u centered at X;. Then

the degree of X; is clearly bounded by the number of Delaunay edges crossing any one of those four lines, plus the
number of points (N;) in B. Thus, if S, denotes the stabbing number,

D <48, —l—ml_ax N;.
If p=4u?/v=128clogn/mn, Lemma A implies that

P{mialx N; > an] < nIP’{binomial(n, p) = 2np} <ne "3 = pl—128¢/3m 1/n.
Therefore, E{max; N;} < 1+ 2np =1+ 12logn. By Lemma 8, E{D}} = O(/n). O

We conclude with the following result.
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Theorem 2. The expected worst-case complexity of the Green—Sibson method for point location when the data points
are independent and identically distributed on a convex set C is © (\/n). Here, worst-case refers to the placement of
the query point and selection of the starting point from X1, ..., Xy, even after having seen the data X1, ..., X,.

Proof. We will only show the O(4/n) upper bound. Assume that the starting point is X;. Then, the complexity is
bounded by D + 1+ S,. Note that ED; < 6, because the expected degree of a randomly picked node in any Delaunay
triangulation on n nodes is less than 6 (the sums of the degrees being less than 6n). However, if the starting point is
selected maliciously after the data has been shown, then the complexity is bounded by

supD; + 14 S;,.
i

By Lemma 9, E{sup; D;} = O(/n). By Lemma 8, E{S,} = O(y/n). Therefore, the expected complexity is
O(/n). O

Nearest neighbor query

Nearest neighbor query refers to the problem of deciding, given a query point X, which of the X;’s is closest to X.
In this section, distance is measured in the standard Euclidean metric (see Smid [31] for a survey of closest-point
problems). Given a Delaunay triangulation D,, for data X1, ..., X, stored in the standard manner, the structure of the
triangulation allows one to quickly determine the X; closest to a given query point X.

Before outlining the steps of the algorithm, we introduce the notion of a legal flip. Let A(a, b, c) and A(a, c,d)
be two triangles sharing the edge [a, c]. If the four points a, b, ¢, d are in convex position, then a flip is the operation
of replacing edge [a, c] with the edge [b, d] and forming two new triangles. This flip is legal in the Delaunay sense
if the circle through points a, b, d does not contain point c. The following shows the relation between legal flips and
Delaunay triangulations [29].

Lemma 10. A triangulation that admits no legal flip is a Delaunay triangulation.

We now outline the steps of the nearest neighbor search algorithm: first, use point location to determine the tri-
angle T of D, containing the query point X. Next, add edges from X to the three vertices of 7. This forms a new
triangulation. The only edges that can possibly admit legal flips are those with X as apex of the triangle. Perform all
legal flips. By Lemma 10, this results in a Delaunay triangulation of X, X1, ..., X,,. Since the Delaunay triangulation
has the property that every vertex is adjacent to its nearest neighbor [29], report the closest point adjacent to X as its
nearest neighbor.

The complexity of the search is bounded by the time to locate the query point X in D,,, the number of legal flips
and the degree of X. By Theorem 2, the expected cost of the point location is O (4/n). The number of legal flips is
bounded by the degree of X since every legal flip results in adding an edge adjacent to X. Therefore, by Lemma 9,
both the degree of X and the number of legal flips is O (y/n ). We conclude with the following:

Theorem 3. The expected complexity of determining the nearest neighbor of a given query point X when the data
points are independent and uniformly distributed on a convex set C is O(y/n). Here, worst-case refers to the place-
ment of the query point, even after having seen the data X1, ..., X.

Range queries

A range query refers to the following problem. Let S be a set of points in R? and let I" be a set of subsets
of R?. Each element of I' is referred to as a range. Given a range r € I', report all points in r N S. Many variations
exist depending on the types of ranges and queries (see Agarwal [1] or Matousek [26] for surveys). In this section,
we restrict our attention to points in the plane. Assume that the Delaunay triangulation D, for the data X1, ..., X,
is stored in the standard manner. We show that certain types of range queries can be solved simply and efficiently
without additional pre-processing.

First, consider the case where the ranges are half-spaces, and the query is to report all of the data points lying in
a query half-space. Theorem 1 immediately implies a simple algorithm whose expected running time is O (y/n + k)
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where k is the number of reported points. Let H be the query half-space with boundary .. Removing all of the edges
of D, that intersect A partitions D,, into two components. One of the components lies completely in H and the other
lies completely outside H . To report all the data points in H, simply traverse the component of D,, in H in a depth-first
or breadth-first manner.

The time required to partition D,, with respect to H is bounded by the number of edges intersecting 4 which is
O(4/n) by Theorem 1. The traversal of the component in H can be performed in O (k) time where k is the size of the
component.

