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ABSTRACT: An n-state deterministic finite automaton over a k-letter alphabet can be seen as a
digraph with n vertices which all have & labeled out-arcs. Grusho (Publ Math Inst Hungarian Acad
Sci 5 (1960), 17-61). proved that whp in a random k-out digraph there is a strongly connected
component of linear size, i.e., a giant, and derived a central limit theorem. We show that whp the part
outside the giant contains at most a few short cycles and mostly consists of tree-like structures, and
present a new proof of Grusho’s theorem. Among other things, we pinpoint the phase transition for
strong connectivity. © 2016 Wiley Periodicals, Inc. Random Struct. Alg., 51, 428-458, 2017
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1. INTRODUCTION

1.1. The Model and the History

The deterministic finite automaton (DFA) is widely used in computational complexity theory.
Formally, a DFA is a 5-tuple (Q, X, §, qo, F), where Q is a finite set called the set of states,
X is a finite set called the alphabet, § : O x ¥ — Q is the transition function, g, € Q is
the start state, and F' C Q is the set of accept states. If go and F are ignored, a DFA with
n states and a k-alphabet can be seen as a digraph with vertices [n] = {1...,n} in which
each vertex has k out-arcs labeled by 1, ...,k (a k-out digraph). Note that such a digraph
can have self-loops and multi-arcs. For a basic introduction to DFA and its applications,
see [37].

Let D, denote a digraph chosen uniformly at random from all k-out digraphs of n
vertices. Equivalently D, is a random k-out digraph of n vertices with the endpoints of its
kn arcs chosen independently and uniformly at random.
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When k = 1, D, is equivalent to a uniform random mapping from [#] to itself, which
has been well studied by Kolchin [27], Flajolet and Odlyzko [18], and Aldous and Pitman
[2]. In D, 1, the largest strongly connected component (SCC) has expected size © (,/n), and
so does the size of the longest cycle. However, as shown later, for k > 2, the largest scc
has expected size O (n).

From now on we assume that k > 2. Let S, (the spectrum of v) be the set of vertices in
D, x that are reachable from vertex v, including v itself. In 1973 Grusho [20] first proved
that (|S;| — vxn)/or+/n converges in distribution to a standard normal, where v; and oy are
explicitly defined constants.

Given a set of vertices S C [n], call S closed if there are no arcs that start from vertices
in S and end at vertices in S = [n] \ S. Let G, be the set of vertices in the largest closed
scc in D, . (If the largest closed scc is not unique, let G, be the vertex set of the largest
closed scc that contains the smallest vertex-label.) We call G, the giant. Grusho also proved
that |G, | has the same limit distribution as |S;| by showing that with high probability (whp)
G, is reachable from all vertices and that |S;| — |G,| = 0,(y/n) (see [22] for the notation).
His proof relies on a result by Sevast’yanov [35] which approximates the exploration of S;
with a Gaussian process.

In 2012 Carayol and Nicaud [10] proved a local limit theorem for |S) | by analyzing the
limit behavior of the probability that |S;| = s for an s close to vin. Their proof depends on a
theorem by Korshunov [28] which says that conditioned on every vertex having in-degree at
least one, the probability that S; = [n] tends to some constant. Carayol and Nicaud derived
a simple and explicit formula of this constant from their theorem. (The same formula is also
proved by Lebensztayn [29] with a more analytic approach using Lagrange series.)

Lately the simple random walk (SRW) on D, ; has gained some attention for its appli-
cations in machine learning. Addario-Berry, Balle, and Perarnau [1] studied the stationary
distribution of the SRW by analyzing the distances in D,;. They proved that the diameter
and the typical distance, rescaled by logn, converge in probability to explicit constants.
Angluin and Chen [3] studied the rate of the convergence to the stationary distribution of
the SRW. They also suggested an algorithm for learning a uniformly random DFA under
Kearns’ statistical query model [26].

1.2. Our Results and a Sketch of Proof

A digraph can be uniquely decomposed into sCCs which form a directed acyclic graph (DAG)
through a process called condensation that contracts every SCC into a single vertex while
keeping all the arcs between sccs [5]. The condensation DAG of D, is denoted by Dﬁk.

Let G¢ = [n]\ G, i.e., G is the set of vertices that are outside the giant. The structure of
D,‘zk depends on D, [G¢], the digraph induced by G¢. Our analysis shows that in D, ;[G¢]
the total number of cycles and the number of cycles of a fixed length both converge to
Poisson distributions with constant means. So the number of cycles and the length of the
longest cycle are both O, (1) (see [22]). Furthermore, these cycles are vertex-disjoint whp.
Therefore, almost every vertex in G¢ is a scc itself and D,ﬁk is very much like D, ; with the
giant contracted into a single vertex.

The d-core of an undirected graph is the maximum induced subgraph in which all vertices
have degree at least d. Similarly the d-in-core of a digraph can be defined as the maximum
induced sub-digraph in which all vertices have in-degree at least d. Let O, denote the set
of vertices in the one-in-core of D, ;. Note that G, € O, since a scc induces a sub-digraph
with each vertex having in-degree at least one. Also note that cycles cannot exist outside
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~————

Fig. 1. Three layers of D, : the giant G,; the one-in-core O,; and the whole graph.

O,, for otherwise they contradict the maximality of O,. Now assume that every vertex can
reach G,, which happens whp by Grusho [20]. Then D, can be divided into three layers:
the center is G,; then comes O, \ G,, which consists of cycles outside G, and paths from
these cycles to G,; the outermost is O = [n] \ O,, which is acyclic.

Since there cannot be many vertices in cycles outside the giant, the middle layer O, \
G, must be very “thin”. Thus if we can prove (|O,| — vwn)/+/n converges to a normal
distribution, then we can also prove it for |G,|. The event |O,| = s happens if and only
if there is a set of vertices S with |S| = s such that: (a) D, [S], the sub-digraph induced
by S, has minimum in-degree one (surjective) and there are no arcs going from S to S&¢
(closed), which we refer to as S being a k-surjection (since D, [S] is equivalent to a
surjective function from [ks] to [s]); (b) D,x[S¢] is acyclic. The probability of (a) can
be computed by counting the number of surjective functions. And we are able to show
that the probability of (b) converges to a constant. Note that for a fixed set S (a) and
(b) are independent because they depend on the endpoints of two disjoint sets of arcs.
Thus we can get the limit of P {O, = S}. Since the one-in-core of a digraph is unique,
P{|O0,| =s} = ng[n]:w\:s P {0, = S}. Thus we can finish the proof by computing the
characteristic function of (|O,| — vn)/+/n. (See Figure 1).

Note that although our formula for IP {|O,| = s} is inspired by and resembles Carayol and
Nicaud’s formula for IP {|S;| = s}, we actually prove the result from scratch without relying
on previous work. Since we are able to derive explicit expressions of all the constants in our
formula, the computation of the characteristic function becomes quite simple. Furthermore,
to our knowledge this is the first self-contained proof. Thus in Section 2 we prove:

Theorem 1 (Central limit law). Let Z denote a standard normal random variable. Then
asn — oo,

|On| — Vg _d) z |gn| — Vi _d) z maX,ep,) |SV| — Vi _d)
O'kﬁ ’ O'kﬁ ’ O'k\/ﬁ
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where vy and o are constants defined by

Tk 2 Tk
Vy = —, Oy = 77— 7>
k ke (1 — ke~ %)

and 7. is the unique positive solution of 1 — 1, /k — e™™ = 0.
Remark. Equivalently, v is the unique positive solution of 1 — v, = =% and

o? — V(1 — )
ET k(=)'

Let G(n,m) be a Erd6s—Rényi random graph, i.e., a graph chosen uniformly at random
from all graphs with n vertices and m edges [16]. It is well-known that for k > 1, |C, |—
the size of the largest component in G(n,m = nk/2)—is (v, + o(1))n whp. Moreover,
(IC} | —vin)/ /1 also converges in distribution to a normal random variable with variance
0,(2 (see, e.g., Durrett [14]). Intuitively, this is because the in-degree of a vertex in D, ; has
asymptotically a Poisson distribution of mean k. Thus a backward exploration process from
vertex in D, is approximately a Galton-Watson process with survival probability vy, as is

the exploration process starting from a vertex in G(n,m = nk/2).

