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Estimation of a Density Using Real and
Artificial Data

Luc Devroye, Tina Felber, and Michael Kohler

Abstract—Let be independent and identically dis-
tributed -valued random variables and let be a
measurable function such that a density of exists.
Given a sample of the distribution of and additional in-
dependent observations of , we are interested in estimating .
We apply a regression estimate to the sample of and use
this estimate to generate additional artificial observations of .
Using these artificial observations together with the real observa-
tions of , we construct a density estimate of by using a convex
combination of two kernel density estimates. It is shown that if
the bandwidths satisfy the usual conditions and if in addition the
supremum norm error of the regression estimate converges almost
surely faster toward zero than the bandwidth of the kernel density
estimate applied to the artificial data, then the convex combination
of the two density estimates is -consistent. The performance of
the estimate for finite sample size is illustrated by simulated data,
and the usefulness of the procedure is demonstrated by applying it
to a density estimation problem in a simulation model.

Index Terms—Consistency, density estimation, -error, non-
parametric regression.

I. INTRODUCTION

L ET be independent and identically dis-
tributed -valued random variables and let

be an unknown measurable function such that a density of
exists. The distribution of is unknown—its

measure will be denoted by . The density of
must be estimated, and estimates will be compared on the basis
of total variation distance.
This problem is substantially different from that of the esti-

mation of the regression function , as will be apparent from the
discussion below. Note also that does not have to have a den-
sity. In , consider , where is uniform on ,
and set . Then, is uniformly distributed, yet
does not have a density. In , a more intricate example in-

volving the Cantor set shows that has in general not a density.
Let the ternary expansion of be , where

are i.i.d. and uniformly drawn from . Then,
does not possess a density. Define the mapping by the binary
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expansion of , given by . Since the bits
in this expansion are i.i.d. and uniform on ,
is uniformly distributed on . However, if has a density,
then is nonatomic, i.e., continuous: its distribution function
is continuous. We do not wish to assume anything about the un-
derlying distribution of .
We distinguish between three data models.
(i) In the classical model, we have one data size constant, ,
and we observe the i.i.d. sequence

(drawn from the distribution of ), and

(ii) In the finite information model, we have two data size
constants, and , and we observe the i.i.d. sequence

(drawn from the distribution of ), and

This model is of interest in many applications, where the
source of the ’s is cheap and readily available, but the
measurements are expensive or rare. Especially, in-
ternet data fit this setup.

(iii) In the full information model, which corresponds to
, we assume that , the distribution of , is known, and

that we have access to

(drawn from the distribution of ), and

This model is of theoretical interest, as it delineates how
far one can push the boundary in the finite information
model.

This paper takes a first look at the problem at hand, namely
the estimation of the density of for the finite information
model (ii). It is of particular interest to learn how the pres-
ence of additional -data (case (ii) with ) can aid with
the estimation. We present a new estimator and are broadly
concerned with its consistency under the widest possible con-
ditions, never assuming anything about the underlying distri-
bution of . We also point out avenues of future research on
this set of problems.
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The safest way to approach this matter is by ignoring the ’s
altogether. In this case, can be estimated by applying, e.g., a
standard kernel density estimate (see [28] and [29]) defined by

with some kernel function which is a density (e.g.,
the naive kernel ) and some bandwidth

, which is a parameter of the estimate. For this estimate,
it is known that

imply that the estimate is -consistent for all densities (cf., [7]
and [24]):

almost surely as . By Scheffé’s Lemma (see, e.g., [10])
this implies that the estimated distribution converges to the
true distribution in total variation distance and hence the above
-consistent density estimate allows simultaneous estimation

of all probabilities. For general results in density estimation,
we refer to the books of [8], [10], and [12].
Improvements in the performance can be achieved in model

(i) if additional information about is available. This will not
be our focus. In model (ii), without assuming anything about
or , there is indeed help in the form of additional ’s. We
achieve this by estimating by based on the data

which allows us to generate artificial (approximate) observa-
tions of via . In
a second step, we apply separately kernel density estimates to
the datasets and and use a convex com-
bination of the resulting two density estimates as an estimate
of . The -error of this estimate depends in particular on the
interplay between the error of the estimate and the band-
width of the second kernel density estimate. In our main result,
we give sufficient conditions for the -consistency of our es-
timate, and under suitable smoothness conditions on , we are
able to show that our density estimate is indeed -consistent.
Furthermore, we indicate that under which conditions our esti-
mate should achieve a better rate of convergence than the simple
estimatementioned above, and these observations are confirmed
in our simulation part. As an application, we consider a density
estimation problem in a simulation model.
Estimation of from the data can be done via regression

estimation, a field studied already over many years. The most
popular estimates include kernel regression estimate (cf., e.g.,
[13], [14], [26], [27], [30], [31], or [33]), partitioning regres-
sion estimate (cf., e.g., [2] or [18]) nearest neighbor regression
estimate (cf., e.g., [6] or [11]), least squares estimates (cf., e.g.,
[21] or [23]), or smoothing spline estimates (cf., e.g., [22] or
[32]). For a detailed introduction to nonparametric regression,
we refer to [19].

