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 The Consistency of a Smoothed Minimum Distance

 Estimate

 RICARDO CAO

 University of La Corufia

 LUC DEVROYE

 McGill University

 ABSTRACT. We give sufficient conditions for the consistency of a minimum distance density

 estimate, obtained by minimizing the L1 distance between a kernel estimate with smoothing
 factor h and a density in a collection W of densities. The optimization is performed over all h > 0
 and all of W. Various parametric and non-parametric target classes W are considered. It turns out

 that the choice of the kernel is crucial for the consistency of this minimum distance method.

 Key words: convergence, density estimation, distance estimate, kernel estimate, smoothing
 factor

 1. Introduction

 Sometimes, when we estimate a density, we have no idea whether or not this density falls in

 a given class of densities such as the class of Pearson densities, or the class of all log-concave

 densities. So, we would like to bet on two horses and get two density estimates: one is

 obtained under the assumption that the density is in the target class, and the other one is

 non-parametric-it assumes nothing. This may be achieved by two independently con-

 structed density estimates. We believe that these estimates should be designed together, and

 propose in this paper a method-the smoothed minimum distance method-that was first

 suggested by Cao et al. (1993). The estimate provides a general and useful tool for estimating

 densities in the presence of a priori information. It yields two density estimates. This paper

 shows which one is useful under what circumstances. Interestingly, the smoothing factor in

 the non-parametric estimate is automatically picked by the data; absolutely no fine-tuning or

 manual adjusting is required. Universal conditions of consistency are provided.

 More formally, we are given an i.i.d. sample Xl, . . ., X, drawn from an unknown density
 f on Rd. The target class of densities (to which our density f may or may not belong) is

 denoted by t. Our second ingredient is the Akaike-Parzen-Rosenblatt density estimate

 1in

 fnh(X) = Kh K(x -Xi)
 ni = I

 where K is an almost everywhere continuous density (the kernel), Kh(x) = (1/h)K(x/h), and

 h > 0 is the smoothing factor (Akaike, 1954; Rosenblatt, 1956; Parzen, 1962).

 Define the pair (gn, H) by

 (gni H) = arg min 1 g-fnh 1|
 g e C, h >0

 In other words, we find the pair of densities g, E W and fH (a kernel estimate) that is closest
 to each other. The existence of at least one minimum follows for most classes considered by

 us, by compactness. It is tacitly assumed throughout this paper. Uniqueness is of no concern

 to us as all results given below remain valid if we select any pair at which a minimum is
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 406 R. Cao and L. Devroye Scand J Statist 23

 attained. This paper considers conditions that guarantee the convergence of f H to f, and if
 f E, we also study the convergence of gI to f It turns out that the choice of K is critical:

 it must he adapted to h to make the family of kernel estimates indexed by h sufficiently
 different from C.

 Minimum distance estimation under various criteria have been applied in many contexts.

 For work that is loosely related to ours in ideology, we refer to Beran (1977). However, we

 bring two new ingredients to the foreground: the L1 eriterion, and the idea of minimizing

 with respect to the smoothing factor in the kernel estimate. In fact, both estimates go andifH

 solve the omnipresent problem of the data-based selection of a smoothing factor. At the

 same time, the coneeptual simplieity of the estimates may make their use widespread. It is,

 however, necessary to understand the properties of such estimates better. The main property
 that we need to verify is the onsistency-thi es pe address this issue. In future work, one

 should study the goodness of the estimates as a function of n.

 Parametric classes

 If we consider ? as a parametric class indexed by a parameter vector 0, then any consistency

 study must work with the equivalence classes E(f ) consisting of all 0 that lead to the same

 density f In particular, to study eonvergence in the space of the Os, it is necessary to

 introduce uniqueness and identifiability notions. For this reason, we will not deal with the

 convergence of parameters, but rather with convergence of densities in the L1 sense.

 Parametric megaclasses

 The class of all Pearson densities could be called a megaclass as it houses several different

 subclasses of densities. Our method furnishes a density estimate gn from this class; note in
 particular that the data automatically picks a particular Pearson subfamily and a collection

 of parameters for a density from this subfamily.

 Other selection principles

 We opted for an L,-based minimum distance estimate. In this sense, the kernel estimate
 became a natural choice in the definition of the criterion to be minimized, as the total

 variation distane between any density and the standard empirical measure is one; hene the

 need for smoothing the empirieal measure. Furthermore, methods such as moment matching

 and maximum likelihood do not share the generality of applieation that is exhibited in this

 paper. Early experimental results in Cao et al. (1993) indicate that their minimum distance
 method is indeed competitive with the maximum likelihood method for mixtures of normal

 densities.