Next, we consider the case where the ranges are axis-parallel rectangles and the query is to report all of the points
in the rectangle. Once again, Theorem 1 implies a simple O (4/n + k) time algorithm. Let R(a, b, c, d) be the query
rectangle with vertices a, b, ¢, d in clockwise order. Perform a point location query to find which triangle of D,
contains a. Next, remove all edges that intersect an edge of the query rectangle. This can be done by walking in the
triangulation around the boundary of the rectangle. Again, this partitions D, into two components, one of which is
completely in the query rectangle. Report all of the points by traversing this component. By Theorem 2, the expected
cost of locating a in D, is O(/n). By Theorem 1, the expected number of edges intersecting the boundary of the
query rectangle is O (4/n). We conclude with the following:

Theorem 4. The expected complexity of performing a half-space range query or an orthogonal range query or indeed
any range query for an £-gon with £ fixed, when the n data points are independent and uniformly distributed on a
convex set C is O(y/n +EK) where K is the number of reported points.

Lazy halfspace range search

In a lazy halfspace range search, we are asked to report all points in a given halfspace H, but are allowed to
report these as a connected graph with a pointer to just one node. We assume that the Delaunay triangulation of the
points is given. The cost of finding that triangulation is a one-time set-up cost. Given the line that defines H, we
can find all edges that are stabbed by the line in expected time O(4/n) for uniform distributions on convex sets. It
suffices to perform a point location for any point on that line, and then to walk to infinity from triangle to triangle in
both directions. All the stabbed edges are removed from the Delaunay triangulation, and the appropriate remaining
component is output.

Planar separator

A planar separator is a set of vertices whose removal separates a graph into two subgraphs of roughly equal size.
More specifically, a separator in a graph G, is a set S such each component of G \ S has at most 2n/3 vertices.
Lipton and Tarjan [24] were the first to show that every planar graph has an O(y/n) separator (see also [30]. Planar
separators have found many applications and are generally useful as they often lead to divide-and-conquer solutions
to different problems on planar graphs (Lipton and Tarjan [25], Leiserson [23], Leighton [22], Gilbert [14], Gilbert
and Tarjan [15]).

We present a simple algorithm to compute an O (4/n) separator of a Delaunay triangulation, D,,. Let X, be the X;
with median x-coordinate. Let S be the set of Delaunay vertices that has at least one adjacent edge intersecting the
vertical line through X,,,. The removal of S partitions D,, such that each component has size at most n/2. The set S
can be computed in O (n) time and by Theorem 1, S has expected size O (/n).

Theorem 5. A planar separator S with expected size O (y/n) can be computed in O (n) time when the data points are
independent and uniformly distributed on a convex set C.

Approximate shortest paths
In this subsection, we address the problem of approximate shortest path queries in a Delaunay triangulation D,,.

Given a pair of vertices X; and X ;, the goal is to quickly compute a path from X; to X; in D,, whose length is close
to the actual shortest path. By using structural properties of the Delaunay triangulation, we show how to compute in
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expected O (y/n) time, a path that is at most 5.08 times the Euclidean distance between X; and X ;, and thus at most
5.08 times the actual shortest path.

Given the two query vertices, the first step is to locate one of the two vertices, say X;, in D, using point location.
The next step is to compute a special subgraph of D,,. Let S be the set of vertices having at least one adjacent edge
intersecting the segment [X;, X ;]. Let D be the subgraph of D, induced by the set S U {X;, X ;}. Bose and Morin [9]
modified an argument by Dobkin et al. [13] to show that the length of the shortest path between X; and X ; in D is at
most 5.08 times || X; — X[

We turn to the complexity of this algorithm. By Theorem 2, the point location step takes O(,/n) time. By Theo-
rem 1, the expected size of D is O(y/n). Since D is a planar graph, computing the shortest path between two points
can be performed simply using Dijkstra’s algorithm [11] in O(y/nlogn) time or in O(4/n) time using the slightly
more complex algorithm of Klein et al. [20]. We conclude with the following:

Theorem 6. Let D, be the Delaunay triangulation of n independent and uniformly distributed data points in a convex
set C. In O(y/n) expected time, given two of the data points X; and X j, a path between the two points of length at
most 5.08 times || X; — X ;|| can be computed.

The diameter of a random Delaunay triangulation

The distance between two nodes in a graph is the minimal path distance between the two nodes. The diameter of
a graph is the maximum distance between any two nodes in a graph.

Theorem 7. Let X1, ..., X, be i.i.d. and uniformly distributed in a convex region C with perimeter p and volume
v > 0. Let A, denote the diameter of the random Delaunay triangulation for X1, ..., X,,. Then the bound of Theo-
rem 1* applies to A, as well. In particular, B{A,} = O(/n).