Our analysis depends critically on the connection between the
error of the regression estimate and the error of the density es-
timate. A similar phenomenon occurs in density estimation of
the density of residuals of a regression model (cf., e.g., [1], [5],
[9], [16], or [17]), and in our proof, we apply techniques re-
lated to the ones in [9]. Our dataset can be considered as one
dataset with labels and one unlabeled
dataset and our procedure can be considered
as semisupervised learning for density estimation, which is usu-
ally studied in the context of pattern recognition (cf., e.g., [3],
[4], and the wide-ranging literature cited therein.)
The classical model forces one to work with , i.e.,

the input data are 1-D, and the nature of the mapping is ir-
relevant, as is the underlying distribution of . It is surprising
that with additional information on the distribution of , one
can improve the estimate of the density of . Situations in
which this is possible are plentiful. Consider the ’s as internet
data on users or web sites. Let be the outcome of
an action of a user, such as a purchase or investment. While the
number of ’s is virtually unlimited, the number of users for
which is known is limited, because not everyone
performs the action. Thefinite informationmodel (ii) introduced
above corresponds to this. In a second example, ’s represent
medical data on patients. For a smallish subset of the patients,
the outcome of a treatment is known: . What we
point out is that all data, even those of patients who have not
undergone the treatment, can help in the estimation of the den-
sity of .
The outline of this paper is as follows: We start in Section II

with a discrete analog of the problem, where we illustrate the
potential usefulness of the artificial data. Then, we present in
Section III a general consistency result for a newly proposed
estimate in the general finite information model. We indicate
in Section IV how in a special situation, the used regression
estimate might be improved drastically. We investigate in
Section V the performance of the estimate from Section III for
finite sample size by simulated data and illustrate the usefulness
of the procedure by applying it to a density estimation problem
in a simulation model. We give an outlook in Section VI. The
proof of our main result is given in the Appendix.

II. DISCRETE ANALOG

In the discrete version of this problem, is a random variable
on the positive integers with

There is an unknown function on the positive integers. The
objective is to estimate the distribution of the atomic random
variable . Since itself takes only countably many
values, the canonical version of the problem is such that
itself takes values in the positive integers. We define

and are interested in estimating from data such that the total
variation error is small.
We would like to investigate how the additional data

can help in the estimation. Since models
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(i) and (iii) described in Section I correspond to and
, respectively, it should be clear that we should first try

to compare (i) and (iii). In case (i), it is difficult to improve on
the empirical estimate

Note that is binomial , and hence, is an unbi-
ased estimate of . The expected total variation error is easily
bounded:

If , then the upper bound is . In all
but the trivial case that for some , the expected total
variation error

tends to 0 at the rate or slower, because if for
some , then

implies that

which is a contradiction to the central limit theorem.
In case (iii), the situation is remarkably different. Let

with duplicates removed. If ,
is known. If , is unknown and cannot possibly be
guessed. Since

we set

Clearly, , and we do not have the unbiasedness we
enjoyed in case (i). However, the expected total variation error
has a simple and universal expression that is the same (!!!) for
all choices of . First note that the total variation error is

Thus, the expected total variation error is

This error tends to zero with in all cases, and the rate of de-
crease depends upon the tail of . However, it is much better
than for (i). To wit, consider with compact support. Then, the
expected total variation error tends to 0 at an exponential rate in
.
It is of interest to see how the finite information model inter-

polates between these two behaviors.

