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Abstract

Recommendation systems are pivotal in aiding users amid vast online content. Broutin,
Devroye, Lugosi, and Oliveira proposed Subtractive Random Forests (SURF), a model that
emphasizes temporal user preferences. Expanding on SURE, we introduce a model for a
multi-choice recommendation system, enabling users to select from two independent sug-
gestions based on past interactions. We evaluate its effectiveness and robustness across
diverse scenarios, incorporating heavy-tailed distributions for time delays. By analyzing
user topic evolution, we assess the system’s consistency. Our study offers insights into
the performance and potential enhancements of multi-choice recommendation systems in
practical settings.

Keywords Subtractive random forests - Multi-choice recommendation

Mathematics Subject Classfication 60G51 - 60G17

1 Introduction

Today’s online platforms have a record number of items available for their users. In many
cases, presenting them as a catalogue is no longer a good option and can make it difficult
for the user to find what they are interested in. Recommendation systems have become an
essential tool to cope with the overload of information available on the web.

A well-known way to approach recommendation systems today is through deep learning,
and many of the most effective recommendation systems use this principle, see Zhang et al.
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(2019). However, the mechanism of these systems is notable for its opacity. In the realm
of online sequential recommendation systems, Broutin et al. (2024) present an approach,
offering a framework that considers the temporal aspect of user preferences by a simple
mechanism. They define a model recommending topics based on a random time delay. The
topic that is recommended at time # is the same that was recommended at time n — Z,,
where (Z,)>1 is a sequence of i.i.d. random variables identically distributed on {1, 2, ...}.
This approach led them to study a family of random forests called subtractive random for-
ests (SURF), allowing a detailed structural study. However, one expects a recommendation
system to make several recommendations at a time, not just one.

To model this more realistic scenario, our paper proposes a two-choice recommenda-
tion system inspired by the same idea. We envision a scenario where users are presented
with two independent recommendations, drawn from the same temporal recommendation
mechanism and allowing users to select the most appealing option. The resulting model
has some intriguing mathematical properties, and the main goal of this paper is to analyze
the model in order to understand the long-term behavior of such recommendation systems.

While our model provides a mathematically tractable framework to study sequential rec-
ommendation dynamics, it is intentionally abstract and does not incorporate key aspects
of modern recommender systems such as content information, user-specific features, or
contextual data. This abstraction limits its direct applicability to real-world platforms, where
personalization and diversity are central goals. However, we view this simplification as a
necessary step: by first understanding the behavior of a minimal, analytically transparent
model, we lay the groundwork for tackling more complex and realistic settings in which
such additional factors can be systematically incorporated.

Beyond serving as a recommender system in its own right, our model can also be viewed
as a theoretical tool to gain insight into more complex algorithms. In particular, it offers a
simple framework to reason about phenomena such as the repeated occurrence of topics in
classical recommender systems, where machine learning mechanisms are often treated as
black boxes. By studying this simplified yet transparent model, we can uncover structural
patterns that would otherwise remain hidden, offering insight into the dynamics of more
sophisticated recommendation methods.

1.1 ATwo-Choice Recommendation Model

We assume that the initial pool of topics is infinite and represented by the set of non-positive
integers {0, —1, —2,...}. We now consider independent and identically distributed random
variables Z, W, (Z,,)n>1 and (W,,),>1 on the set of positive integers N. Define

¢ =P(Z=4i) and p;=P(Z>1), i>1.

Each topic ¢ < 0 is assigned a preference value U; within the range [0, 1], where we assume
that (Uy,)n<o is a sequence of random variables independent of the sequences (Z,,),>1 and
(Wh)n>1. In the context of our model, the term user refers to a representative individual
interacting with the system, and the values U; represent how appealing each topic is to this
user.

Following Broutin et al. (2024), we can define a sequential random colouring of the posi-
tive integers as follows. For each non-positive integer ¢ < 0, define its colour C; = ¢ and its
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preference value V; = U,. We assign colours and preference values to the positive integers
n € N by the recursion

Cn =0Un-2z, and Vn = Vn—Zn if Vn—Zn < Vn—Wn
Cyp=Cp_w, and V,, =V,,_w, otherwise

Thus, by identifying the colour C,, as the topic recommended at time n > 1, this definition
means that at the time instant n > 1, the user receives two recommendations (the topic
Cy—z,, and the topic C,_w, ), and chooses the one with the lowest (best) preference value.

This process naturally defines a random directed graph whose vertex set is Z by drawing
an edge from any positive integer n > 1 to any integer m < n ifand only if m =n — Z,, or
m = n — W,. Vertices with negative index are called leaves, as is customary for final nodes
in dags (i.e., directed acyclic graphs). Let 7}, denote the set of vertices that are reached
from the vertex n > 1. This set can be defined recursively by saying that T,, = {n} for any
n <0, and

T, = {n} ULz, UTh—w,

for any n > 1. Define

Ln=T,N{0,—1,-2,...}

as the set of vertices with a non-positive index that is reached from . In other words, £, is
the set of leaves in the subgraph of vertices reached from n. Note that

C,, = argminU; and V,, = min U; .
€L, €Ly

One can assess the system’s long-term performance by analyzing the asymptotic behavior
of the sequence (V;,)n>1. If V,, approaches inf;<o U; as n — oo, then this means that after
waiting a sufficient amount of time, the topics recommended to the user tend to align more
closely with their preferences. This gives us a consistency criterion for our model. We con-
sider the three following configurations of the preference values:

() Up<U_1 <U_o<U_3...
() Uy >U_1 >U_o>U_3...
(iii) (Uy ) n<o i.i.d. and uniformly distributed in [0, 1].