Section 3 studies the part of D, outside the giant, which determines the structure of D;ﬁk
and supports the proof of Theorem 1. Our results are summarized in two theorems, where
all our logarithms are natural:

Theorem 2 (Cycles outside the giant). We have:

(a) Let L, be the length of the longest cycle in D, [GS]. Then L, = O,(1).
(b) Let C, be the number of cycles in D, ;[GS]. Then

c, - poi (1 !
" oi | log —— ),
gl—keffk

where Poi(x) denotes the Poisson distribution with mean x.
(c) Let C,, be the number of cycles of length € in D, ;[G¢]. Then for all fixed £ > 1,

(ke‘fk)‘)

Coi Poi(

Theorem 3 (Spectra outside the giant). Let S, =S, NG, i.e., S, is the spectrum of v in

D,k [GS]. Let dist(v, u) be the distance from v to u, i.e., the length of the shortest directed
path from v to u. Then

(a) P {U‘,Eg;;[arc(D,Lk[S‘/,]) -S| = 1]} = o(1), where arc(-) denotes the number of
arcs. In other words, whp every spectrum in D, x[G] is a tree or a tree plus an extra
arc.

(b) Let S, = max,cg |S.|. Let A = (k — 70) (,:T"l)k_l. Then

S, » 1
g .
logn  log(1/Ax)
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432 CAl AND DEVROYE

(c) Let W, = max,cge min,eg, dist(v, u), i.e., the maximum distance to G,. Then
Wn P
_
log, logn
(d) Let M, be the length of the longest path in D, ;[G¢]. Then

Mn P 1
— .
logn  log(e% /k)

(e) Let D, = max,cg; max,cg; dist(v, u). Then

Dn [) 1
— .
logn  log(e%/k)

The rest of the paper gives some other results regarding this model. Section 4 shows
that D, exhibits a phase transition for strong connectivity. Section 5 extends some of our
results to simple k-out digraphs. Section 6 suggests some extensions of this model.

Remark. Lemma 9 shows that |O,| — |G,| = O,(1). The intuition is that a digraph
with minimal in-degree and out-degree at least one is likely to have a large scc. This
phenomenon is also observed in D(n,p), which is a random digraph of n vertices with
each possible arc existing independently with probability p. Pittel and Poole [33, thm. 1.3]
showed that in D(n,p) the (1, 1)-core—the maximal induced sub-digraph in which each
vertex has in-degree and out-degree at least one—differs from the largest scc in size by
at most O((log n)®), whp. This intuition is also used for studying the asymptotic counts of
strongly connected digraphs (see Péerez-Giméenez and Wormald [34], Pittel [32]).

2. THE SIZE OF THE ONE-IN-CORE

2.1. The Law of Large Numbers for the One-in-Core

To prove Theorem 1, we first need to narrow the range of |0, | to close to v;n.

Theorem 4 (Law of large numbers). For all fixed § € (0,1/2),

PO, ¢ T,) < %

where I, = [vin — n'/?* yn + n'/2+9].

Thus |O,|/n % vy, which gives the theorem its name.

Let K, be the number of k-surjections of size s in D, ;. Then it suffices to show that
P {ZS¢I,, K, > 1} < (1 4+ o(1))/n. As argued in the introduction, for a set of vertices &
to be the one-in-core, it must also be a k-surjection, i.e., every vertex in D, ;[S], the sub-
digraph induced by S, must have minimum in-degree one (S is surjective), and there are
no arcs going from S to §¢ (S is closed). Thus

P {S is a k-surjection} = IP {S is surjective | S is closed} IP {S is closed} .
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Computing the limit of the two factors shows that:

{ZK >1} 1+0(1)

s¢Ty

Lemma 1. We have

And for s € T,

Bk~ (2) [/ ()]

where

_ 1 _ Yk
8 = st fO) = [—(1 - x)(,x)/x] :
and y, = (crk) (e —1).

Theorem 4 follows immediately. The proof of Lemma 1 is postponed to the appendix. (The
two functions f(x) and g(x) are also studied by Carayol and Nicaud [10].)

2.2. The Central Limit Law of the One-in-Core

In this section we prove the part of Theorem 1 about |O,|. The rest of the theorem appears
as corollaries in Section 3. Let 00, = |0, | — wn. Then 00, takes values in [n] — vin =
{s : vun+s € [n]}. As Theorem 4 shows, whp 00, < n!/>*® for all fixed § € (0, 1/2). Thus
it suffices to consider only the probability that 9O, takes value in the set

T, = (In] — ven) N [_n1/2+5,n1/2+5] i
for some fixed § € (0, 1/2). Thus the characteristic function of 30, //n is
gp= Y NVPRO, =51+ ) VPO, =)
se((nl—vEgn)\Tn s€Tn
=o(l) + Z VP DO, = 5.
seTn

Let S be a set of vertices with |S| = v + s for some s € 7,. Recall that O, = S if
and only if S is a k-surjection and D, [S¢] is acyclic, two events that are independent. By
Theorem 5 in Section 3.2, IP {Dn,k [S<]is acyclic} ~ 1 — ke~ ™. Also recall that K, counts
the number of k-surjections of size x. It follows from Lemma 1 that

P30, =s}= > = P{0,=8)

Scn]:|S|=vgn+s

= Z P {S is a k-surjection} x P {D,,,k [Sis acyclic}

Scin]:|S|=vgn+s
~ (1 - ke_rk)]EKvknJrs

l—ke—TA \}_ (Uk+ ) [f (Uk-i-%)]n,

where K, f(x) and g(x) are defined as in the previous subsection.
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If s € J,, then Lemma A6 in the appendix shows that

s )= (0 (V) e

( +s>_ 52 ‘o Is|?
AN n) =P 207n? )

Therefore, choosing § small enough, e.g., § = 1/9, we have

and

. 1 §2
VP DO, = s} ~ eIV ex { }
Z { } V2mo} \/_ Z P 2oyn

seIn se€JIn

2

=0o(l) + —— / ¢ exp{ 2}dx
,/27'[0,( 207
2

=o0(1)+ e exp{ x—z}dx
\/ JTGk Uk
22
=o(l) +exp (a]‘T)

Thus the characteristic function of 90, /+/n converges to exp(a2t*/2), the characteristic
function of 03 Z. It follows from the central limit theorem that 30, //n converges to 0, 2
in distribution. Note that using the estimates of this section, we actually have a local limit
theorem for |O,,|.

3. THE STRUCTURE OF THE DIRECTED ACYCLIC GRAPH

3.1. De-Randomizing the Giant

Since a scc induces a sub-digraph in which each vertex has in-degree at least one, a closed
Scc is also a k-surjection. Lemma 1 implies that whp all k-surjections are of sizes in Z, =
[ven — n'/2*3 ven 4 n'/27%]. When this happens, as v, > 1/2 (Lemma A1), there exists one
and only one closed scc and it is G,. And if G, is the only closed scc, then every vertex
must be able to reach it. This can be summarized as:

Lemma 2. Whp |G,| € Z, and G, is reachable from all vertices.

Sincee* = 1—1;/k = 1 —1y, the above lemma implies that whp | |QZ|—e‘Tkn| < pl/7*s,
Thus the structure of D, x[G¢], the sub-digraph induced by G¢ = [n] \ G,, should be close
to that of a sub-digraph induced by a fixed set of vertices whose size is close to e %n.

Formally, we have:

Lemma 3. Let f, be a sequence of integer-valued functions on a sequence of digraphs.
Let X be an integer-valued random variable. If there exists a sequence €, — 0 such that

sup A (DulViD. X, < €
VnClnl:|VnleZn
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where Vi = [n]\ V, and || -, ||, denotes the total variation distance, then

fo(DuilGD S X.

Proof. Define the event E, = [|G,| € Z,]. Let m be an integer, let V, C [r] be a fixed
set of vertices with |V,| € Z,,. Recall that since v, > 1/2, |V,| > n/2 for large n. Thus the
event [G, = V,] depends only on the induced sub-digraph D, [V,], which is independent
of D,x[V¢]. Therefore the two events [G, = V,] and [f,(D,x[V:]) = m] are independent.
Using this observation and Lemma 2, we have

P {f.(DuslGyD) = m}
= P{[f,(Dus[GD) = mI N EE} + P {[f,(Dui[GE]) = mI NE,)
o+ ) P@uVD=mlG =V]P{G, =V)

VnCnl:|VnleZn
<o+ Y ®PX=m+e)P{G, =V}
VnClnl:|Vnl€Zn

<o() +P{X =m}.
Similarly we have P {f,(D,.[GS]) = m} > P {X = m} + o(1). Since this applies to all
integers m, f, (D, ([G]) Lx. -

Corollary 1. Let &, be a sequence of sets of digraphs. If there exists a sequence €, — 0
such that

SU.p ]P {Dn,k[vg] ¢ gn} < Ens

VnClnl:|Vnl€Zn

then whp D, [G¢] € &,.

Proof. This follows from the previous lemma by taking X = 1 and f, to be the indicator
function that a digraph is in &,. .

The rest of this section proves Theorem 2 and Theorem 3. But instead of working on
G¢ directly, we prove similar theorems on fixed sets of vertices, and then apply the above
lemma or its corollary to get the final result.