III. GENERAL FINITE INFORMATION MODEL

In the sequel, we consider the general finite information
model, where we introduce a new density estimate and study
its consistency.
In the definition of our generic estimate, we first apply a suit-

ably defined regression estimate to the data

in order to estimate . Then, we use the estimate
of in order to define an artificial sample of . To do this, we
choose the size of this sample and define artificial data via

Next we apply standard kernel density estimates separately to
the data and . Let be the so-called
naive kernel defined by

let and and define

and

Finally, we use a convex combination of these two estimates as
estimate of , i.e., we choose a weight

and estimate by

The precise choice of weight function is left open, as is the
choice of regression function estimate . The first business
at hand is to determine the consistency of the generic estimate.
Since we do not impose restrictions on , the choices
and imply that both and must be consistent.
The latter can only happen if . Also, the performance
of is critical. For example, if one lets be the nearest
neighbor regression function estimate ( if
is the nearest neighbor of ), then is the atomic nature of such
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a problem for the consistency of ? The consistency the-
orem we present in the next section takes a higher view and
gives a natural technical condition that links to .
Our main result is the following theorem.

Theorem 1: Let be independent and identi-
cally distributed -valued random variables and let
be a measurable function such that a density of

exists. Set . Let be the naive kernel,
and for let , and . Given

, , and a regression es-
timate , let be the estimate of as defined in Section II.
Assume that as , and that

(1)

Assume furthermore the following on : for every ,
, there exists a (random) set

such that
(2)

and

(3)
in probability. Then, regardless of how is chosen

in probability. (In particular, in
probability as well.) If, in addition

(4)

almost surely and

(5)
almost surely then

almost surely.
Proof: The proof is given in the Appendix.

Conditions (3) and (5) can be derived from rate of conver-
gence results for nonparametric regression estimates. A less
cumbersome, but weaker, consistency result is the following.

Corollary 1: Let be independent and identi-
cally distributed -valued random variables and let
be a measurable function such that a density of

exists. Let be the naive kernel, and for let ,
and . Set . Given

, , and a regression es-
timate , let be the estimate of as defined in Section II.
Assume that (1) holds.

(i) If, in addition

(6)

then regardless of the choice of

in probability.
(ii) If, in addition

(7)

almost surely, then regardless of the choice of

almost surely.
Proof: In order to prove (i), choose such that

(8)

and
(9)

In order to show (ii), choose such that

(10)

almost surely and
(11)

almost surely. In both cases, set

Then

almost surely by (9) or (11), respectively. Furthermore, by
Markov’s inequality, we have

so (2) and (4) are implied by (8) and (10), respectively. Appli-
cation of Theorem 1 yields the assertion.

Remark 1: It is an open problem how to choose the band-
widths of the estimates above in a data-dependent way such
that the consistency theorem still holds and the estimate behaves
well in practice. In view of the minimization of the error, it
would be in particular interesting to try to use the combinatorial
method of [12] in this context.

Remark 2: In this paper, is defined by applying a deter-
ministic function to . In case that the relation is given by a
regression model
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where is the random error satisfying a.s. and the
aim is to estimate a density of , it follows from the proofs
that Theorem 1 and Corollary 1 remain valid if we set .

Remark 3: The techniques introduced in the proofs of The-
orem 1 and Corollary 1 can be applied in the context of estima-
tion of the density of the residuals in a nonparametric regression
model. Here, we assume that has a density , and
we try to estimate using the data .
To do this, we compute first a regression estimate

and use then

as estimate of . Assume ,
and

(12)

We argue as in the proof of Theorem 1, where we use

(where is the joint probability measure of ) and replace
by ). Then, we obtain weak con-

sistency:

in probability. It follows from [30] that there exist weakly uni-
versally consistent regression estimates, so for each distribution
of , we can find a sequence of bandwidths (depending
on this distribution) such that (12) holds. Observe that this result
does not require that and are independent.
It is an open problem, whether the same result also holds for

a fixed sequence of bandwidths and a fixed sequence of
regression estimates.

IV. LINEAR INTERPOLAND

In this section, we look at a very specific choice of , the
linear interpoland, when , and in addition,
is twice continuously differentiable and the distribution func-
tion of satisfies for some : , ,
and on , is twice continuously differentiable with first
derivative bounded away from zero and with second derivative
uniformly bounded on . (Equivalently, has a continu-
ously differentiable density on that is bounded away from
0 on that interval.) These assumptions imply that exists,
has on a uniformly bounded second derivative, and that

is twice continuously differentiable with uniformly
bounded second derivative on .
Two observations are crucial: first of all, the total variation

error is invariant under componentwise monotone transforma-
tions of , if we wish to estimate the density of . Second, if
is known, as in model (iii), then the probability integral trans-

form can be used and can be replaced by , where is
the (known) distribution function of . In particular, for ,

we may in all cases assume, without loss of generality, that
is uniformly distributed on . This is called the canonical
version of the problem.
The canonical version above corresponds to the case ,

where we assume that (i.e., ) is explicitly known. In the
sequel, we take a slightly more realistic stance and assume
instead that . Let be the empirical distribution
function for , and let be the linear
interpoland of (where
the first and the last linear part are extended to and ,
respectively). Observe that is well defined for

even if for
some . For , we require that

is equal to some such that . Let
be the order statistics of , and set

if
if
if .