These assumptions correspond to natural scenarios and allow us to study the long-term
consistency of the recommendation system. In the first case, topics have a monotone pref-
erence with the most recent (corresponding to ¢ = 0) being the most preferred one. In the
second case, older topics are preferred, while in the third case, topics have a random order of
preference. We say that the system is consistent if, in the long run, it offers near-optimal rec-
ommendations to the user in terms of their preference. In Section 1.3, we rigorously define
various notions of consistency, corresponding to the scenarios above. These definitions lead
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us to study the sequence (V,),>1 by studying the set of leaves £,,. We will pay particular
attention to the three following random variables:

R, = max{i: i€ L,} (the rightmost leaf in £,,)
L, =min{i: i€ L,} (the leftmost leaf in £,,)
A, = |£,] (the number of leaves reached from ).

Each random variable helps us understand the long-term behavior of V,, in the three initial
configurations described above. Ideally, one would hope that V,, — inf;<o U;. In configu-
ration (i) this is equivalent to R,, — 0, in configuration (ii) it is equivalent to L,, = —o0,
while in case (iii) to A,, — oco. However, one cannot expect to have R,, — 0 in a general
case. To introduce a more reasonable consistency criterion for case (i), we require bounded-
ness of the sequence (R, )n>1 -

Let us define the subsets 777 = TV = S,, = {n} for any n < 0, and let

TnZ = {n} U Tnzfz" )
T}L/V = {n} U TKW" )

and S, = {n} U Sn—min(Zn,Wn)

for any n > 1, so that T.Z C Ty, (resp. TV C Ty,) is the set of vertices that can be reached
from n by following only the Z-edges (resp. W-edges), and S,, C T, is the set of vertices
that can be reached from n by following only the shortest edges (Fig. 1).

Finally, forany n > 1, letr, =P (O eT? ) =P (O ey ) denote the probability that
vertex 0 belongs to the Z-chain starting at vertex n. We set ro = 1 so that r,, satisfies the
recursion

n
— Zqirn_i . (1.1)
i=1

For convenience, a table summarizing the main notation used throughout the paper is pro-
vided in the Appendix.

Remark 1 Observe that the chains 77, TV, and S,, can be naturally interpreted as a renewal
process, where each step along the chain corresponds to a renewal event, and the edge

Fig. 1 Illustration of the subgraph induced by 7% . Shown are the definitions of Ly, Ry, and Ly,. Blue
edges indicate the Z-chain of vertices 7,2, while red edges connect all vertices in the chain Sy,
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lengths play the role of renewal intervals. Within this framework, the quantity r,, coincides
with the renewal measure of the process corresponding to T'7.

1.2 Related Work

This paper builds on the work of Broutin et al. (2024), who studied a one-choice version of
this model by examining the properties of a graph whose vertex set is Z, and whose edges
are {n,n — Z,} for every n > 1, given some sequence (Z,,),>1 of i.i.d. random variables
distributed in {1,2,3, ... }. This defines a random forest where each non-positive integer
is the root of a tree. They also define a random coloring by setting C; = 4 for all 7 < 0, and
Cy, = Cy_z, foralln > 1. Each tree in the forest corresponds to a colour (i.e., a topic). The
graph that we consider in our paper is nothing else than the superposition of two indepen-
dent copies of this forest, and the sets 7% and T,"V defined above are the chains that connect
the vertex n to the root of its tree in each of these two copies.

One of the main results in Broutin et al. (2024) shows that the process has two distinct
behaviors: if EZ = oo, then, almost surely, all trees in the forest are finite, meaning that no
topic will be recommended infinitely often, while if EZ < oo, after some random amount
of time, all vertices connect to the same tree almost surely, meaning that all topics recom-
mended to the user become the same. In the two-choice model however, there are three
distinct regimes: EZ < 00; EZ = oo yet Emin(Z, W) < oo; and Emin(Z, W) = co. We
call these the light-, moderate-, and heavy-tailed regimes.

The random forest in Broutin et al. (2024) appears as a subgraph of a random graph
model previously studied by Hammond and Sheffield in Hammond and Sheffield (2013).
Given a sequence (Z,)necz of independent random variables, identically distributed in
{1,2,3,...}, they consider a graph with vertex set Z such that vertices n, m € Z, with
m < n, are connected by an edge if and only if m = n — Z,,. One can obtain the random
forest in Broutin et al. (2024) by removing all edges between any two vertices with a non-
positive index. They show that the random graph has almost surely a unique component
when the sum Zzozl r2 converges, and the graph almost surely has infinitely many con-
nected components when the sum diverges.

Other variants of the (single-choice) random subtractive process have been analyzed in
related probabilistic models. Blath et al. (2013) studied long-range seed bank models, where
the genealogical structure of populations is governed by random time jumps analogous to
the subtractive mechanism. Chierichetti et al. (2020) examined sequence models whose
asymptotic behavior shares similarities with renewal-type processes underlying our setting.
Baccelli and Sodre (2019), Baccelli et al. (2018, 2022) explored subtractive dynamics in
the context of unimodular random graphs and population processes. Finally, Igelbrink and
Wakolbinger (2022) investigated reinforced urn schemes where coalescence probabilities
play a role closely related to recurrence properties of subtractive chains.

1.3 Results
The goal of this paper is to understand the behavior of the two-choice model by studying its

consistency in each of the three configurations (i),(ii), and (iii), for three types of tails, light,
moderate, and heavy:
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1. EZ < o (light tails)
2. EZ = ooand Emin(Z, W) < oo (moderate tails)
3. Emin(Z, W) = oo (heavy tails)

We now introduce the main definitions of consistency.

Definition 1 We say that the system is consistent in configuration (ii) if L,, — —oo; while
it is consistent in configuration (iii) if A,, — oco. We differentiate between strong and weak
consistency based on whether convergence occurs almost surely or in probability. In the
case of configuration (i), we say that the system is weakly consistent if (R,,)n>1 is a tight
sequence. It is strongly consistent if the sequence (R, ),>1 is almost surely bounded.