3.2. Cycles Outside the Giant

In this subsection, we show the following:

Theorem 5. Let w, — 00 be an arbitrary sequence. There exists a sequence €, = o(1)
such that for all fixed sets of vertices V,, C [n] with |V,| € Z,, we have:

(a) Let L be the length of the longest cycle in D, x[V;]. Then P {ij > a),,} < e,

(b) The probability that D, ;[V;] contains vertex-intersecting cycles is at most .

(c) Let C;, be the number of cycles of length € in D, [ Vy]. Let X, = Poi((ke~™)*/£).
Then for all fixed ¢, | Cr i X ||TV < é&,.

Random Structures and Algorithms DOI 10.1002/rsa

85UB017 SUOLULLOD 3AIIRID 3dedt dde aup Aq pauenob 88 Saoike YO ‘SN J0 SaInJ 10} ARIq1T8UIIUO AB]IM UO (SUOPUOO-PUR-SLLIBIWI0D" A3 1M A1 [Bu[UO//Sd1Y) SUORIPUOD pue SWB 18U 89S *[9202/80/2T] Uo Ariqiauluo A8im ‘AisieAlun (11691 Aq 20202 eS1/200T 0T/I0p/uod A8 | im Ake.q 1 pul|uo//sdny wouy pepeoiumod ‘€ ‘LT0Z ‘8Tv2860T



436 CAl AND DEVROYE

(d) Let C' be the number of cycles in D,;[V]. Let X = Poi(log m). Then
|Cz. X||,, < &aAs aresult, |P{C; =0} — (1 — ke ™)| < 2,.

Theorem 2 follows from the above theorem and Lemma 3. Our proof is inspired by Cooper
and Frieze’s work on the directed configuration model [12]. Note that the Cooper-Frieze
model is different from that studied by us. In their model, both in-degrees and out-degrees
are predetermined, whereas we require all out-degrees to be k but the in-degrees are random.

The intuition behind Theorem 5 is that when two cycles share vertices, they contain
fewer vertices than arcs. So if we fix the “shape” of a pair of such cycles, the number of
ways to label them times the probability that they both exist is o(1). Thus whp cycles in
V¢ are vertex-disjoint and the total number of cycles has a distribution close to a sum of
independent indicator random variables.

In the following proof, instead of finding the exact ¢,, we derive implicit o(1) upper
bounds for probabilities and total variation distances which only requires that |V, | € Z,.

Lemmad. LetCi=Y ., Ci,. ThenP {C; # C;} = o).

Proof. Define (x); = x(x — 1)--- (x — £ + 1). Then the number of all possible cycles
of length ¢ is (|V<|),k*/¢. (Note that we are also considering the labels on arcs, which
makes the counting easier.) And the probability that such a cycle exists is n~¢. Recalling
that |V¢| € [e"*n — n'/*™ e %n 4 n'/*™*], we have

4
it s () <oy o

Since ke™™* =k — 1, < 1 (Lemma Al), there e_xists a constant ¢; < 1 such that the above
is less than ¢} for n large enough. Since C* # C* if and only if Dot Coe = 1,

]P{C::;AC_;}zlP{ZCZZZI}§]E|:ZCZ’£j|§O(c‘1””)=o(l). .
{>wp {>wp

Since L} > o, if and only if C; # C7, part (a) of Theorem 5 follows. From now on let
w, = loglogn. We show that:

Lemma 5. Let X and X, be as in Theorem 5. Then ||Poi(IE]C_,j),X||TV = 0(1). And for all
£ <, |Poi(EC; ). X, |,, = o).

Proof. For all £ < w,, by (1) we have

(1 4+ On~V*%y).

4 -1\
EC’, = 1 (e,fkn_i_o(nl/zqua))ek( (l) _ (kee )

¢ n
Thus
_ 1
EC; = E[C;,] =log| ————— ) + O (w.n”"**’).
' Z (6] °g<1—ke-v«> (™)
Therefore EC; — EX and EC?, — EX,, which implies the lemma. .
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GRAPH STRUCTURE OF A RANDOM DFA 437

Proof of Theorem 5. By the two previous lemmas, it suffices to show that
|Cz. Poi(ECy) |, = o(1), | Cs,. POi(ECS,) ., = o(1) forall fixed £.

We prove this by using a theorem of Arratia et al. [4]. (A similar result is proved by Barbour
etal. [6]). The method is known as the Chen-Stein method because it was first developed by
Chen [11] who applied Stein’s theory [38] on probability metrics to Poisson distributions.

Let C be the space of all possible cycles of length at most w, in D, x[VS]. For a € C, let
B, C C be the set of cycles that are vertex-intersecting with «. Let 1, be the indicator that
acycle o appears in D, [Vs]. Define

bi=> Y ELEL, bh=) Y E[Ll]. b=) s,

aeC BeBy aeC BeBy:B#a aeC
where

)

s« = E|E[Lio (15: B € C\ By)] — El,

and o () denotes the sigma algebra generated by (-). Theorem 1 of Arratia et al. [4] states
that

[Cr. Poi(ECY) ., < 2(by + by + bs).

™V —

If B € C\ B,, then « and  are vertex-disjoint. Thus 1, and 14 are independent and s, = 0
forall @ € C, i.e., b3 = 0. It suffices to show that b, and b, are o(1).

Let || denote the length of a cycle «. Fix £; < w, and ¢, < w,. There are at most
[Ve|“iktt cycles of length €;. For || = ¢4, there are at most £;|V¢|27'k*2 cycles of length
£, that share at least one vertex with «. Since (|V¢])* = (1 + o(1))(e *n)" for £ < w,,

‘ 1 L1+
> > ELEL < (14o0(1) [(e7*m) k1] [ (e n)2 k"] <—)
aeC:lal=t] BeBy:|Bl=ty n
1
=1+ 0(1))E [€1(e ™) 1] [(e k) *2].

Therefore

b= Y > > Y ELEIL

1<ty <wy 1=ty <wp aeC:la|=C] BeBy:|Bl=ly

! Z Z [€1(ke™™)"1] [(ke™™)%2]

—1
e n =1 4>1

IA

(I +o(1)

<+ 0(1))e—+kn Z@l(ke*’k)“ Z(ke*’k)ﬁ
4

1=1 =1

which is O (1/n) since both sums converge.

To compute b,, we upper bound the number of pairs of vertex-intersecting cycles that
could possibly appear in D, ,[V¢] at the same time. Let « and B be such a pair. Let
V(a),A(x), V(B),A(B) be the vertex set and (labeled) arc set of o and B respectively.
Let o U B be the digraph of vertex set V = V(«) U V(B) and arc set A = A(«) U B(B).
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438 CAl AND DEVROYE

Assume that |V| = s and |A| = s + ¢. Note that as « and 8 share at least one vertex, r > 1.
Since V C [n], we can relabel the s vertices in « U § with [s] such that the order of the vertex
labels is maintained. The result is a digraph with vertex set [s] and s+t arcs labeled with [k].
There are at most (s2)*+'k*+' such digraphs, since there are at most s* choices of endpoints
and k choices of labels for each of the s + ¢ arcs. Each digraph of this type corresponds to
at most (W ') < |VE|° pairs of cycles like o and B. Thus there are at most |V¢|*(s?)*Hk**
such pairs. Summing over s and ¢, we have

Z Z |V’cl‘|s(s2)s+tks+tE []la ]].Ig]

1<5<2wy 1<t<2wy

Z Z (e—rkn+nl/2+6)5 (2wn)2x4wnks+tL

nstt

IA

1<s<2wy 1<t<2wp

Qo)* Y= >

1<s<2wp 1<t<2wy

l 8wn 7 —1/248\ 2w —1
§0<n)(2wnk) Y ) (+etn ) (ke ™ < 1/2)

1<5<2wp 1<t<2wp

<0 (1)(2wnk)8”" Q2w,)* (1+0 (0" w,)) - 0,
n

n + etkn1/2+5)

IA

(ke ”‘)Y @)

where the last step we use that w, = loglogn.

Thus part (d) of Theorem 5 for C;; is proved. We can prove part (c) for C;, using the
same method by limiting C to contain only cycles of a fixed length £. Note that the above
inequality shows that the probability that there exist vertex-intersecting cycles in D, [V;]
is o(1), thus part (b) is also proved. .

The method used above can be easily adapted to prove similar results for undirected
cycles, like the following lemma which is needed in the study of spectra in D, ;[G¢]:

Lemma 6. Let y, — 00 be an arbitrary sequence. There exists a sequence €, = o(1)
such that for all fixed sets of vertices V, with |V,| € I, we have:

(a) The probability that D, [ V<] contains an undirected cycle of length greater than r,
is at most ,,.