Proof. Draw a line between points X; and X ;, and note that the minimal path distance between X; and X ; is less than
the path distance between X; and X ; if we are forced to only follow edges that are cut by the line segment [X;, X ].
There are at most S, such edges, where S, is the stabbing number, uniformly over all 7, j. Thus, A, < S, and the
bound of Theorem 1* applies. O

Divide-and-conquer construction of the Delaunay triangulation

Using a hashing model of computation, we can construct the Delaunay triangulation of »n points with a uniform
distribution on a convex set C in expected time O (n). Just consider the smallest rectangle R enclosing C, and,
assuming that n = 22% for some integer k, consider a 2 x 2* regular grid partition of R. This partition can be regarded
as a quadtrie, with R corresponding to the root. Place the n data points in the grid cells in O(n) time. As each
grid cell receives a binomial number of points with mean bounded by a constant, we can construct the Delaunay
triangulations for all the grid cells individually by a simplistic quadratic algorithm in O(1) expected time per cell.
From the bottom of the trie upwards, we merge adjacent Delaunay triangulations in time bounded by the sum of the
number of border points of the two triangulations (or, put differently, in time bounded by the stabbing number of the
resulting triangulation). At every step, the expected time is bounded by the square root of the number of points involved
in the merge operation. Thus, a recurrence for the total expected time 7}, is roughly of the form 7,, < 27,2+ O (y/n),
which yields 7,, = O(n). The procedure is easy to implement. We recall here that the spiral method of Bentley et
al. [5] also has O (n) expected time, under the same distributional and computational models, but it appears a bit more
complicated.

Lower bound for the stabbing number

Theorem 8. Let S, be the stabbing number for a cloud of n i.i.d. points distributed uniformly in a convex set C. Then
there exists a positive constant ¢ such that

E{S4} = (c + o(1))/n.



P. Bose, L. Devroye / Computational Geometry 36 (2007) 89—-105 103

Proof. Omitted. O
Appendix A. Auxiliary results from probability theory

We need two tail inequalities. First, a rather standard tail bound for binomials will be used in the following format
due to Angluin and Valiant [3] (see also [28]):

Lemma A. Let X be binomial (n, p). Then

IP’{X >0+ u)np} < e_"z"p/3

forallu > 0.
The next couple of symmetrization inequalities will be needed.

Lemma B. Let X, X’ be i.i.d. random variables, and let m be a median of X. Then, for u > 0,

P{IX —m|>u} <2P{|X — X'| > u}.

Proof. We have
P{IX = X'Zu} >P(X—m>u, X' —m <O} +P{X —m < —u, X' —m >0}
1/2)(P{X —m > u} +P{X —m < —u})

P
> (
=(1/2)P{|X —m| > u}. O

Lemma C. Let X be an arbitrary nonnegative random variable, and let X' be an independent copy of it. Then, for u.0,
P{X > 2E{X} +u} <2P{|X — X'| > u}.
Proof. Assume without loss of generality that X has a unique median m. Then by Markov’s inequality, 1/2 =
P{X > m} <E{X}/m. Thus, by Lemma B,
P{X > 2E{X}+u} <P(X >m+u} <P{|X —m| >u} <2P{|X — X'| > u}. O

Finally, we obtain the first tail bound that relates general random functions ¥ =Y, = Y(X1,..., X,) of i.i.d.
random variables X1, ..., X, to their mean.
LemmaD. Let Y =Y, =Y(Xy, ..., X,) be a nonnegative function of i.i.d. random variables X1, ..., X,, and let the

function be permutation invariant. Let X| be independent of the X;’s and distributed as X . Then, with
V=Y(X1,X2,..., Xn) = Yu(X|, X2, ..., Xn),
we have, for u, c > 0,
2
P{Y > 2E(¥} +u} < 20P{|V| > ) +4exp(—2u—2).
nc

Also, if
W:Yn(XLXL -~-»Xn) - Yn—l(X2»-~-»Xn)a

then, for u > 0,
2
P{Y > 2E{Y} +u} < 4nP{|W| > ¢/2} +4exp(—%>.
nc

Finally,

2
P{Y > 3E{Y}} <4nP{|W|>c/2} + 4exp<— EF) )

2nc?
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Proof. By Lemma C, if Y, is an independent copy of ¥,
P{Y > 2E{Y} 4+ u} <2P{|Y, — Y, | > u}.
Let X1,..., X, and Zy, ..., Z, be i.i.d. sequences, and set
Vi=Yn(Zy,...,Zi21, Xis Xigts oo Xn) = Ya(Zyy ..o Zi21, Ziy Xig1s oo X))

so that

n

Y Vi=Ya(X1, Xn) = Ya(Z ., Za).

i=1
Clearly, the V;’s form a martingale difference sequence with respect to the filtration (F;,), where Fo = {@, £2}
((£2, F,P) is our probability space) and F; = o (X1,..., Xk, Z1, ..., Zx). If E;V denotes the conditional expecta-
tion of a random variable V with respect to F, then E; Vi1 = 0. Furthermore, given F, the conditional distributions
of Vi41 and —Vj4 1 are identical. Then, by an extension of the Azuma—Hoeffding bounded difference inequality as
reported in Godbole and Hitczenko [16],

n 2
[P{ 214}gZ]P{|Vi|>c}+26xp(—2:62>.

i=1
As the V;’s are all distributed as V, the first part of the proof is complete. The last part follows from the triangle
inequality |V | <|W| 4 [W'|, where W' =Y, (X|, X2, ..., X,) = Y,_1(X2, ..., X,,) is distributed as W. O

n

DoV

i=1

Lemma D provides tail bounds if we know the mean of Y, and have a tail bound for P{|W| > u}.
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