Remark 2 PareTo TAILS. Consider a distribution with Pareto tails, that is,
Gn = O(1/n'*%), with a > 0. This implies that p,, = ©(1/n%). When o > 1, we see that
EZ < co. The more interesting situation is when a € (0, 1]. For a € (1/2,1], we have
EZ = oo, yet Emin(Z, W) < oco. Finally, for a € (0,1/2], we have Emin(Z, W) = co.
For light-tailed Z, we recall from Broutin et al. (2024) that r,, — 1/EZ. For moderate and
heavy tails, however, we have r,, — 0. When « € (0,1), then Z is in the domain of attrac-
tion of the extremal stable law with parameter «, which itself has a tail distribution func-
tion that decays at the rate 1/n“ (see, e.g., Ibragimov and Linnik 1971, Zolotarev 1986
or Malevich 2015). One can then deduce that 7,, decays at the rate 1/n'~. In particular,
>, 72 < oo when a € (0,1/2), which roughly corresponds to the case of heavy tails.

Next, we describe the main results of the paper. For a summary, see the table at the end of
this section.

1.3.1 Light Tails

When EZ < oo, time jumps are so short that 7}, can’t reach distant leaves, thus forcing the
set L, to be bounded. This case does not require much work, since one can quickly deter-
mine consistency or inconsistency in each of the three configurations just by looking at the
sequence (L, )n>1, which happens to be bounded almost surely.

Theorem 2 Let Lo, = inf,en Ly. If EZ < o0, then Ly is finite almost surely. Thus, the
sequences (Rp,)neN, (Ln)nen and (Ay)nen are almost surely bounded.

Proof Note that

o0 oo
P(Loo <—2) <2 P(n—Zy <—2) =2 Pnia-

n=1 n=1

Since EZ < oo, we know that Zzozl Dn+o 18 finite and goes to 0 as x — +-o00. Thus, by
continuity of measure,
P(Lo = —00)= lim P(Le <—2)=0.

r—+oo
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Since |L,| > A, and | L,,| > | R, |, this also implies that (A,,)nen and (R, )nen are almost
surely bounded. O

1.3.2 Moderate and Heavy Tails
When E min(Z, W) = oo, a different behavior emerges:

Theorem 3 Let Z, W, (Zy)n>1 and (Wy)n>1 be i.i.d. random variables. Assume further-
more that Emin(Z, W) = oo . Then, with probability one,

liminf A,, < oo .
n— oo

In other words, the system is not strongly consistent in the heavy-tailed regime in configu-
ration (iii).

Proof Note that if min(Z,,, W,,) > n, then A,, € {1,2}. Thus, to prove Theorem 3, it suf-
fices to show that with probability one, min(Z,,, W,,) > n happens infinitely often. This
follows by the second Borel-Cantelli lemma since the events

({min(Zn, W) = n})nzo
are independent and

> P (min(Zy, W,) > n) = E (min(Z,W)) = oo .
n>0

O

The behavior of the set £,, for moderate and heavy tails is better understood by examin-
ing its extreme points L,, and R,,. The following two theorems are proved in Section 3.

Theorem 4 [f q; > 0 for all i € Nand EZ = oo, then, with probability one,
L, — —00.

Thus, in configuration (ii) the system is strongly consistent in the moderate and heavy-
tailed regimes.

Strong (in-)consistency in configuration (i) is established in the next result:

Theorem5 Let Z, W, (Zy,)n>1 and (Wy)n>1 be i.i.d. random variables.

1. fEmin(Z, W) < oo, then sup,,cy |Ry| < 0o almost surely.
2. IfEmin(Z, W) = oo, then sup,,cy | Ry| = 0o almost surely.

Given that the leftmost leaf in £,, goes to —oo and the rightmost leaf remains bounded
in the moderate heavy-tail regime (i.e., when EZ = oo and Emin(Z, W) < c0), one can
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expect that the total number of leaves reached by the vertex n diverges under these two
assumptions. Thus, strong consistency is observed in each of the three configurations (i),
(i1), and (iii).

On the other hand, only configuration (i) leads to strong consistency when the distribu-
tion of Z has a heavy-tail (i.e., when Emin(Z, W) = oc). However, when >~ | 72 < oo,

the model remains weakly consistent in configuration (iii), as established by the next two
results. Theorems 6 and 7 are proved in Sections 4.1 and 4.2, respectively.

Theorem 6 Assume that the distribution of Z is aperiodic, that is, the greatest common divi-
sor of the support of Z is 1. If Z exhibits a moderate-sized tail (i.e., Emin(Z, W) < oo and
EZ = x0), then

A, — ccalmostsurely.

Theorem 7 When Z has a heavy tail (i.e., Emin(Z, W) = o), and ano 12 < 0o, then

A,, — oo in probability.

We recall from Remark 2 that the summability of 72 is assured for nearly all heavy-tailed
Z.

1.4 Summary

The following table summarizes our findings. Observe that weak and strong behavior coin-
cide in most cases. They only differ in the extreme heavy tail case (E min(Z, W) = oo). For
an optimal user experience, one would need A,, — co almost surely, and the only case that
assures this is when we have moderate tails. In addition, such moderate tails also guarantee
strong consistency for the decreasing and increasing input scenarios (as is apparent from the
strong consistency of L,, and R,,).

EZ < oo EZ = ocoand Emin(Z, W) < oo  Emin(Z, W) = co
Strong consistency
L, — —ocoas. no (Thm. 2) yes (Thm. 4) yes (Thm. 4)
A, — oo as. no (Thm. 2) yes (Thm. 6) no (Thm. 3)
R, bounded a.s. yes (Thm. 2)  yes (Thm. 5) no (Thm. 5)
Weak consistency
L, E} oo no (Thm. 2) yes (Thm. 4) yes (Thm. 4)
A5 oo no (Thm.2)  yes (Prop. 11) yesif > 12 < oo (Thm. 7)
Ry, is tight yes (Thm.2)  yes (Thm. 5)

The rest of the paper contains the proofs of the results stated above. In Section 2 we
recall some properties of the single-choice model that are useful in our analysis. In Section
3, Theorems 4 and 5 are proven. The main technical content of the paper is presented in
Section 4 where the number of leaves is examined in both the moderate-, and heavy-tailed
cases, culminating in the proofs of Theorems 6 and 7.
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1.5 Simulations

To complement our theoretical analysis, we conducted a series of simulations to examine
the empirical behavior of the model. We considered discrete Pareto distributions for the ran-
dom variables Z and W, with probabilities g, = ¢/n'*, so that varying o produces light-
tailed, moderate-tailed, and heavy-tailed regimes. Our analysis focused on the evolution of
the preferential value V;, of the topic recommended at time » in configuration (iii), where
topics are assigned independent uniform preference values.