(b) The probability that D, [Vs] contains vertex-intersecting undirected cycles is at
most &,.

Proof. Let U, be the number of undirected cycles of length € in D, ;[V¢]. Then
1 1
ELUd < Z(VD' @0 = < (2ke (1 4+~ 2)),
n

where the 2 comes from the fact that each edge in an undirected cycle has two possible
directions. Since 2ke™™* = 2(k — ;) < 1 (Lemma Al), with exact the same argument of
Lemma 4, we can show that [& [wan Uz] = o(1) for all ¥, — oo. Thus (a) is proved.
Now choose ¥, = log log n. Again we can show that whp there are no vertex-intersecting
undirected cycles of length at most v, by repeating the computation of b, in the proof of
Theorem 5 with ke~ replaced by 2ke™" in (2). .
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3.3. Spectra Outside the Giant

In this section, we prove Theorem 3 (spectra outside the giant). Instead of working on G¢
directly, we again prove similar results on a fixed set of vertices and then apply Lemma 3
to finish the proof.

3.3.1. The Tree-Like Structure of Some Spectra. We prove part (a) of Theorem 3. Let
V, C [n] with |V,| € T, = [win — n'/?°, vun + n'/?*?] be a fixed set of vertices. For
v e VS = [n]\V,, let S be the spectrum of v in D, x[V¢], the sub-digraph induced by V.
The following lemma shows that whp every spectrum in D, ,[Vs] induces a sub-digraph
that is a tree or a tree plus one extra arc:

Lemma 7. We have

sup P {Uvevg[arC(Dn,k[Sf]) -8 = 1]} = o(1),
VnClnl:|Vn|€Zn

where arc(-) denotes the number of arcs.
Proof. Forv e VS, if arc(D,x[S!]) > |SF| + 1, then D, ,[S;] must contain at least two
undirected cycles. By Lemma 6, whp all undirected cycles in D, ;[S;] are vertex-disjoint.
Therefore, if D, x[S;] contains two undirected cycles, then whp they are vertex-disjoint and
connected by an undirected path.

Let X, ;, be the number of pairs of undirected cycles of length r and s respectively that
are connected by an undirected path of length ¢. In such a structure the number of arcs
is » + s + t while the number of vertices is » + s + ¢t — 1. Since |V,| € Z,, we have
Vel =n—V,| € Z¢ = [e *n — n'/?* e"%n + n'/**]. Thus

1 r+s—+t 1 2k rd-s+t
EX,,, < (|V6|)r+s+t—l(2k)r+s+t (_) <0 (—) (Zke_rk + ]—> .
5, n n RYER

n

Summing over all possible 7, s and ¢ shows that

Z Z Z EX,,, <O (%) ZZZ (Zke—fk N %)FH-H

I<r<nls<s<nl<t<n I<r 1<s 1<t
1 2k V'
<o(3) (Z (e ) ) |
1<i
which is o(1) since the sum in the brackets converges. .

3.3.2. The Maximum Size of Spectra. This section proves part (b) of Theorem 3 (the
sizes of spectra outside the giant).
Lemma 8. Lete > 0 be a constant. Then

max,eye |SF] 1
logn log(1/A)

sup
VnClnl:|VnleZn

> s} =o(1),

where A, = (k — 1) (%)ki1
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— ——— - 8 Green
——> @ Black
...................... » 3 Yellow
—————— > Red

Fig. 2. The colouring process.

The exploration of D, x[S;] can be coupled with a colouring process. Initially, colour all
vertices in V, green, all vertices in V; yellow, and all arcs white. Then:

(i) Colour the vertex v black, and colour the k arcs that start from v red. (Red arcs start
from vertices in S but their endpoints are not determined yet.)

(i1) Pick an arbitrary red arc. Choose its endpoint uniformly at random from all the n
vertices. Colour this arc with the colour of its chosen endpoint vertex. (So a yellow
arc goes to a vertex that is not already in S, a black arc goes to a vertex that is already
in §.) If the chosen vertex is yellow, colour this vertex black and colour all its arcs
red.

(iii) If there are no red arcs left, terminate. Otherwise go to the previous step.

In the end, S; consists of all black vertices, and arcs that start from vertices in S have one
of three colors: green arcs go to V,; yellow arcs form a spanning tree of D, ;[S;] rooted at
v; black arcs connect vertices in S but they are not part of the yellow spanning tree, so they
are in cycles in D, ;[S;]. Figure 2 depicts the colouring process.

We use random variables R, and Y, to track the number of red arcs and yellow vertices
after the ¢-th red arc is colored. Thus Ry = k and Y, = |V;;| — 1. When a red arc is colored,
if a yellow vertex is chosen as its endpoint, then the number of red arcs increases by (k — 1)
and the number of yellow vertices decreases by one. Otherwise the number of red arcs
decreases by one and the number of yellow vertices remains unchanged. Thus for > 1,

t t
Ry=R_i+ké—1=k) &—(—k, and Y, =Y_ —&=\V|-1-) &
i=1

i=1

where &, are independent Bernoulli Y,/n (the probability that a yellow vertex is chosen).
Let T = min{t : R, < 0}. Then |S| = T /k, since T is the total number arcs that have been
colored and |S}| is the total number of vertices that have been colored.

Let (&)=, bei.i.d. Bernoulli (=% +n~"/**%). Since ¥,/n < |V¢|/n < e ™ +n~1/?* we
have & > &, where > denotes stochastically greater than (see [36]). Therefore there exists
a coupling such that £ > &, for all 7 almost surely. Let T, = min{f : k Z§:1 E—(t—k) <
0}. Then 7 > T almost surely. (The random variable T is called the total progeny of
a Galton-Watson process with offspring distribution &,. For an introduction to Galton-
Watson processes see [13]). It is well know that if E€, < 1, which is true in this case, then

ET = k/(1 — E&,) = O(1). Thus ET = O(1).
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Proof of the upper bound. Let w, = | (1 + &)logn/log(1/A;)] + 1. Since T > T,

kon &

—_— N n i l

P{T > ko,} < P{T > ko, } < P Lk 1
kw, k,

where k, = kw, /(w, — 1). Hoeffding [21] showed that

. p+x _ 1-p—x m
H’{Bm(m’p)zp—i—x}f[( P ) ( 1-p ) } '
m p+x l—p—x

where Bin(m, p) denotes a binomial (1, p) random variable. Recalling that E&, = ¢~ +
n\P =1 —g/k4+n"* and A = (k — ;) (k%"l)kf], it follows from Hoeffding’s
inequality that P {T' > kw,} is at most

5\ (1-wg "] o
! i L _ _ T —1/2+48
<1/k,1> (1—1/k,,) _[(k ) <k—1> + 0 )]

= 0" (140 (n12))™
=0 (n—(1+s))_ (3)

Since k|S}| = T, by the union bound
]P{Uvev,ﬂs\ik' Ewn} <nP {Tzkwn} =0(n_8). .

Proof of the lower bound. Let ¥, = [(1 — ¢)logn/log(1/A;)7. To show that whp there
exists a v € V¢ such that |S’| > v, pick an arbitrary yellow vertex and run the colouring
process. If at least i, vertices are colored black (success) in the process then terminate.
Otherwise (failure) pick another yellow vertex and repeat the colouring process until one
trial succeeds. If the colouring process is repeated for at most t, = |[n/(logn)?®] times,
then at most a, = ,v¥, = O(n/(logn)?) vertices are colored black in the end. Therefore,
the probability that the number of red arcs increases after colouring one red arc is at least
(V<] = a,)/n.

Let (§;);> bei.i.d. Bernoulli (|Vi|—a,—v,)/n.LetT = min{t : k Z;Zl &—(t—k) <0}.
Then in each of the first #, iterations, the probability of a success is at least IP {Z > kwn} >
P {Z = kw,,}. (For a detailed proof, see van der Hofstad’s discussion of the Erd6s—Rényi
model [39, chap. 4.2.2].) By the hitting-time theorem of Galton-Watson processes [41],

1 kym
P{T =ky,} = ?113 {kZ§=k(¢n - 1)}.
n i=1

Since Zfl’f &; is a binomial random variable, the above equals

L (kg \ (Ve —a =\ A kwnfwn—n_b
wn wn_l n n — Yn-

By Stirling’s approximation [17, pp. 407]

() =00 (%) = s La=tme]
v, —1) V) O LA =1/ ]
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442 CAl AND DEVROYE

Recalling that a, = O (n/(log n)2) and ¥, = [(1 — ¢)logn/log(1/A;)], we have, in view
of V| = e *n+ O (n'/**?),

Vel —an— v\ [ _, 1 vt .
(B==2) (e mo(am) —oem

1 kyrn—n—1)

< Tento <<logn>2>>
(k=1)Ypn

o((%)"").

and

- |V,§| —a, — wn kym—Yn—1)
n

Recall that e = 1 — 1, /k. Therefore

) k-1 . o \F! k (T
=(k—n) (k—l) = ke (k—l) = (l—l/k)k_le <k> .