Then
(13)

Consequently, if we demand that
(so that assumption (6) is satisfied), the estimate is weakly
-consistent.
Proof of (13): Let be the linear interpoland of

. For , set

if
if
and
if .

In case , is an upper bound on
the distances of to the two closests values among

. Let be arbitrary. First, we
assume . In this case, we have

Since

for some , is
Lipschitz continuous with Lipschitz constant bounded
by , from which we conclude

Authorized licensed use limited to: McGill University. Downloaded on August 06,2026 at 10:42:20 UTC from IEEE Xplore.  Restrictions apply. 



1922 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 59, NO. 3, MARCH 2013

By construction of and of , for any
, there exists satisfying

(In case for
some and some , we set

.) Consequently, setting
, we get by using again the Lipschitz property of

:

Finally, to bound , we observe that is equal
to the value of the first term of the Taylor series of
around and evaluated at , and that this Taylor series polyno-
mial satisfies

Hence, setting , it suffices to bound

Since both expressions are linear interpolands of functions at
points with -values and -values

and , respectively, their maximum dis-
tance for is bounded by the distance
between and its Taylor series approximant evaluated
at the two -points closest to , which have distance less than

from .
Summarizing the above results, we get for

For , we get (by using the Lipschitz property of
)

and for , we have

This implies

Fig. 1. Density estimates in the first model.

Using the Dvoretzky–Kiefer–Wolfowitz inequality (see
[15]), we can conclude

Furthermore, using the fact that is uniformly distributed
on , we get
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Fig. 2. Boxplots in the first model.

where the last inequality follows by partial integration. Finally,
we observe

Remark 6: For , we may assume that has a copula
distribution (i.e., a distribution with uniform marginals). In this
case, it is not necessary to assume that has a density .

V. APPLICATION TO SIMULATED DATA

In this section, we illustrate the finite sample size perfor-
mance of our estimates by applying them to simulated data.
In our first example, we set for indepen-

dent standard normally distributed random variables and
and choose for

In this case, is normally distributed with expectation 2 and
variance . We estimate the density of by the esti-
mate introduced in Section II, where we use a fully data-driven
smoothing spline estimate to estimate the linear function . For
this purpose, we use the routine from the library

Fig. 3. Density estimates in the second model.

in the statistics package . For the weights, we use three dif-
ferent values: (in which case, we use only the real data),

(in which case the estimate is based only on the arti-
ficial data) and (in which case, we use real
and artificial data and all data points have the same weight).
We set and and choose the bandwidths
by minimizing the -errors of the estimate via comparing the
estimated density with the true density (so we assume that we
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Fig. 4. Boxplots in the second model.

have available an oracle which chooses the optimal bandwidth,
so that we can ignore effects occurring because of improper
choice of the bandwidths). Fig. 1 shows the three estimates and
the true density in a typical simulation. Since the result of our
simulation depends on the randomly occurring data points, we
repeat the simulation 100 times with independent realizations
of the occurring random variables and report in Fig. 2 boxplots
of the occurring -errors (where we approximate the integrals
by Riemann sums in order to compute the -errors approxi-
mately). Comparing the boxplots in Fig. 2, we see that the me-
dian of the -errors in case of the estimate which uses only real
data (0.1097) is nearly twice as big as the median of the -er-
rors of the estimate which uses only artificial data (0.0648). If
we assign the same weight to every data point, it is even smaller
(0.0612).
In our second example, we set for inde-

pendent standard normally distributed random variables
and and choose for

Then, is chi-squared distributed with two degrees of freedom.
We define the estimate as in the first example. Again Fig. 3
shows the three estimates and the true density in a typical sim-
ulation, and in Fig. 4, we compare boxplots of the -errors of
the estimate. From Fig. 4, we see that the median -error of the
estimate with (0.1426) is well below the first estimate
with (0.2208). The median of the estimate which uses
real and artificial data is the smallest (0.1321).
In Figs. 5 and 6, we repeat the same simulation choosing

as a standard-normally distributed random variable and

Fig. 5. Density estimates in the third model.