Figure 2 presents single realizations of V,, for each tail regime, illustrating the emergence
(or absence) of strong consistency. Figure 3 shows the corresponding averages over 1000
independent simulations, which emphasize the form of weak consistency predicted in the
heavy-tailed setting. The simulations reveal three qualitatively distinct behaviors:

e Light-tailed regime (oo = 1.2): no evidence of consistency; recommendations stabilize
around a single topic, and V,, does not converge to 0.

e Moderate-tailed regime (o« = 0.6): strong consistency, with the process converging
reliably to a dominant topic.

e Heavy-tailed regime (o« = 0.3): strong inconsistency at the trajectory level, but weak
consistency visible in the averaged dynamics, in agreement with Remark 2.

Configurations (i) and (if) were also examined, and the corresponding simulation outcomes
are in full agreement with the theoretical results established for these regimes. Since their
qualitative behavior is straightforward and consistent with the analytical predictions, the
corresponding plots are omitted for brevity.

In addition to tracking the evolution of V,,, it is also instructive to visualize the subgraph
induced by the vertices T, consisting of the vertices reached by vertex n. Coloring vertices

1.04 alpha =1.2

<

> 0.5 A ‘

0.0 T T T T T T
0 20000 40000 60000 80000 100000

1.0 4 alpha =0.6

|
0 20000 40000 60000 80000 100000

alpha = 0.3

0 20000 40000 60000 80000 100000
n

Fig. 2 Simulation of the evolution of V,, in configuration (iii) for a single run across light-tailed, moder-
ate-tailed, and heavy-tailed regimes
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04 Ipha = 1.2
alpha = 1.
< g P
2024
©
(]
=
0.0 T T T T T T
0 1000 2000 3000 4000 5000
n
0.3
< alpha = 0.6
5 0.2 1
c
3 0.1
=
0.0 T T T T T T
0 1000 2000 3000 4000 5000
n
0.3
< alpha = 0.3
5 0.2 1
c
3 0.1
=
0.0 T T T T T T
0 1000 2000 3000 4000 5000

n

Fig. 3 Evolution of the empirical mean of V;, in configuration (iii) over 1000 independent simulations for
light-tailed, moderate-tailed, and heavy-tailed regimes

a=1.20

)
I

-24

a=0.60

a=0.30

-105525 0

Fig. 4 Visualization of the subgraph induced by 77, in the light-, moderate-, and heavy-tailed regimes,
with n = 150

with positive index in blue and vertices with non-positive index (leaves or topics) in red pro-
vides a structural perspective on the process. The resulting plots (see Fig. 4) make the dif-
ferences between the three regimes strikingly clear: in the light-tailed case, the short edges
yield a dense graph with many blue vertices but very few leaves; in the moderate-tailed case,
the number of leaves grows substantially while blue vertices remain numerous; and in the
heavy-tailed case, the dominance of long edges produces a sparse structure with very few
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blue vertices and a predominance of leaves. These observations are fully consistent with our
theoretical analysis and complement the intuition provided by the V,, plots.

2 The One-Choice Model

Some of our proofs use the observation that the graph contains several copies of the subtrac-
tive random forest studied in Broutin et al. (2024). For example, Theorem 1 in Broutin et al.
(2024) states that there is a unique infinite tree in the forest when EZ < oo:

Theorem 8 (Broutin et al. 2024) Let Z and (Zy)n>1 be i.i.d. random variables. Assume
EZ < coand q; > 0 . Then there exists a positive random variable NwithP (N < 00) = 1
such that, with probability one,

NeT? foralln>N .

Remark 3 Note that the actual statement of the theorem in Broutin et al. (2024) is slightly
weaker, as it only asserts the existence of a random variable N, finite almost surely, such that
for all n > N, the vertex » has the same colour as vertex N. This does not necessarily imply
that N € TZ. Nevertheless, one can add this property of N without changing the proof pro-
vided in Broutin et al. (2024).

Define Z!, = min(Z,,, W,,) and Z’ = min(Z, W) and note that S,, = T/?". By Theorem
8, we obtain the following result for moderate and light tails.

Corollary9 LetZ, W, (Zy,)n>1 and(Wy)n> 1 bei.i.d. randomvariables. IfEmin(Z, W) < oo
and q; > 0, then there exists a positive random variable N with P (N < c0) = 1 such that,
with probability one,

NeS, foralln>N.

When EZ = oo, Theorem 3 in Broutin et al. (2024) states that every tree in the forest is
finite. This translates as follows.

Theorem 10 (Broutin et al. 2024) Let Z and (Z,,) > 1 be i.i.d. random variables. f EZ = oo
and q; > 0 forall i > 1, then

P(Ui<o [{n>1:i € T/} =c]) =0.
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3 Rightmost and Leftmost Leaves

As stated in Theorem 4, the leftmost leaf L,, reached by vertex n diverges to —oo whenever
EZ = oo. This can be seen as a consequence of the behavior of the one-choice model, as
one only needs to check the divergence to negative infinity of the leaf min 77 reached by
vertex n by following only the Z-edges.