Putting everything together, we have

_ 1 1 k e AN Yn _ )\Z’" _ n~lte
b"_®(%m[<1—1/k)’”e (%) ] >_®(?>_®( 3“)'

So the probability that all the first t, = |n/(logn)*] trials fail is at most

(1 = by)™ < exp {—but,} = exp {@ <—W>} = o(1). .

By Lemma 2, whp G, is reachable from all vertices. When this happens, O, \ G, consists
of vertices either on cycles in D, ,[G¢] or on paths from these cycles to G,.. Since the number
of such cycles and the length of the longest one of them are both O, (1), Lemma 8 implies
that |O0,| — |G,| = O,(logn). Thus

[Gal —vin O, — vin 10gn) d
= -0, — Z,
NG Vn Vn

which is the second part of Theorem 1.

In fact we can show that |0, | —|G,| = O,(1). This seems to be obvious since in D, ;[ V]
the expected size of a spectrum is O(1) and the number of cycles is O,(1). However, it is
not trivial because L1y is ona cycle] and |S}| are not independent. For a proof using Cayley’s
formula, see Lemma 9 in the next section (Section 3.3.3).

We can also use Lemma 8 to show that

maXyepn) IS, — |G, L 1
logn log(1/M0)

Random Structures and Algorithms DOI 10.1002/rsa

85UB017 SUOLULLOD 3AIIRID 3dedt dde aup Aq pauenob 88 Saoike YO ‘SN J0 SaInJ 10} ARIq1T8UIIUO AB]IM UO (SUOPUOO-PUR-SLLIBIWI0D" A3 1M A1 [Bu[UO//Sd1Y) SUORIPUOD pue SWB 18U 89S *[9202/80/2T] Uo Ariqiauluo A8im ‘AisieAlun (11691 Aq 20202 eS1/200T 0T/I0p/uod A8 | im Ake.q 1 pul|uo//sdny wouy pepeoiumod ‘€ ‘LT0Z ‘8Tv2860T



GRAPH STRUCTURE OF A RANDOM DFA 443

Fig. 3. The leftmost shaded part of this figure is an £-eye.

which finishes the last part of Theorem 1, i.e., (max,cpu |S,] — vkn)/akﬁ—d> Z.LetA, be
the event that every vertex can reach G,. Assuming A, happens, G, € S, for all v € [n].
Thus for all ¢ > 0,

IP maxve[n] |Sv| - |gn| 1
— > &
logn log(1/ )
max,ep |S, 1
<P — >e|NA, +IP{A;}=0(1).
logn log(1/Ay)

Since |S;| < max,epy |Sy| and whp |S1| > |G,|, we also recover Grusho’s central limit law
of |Sy].

3.3.3. The Size of the Middle Layer Lemma9 and Corollary 1 imply that |O,| —1G,| =
0,(1).

Lemma9. Letw, — oo be an arbitrary sequence of nonnegative numbers. Then

sup  PL YIS = w, ¢ = o(),

VnClnl:|VnleZn veC(Ve)
n

where C(V¢) denotes the set of vertices on cycles in D,x[V<], and S is the spectrum of v

in D,y [ V<], the sub-digraph induced by V.

Proof. By Theorem 5 and Lemma 7, in D, [V, ] whp: (a) there are at most ,/w, vertices
oncycles, i.e., [C(VS)| < \/w,; (b) every S; induces either a tree or a tree plus one extra arc;
(c) max,cgg |SF| = O(logn). Now assume all these events happen. If Zvecw;;) ISF| > w,,
then (a) implies there is at least one vertex u € C(V;) with |S¥| > ,/w,. By (b), S} induces
a sub-digraph that consists of exactly one cycle and isolated trees with their roots on this
cycle. If |S| = £, we call the induced sub-digraph an £-eye. Note that by (c) there are no
L-eyes with £ > (logn)?. (See Figure 3.)

Let S € V¢ with |S| = £ be a set of vertices. If S induces an £-eye D,, then there
are ¢ arcs that start and end at specific vertices in S decided by D,, which happens with
probability (1/n)¢. If S = S* for some vertex u € S, call S a partial spectrum. For S to be
a partial spectrum, the other (k — 1)£ arcs that start from S must end at ), which happens
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444 CAl AND DEVROYE

with probability (|, |/n)*~D¢. So the probability that S induces a fixed D, and S is a partial
spectrum is (1/n)¢(|V,|/n)* D¢,

By Cayley’s formula [7], there are £~' ways that S can form a rooted tree. In such a
tree, there are at most £> ways to add an extra arc to make it an £-eye. In a vertex-labeled
L-eye, there are at most k* ways to label the arcs. So the number of £-eyes can be induced
by S is less than £/~'¢*k’. And there are (') ways to choose S.

Let X, be the number of ¢-eyes induced by partial spectra. Recall that v, = 7, /k =
1 — e . Thus |V,| € Z, = [vin — n'/*" vyn + n'/>*] implies that [V¢| < e %n + n'/2+8,
So for £ < (log n)?, by the above arguments,

c ¢ (k—=1)€
EX, < ('V”)z“zzkf <-> (M)
L n n
(e *n 4 n'/2Ho)t N/« B (k=1)¢
<o C ptrlpt( _ _k 1/2+48
= (0]e) n (k tn )
14
_ |:e (e—rk +n’1/2+“)k<%+n’1/2+“>k 1] .
=(1+O(Zn_l/2+5)) kel (3>k—1 KE
k

= (140 (en'7%%)) pie.

By Lemma Al, p; < 1. Since /o, — 00,

logn)?\ |
> OEX < [”0((;%—22)} S tp0) = o).

Jan<t<(logn)? Jon<t
Thus whp there are no £-eyes induced by partial spectra with € € [/w,, (logn)?]. .

3.3.4. The Distance to the Giant This subsection proves part (¢) of Theorem 3.
Lemma 10. Foralle > 0,

max,eyc W*
su H# -1

log, logn

> 8} =o0(1),

VnCln}:|Vnl€Zy

where W) = min,cy, dist(v, u), i.e., W is the length of the shortest path from v to V).

Let v € V¢ be a vertex. If W > 1, then all neighbors of v are in V¢, and most likely
there are k of them. So P {W; > 1} ~ (|V¢|/n)* ~ ¢~ If W} > 2, then the neighbors
of v’s neighbors are all in V¢, and most likely there are k* of them. So P {W; > 2} ~

([VE|/n)k+¥* a2 e~ &+ Repeating this argument shows that IP {Wr > x} ~ exp{—me(k +
K>... k%)) = e %O®) which is o(1/n) when x > (1 + &) log, log .

To make the above intuition rigorous, the colouring process defined in the previous
subsection needs to be slightly modified. Let v be the vertex where the process has started.
When choosing a red arc to colour, instead of choosing one arbitrarily from all red arcs,
choose one arbitrarily from those that are closest to v. Thus at the end, the yellow arcs
consist of not just a spanning tree but a breadth-first-search (bfs) spanning tree of D, x[S;].
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~

—— > 5 Green
—— @ Black

...................... > Yellow

Fig. 4. An example of 7,.

If V, (the set of green vertices) is contracted into a single green vertex, then the green arcs
together with yellow arcs form a DAG. Let 7, denote this DAG. Then W is the length of the
shortest path from v to the green vertex contracted from V,. Figure 4 shows an example
of 7,.

Proof. Letw, = [(1 4 ¢)log, logn]. Call the arcs whose endpoints are at distance i to v
the i-th layer of 7,. The event W > w, implies that the first w, layers of arcs in 7, are all
yellow arcs and thus they form a tree of height w,. By Lemma 7, whp there are no v € V¢
such that D, ;[S] contains more than one black arc. Thus whp in every 7, all internal (non-
leaf) vertices except at most one have out degree k. Let A, denote this event. Assuming
A, happens, W} > o, implies that there are at least © (k“*) = ©(logn)'*™* yellow arcs in
the first w, layers of 7,. Thus in the colouring process, the first ® (logn)!*¢ arcs choose
their endpoints in V¢. The probability that this happens is at most (|V¢|/n)® ¢ mite
V.l € Z,, V| = n — |V,| < e %n+ n'/*"*. Then by the union bound,

. Since

P (U [W; > 0,1} < D P{IW; > 0,1 NA,} + P {47}

veVy
= n(Vil/m P 4 o(1)

< n(e—rk _‘_n—1/2-%—5)(~)(logn)H’S +()(1) — 0(1)

Thus whp max,cye W < w,.