 Related estimates

 The estimate of Devroye (1989b) chooses between an estimator in W and a kernel estimate

 fnHX basing the decision on the size of the L1 distance between the estimates. Other references
 to similar work may be found there. Our foeus here is different: we plainly want our estimate

 to be in or near W.

 ? Board of the Foundation of the Scandinavian Journal of Statistics 1996.
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 Scand J Statist 23 Consistent smoothed minimum distance estimate 407

 Automatic selection

 Further work might include the following: consider a kernel estimate f with kernel K, a
 kernel estimate f*n with another kernel L, and a class of densities W. We find smoothing
 factors (H', H*) defined by

 def

 (H', H*) = arg min j Inhf- fh* ,
 h,h*>O J

 following ideas taken from the double kernel method (Devroye, 1989a). Define gn and H as

 before. Now decide to estimate the unknown f byfn H' if the LI distance between fnH and JfH*

 is less than the L, distance between g, andfflH, and to estimate f by gn otherwise. This would
 be an alternative to other parametric/non-parametric selection methods such as those of

 Olkin & Spiegelman (1987) and Devroye (1989b).

 2. The main result

 Theorem 1

 Let f e C. Assume the following conditions:

 (i) For every 6 > 0

 inf lg -K^*|O
 ge4,h6 f K *fI >O-

 (ii) For every M < oo and E > 0, there exist positive constants a, nO such that

 PT inf FVfh-g)I a}> 1-a E Vn -no.
 gE i, h SM/nJ

 Then

 IfnH-f |- O in probability,

 and

 Ign -f j -+0 in probability.

 Before we embark on the proof of this result, we note that there are no restrictions

 imposed on h; in other words, the method is fully automatic. Also, no a priori restrictions are

 put on f or C%, other than those implicit in (i) and (ii).

 Condition (i) states that the kernel K should be sufficiently different from the densities in

 W. Condition (ii) states that W should not be too rich: if it contains too many densities, then

 the information in the data is lost because just about any density can be matched with one

 from C. Simple sufficient conditions for (ii) are provided further on.

 3. Proof of theorem 1

 If we set h = 1/1n, then by the consistency of the kernel estimate for all densities (see
 Devroye & Gyorfi, 1985, p. 148),

 inhf O fjgh-fnh I fv-f, 1-0 almost surely. (1)

 ? Board of the Foundation of the Scandinavian Journal of Statistics 1996.
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 We will show that (1) entails the almost sure convergence to 0 of J If -f,H j. Therefore, by
 the triangle inequality, J Ign -f O-+0 almost surely. As a first intermediate result, we prove the
 following lemma. The conditions of the theorem are of course assumed.

 Lemma 1

 Let f be any density. For any 6 > 0, we have

 sup J'lKh *f--fh i -+0 almost surely.

 In particular, if H is any random variable, possibly dependent upon the data,

 T IKH *f-fnHjIJjH > ] -+O almost surely.

 Proof of lemma 1. Let M be a large integer and ,B > 1 be a constant to be picked later. For

 arbitrary q > 0, we will show that almost surely, for all n large enough,

 SUp J|Kh *f -fnh I < 3r1

 -Split the interval [6, oo) into [b,BM, oo) and [b63- 1, bpi), 1 < j < M. Note the following:

 Supa I *f-fnL h I S MniP j (Kh *f Kh + Kh(x-X) -K (x)| dx)

 We have iKh - Kh *f I = f K - K *f,Ih -0 as h -+ oo where flI/h(x) = hf(hx) (see Devroye,
 1987, th. 3.3, p. 23). If 6/3M is large enough, we see that one term in the last chain of

 inequalities may be made as small as desired. Consider the other term. It is useful to recall

 that as E - 0, f IK(x + E) - K(x) I dx -+0 (to see this, use Scheffe's theorem, the integrability
 of K, the almost everywhere continuity of K, and the Lebesgue dominated convergence

 theorem). Thus,

 In n~~~~~~~~
 SUp - iKh(xM -X -JKh(x) dxI = sup - Z K( X 1h)-K(x)I dx
 h>-6#m n j= I h-b,#m n i= I

 sup i + - n I[XhI >A] h?513lm n1

 (where A depends upon q)