Proof [Proof of Theorem 4] From Theorem 10 we know that with probability one, for all
k <0, there are at most a finite number of integers n > 1 such that k € T/Z. Thus, the
sequence (min 7.7), e, taking values in {0, —1,—2, ...}, cannot take the same value an
infinite number of times, so it goes to —oo as n — oo with probability one. This concludes
the proof, since L,, < min TnZ foralln > 1. O

Proof [Proof of Theorem 5] Assume that E min(Z, W) < oo. From Corollary 9, we know
that there exists some random variable N with P (N < oo) = 1 such that, with probability
one, N € S, forall n > N. In particular, for any n > N we have Ty C T,, which implies
that |Ry| > |Ry|. Thus, with probability one, we have

sup |Ry,| <  max. |Ri| < o0 .
neN

When E min(Z, W) = oo, we have

S TP (min(Z,, W,) > 20) = 3 pd, = 00

n>1 n>1

Hence, by the second Borel-Cantelli lemma, we know that with probability one we have
min(Z,, W,,) > 2n infinitely often, which implies that R, < —n infinitely often and
proves the second statement of the theorem. O
4 Number of Leaves

4.1 Moderate Tails

Consider the number A,, of leaves reached by vertex n, when the distribution of Z is such
that EZ = oo and Emin(Z, W) < co. We first show divergence in probability, implying

weak consistency in configuration (iii).

Proposition 11 Assume that the distribution of Z is aperiodic. If EZ = oo and
Emin(Z, W) < oo, then

Ay, — oo inprobabilityasn — oo.

The proof uses the balance that arises in the moderate-tail regime. The distribution of
delays is sufficiently heavy to ensure that each non-leaf vertex in 7}, has a non-negligible
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chance of reaching a leaf, but light enough to guarantee that 7;, contains a substantial num-
ber of non-leaf vertices. Consequently, the overall number of opportunities to generate new
leaves grows significantly with n. This balance is illustrated in Fig. 4: only in the moderate
tail regime (o = 0.6 in the figure) do we simultaneously observe a sizable number of blue
vertices (non-leaves) and a large population of red vertices (leaves).

To formalize this heuristic, we focus on the chain S,,, obtained by repeatedly following
the shortest outgoing edge starting from vertex n. In the moderate-tailed regime, this chain
typically contains many vertices, and each of these vertices has an additional opportunity to
connect to a leaf through its longest outgoing edge. We therefore define

n

Jn - E ]1m65n ]1max(Zm.,Wm)2m7

m=1

so that J,, counts the number of vertices in S, that are connected to a leaf via their longest
outgoing edge. Controlling the growth of .J,, makes it possible to turn the heuristic balance
into a rigorous statement.

Lemma 12 The expected number of vertices in the chain S,, that connect to a leaf through
their longest outgoing edge grows to infinity with n:

E[J,] = oo asn— oo .

Proof Note that forn > m > 1, the events {m € S, } and {max(Z,,, W,,,) > m} are inde-
pendent. Define v,,,:=P(0 € S,,,) for all m > 1 and let vy = 1, so that

EJ, = Z P(m € Sp,)P(max(Z,,, Wy,) > m) = Z Up—mP(max(Zy,, Wy,) > m) .
m=1

)= m=1

The sequence (vy,)n>0 can be better understood by considering the arithmetic renewal pro-
cess M,, with holding times given by the i.i.d. random variables (min(Z;, W;));>1, and
initialized with My = 0. In other words,

M, = Z min(Z;, W;) .

i=1

By definition, v,, is the probability that n can be expressed as a sum of independent random
variables (min(Z;, W;))i>o. In terms of the renewal process, this means that

v, =P(Fk>0: M, =n).
Hence, the sequence (vy,)n>0 corresponds to the renewal measure of the aperiodic renewal

process (M, )n>0. By the Erdés—Feller—Pollard renewal theorem (Erd6s et al. 1949), it fol-
lows that
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1
lm vy = —————— >0.
oo | Emin(Z, W) >0 “.1)

Thus, for some constant ¢ > 0, we have

n
EJnZCme—)oo as n — 0o . 4.2)

m=1

We use the second-moment method to show that .J,, — oo in probability.

Lemma 13 Assume that EZ = oo and Emin(Z, W) < oo, and let V J,, denote the variance
of the random variable J,. Then

Vi,
(EJ,)?

—0 asn — oco. 4.3)

In particular, we have:

IP’(Jn<E‘2]")=IP’(Jn—IEJn<—EJ"> §4&—>0,

2 ([EJ,)?

and therefore J,, — oo in probability as n — oc.

Proof [Proof of Lemma 13] To show (4.3), we prove that E[J2]/(EJ,)? — 1 as n — oc.
We first define

Py, =P(max(Z, W) > n) = 2p, —pfl .
Recall that v, = P(0 € S,,), as introduced earlier. Then, for n > 1,

(EJn)Q =2 Z PPk Vn—mUn—k + Z (p:n)%}?zfm

1<k<m<n 1<m<n

=2 Z Do DhUn—mUn—k + O(1)

1<k<m<n

4.4

since D1 <, (D) Vi, is bounded by 4E min(Z, W) < oo.

n

Now, define for any m > 1 the random variable X,,, = max(Z,,, W,,) and observe that
forany 1 < k < m < n, the events { Xy > k} and {X,, > m,m € S,,, k € S, } are inde-
pendent. Thus, for any fixed n > 1, we may write
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E[JZ] =2 Z P(m € Sp, k € Sp, X > m, X, > k) + EJ,

1<k<m<n

=2 }: piP(m € Sp,k € Sp, X;n > m) + EJ,
1<k<m<n

=2 > PPk Sy, Xp>m|me S, JP(meS,)+EJ,
1<k<m<n

If m € S, the event {k € S,,, X;,, > m} can only happen if one of the two random vari-
ables Z,, and W, is greater or equal to m and the other one is smaller than m — k, for
otherwise k could not belong to .S, when 1 < k& < m < n. Thus, using the independence of
Z,, with respect to W,,, {k € S,,} and {m € S,,}, and using the fact that p,, + p2, = 2py,,

E [J2] (4.5)