Lety,, = [(1—¢) log, log n. To show that whp there is a vertex v with W} > 1, run the
colouring process starting from an arbitrary yellow vertex v until either an arc is colored black
or green (failure), or the first 1, — 1 layers of 7, are colored yellow (success). So to succeed,
the first y,, — 1 layers of 7, form a full k-ary tree, i.e., the first k+k>+- - - +k¥"~! = @ (k") =
©(log n)'~¢ arcs must be colored yellow. If the process fails, we pick another yellow vertex
and try again until one trial succeeds. Since the colouring process stops before colouring
the v, layer of 7, each trial colors at most ® (k¥") = ®(logn)!'~* vertices black. If the
process is tried at most [n/(logn)?] times, then at most b, = [n/(logn)?10(logn)' ¢ =
O(n/(logn)'**) vertices are colored black. Therefore, each arc has probability at least
(IVi| — b,)/n to be colored yellow during the first [n/(log n)?] trials. Since |V,| € Z,,
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446 CAl AND DEVROYE

V| =n— |V,| > e n — n'/*™ Thus the probability to succeed in one trial is at least

. ogn)l—¢ O(logn)1—¢
|V;| - bn Odogm —z 1 —O0(logn)!—¢
(% =107\ Gogm =

Therefore, the probability that the first [n/(log n)?] trials fail is at most

n

(1 *0(10gn)175) In/ogn)*]
—e
(logn)?

_ 1—¢
< exp {—6 O(logn)

} =o(1).
Thus whp max,cye W > ,. .

3.3.5. The Longest Path Outside the Giant This subsection proves (d) and (e) of
Theorem 3.

Lemma 11. Forall € > 0, we have:

m(VS) 1
— > ¢
logn  log(e%™/k)

sup P { } =o0(1),

VnCnl:|Vnl€Zn
where m(Vs) denotes the length of the longest path in D, [V:]; and

avo 1
logn  log(e%™ /k)

> 5} =o0(1).

su {
VnClnl:|VnleZy
where d(V:) denotes the maximal distance between two connected vertices in D, [V{].
Since m(Vy) > d(Vy), it suffices to prove the upper bound for m(V;) and the lower bound
ford(Vy).

Proof of the upper bound. Let w, = (1 + ¢)logn/log(e™ /k). Let X, be the number of
labeled paths of length € in D, ;[ V¢]. There are less than |V¢|**'k* possible such paths. Each
of them exists with probability (1/n)‘. Recall that |V,| € Z, implies |V¢| < e~ %n + n'/?*,
Thus

¢
EX, < |V;|e+lkl <l> = (e_”‘n + n1/2+‘3) (ke‘fk + kn—1/2+5)z'
n

Since ke™"* < 1 (Lemma Al), for n large enough,

Y EX,<n) (ke +kn”V) =0 (n(ke)™") = 0 (n).

wp<C<|Vf| wp<t

Thus IP {m(V,f) > a),,} =0 (n’s). .

Proof of the lower bound. Let{, = [(1 —¢)log n/log(l/ke”kﬂ. To show there are two
vertices at distance within [, 00), pick an arbitrary yellow vertex v and run the colouring
process until either a vertex at distance 1, from v has been colored (success), or [(log n)?]
vertices have been colored (failure), or the process terminates because all vertices that are
reachable from v in D, ;[V¢] has been discovered (failure). If the process fails, we pick
another yellow vertex and try again until one trial succeeds.
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GRAPH STRUCTURE OF A RANDOM DFA 447

If at most 7, = |n/(logn)*| trials are made, then at most [(logn)*11, = O (n/(logn)?)
vertices are colored. So in the first #, trials, when an arc is colored, the probability that it
is colored yellow is at least i1, = (|V¢| — O (n/(logn)?))/n = e~* — O (1/(logn)?). Let
(Zw)m=0 be a Galton-Watson process with offspring distribution Bin(k, u,,) and Z; = 1. In
other words, Z,,,| = Zf;”l Xj> where (X, ;) m>0,>1 arei.i.d. Bin(k, u,). Then the probability
that one trial succeeds is at least IP {an > 0} minus the probability that in a trial [(log 1)*]
vertices have been colored, which is O (n‘l‘s) by (3) in Lemma 8.

Let ¢,(y) = Ey?, ie., ¢,(y) is the probability generating function of Z,. Thus
P{Z, =0} = ¢,(0). Since ke™* < 1/2 (Lemma Al), for n large enough ku, < 1/2.
So we can apply Lemma A7 in the appendix to show that

1 1
©n(0) <1 — (kp,)" + (1 - 2—m> k)" < 1— E(k/'l'n)m: forall m > 0.

Recalling that ¢, = [(1 — ¢&)log n/log(]/ke_fk)—‘,

1 . 1 Yn ke
]P{ZV/n > O} =1 —(p¢,1(0) > z (ke k— O((logn)2>> = Q(l’l I+ )

So the probability that one trial succeeds is Q(n™'**) — O (n™'=°) = Q(n~'**). (The
0 (n’ ! ’5) term is the probability that one trial colors too many vertices.) Thus the probability
that the first ¢, = |n/(log n)*| trials fail is at most

] Y )| R Y o

Therefore whp d(V5) > . .

4. PHASE TRANSITION IN STRONG CONNECTIVITY

Now instead of assuming that  is fixed, let k — oo asn — oo. Let K be a fixed integer. We
can construct D, by first generating D, ¢ and then adding arcs with labels in {K 41, . . ., k}
into it. By Lemma 2, for all ¢ > 0, there exists a K depending only on ¢ such that whp
in D, k the largest closed sccC has size at least (1 — €)n and is reachable from all vertices.
Since adding arcs can only increase the size of this scc, whp D, has a scc of size at least
(1 — &)n that is reachable from all vertices.

In fact, if k increases fast enough, then whp D, is strongly connected. More precisely,
D,.x exhibits a phase transition for strong connectivity similar to the analogous event in the
Erd6s—Rényi model [15].

Theorem 6. Ifk—logn — —oo, then whp D, is not strongly connected. Ifk—logn — oo,
then whp D, is strongly connected.

If there is a vertex with in-degree zero, then obviously the digraph is not strongly
connected. Thus the following lemma proves the lower bound in Theorem 6.

Lemma 12. Ifk —logn — —oo, whp D, contains a vertex of in-degree zero.
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Given a set of vertices S, if there are no arcs that start from S¢ = [n]\ S and end at S, then
call § a non-leaf. If D, is not strongly connected, then there must exist a non-leaf set of
vertices S with |S| < n. Thus the following lemma implies the upper bound in Theorem 6.

Lemma 13. [fk —logn — +o00, whp there does not exist a non-leaf set of vertices S
with |S| < n.

We omit the proofs of the above two lemmas as they use standard first and second moment
methods.

5. THE SIMPLE DIGRAPH MODEL, THE NUMBER OF SELF-LOOPS AND
MULTIPLE ARCS

A simple digraph is one in which there are no self-loops and there is no more than one arc
from one vertex to another. Let D, denote a simple k-out digraph with n vertices chosen
uniformly at random from all such digraphs. D;, can be viewed as D, restricted to the
event that D, is simple. This section proves the following theorem:

Theorem 7. The probability that D, is simple converges to e=®) asn — oco.

Theorem 7 can be proved directly as follows. Let 1, be the indicator that the k arcs
starting from vertex v do not end at v and do not end at the same vertex. Then

P, =1} m—1Dn—-2)--(n—k) :1-k<k+1)+0(i>.

nk 2n n?

Since D, is simple if and only if N!_,[1, = 1] happens, we have
P {D, is simple} = P {N"_, [1, = 1]} = HIP 1, =1}
v=1

— (1 _kkt D +0 (i))n s o kkD2 — mk=(8)

2n n?

However, we can say more about self-loops and multiple arcs between vertices. Let
T = [n] x [k]. For (v,i) € Z, define the random variable 1,; to be the indicator that the
arc with label i starting from vertex v forms a self-loop. Let J = {(v,i,j) € [n] x [k] x
[k] : i < j}. For (v,i,j) € J, define the random variable 1,;; to be the indicator that
the two arcs starting from vertex v with labels i and j both end at the same vertex. Let
Sp = ger loand M, =", _; 1,. Then[S, = 0]N[M, = 0] if and only if D, is simple.

Lemma 14. Let S and M be two independent Poisson random variables of means k and
(1;) respectively. Then (S,, M,,) 4 (S,M) as n — oo. In fact,
n

1
1S My, (S, M)y = O < )
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Indeed the lemma implies that as n — oo,
P {D,, is simple} = P {S, = M, = 0} > P {S =0} P {M =0} = e e ®).