. In this case, is log-normally distributed.
Fig. 6 shows the same results as before. The estimate which uses
only real data is again the worst (0.2221). If every data point has
the same weight, the mean -error (0.1341) is smaller than if
we use only artificial data (0.1402).
To examine the influence of the parameter , we set in the

third model and . After
100 repetitions, we calculate the empirical mean and standard
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Fig. 6. Boxplots in the third model.

deviation of the approximated -error of the estimate where
. Both decrease when we raise the parameter :

In this example, the speed of decrease of the error does not seem
to get smaller for up to 1600, which might be due to the fact
that our regression estimate of is rather good.
Finally, we illustrate the usefulness of our estimation proce-

dure by applying it to a density estimation problem in a simula-
tion model. Here, we consider the load distribution in the three
legs of a simple tripod. More precisely, a static force is applied
on the symmetric tripod to induce mechanical loading equiva-
lent to the weight of 4,5 kg in its three legs. On the bottom side
of the legs, force sensors are mounted to measure the leg’s axial
force. For a safe and stable standing of the tripod, the legs are an-
gled with from the middle axis of the connecting devise.
Engineers expect that if the holes where the legs are plugged in
have a diameter of 15 mm, a third of the general load should be
measured in each leg. Unfortunately, a gouging of exactly 15
mm is not possible in the manufacturing process. In the simula-
tion, we assume that the diameters behave like a standard nor-
mally distributed random variable with expectation 15 and stan-
dard deviation 0.5. Based on the physical model of the tripod,
we are able to calculate the resulting load distribution in de-
pendence of the three values of the diameter. Since in this case
the real density is unknown, we repeat the simulation 10 000
times to generate a high sample of relative loads. For simplicity,

Fig. 7. Density estimates in the fourth model.

we consider only one leg of the tripod. Application of the rou-
tine density in the statistics package to these 10 000 observed
values leads to the solid line in Fig. 7. We calculate our esti-
mates as described before using 200 real and 800 artificial data.
Again the estimates that use artificial data achieve better results
than the estimate with . The difference between the es-
timate with and the estimate with is
not visible.
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VI. OUTLOOK

The consistency result gives us only general guidelines for
the joint choice of and . The rate of convergence of

needs to be studied in detail. This can only
be attempted if we specify the data-dependent weight function
. It is clear that the individual rates of

will form the basis of such a study.
Help can come from only if it performs well. Our exam-

ples outlined a few possible situations. The discrete analog of
the previous section shows evenmore dramatically the improve-
ments one can expect if is very large.
There is also a need to develop a suitable minimax theory for

our estimation problem for appropriate subclasses of distribu-
tions of and regression functions .
Even further afield, one might consider vector-valued regres-

sion functions .
Finally, our generic estimate itself was kernel-based. It is of

interest to explore a nearest neighbor or space partitioning ver-
sion for both and the definition of .
In this respect, Györfi and Walk [20] have embarked on a

study of the performance of density estimates based on those
functions. They obtained explicit rates of convergence under
certain smoothness assumptions.

APPENDIX
PROOF OF THEOREM 1

We prove only the almost sure version of the Theorem 1. The
other part can be derived in the same way. Since

it suffices to show

(14)

almost surely and

(15)

almost surely. Equation (14) follows from [7], so it suffices to
show (15).

As in the proof of Theorem 1 in [9], we conclude from Mc-
Diarmid’s inequality (cf., [25]) that (15) is implied by

(16)

almost surely, which we show in the sequel.
Set for . By Scheffé’s Lemma, we

know

for any ; hence, it suffices to show that we have for any
compact set

(17)

almost surely. Since

(18)

this in turn is implied by

(19)

almost surely and

(20)

almost surely.
In the first step of the proof, we show (19). By

Cauchy–Schwarz and the inequality of Jensen, we have
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Using the theorem of Fubini and the conditional independence
of , we get

from which we conclude (19) via (1).
In the second step of the proof, we show (20). Let be

an arbitrary compact set, let be arbitrary, and let be
defined as in the theorem. Then

Since is the naive kernel, we have for any in case
that

which implies

Using this and (18), we conclude that we have in case
[which happens for sufficiently large with

probability one by assumption (5)]

By Lebesgue’s density theorem (cf., e.g., Theorem 2 or Theorem
3 in [10]) and (1) and (5), we know that

for almost all with probability one, which implies (via
the dominated convergence theorem)
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almost surely. Furthermore

Summarizing the above result, we get

almost surely, and with this implies (20). The proof is
complete.
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