=2 > ppX2P[Zy = m, Wy <m =k, k €Sy |m e S,|P(m € S,) +EJ,

1<k<m<n
=2 Z (Pl + P2 0n—mPW,, <m —k,k €S, | meS,]+EJ,
1<k<m<n
) k—m (46)
=4 Z Pk (P + Pi)Vn—m Z P(k € Spi) P(Wy, = i) + EJp
1<k<m<n i=1
m—k
=2 Z pZ(per + pzn)vn—m Z Umn—k—iGi + EJn .
1<k<m<n i=1
Observe that

m—k
Z p;;p'?nvnfm Z qiVm—k—i S Z pzpilvnf'm
=1

1<k<m<n 1<k<m<n

< > ik

1<k<m<n

(%) (324

= O (EJ,)

IN

by using the inequality in Eq. 4.2, which leads to

m—k
E[J3] =2 Z PrPmVn—m Z Vm—k—i@s + O (EJy) . (4.7)
1<k<m<n i=1

Fix some € > 0. By Eq. 4.1, we know that there exists some constant z > 0 such that for all
m > x, we have |v, — A| < €, where A = 1/(Emin(Z, W)).
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If m > =z, see that

iqzvngmz:z (A+e) + Z i
= i=1

m—z<i<m

(AJ’_ )+p7ﬂ—l’ .

Thus, there exists some constant y > x such that for all m > v,

m

Zqivm_i <A+ 2¢.
i=1

Moreover,

Z pmvn mpkzvm k—iQi < Z pmvn m Z 1

1§k<m§n 1<m<n k=m—y
st. m—k<y DY

= (y+1EJ, = O (EJ,) ,

and
m—k n
Z plt p;in,vnfm Z Vmn—k—iQi < Z 1 Zplt
1 < k<m <n i=1 n—y<m<n k=1
st.n—m<y <1

3

<(y+1)> pi = O(E,) .

k=1
Putting everything together, we have that
n—y m—y m—k
BT =D phpivak D Givm- ki + O (EJ,) . (4.8)
m=1 k=1 =1
Similarly, we have
n—ym-—y
]EJn Z Z pm,pkvn mUn—k + O (]EJTL) . (49)

s=1 k=1

Finally, observe that for any n > y we have:
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n—y m—y m—k n—y m—y

SN PP vn-m > Givmoki < A+207 > > phi

m=1 k=1 i=1 m=1 k=1 (4]0)

<(A+26)?
and

n—y m-—y n—y m-—y
Z_l ; p:‘np:: Un—mUn—k = (/\ — 6)2 Z_l ; p:‘npz . (41])
m= = 2(A75)2 m= =

From Egs. 4.8, 4.9, 4.10 and 4.11 it follows that

E[J2] A+ 26\
lims nl< .
oy (B2 = < A e)

Since this is true for any € > 0 small enough, and E[J?2] > (E.J,,)?, we conclude that

asn — oo. O

We now turn to the proof of Proposition 11, which asserts that the number of leaves in the
medium-tail scenario diverges in probability. We have already shown that .J,, — oo in prob-
ability, where J,, counts the number of edges connecting vertices in the chain S, to leaves
via their longest outgoing edge. Proposition 11 follows from this result, but some care is
needed: J,, counts edges, not distinct leaves, and multiple edges may connect to the same
leaf. The key idea of the proof'is to show that the number of edges of the type max(Z,,, W,,)
connecting to any single leaf cannot grow to infinity. This ensures that the divergence of J,,
indeed implies that the number of distinct leaves connected to 7, also diverges to infinity
in probability.

Proof [Proof of Proposition 11] Let us define

Ly = {k < 0: there exists an m € S, such that max(Z,,, Wp,) =m —k} .

In other words, £ is the subset of vertices in £,, that are connected to some vertex in S,
with positive index through the longest edge (i.e., given by max(Z, W)).
Givenn > 1 and k € Z, we introduce the random variable

n
Dn,k = Z%max(zm,Wm):m—k-

m=1

Note that for any fixed z > 0,
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P (L] < z) (4.12)

EJ,
< W "

EJ,
+P(Uk§0 |:an> :|> .
2z

Since J,, can be written as

Jn = Z Z J’lémax(Zm,Wm)zm—k )

keLy meS,

(4.13)

we have that

EJ, y
([gé%’f J%maLX(Z W)= o0 ] N{LL < ﬂ)

meS,

-p < > (4.14)
= 9

VJ,
<42y,
S|

Moreover, for any k£ < 0 and y > 0, by Chernoff’s bound (Chernoff 1952; Boucheron et al.
2013), we have that

]P)(Dn k> y (Z“Amax(Z Wm)=m—k > y)

m=1

% Yy
< exp <y —pi_x —ylog (p* >)
1—-k
Y
e *
< (y) (}_)"

Let y, = EJ,,/(22) and assume that # is large enough so we have y,, > 2 and

o0 oo
Z pr)Yv Z pr)? (since Emin(Z, W) < o0 ) .
m=1 m=1

Thus, by the union bound,
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EJ, e\ L,
P (ngo |:Dn¢k > 21]) < Z (%) (P1_p)""

k<0

Yn 0
€ *
< (y) E (Pe)? = 0.
" k

=1

(4.15)

By putting (4.13), (4.14), and (4.15) together we have that P (|£| < x) — 0as n — oo for
every fixed x > 0, which proves Proposition 11. O

Having established divergence in probability, we are now ready to prove almost sure
divergence.

Proof [ProofofTheorem6]Foranyn > 1,defineY;, = min{m — min(Z,,, W,,) : m > n}.
A simple union bound gives, for arbitrary £:

P (Y, <k)< Y P(min(Zy, W) >m—k).

m>n

Since Emin(Z, W) < oo, the sum above is finite and goes to 0 as n goes to infinity. Hence,
Y,, — oo in probability.

Let us fix n > 0 and apply Corollary 9 to the model obtained by shifting by # the set of
integers so that leaves are indexed by the set {k : K < n} and the edges are given by the
sequences of random variables (Zj)x>n+1 and (Wx)k>n+1. This gives us a random vari-
able N,, > n, finite almost surely, such that NV,, € Sy, for all kK > N,,. Let I, < n} be the
root of this tree, and note that

Y, <I,<n<N,.