 2 n
 < /+ n E I[IXil > A6fl Al1

 (2i,

 almost surely for all n large enough, by the law of large numbers and our choice of the

 product Ab6/M. Finally, we look at M terms, the jth one of which is

 sup FIKh *f -fnh 1
 6jl/-1 h<6f/i J

 Define aj = 6B/, and bound the supremum above by

 sup (f lfnh -fnh'l+ XKh*fKh' *f + Kaj*f-najI+ XKajl*fl najJX
 aj -h, h'<aj

 @ Board of the Foundation of the Scandinavian Journal of Statistics 1996.
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 Scand J Statist 23 Consistent smoothed minimum distance estimate 409

 It is a simple exercise to show that the last two terms in the above expression tend to zero

 (this is like the variation term in the LI error when the bandwidth remains constant). The
 second term in the supremum is bounded by

 SUp IK |-K|= SUp - |K-U I ay~ ~ ~~ _h ,h SyI SUPA,

 and this may be made as small as desired by picking ,B close enough to one. To see this, note

 that as u 4 1, iK - -+0 by Scheffe's theorem, the almost everywhere continuity of K and
 the Lebesgue dominated convergence theorem. Similarly, the first term in the supremum is

 bounded by

 sup -E K(x-Xi)-Kh (x-Xi)|dx < sup |K-Ku 1.
 aj _< h, h' <_ajn i=lI , I S"<u-<

 This concludes the proof of lemma 1.

 From (1) and lemma 1, we conclude that

 TIKH *f - gn I[HH ] -+O almost surely.

 However, by condition (i), the left-hand-side of the last expression is bounded from below by

 Ci[H >_ ]

 for some c > 0 possibly depending upon 6. Therefore, as 6 is arbitrary, we conclude that

 necessarily, H -+0 almost surely. It remains then to show that nH -+ oo in probability, so that
 we may conclude, by a general theorem on the consistency of data-based kernel estimates

 (see Devroye & Gyorfi, 1985, p. 148) that

 if -fnH +0 in probability.

 Let E, M, a and no be as in condition (ii). Then,

 P{H < M/n}

 = P{H < Mn, fIgn -fHl < a} + P{H < Mn, jIgn -fnHl I a }

 {< P inf -gnhj<}a +P{ Ign -fnH >a}
 h _ Mln, g c I

 E +P{J tgn -fnH Ia}(n >eno)

 =E +o(l),

 where we used (1) in the last step. Because M is arbitrary, it follows that nH -o in
 probability. This concludes the proof of the theorem.

 4. Condition (ii)

 In this section, we provide easy-to-verify sufficient conditions for (ii). Lemma 2 below states

 that it suffices to have a continuity of norms between the Kolmogorov-Smirnov distance

 and the LI distance within t.

 ? Board of the Foundation of the Scandinavian Journal of Statistics 1996.
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 410 R. Cao and L. Devroye Scand J Statist 23

 Lemma 2

 Assume that the characteristic function of K is not identically one on any open neighbourhood

 of the origin and that K is absolutely integrable with integral one (both conditions hold when K

 is a density). Condition (ii) of theorem 1 holds when for fixed f E C,

 lim sup ifIfg1 = 0O
 a I ? g ela

 where

 ga = W h{g: sup IG(x) -F(x)| < a},
 x

 and F and G are the distribution functions for f and g respectively. (We will refer this to as the

 continuity-of-norms condition.)

 Proof. We define ?a = - ga. Note that

 inf lJhfnh -g I min ( inf JVnh-l inf g EfnhhM If 1
 gE12,h<M1n . c-a, h -Mln g C- a*, h -Mln

 We need two auxiliary results. The first one is lem. SI of Devroye (1989a) which states that

 under the condition on K given in lemma 2, for every M > 0, there exists a constant

 c(M) > 0 such that

 lim inf inf E F fnh -fI > c(M) > 0. n-+oo h<Mfn

 def

 If Jnh = I Ifnh -fI, then lem. S2 of Devroye (1989a) shows that

 Sup IJ1,h- EJnh I- 0 almost surely

 when K is absolutely integrable. Both results taken together imply that for every 6 E (0, 1),

 there exists an no such that for n > no,

 P inf Vnh -fl > c(M)/2 > 6.
 {h -<Mln Jn f ()

 But

 r ~~~~~~~def
 inf , ifnh > inf -h -fI-sup =fgl=A -B.

 g E a, h <Mln h<-Mln gec-a

 We recall that P{A > c(M)/2} > 6 for n > nO. Also, we may pick a so small that B c(M)/4.
 Therefore, for n >,no.