Remark. Bollobés [9] proved a theorem similar to Lemma 14 for the configuration model
(see also Bollobés [8, sec. 2.4]). Many authors have extended this result under various
conditions, see, e.g., McKay [30], McKay and Wormald [31], Janson [23, 24]. Our proof
uses Stein’s method, which may also be applied to self-loops and multiple edges in the
configuration model to get proofs shorter than previous ones.

Proof of Lemma 14. 'We use the Chen-Stein method [11]. Since the probability that an arc
forms a self-loop is 1/n,

1
= Y El,;= kn— = k.

,i)eT

Thus [ES = k = IES,,. Since the probability that two arcs with the same start point have the
same endpoint is also 1/n,

K1  k(k—1)
]EM,,:Z Z IE]IVW:”(Z)Z:T

veln] 1<i<j<k

Thus EM = k(k — 1)/2 = EM,,.
Fora e TU 7, let

By, ={B €ZUJ : 1 and 1, are dependent}.

(Note that 1, € B,.) Define

YD EIMIE[L], b= ) > E[lds], b= Y s,

aeZUT BeBy aeZUT BeBy:a#p aeZUT

where

s =E|E[Lelo (15: B€[ZUTI\B,)] - EL,|.

By [11, thm. 2], if b; + by + b3 — 0O, then (S,, M,,) 4 (S,M). Since 1, is independent of
the random variables 1, with 8 € [Z U J]\ B,, we have 5, = 0 and thus b3 = 0.

For (v,i) € Z, 1,; depends on the random variables 1,,, with 1 < r < s < k and
i € {r,s},of whichthereare k— 1. Thus |B,;| = 14+ (k—1) = k < 2k.For (v,i,j) € J, 1,;;
depends on 1,; and 1,;. It also depends on the random variables 1,,, with1 <r <s <k
and {r, s}N{i,j} # @, of whichthereare2(k—1)—1 = 2k—3.Thus | B, ;;| = 24+2k—3 < 2k.
Soforalle € ZU J, |B,| < 2k. Therefore

ZZJE[ME 1] —|—ZZ]E JE[1]

aeZ BeBy aeJ BeBy

1 1 k 1 1 1
<nkx2kx—x——|—n<)kax—x—:O(—).
n n 2 n n n
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Consider (v,i) e Z.If B € B,; NZ,then B = (v,i). If B € B,, N T, then B = (v,r,s)
for some (r,s) with i € {r,s}. Then 1,,1,,, = 1 if and only if the two arcs starting from
vertex v labeled r and s respectively both end at v. Thus E [1,,1,,] = 1/n*. Therefore

br=Y_ Y E[Ll]=)Y Y E[Ll] <nkx2kxni_0<i)
aeZ BeBy:BF#a a€Z BeBuNT

Consider (v,r,s) € J.If (v,i) € B,,,, then (v, r,s) € B,,. Thus by the above argument
lE[llV” V] = 1/n® If (v,i,j) € B,,s and (i,j) # (r,s), then |{r,s} U {i,j}| = 3. So
1,,,1,,;; = 1 iff the three arcs starting from vertex v with labels in {r, s} U {i, j} all end at
the same vertex. Thus [E []lv,,,sllv,,-z,-] = 1/n?. Therefore

k 1 1

aeJ BeBy:B#a

Thus b2 Ebz’j—l-bz“j = 0(1/7[) [ ]
Corollary 2. Let £ be a set of digraphs. If D, € € whp, then D;;, € € whp.

Proof.  'We have

IP {Dn,k ¢ 571}
IP {D, is simple}

P {D:,k ¢ 5} =P {Dn,k ¢ E| Dy is simple} <

This corollary implies that all previous results in the form of “whp D, ...” can be automatic
translated into “whp Dj;, ...”. For example, the statement of Theorem 3 with D, replaced
by D;, is still true.

Corollary 3. Let D} be a digraph chosen uniformly at random from all simple and arc-
unlabeled k-out digraphs with n vertices. If whp D, has property P where P does not
depend on arc-labels, then whp Dy has property P.

Proof.  Note that: (a) for each digraph in the space of D}, there (k!)" ways to arc-label it to
get (k!)" different digraphs in the space of D;,; (b) no two different arc-unlabeled digraphs
can be turned into the same digraph by arc-labeling. So there exists a (k!)"-to-one surjective
mapping from the space of D}, to the space of D;. Thus D} can be viewed as D with
arc labels removed. Since P does not depend on arc-labels, it follows from Corollary 2 that

whp D;, has property P. .

6. EXTENSIONS

The typical distance H, of D, is the distance between two vertices v, and v, cho-
sen uniformly at random. If v; cannot reach v,, then H, = oo. van der Addario-Berry
et al. [1] proved that conditioned on H, < oo, H,/ logkn—p> 1. We have found an
alternative proof for this result using the path counting technique invented by van der
Hofstad [40, chap. 3.5]. The proof can be found in a longer version of this paper at
[http://arxiv.org/abs/1504.06238].
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Addario-Berry et al. [1] also proved that the diameter of the giant component divided
by log n converges in probability to 1/log(k) + 1/log(1/x;). Recall that the longest path
outside the giant divided by logn converges in probability to 1/log(1/A;). This seems to
be a strong indication that it might be possible to derive a new proof for the diameter of the
giant.

Recall that Dy, is a simple k-out digraph with n vertices chosen uniformly at random
from all such digraphs. Section 5 proved that if whp D, has property P, then whp D,
has property P. But results like Theorem 1, the central limit law of the one-in-core, cannot
be transferred to D, automatically. We believe that it might be possible to achieve get the
same result for D, following the line of Janson and Luczak’s treatment of the configuration
model [25].

A natural generalization of D, is to have a deterministic out-degree sequence, as in the
directed configuration model, instead of requiring each vertex to have out-degree exactly
k. With some constraints on the out-degree sequence, most of our results should hold
for this generalized model. Furthermore, we could let each vertex choose its out-degree
independently at random from an out-degree distribution. Again by adding some restrictions
on the out-degree distribution, most of our results should still hold.

The problem of generating a uniform random surjective function with fixed domain size
is an open problem. Theorem 1 implies a simple algorithm for choosing a [km] — [m]
surjective function uniformly at random. Let n = [m/v,]. Then we generate a D, ;. If
|O,| = m,i.e., if the one-in-core in D, contains m vertices, then D, ;[O, ] is equivalent to a
uniform random sample of a [km] — [m] surjective function. Otherwise we try again until
|O,| = m. Theorem 1 shows that I? {|O0,| = m} = ®(1/./m). Thus the expected number
of D, needed to be generated is © (y/m). Since generating a D, takes © (m) time, the
expected running time of the whole algorithm is ® (m*/?). But we believe that ® (m) should
be achievable.
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APPENDIX

A1. Inequalities for Constants

Lemma Al. Assume that k > 2.

(a) There exists exactly one T, > 0 such that 1 — 7 Jk — ™™ =
(b) 0 <k—1 <1/2;
(c)12<1—-L <v=n/k<l;

2k

(d) he=(k—1) ()7 <2 =k — e < 1
k
(0 n=(%) @ -n<l;

ety

(f) pp = ke' "% (%)k_1 <1;

(8) M = O(ke™ ) as k — oo.

Proof. Letn(x) = 1 —x/k —e*. Since " (x) = —e™ < 0, n(x) is strictly concave.
Since n(k — 1/2) > 0, and n(k) < 0, n(x) = 0 must have exactly one positive solution
and this solution must be in (k — 1/2, k). Thus (a) and (b) are proved. (c) follows since
7./k > 1 —1/k > 1/2. For (d) note that A, < A" as 1 —x < ¢ forall x # 0. For A} < 1
note that

loght' =logtk — ) +1—(k—7)=log[l — (1 -k —m)]+1—(k—1) <0,

since log(l — x) < —x forall x € (0, 1).
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For (e), first use 7, /k = 1 — ™7 to get

— ;erk(l _ eftk) — erkfk(l _ef‘rk)lfk
V= k(1 — ek '

Then use ke™™ = k — 7 to get

logyy = —k+ (1 —k)log(l — e %)
= (tx — k) +log(l — e ™) — klog(l — e ™)
< (e —k) — e * + k(e ™ + e 2%)
— -k +k—t)+e k-1 —1) <0,

since —x > log(1 —x) > —x —x*forallx € (0,1/2) and e % =1 — v, € (0, 1/2).
For (f), use 1, < k from (a) to get

n=k(l —e ™) <k(l1—e"). (A1)
Therefore,
T=l-e<l-ep{—k(1-e)}.
Again by (a), 7, > k — 1/2. Thus
Lo=k(l —e ™) > k(1 — e 1), (A2)
Therefore,

ke ™ < kexp I—k (1 — e’“%)] )

The above bounds imply that

peke () <kew [tk (1= - em k(- )

Using this bound, numeric computations show that p, < 0.945651. When k > 3, the above

upper bound is less than
kexp{l —k(l —e*%)},

which takes its maximal value at k = 3 for k € [3, 00). This maximal value is about 0.52.
Thus p, < 1 for all k > 2.
By (Al) and (A2), k — 7 = ke 0 and 7, /k = 1 — e *+90 as k — oo. Therefore

k—1
Tk
)\kE(k—Tk) (k—l)

:(k_-,;k) (%>k71 (kf_l)k_l

= ke W (1 — e HHOD) T o (1 4 o(1)) = ke OV,

Thus (g) is proved. .
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A2. The Sizes of k-Surjections

In this section we prove Lemma 1. Recall that K is the number of k-surjections of size s in
D, . We first deal the case that s is small:

Lemma A2. P({K, > 1} <1/n*!' <1/n.