Since Y,, — oo in probability, I,, — oo in probability as well. Moreover, for all n > 1, one
can choose N,, such that NV,, — n is distributed as Ny. The fact that all vertices k£ > N,
belong to the tree rooted at I,, in this single-choice model implies that I,, € T} for all
k > N, and in particular A;, < Ay for all £k > N,,. From Proposition 11 we know that
A,, — oo in probability. Hence, A;, — oo in probability. Moreover, for any fixed m > 1
we have

P(Ukzgn [Ak < m]) (Nn > Qn) +P(Nn < 2n, A]n < m)

<P
<P(Ng>n)+P(Ar, <m) .

Thus, for any m > 1, P (Ug>2,[Ar, < m]) — 0 as n — oo. By continuity of measure, this
implies that for any m > 1,

P (Ny>1 Uk>on [Ar < m]) =0.

By the union bound,

P (Up>1 Ne>1 Ukson A <m]) =0,
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Fig.5 Illustration of the proof of Theorem 6

which implies that A,, — oo almost surely (Fig. 5). O
4.2 Heavy Tails

In this section, we study the heavy-tailed case, that is, E min(Z, W) = co. From Theorem
3 we already know that A,, cannot go to infinity with probability one. Here we show that, in
contrast to this, A,, — oo in probability when > 7 72 < oc.

n=1"n
Lemma 14 For any integers k € Z and n > max(1,k),

P(keT?) <rni.

Proof Clearly, we have P (k S TnZ ) = r,_x whenever k > 0. Moreover, r,, satisfies the
recursion

n
Tn = E qiTn—i -
i=1

Thus, for any £ > 0, we have

n
P(-keT/)=) P(Zi=it+hk)PicT,)
i=1

n
= E qk+iTn—i
i=1
n+k

= E QiTn+k—i
i=k+1
n+k

< g qiTn+k—i = Tntk -
i=1

O

Proof [Proof of Theorem 7] Assume that Y .~ r2 < oo. Fix a constant w > 0 and let I

denote the number of intervals of the form (kw, (k 4+ 1)w], with k € Zx, that are inter-
sected by the chain 7/Z. Note that, for any = > 0, if I’ < z then .7 < wz, thus
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P (L) < x) (T7 < wa)

<P
(4.16)
SP(Zi+ 4 Zjwe) >n) = 0.

Let £ > 1 be an arbitrary integer and observe that, if the event I > 2/ occurs, then one can
define a random set of vertices A,, such that

1. A, is independent of (Wy)g>1 ,

2. A, CT?,

3. |Anl =4,

4. forallk#me A, , |[k—m|>w.

Conditionally on I;¥ > 2/, we have

P (Uksmkea, Ty’ NIy #0) 4.17)

<SE ). Kooy

k,me A,
st. k#m
<E Y P ATy #£0)
k,me A, (4.18)
st. k#£m
L
< max P(TY nTWV 40
- (2> k,m <n (7 #9)

st. |k—m|>w

by using the first moment method and the independence of A,, with respect to (W )g>1. Let
k < m be a pair of integers such that |k — m| > w and observe that

P(TY NIy #0) =P(T¥ NTZ #0) .
Thus, the union bound, Lemma 14 and the Cauchy-Schwarz inequality yield

k
P(TY NIy #0) < Y P(ie V)P (icT7)

1=—00
k
<D it (4.19)
1=—00
(o) o0
SETAD
=0 i=m—k

From Eq. 4.18 and 4.19, it follows that
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g [e.o] oo
P (Uksmpea, TyY NTo #0) < <2> ;rf X er. (4.20)

Fix € > 0. From Eq. 4.20 we know that we can choose w big enough so we have forn > 1,
P (Uky&m,keAnTlgv n T,‘;LV #* @) <. (4.21)

Finally, observe that if A,, < £ and I > 2/, then there have to be at least two distinct ver-
tices k, m in A,, such that the chains 7} and 7)Y meet each other: otherwise, each chain
TIXV with k € A,, would lead to a distinct leaf in 7},, contradicting the event A,, < £. Thus,
by Eq. 4.20 we have

PA, <0 <P(I<20)+e¢.

From Eq. 4.16 it follows that for any € > 0 and any integer £ > 1

limsupP (A, < {) <e,

n—oo

which concludes the proof of Theorem 7. O

5 Generalization to k Choices

A natural generalization of the model allows for k > 2 choices. Fix £ > 2 and consider
k independent sequences of i.i.d. random variables (Zi(l))izl,...,(Zi(k))iZl. Given a
sequence of preference values (U;);<o, we define a sequential random coloring by setting
Vi, = U, and C,, = n for all n < 0, and for n > 0 letting

c,=C

’n—Zf,ji) and Vn = th

where j = argmin V

-z \Zicn  n—Zi)

forn > 1 . The set of vertices reached from vertex n is now defined recursively as

k
T, = {n} U (U Tn_Z?) . on>1,

=1

with T,, = {n} for all n < 0. As in the two-choice model, we may then define R,,, A,,, and
L,, accordingly. The graph associated with this model therefore, contains multiple embed-
ded copies of the two-choice process. It follows from this observation that consistency in
the two-choice model carries over to the k-choice model for any k£ > 2, and for each of the
three configurations of the initial pool of topics considered in this paper. As a consequence,
Theorem 4 extends automatically to the k-choice model:
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Theorem 15 Assume that q; > 0 for all i € N and EZ = oo. Then, in the k-choice model,
with probability one,

L, — —00.
Thus, the system is strongly consistent in configuration (ii).

However, the increase in the number of available recommendations allows one to work
under weaker assumptions on the tail of Z, and in this setting the results can be sharpened.
In particular, one can adapt the proof given in Section 4.1 by modifying the recursion defin-
ing S, to

Sp={n}us

; (i)
n—miny <<k Zy '

and by controlling the growth of

n

In = Z“Amesn “émamgigk ZH>m

m=1

to establish the following result.