 P{ inf fIfnh -gI > c(M)/4} > 6
 c- la, h <Mln J

 Next, by Scheffe's identity (Scheffe, 1947), if Fn denotes the standard empirical distribution
 function, and if f has distribution function F,

 inf Ifnh - |
 ge4*,h M/n

 Cx Cx

 > inf sup Ifnh f -g
 g c, h M/n x J_ J_

 ? Board of the Foundation of the Scandinavian Journal of Statistics 1996.
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 Scand J Statist 23 Consistent smoothed minimum distance estimate 411

 ( x (X FX

 > inf (sup I f- g -sup sph FFnX(x) F(x))
 gE c,h M/n h x J0 -x x _ x

 > - sup sup fnh -Fn(x) -sup IF,(x) -F(x)j. h _< Mln x J-00 x

 By the Glivenko-Cantelli theorem, the last term tends to zero almost surely with n. Note

 that if the kernel K has distribution function L, then

 IJfnh-_Fn (X)| 1<- | L((X -Xi) lh) -S(x -Xi)l
 where S(u) is one if u > 0 and zero otherwise. For fixed XI, . . ., X", the right-hand-side
 decreases monotonically to zero as h I 0. Hence, it reaches its supremum over h < Mln at
 h = Mln. Thus,

 rx 1 n' def

 sup I fnh -Fn (x) - E |L((x - Xi)/(M/n)) - S(x - X = C(x).
 h <_Mln nJi=

 Let 1 - L(u) < 0 for u > t, and let L(u) < 0 for u < -q, where 0 > 0 is arbitrary, and q > 0
 depends upon 0. Then,

 sup C(x) < 0 + sup (Fn(x + Mit/n) - Fn(x - Mi/n))
 x x

 < 0 + sup IFn(x + Mn/n) - F(x + Mq/n) |

 + sup IFn(x - M/In) - F(x -MqIn)
 x

 + sup (F(x + Mi/n) - F(x - Mr In))
 x

 =0 + 2 sup |Fn(x) - F(x)I + sup (F(x + 2Mi/n) - F(x)).
 x x

 The last term tends to zero with n by the uniform continuity of F. The middle term tends to

 zero almost surely by the Glivenko-Cantelli lemma. As 0 was arbitrary, we conclude that

 supx C(x) -+0 almost surely. Therefore

 rx

 sup sup I fnh -Fn(x) --+0 almost surely,
 h M/n x J-

 and thus, with probability one,

 inf Ifnlh-gI 1 a
 g c- 43 h <_ Mln

 for all n large enough.

 We combine the two previous results to conclude that for n large enough, and a as picked
 earlier,

 PS inf lfn h-gI min (a, c(M)/4)4> 6.
 e 1, h Mln J J

 This concludes the proof of lemma 2.

 The condition of lemma 2 in turn is satisfied for many interesting classes. Assume for

 example that for each pair of densities f, g e C6, the function f - g changes sign at most k

 times. That is, there are numbers a1 < a2 <... < ak, such that on each interval (ai, ai+ I),

 ? Board of the Foundation of the Scandinavian Journal of Statistics 1996.
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 412 R. Cao and L. Devroye Scand J Statist 23

 with 0 < i < k and ao =-oo and ak = oo, f- g is of one sign. For such classes, we note
 that

 f f-gI < (k + 1) sup |F(x) - G(x) 1. J ~~~~~x

 Clearly, the condition of lemma 2 then holds. Examples of such classes include:

 (a) the class of all normal densities;

 (b) the class of all mixtures of N normal densities, with N fixed;

 (c) the class of all gamma densities;

 (d) the class of all Pearson densities (beta, gamma, Pearson IV, beta of the second kind,

 Student t, and normal);

 (e) the class of all Burr densities;

 (f) the exponential family defined by densities of the form

 f(x) = exp (L aix )

 for some constants ai and N fixed.

 We may also take finite unions of such classes and even finite mixtures of densities from such

 classes. Our estimate allows us to make a useful link with mixture distributions-for more

 on this, see for example Titterington et al. (1985). We present two further lemmas offering

 sufficient conditions. These are geared towards non-parametric classes, to which the sign

 change argument does not apply.