Proof. A single vertex is a k-surjection if and only if all its k arcs are self-loops. Thus

1

nk—1

1\
P{K, > 1} < Z P {v has only self-loops} = n <—> <
n

ve([n]

1
< -. n
“n

Lemma A3. P(Y,__. K > 1} =o(1/n),forallfixeda € (0,e”"/¢D).

Proof. We can choose ¢ € (0,1) such that 2(k — 1)(1 — &) > 1 since k > 2. Let
J={2,...,an]}. Then

P[Zlgz 1} SZ Z P {S is closed)

seJ seJ SC[n]:|S|=s

-Z() )

_ ;: (?)v (%)h (Stirling’s approximation)
O 2 6]

IA

nt k=172 ne k=17]*
el — el — + exd)
AN PARCNE
=0 (n26D0) 4 0 ((eakq)ne)’

where both terms are o(1/n) due to our choice of ¢ and a. .

When s is large, we need to take into account the probability that S is surjective. Let {f }
denote Stirling’s number of the second kind, i.e., the number of ways to put x balls into y
unordered bins such that there are no empty bins [17, pp. 64]. Then

ks}s!

s
Sks ’

P {S is surjective | S is closed} =

where the numerator is the number of ways to choose endpoints for the ks arcs in S so
that minimum in-degree is one, and the denominator is the total number of ways to choose
endpoints for ks arcs in S. Thus

P {S is a k-surjection} = P {S is surjective | S is closed} P {S is closed}

=&(S)’“=&

" nks :

s& \n
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Good [19] established an asymptotic estimation of Stirling’s numbers of the second kind

{ks} N (ks)! (e —1)*
s st ks 2mks(1 — ke %)

Applying this and Stirling’s approximation for factorials, we have

(ks)! (e —1)* s!

st ks [ 2mks(1 —ke"‘)%
1 s\E T
~— (- , A3
1 — ke % |:(n) Vki| (A3)

where y, = (k/ety)* (e — 1) < 1 (see Lemma Al).

P {S is a k-surjection} ~

Lemma Ad4. There exists a constant b € (v, 1) such that P {anSS” K, > 1} = o0 (1/n).

Proof. Letb > v; be a constant decided later. If |S| = s € [bn, n], then by (A3)

P {S is a k-surjection} = O ([(%)k yki|.> <o(¥)=o(n").

Since b > v, > 1/2 (Lemma Al),

n n 1 1 "
< =0—|——— .
()= () =o(Glraa))
Therefore

b n
P{K, > 1} < <Z)IP {S is a k-surjection} < O ([W} )

Since the quantity in the square brackets goes to ¥, < 1 as b — 1, we can pick a b close
enough to one such that IP {anﬁsgn K, > 1} =o0(1/n). .

Leta € (0,v;) and b € (v, 1) be two constants such that the upper bounds in Lemma A3
and A4 hold. If |S| = xn with x € (a, b) and xn integer-valued, then by (A3) and Stirling’s
approximation

EK,, = (n )IP {S is a k-surjection}
xn

1 1 " 1 k xn
V2mx(1 — x)n |:(x)x (1 - x)1‘~‘] V1 — ke (x J/k)

1 n
= mg (x) [f (X)] (A4

where

Ay !
(1 — x)(=n/x

1
glx) = \/ﬁ’ f) = |:
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Lemma AS. For all fixed a € (0,v), b € (v, 1) and 8 € (0,1/2), P{Y

o(1/n), where J = [an, vin — n%”] U [vn + n%+5,bn].

K, > 1} =

seJ

Proof. Let h(x) = logf(x). Lemma A6 shows that as x — vy,
(x — )’
h(x) = N + 0 (Ix — wel),

and that h(x) is strictly increasing on (a, v;) and strictly decreasing on (v, b). It follows
from [s/n — v| > n7/** that h(s/n) < —n®7"/207 + O (n*73/%). As for g(x), it is
bounded on (a, b). Thus by (A4) and Markov’s inequality

log(n*P {K, > 1}) < log(n*EEK,)

(o ()

= 0(10gn)+nh( )

n
= O(logn) — 5 +0 (n*71?),
k

which goes to —oo. Inother words, P {K, > 1} = 0 (1/n?) .SoP {}_,_, K, = 1} = o (1/n).
| |

Lemma 1 follows immediately from Lemma A2, A3, A4, and AS.

A3. Special Functions

Lemma A6. Letf(x), g(x) and h(x) be defined as in the previous subsection. Let v, Ty
and oy be as in Lemma Al. Then

(a) Asx — v, g (x) =g() + O (Ix — v |) = (1 + O (Ix = wel)) /(ok/ 1 — ke ).
(b) h(x) andf (x) are strictly increasing on (1 — vk) and strictly decreasing on (v, 1).
(c) Asx — v,

(x — v)?
h(x) = h(v) + O(x — w*) = == + O(x — ),
20;
which implies that
_ 2
Fo = =exp |- L o .
20k

Proof.  For (a), recall that 0 = 7, /(ke™ (1 — ke™%)). Thus o2 (1 — ke™™) = v (1 — vyp).
Then g(vy) = 1//vi(1 —v) = 1/op/1 — ke . Since g'(x) is bounded around v, by

Taylor’s theorem,

1
gx)=gw) +O(lx —w) =1 + O (Ix —w])) ———, asx — .
o1 — ke %
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Let r(x) = log (f(x)'/*) = h(x)/x. Using 74 /k = 1 — ¢~ = v; shows that
1\
Vi = <_> efkvk — kak+lefk+fk — vk7k+1(efrk)(k7rk)/rk — vk7k+1(1 _ vk)(lka)/uk.
eV
Then r(v;) = log (V¥ (1 — v) "%y, = log(1) = 0,

o0 = 5+ Lot — ¢ ok 2led-v 1
r = - — 10, —X), an r = —— — — .
x x  x? & * * x2 x3 x2(1 —x)

Therefore r'(v;) = 0 and 7" (v;) = —1/(v,02).
Since h(x) = xr(x),

k
H(x) =r(x) +xr' (x), W) =2rx) +xr"(x) = - — ——.
x  x(1—x)
Thus h(v) = 0, k' (v;) = 0 and A"(v) = —1/0?. Also recalling that 1 — % <1- ﬁ <

vy < 1 (Lemma Al), h(x) is strictly concave on (1 — %, 1), reaching maximum at v;. Thus
(b) is proved. The two asymptotic equations in (c) follow from Taylor’s theorem. .

A4. Probability Generating Functions of Galton-Watson Processes

Lemma A7. Letu € (0, 217) be a constant where k > 2. Let (Z,,) >0 be a Galton-Watson

process with Zy = 1 and offspring distribution Bin(k, ). Let ¢,,(y) = IEy?". Then

on(0) < 1 — (k)" + (1 _ 2i) k™.

Proof.  'We use induction. Letc,, =1 —1/2". Form = 1,
o () =By = (1 — (1l —y)*
Since u > 0 and k > 2, by Taylor’s theorem,

(kp)?

@1 (0) =1 - <1—kp+ =1 —kp + (k).

It is well known that for m > 1, ¢,,(y) = @1 (@n_1()) (see [13]). Assuming the lemma
holds for m, then

ni1(0) = 1 (9(0)) = (1 = 1 (1 = g, (0)))*
< (1= (k)" = k™))"

k2
U (k)" = e hi)"™™) 102 (k)" = e (hp)"™)’

IA

k m
=1- (ku)m-H + Cm(kﬂ)m+2 + %(1 _ kaﬂ)z(kﬂ)m-'—z
< 1= k)" + cppr (k)" 2,
since kp < 1/2 and c,pqq = ¢, + 1727+ .
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