Theorem 16 Assume that the distribution of Z is aperiodic, and that

E[Z] = oo, ]E[ min Z<i>] <00,
1<i<k

where ZW1) ... Z®) are independent copies of Z. Then, in the k-choice model,
A, — oo almostsurely.

The arguments used in the proofs of Theorems 2, 3 and Theorem 5 extend naturally to the
present setting, leading to the following three results.

Theorem 17 Let Lo, = inf ey L. IfEZ < o0, then Lo is finite almost surely. Thus, in the
k-choice model, the sequences (Ry) nen, (Ln)nen and (Ay)nen are almost surely bounded.

Theorem 18 Let Z1) ..., Z™) be independent copies of Z. Assume that

E min 2% = .
1<i<k

Then, in the k-choice model, with probability one,

liminf A,, < oo .
n— oo

Theorem 19 Let Z1) ..., Z) be independent copies of Z.

I. IfEminj<i<; ZO < 0o, then sup,,cy | Rn| < 00 almost surely in the k-choice model.
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2. IfEminj<;<; Z@ = oo, then sup,,c | Rn| = 0o almost surely in the k-choice model.

In summary, the consistency table from Section 1.4 remains unchanged in the k-choice
model. The only difference is that the moderate-tail regime is now characterized by the con-
ditions E min; <;<x, Z0 < o and EZ(M = oo, while the heavy-tail regime corresponds to
Eminlgigk Z(Z) = OQ.

6 Conclusion

We introduced and studied a simple mathematical model for recommendation systems
based on giving each user two random choices, which include a mixture of past choices and
untried options. In this setup, we identify three regimes based on the tail behavior of the
sizes of the jumps in the past.

Although our model is primarily theoretical, its analysis offers qualitative insights that
may inform the design of recommendation systems. In particular, it highlights how struc-
tural properties of the recommendation process can influence long-term behavior and diver-
sity. Extending the model to incorporate personalization and adaptive feedback remains an
interesting direction for future work.

6.1 Comparison with Standard Baselines

To situate our results within the broader landscape of recommendation methods, it is natural
to consider connections to standard algorithmic baselines. Classical approaches, such as col-
laborative filtering, multi-armed bandits, and deep learning—based recommender systems,
rely on adaptive strategies to cope with noisy or partially observed user preferences. While
our model is highly stylized and focuses on the structural properties of the recommendation
process rather than optimization or learning, comparing its behavior conceptually to these
frameworks helps highlight both its scope and its limitations.

A natural point of comparison is with multi-armed bandit algorithms (Lattimore and
Szepesvari 2020; Bubeck and Cesa-Bianchi 2012), which also model sequential deci-
sion-making and recommendation dynamics. However, the two frameworks differ funda-
mentally: in our model, the “rewards” (preference values) are static and noise-free, with
randomness arising solely from the distribution of edge lengths, while in bandit algorithms,
the primary challenge is to manage uncertainty in the reward distributions through explora-
tion and exploitation. Because of this distinction, standard bandit baselines are not directly
applicable to our setting, and a meaningful comparison would require a reformulation of the
bandit problem that departs significantly from its usual assumptions.

A closer comparison can be drawn with bandit algorithms in the noiseless setting, where
the reward associated with each arm is fixed and known after a single pull. In that frame-
work, the problem is essentially trivial: the optimal arm is identified immediately, and the
learning phase vanishes. By contrast, our model remains nontrivial even in the absence of
noise, since the randomness lies not in the evaluation of topics but in the structure of the
recommendation process itself. The stochastic nature of the edge lengths forces the system
to repeatedly revisit or discover new topics, giving rise to rich asymptotic behaviors such as
strong or weak consistency.
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6.2 Perspectives and Open Problems

One might naturally expect the k-choice model to exhibit distinct behavior in the k 4 1
regimes defined by the tail conditions

E min Z9 =00 and E min ZW < 0,
1<i<e 1<i<e+1

foreach ¢ € {0,..., k} (with the understanding that the left-hand condition is omitted when
£ = 0 and the right-hand condition is omitted when ¢ = k). Although our results extend
straightforwardly to the k-choice setting, the current consistency analysis does not distin-
guish between these individual regimes. A deeper understanding of the distinctions between
these regimes and their implications for recommendation outcomes would be of significant
interest.

The present model remains highly abstract and does not directly reflect real-world appli-
cations. For instance, the assumption of static preference values for each topic may not cap-
ture the evolution of actual user behavior. A natural direction for future work is to develop
dynamic generalizations of the model that account for time-varying preferences for each

topic.

Appendix

Notation Table

Symbol Description

Th Set of vertices reached by vertex n.

Ln Set of vertices with non-positive index (or leaves) that is reached from
vertex n. (L, = T N {0,—1,-2,...})

An Number of leaves reached from n. (An, = |Ln])

Ry, Rightmost leaf in Th,. (R, = max{i: ¢ € Lp})

Ln Leftmost leaf in Ty. (L = min{i: ¢ € Lp})

TZ (resp. TV)
Sn

Chain in 77, obtained by repeatedly taking the Z-edges (resp. the W-edges)
Chain in 7', obtained by repeatedly taking shortest outgoing edges

Jn Number of vertices in Sy, connected to a leaf via their longest outgoing edge
Ch Topic recommended at time 7
Zn s W Independent random delays for recommendations
U; Preference value of topic i (¢ < 0)
Vi Preference value of topic seen at time n
Pi, i Probabilities associated with Z (p; = P(Z > i), ¢; = P(Z = 1))
P} Upper tail probability associated with
max(Z, W) (p; = P(max(Z,W) > i) = 2p; — p%)
Tn Probability that vertex 0 belongs to the Z-chain starting at vertex n
(rn=P(0eTZ)=P(0cT)))
Un, Probability that vertex 0 belongs to the chain Sy, (v, =P (0 € Sp))
WA Indicator function of event A
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Notation Table

Symbol Description

EX Expected value of random variable X
VX Variance of random variable X'
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