 Lemma 3

 The continuity-of-norms condition holds when ! is sequentially relatively compact in the L,
 topology, i.e. when for every sequence (gn) C, there exists a subsequence (gnk) and a

 non-negative measurable function g, such that J lgk - g -kG ?. (By lemma 2, this in turn implies
 condition (ii) of theorem 1.)

 Proof. We take the notation of the proof of lemma 2. We will use reductio ad absurdum.
 Assume that the continuity-of-norms condition does not hold. Then there exists a positive E

 and a sequence (gn) c W such that

 sup Gn(x) -F(x)I--O, {If -gn I> e-
 x

 Since supx |G(x) - Gnk(X) I J1 - gnk 11 our condition in this lemma implies that Gnk con-
 verges to G with the supremum norm. But we already noted that Gnk converges to F in this

 norm. Hence F = G and thus f = g almost everywhere. As a consequence,

 If - gnkflI -

 which contradicts

 { If-gn I >86-

 Lemma 3 is useful to prove that some Lipschitz classes fulfill condition (ii). This will be

 shown in a later section. Lemma 3 cannot be applied to any class W that contains a density

 ?) Board of the Foundation of the Scandinavian Journal of Statistics 1996.
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 Scand J Statist 23 Consistent smoothed minimum distance estimate 413

 g( ) and all its scale transforms ag(a ) or a density g and all its translates g( -a). For this

 reason, we also offer another sufficient condition and a theorem by Kolmogorov.

 Lemma 4

 Assume f e-. The continuity-of-norms condition holds if for every sequence (gn) C ! with

 sup I Gn(x) -F(x) -| 0 (where Gn and F are the cumulative distribution functions for gn andf),
 there exists a subsequence (gn,) and a non-negative measurable function, g, such that

 JI gn, - | IO. 0

 Proof. Mimic the proof of lemma 3.

 Theorem 2 (Kolmogorov; see Yosida, 1980).

 A class of functions S in L1 is relatively compact if

 (a) There exist a constant C such that f IgI < C for all g E S.
 (b) limx b0 f g(x + y) -g(y) I dy = 0, uniformly in g e S.

 (c) limB J , >B lg(y) I dy = 0, uniformly in g E S.

 5. Sufficient conditions for condition (i)

 Condition (i) makes our estimate theoretically interesting, as we must choose K different

 enough from any density in C. K should also not occur as a limit of densities in !?. To make

 things more precise, we define closure (C) as the class of densities g that may be approxi-

 mated in LI by a sequence of densities from C. Thus, classes 1 that are dense in the space
 of all densities in the LI sense have closure (C) = {all densities}. These will be useless for our
 method, and should be avoided. Examples include the class of all analytic densities, the class

 of all Lipschitz densities, or the class of all indecomposable densities. We define CO as the

 class of densities g that are L, limits of sequences of densities of the form (l/an)gn(x/a),
 where gn E ! and an -?0 is an arbitrary sequence.

 Lemma 5

 Condition (i) of theorem 1 holds iffor every h > 0, Kh *f 0 closure(w), and if K ? 90.

 Proof. Take 6 > 0 as in condition (i). We argue again by creating an absurdum. Assume

 that there exist sequences (gn) c 1 and hn > 6 such that J 1gn- -K *fI -0. Assume first that
 (hn) has a finite limit h > 6 along a subsequence. As f IKhn *f- Kh *f I f IKhn - Kh -+0 for
 all integrable K along this subsequence, we note that f Ig, - Kh *fI -+ 0. This is impossible,
 as Kh *fX closure(!). Thus, we must have hn-+ oo. But then J K* *f-- K --+0 as in the
 proof of lemma 1. Therefore, f ihngn(xh,n) - K(x) dx -+0. This implies K ec O, which is
 impossible.

 6. When f is not in W

 The applications we had in mind when we wrote this paper all involve the sure knowledge

 that f E t. In this section, we briefly discuss strategies to follow when f is possibly not in 9.
 A bit of thought shows that the present method can only work when none of the densities

 f * Kh, h > 6, is closer to 9 than f, for any 6 > 0. This seems to be difficult to enforce.
 However, we may be able to detect that f is not in i by a simple device, following the ideas

 X3 Board of the Foundation of the Scandinavian Journal of Statistics 1996.
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 414 R. Cao and L. Devroye Scand J Statist 23

 of Devroye (1 989b). We consider three density estimates, g, (as above), fn and fn, where fn
 and fn are ordinary kernel estimates based upon kernels K and L that have Fourier

 transforms that do not coincide in any neighbourhood of the origin-this condition is

 identical to that imposed in the double kernel method (Devroye, 1989a). The latter two

 estimates have an identical bandwidth H' found by minimizing If' -f" I with respect to the
 smoothing parameter over (0, oo), where ties are broken arbitrarily. It is known from that

 reference that f If' -f" I' f If' -f and 5 jf" -f all tend to zero almost surely if the
 smoothing factor is thus selected. There are no conditions on f. We might select the most

 suitable estimate as follows. If fnH is the kernel estimate discussed in this paper, then define

 fn * |n if f fffH gn I < f If-f In
 otherwise.

 To have a satisfactory statistical procedure or to accept or reject the hypothesis that f e C,
 we need something like

 p I~J Iiffe-w O'n: gn 0 { iff j.

 This is nearly impossible unless we impose the condition

 closure(S) = C. (2)

 Assume for example that ! is the class of all unit variance normal densities with rational

 mean. The property above states that we should be able to decide asymptotically whether the
 mean of a normal is rational or irrational! Such classes must therefore be excluded, and this
 is why (2) is so natural.

 Theorem 3

 Let f be an arbitrary unknown density. Assume that ! satisfies (2) and that conditions (i) and

 (ii) of theorem 1 hold. Then f If *-f -+0 in probability. Furthermore, iff 0!?, P{Jf*gn= } -+0
 as n oo.

 Theorem 3 states that the selection method suggested above protects us from disasters by
 rejecting gn with high probability when f $ C. When f e C, we can construct small parametric

 classes C and obtain P{I gn } g 1 as n -+ oo. However, for larger classes C, the picture is
 not as clear. One would have to study the rate of convergence of gn to f e C, and there is no

 room in the present article for this. If I ggn -f I tends to zero faster than f f, -f" n, then we
 would have the guarantee sought.

 Proof of theorem 3. We only provide a rough outline. For f e 6, theorem 3 follows from

 theorem 1 and the results on double kernel estimates given by Devroye (1989a) since both g"
 and fn are L1 consistent. So, we assume f 0 ?. It suffices to exhibit an E > 0 such that

 lim P inf Ifnh- l >E
 n-oox h>O ,gE

 as this implies

 lim P{Jf- gn }=0
 n -+ a;

 and thus

 TIfn -fI -+0 in probability.

 ?) Board of the Foundation of the Scandinavian Journal of Statistics 1996.
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 Scand J Statist 23 Consistent smoothed minimum distance estimate 415

 By the closure property (2), we know that

 def C

 inf Jig -fl>O.
 gel1 J

 Fix ( > 0. First we find a constant c such that

 P SUp IFhif f I> 4<3
 Il/(cn) < h -c 2

 for all n large enough. The existence of such a constant follows again from results of Devroye

 (1989a). By definition of 4 and the triangle inequality, we note that

 Pt inf Vlth -gl > 4 > 1-
 1/(cn) 6 h c, g e I J 2

 for all n large enough. By condition (ii), there exists a > 0 such that

 P{ inf ffnh -g >a}> 1-3 hS <-1(cn), g c-I

 for all n large enough. Define

 It = inf Ig -f * K h>-c,gE1 l

 By condition (i), u > 0. Next, we show that

 P{ inf -glh - >} > 1-3

 for all n large enough. Indeed.

 P{ >i,nf Ifnh->g P inf} {i Kh gL > 9 J I} f{h > f C K I2}
 def

 = I- I.

 Clearly, II = o(1) by lemma 1, and I = 0 by definition of p.
 Collecting the three bounds, we see that for all n large enough,

 {P ge JVfnh -g1 >min(' a, )}> 1 -36.

 This is what we set out to prove.

 Condition (i) in theorems 1 and 3 will be illustrated below. In theorem 3, it must hold for

 all f, while in theorem 1, it need only hold for f 0 1. Condition (i) is satisfied if K is chosen
 as a function of the structure of C. It should be sufficiently different from the members of

 C in a manner to be made precise below. A helpful tool for checking (i) is the fact that if f

 and g are densities with characteristic functions / and il respectively, then

 Lf I-gI k sup l+(t) - I(t) . (3)

 ? Board of the Foundation of the Scandinavian Journal of Statistics 1996.
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 416 R. Cao and L. Devroye Scand J Statist 23

 Two simple examples follow.

 1. Assume that W is any family of densities with support on [0, oo). If we take K

 symmetric and unimodal, for any f, f * Kh puts some weight on the negative axis, and
 increasingly so as h T. Therefore, condition (i) is satisfied.

 2. Assume that i is the family of normal densities on the real line. Using (3), it is easy to

 see that (i) holds if we take for K the Cauchy density, as its characteristic function e -tl

 behaves sufficiently differently from the normal characteristic functions in a neighbour-

 hood of the origin.

 7. Examples: parametric classes

 We return to theorem 1 and the situation f e W.
 When W is the class of normal densities with mean zero, to satisfy condition (i), it suffices

 to take any kernel K that is not centred normal (check lemma 5). Condition (ii) is trivially

 satisfied.

 When W is the class of gamma densities with shape parameter a, and free translation and

 scale parameters, condition (ii) holds. Condition (i) tells us that we should exclude for K any

 gamma density, as well as any density in Wo. The latter class is just the class of all normal
 densities. Therefore, K may be any density except gamma or normal.

 Assume next that W is the class of mixtures of three normal densities. Used in many

 models and approximations, finite mixtures of normals are an important family. Condition

 (i) holds if K is non-normal. Finally, condition (ii) holds. This example has been studied
 from a theoretical viewpoint and via simulation in Cao et al. (1993).

 8. W is the class of Lipschitz densities on 10, 1J

 If we take K with infinite support, then condition (i) necessarily holds. Condition (ii) holds

 when W is the subclass of Lipschitz densities on [0, 1] with fixed constant A. To prove this,

 observe that this class is closed, bounded and equicontinuous and, by the Ascoli-Arzela

 theorem, a compact set of C[O, 1]. Hence, lemma 3 applies.

 9. W is the class of Lipschitz densities on the real line

 This class is too big. In fact, observe that the class W of all Lipschitz densities on the line is

 dense in the L, sense for the class of all densities, so that there is no hope to satisfy the
 condition of lemma 5 or to satisfy condition (i) in theorem 1. Hence the necessity to use

 proper restrictions. It is easy to verify that when f is Lipschitz with constant i, then f * Kh

 is Lipschitz with the same constant regardless of the form of Kh. Condition (i) is always
 violated. A little thought shows that our method would in fact not be consistent.

 10. W is the class of symmetric unimodal densities with mode at 0

 Condition (i) is violated when K too is symmetric unimodal, as the convolution of two
 symmetric unimodal densities is again symmetric unimodal (see, e.g. Ibragimov, 1956). An
 acceptable choice for condition (i) is a shifted negative exponential density, for example. To
 prove condition (ii) in this context (as well as for the class in the next example), we apply

 lemma 4. It suffices to verify the conditions in theorem 2 for S = (g"), where g" and f are
 density functions with unique modes and satisfy that sup, I G(x) - F(x) I -* 0.
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 Condition (a) in theorem 2 is evident. To prove condition (c), fix E > 0 and let B > 0. Then

 {b gn(Y) dy =Gn(-B) + 1 -Gn(B) <F(-B) + 1 -F(B) + E <2e

 for n and B large enough. Hence condition (c) follows.

 It only remains to prove condition (b). Let x > 0, and let 6,n denote the unique mode of

 gn. Define the density yn(x) = gA(x + an), with unique mode at 0. Now, the unimodality of Yn
 implies

 Xgn(X +Y) -gn(X)I dy = IVn(X +Y) - n(Y) i dy

 = Fn(o) -IF,( -x) + [|7n(x + Y) - n(Y) I dy + Fn(x))- nF(0)

 s< Fn(x) - 'n( -x) + fi (Xn(X + Y) + Tyn(Y)) dy

 = 2(]Fn (X) - ( -X))

 A2(F(x + bn) -F(-x + 6) + ),

 for n large enough. Condition (b) follows immediately.

 11. W is the class of log-concave densities with a unique mode

 To prove condition (ii) we may use the same argument as in the previous example. As kernel,

 we may take any density K with tails decreasing at a polynomial rate or slower (such as the

 Cauchy density). This insures that for all h > 0, Kh *f 0 fi and that K 0 closure(C), because
 for any log-concave density g, there exists finite constants a and b such that

 g(x) < a exp( - b |x I). By lemma 5, condition (i) then holds. Again, we are picking K very
 different from any density in C.
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