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Abstract

We study the measure of a typical cell in a Voronoi tessellation defined by n independent
random points X1, ..., X, drawn from an absolutely continuous probability measure
with density f in R, We prove that the asymptotic distribution of the measure — with
respecttodi = f(x) dx —of the cell containing X given X; = x is independent of x and
the density f. We determine all moments of the asymptotic distribution and show that the
distribution becomes more concentrated as d becomes large. In particular, we show that
the variance converges to 0 exponentially fast in d. We also obtain a bound independent
of the density for the rate of convergence of the diameter of a typical Voronoi cell.
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1. Introduction

Let Xi,..., X, be independent and identically distributed (i.i.d) random vectors taking
values in R¢. We denote the common distribution of the X; by . We assume throughout the
paper that u is absolutely continuous with respect to the Lebesgue measure A and denote the
density of u by f.

Let Sy, ..., S, be the random subsets of R? such that S; contains all points in R4 that are
strictly closer to X; than any other point in {X1, ..., X5} \ {X;}. Formally,

S~=[xe]Rd: x—X;|| < min x—X; }
, b= Xil < _ min flx = X

The notation {Si, ..., S,} is a so-called Voronoi tessellation and the S; are the Voronoi cells.
Here || - || denotes the usual Euclidean norm.

In this paper we are interested in the measure of a ‘typical’ Voronoi cell. In particular, we
study the conditional distribution of the random variable 1(S1) conditioned on the event that
X1 = x for some x in the support of . Equivalently, we study M, (x) where, for any x € R¢,
M, (x) is the p-measure of the Voronoi cell S| with nucleus x associated with the point process
{x, X2,..., Xn}.
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On the measure of Voronoi cells 395

Note that since Z;;l u(S;j) = 1and u(Sy), ..., u(Sy) are identically distributed, we have
nE[1(S1))] = 1.In Theorem 2.1 we prove that, for u-almost all x, we have nEM,, (x) — 1. We
also show that n2E[M,, (x)?] converges to a limit that is independent of x and the distribution x.
In fact, we prove that for p-almost all x, n M, (x) has a limiting distribution that only depends
on the dimension. We show that the limiting distribution becomes more concentrated as the
dimension d grows. In particular, the variance converges to 0 exponentially fast in d.

Finally, we study the diameter diam(S;) of the Voronoi cell centered at X;. We show that
for p-almost all x, conditional on X = x, diam(S;) converges to 0 at a rate of n~1/¢,

Throughout the paper, By, denotes the closed ball of radius » > 0 centered at x € R?.

Motivation and related work. Nearest-neighbor-based estimators are among the most basic
and popular tools in addressing classification, regression, density estimation, and other problems
in nonparametric statistics; see Biau and Devroye [2] for a recent survey. Many of these
estimators build on a Voronoi partition of the space based on data drawn from an unknown
density. In statistics it is important to understand the behavior of the estimators under as
few assumptions as possible on the distribution of the data. In particular, the measure and the
diameter of the Voronoi cells give valuable information about the properties of nearest-neighbor
estimators. The distribution-free results derived in this paper were motivated by and contribute
to the understanding of such estimators.

The measure of a ‘typical’ cell in a Voronoi tessellation has been mostly studied in the case
when the points are drawn from a homogeneous Poisson process. Asymptotically, as n — oo,
this is equivalent to the special case of drawing n points from the uniform distribution & on
(say) the unit ball. The study of the (Lebesgue) measure of Voronoi cells dates back to at least
Gilbert [7] who derived formulas and numerical estimates for the second and third moments of
the measure of a Voronoi cell when d = 2 or 3. See also [3], [4], and [8].

Our notion of the distribution of a typical cell is analogous to the so-called ‘Palm distribution’
of the volume of a Voronoi cell in stochastic geometry; [5], [12], and [13].

The authors in [3], [4], [8], [9], [10], and [16] studied characteristics of ‘typical’ cells in a
Voronoi tessallation of a homogeneous Poisson process, including the second moment of the
volume.

The results of the paper may be easily extended to inhomogeneous multidimensional Poisson
processes. This extension is relevant for modelling mobile communication networks; see [1].

For a survey and comprehensive treatment of Voronoi tessellations, we refer the reader
to [14].

2. Convergence of the first two moments

Theorem 2.1 below establishes the asymptotic value of the first and second moments of the
measure of a typical cell centered at a point x. The remarkable feature is that the asymptotic
values are independent of both the density f and the point x (for p-almost all x) and only
depend on the dimension d. In fact, in Theorem 3.1 we show that the limit distribution is also
independent of f and x. We emphasize that both theorems hold without any assumption on the
density f.

The asymptotic second moment is expressed in terms of a random variable W defined as
follows. Let Y be a random vector uniformly distributed in B, ;. Define 1=(1,0,0,...,0) €
R? and let B = Bg ; U By, |y Introduce the random variable

W= A(B)
A(Bo.1)

2.1
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396 L. DEVROYE ET AL.

(recall that A denotes the Lebesgue measure) and let
2
Theorem 2.1. Let (1 have a density f. Then, as n — 00,
(i) nEM,(x) — 1 for p-almost all x;
(ii) n2E[M, (x)?] = a(d) for u-almost all x.

In Section 4 we obtain estimates for the asymptotic conditional second moment a(d).
In particular, in Theorem 4.1 we show that for all dimensions, 1 < «a(d) < 1 + 6(%)‘” 2
and, therefore, the asymptotic variance of ©(S;) (conditioned on X; = x) decreases to 0
exponentially in d.

Lebesgue density theorem. The proofs use a version of the Lebesgue density theorem that
we recall first.

Let B be the class of all closed balls of R containing the origin. We say that x is a Lebesgue
point for f if, for all sequences By € B with L(By) | 0,

lim fx+Bk fdy

am By ™

Let A be the set of all x € R? such that f(x) > 0 and x is a Lebesgue point for f. Then
1(A) = 1 by Wheeden and Zygmund [15, pp. 106-108]. See also [6, Chapter 2].

Proof of Theorem 2.1. (i) Observe that

EMy(x)] = P{Xp41 € St | X1 =x} = P{ﬂ{xi ¢ Bx,.., "xm_x"}} =E[(1 - Z(x)"™ ",
i=2

where Z(x) = u(Bx,|x—x|). (Recall that both X and X, are independent of Xy, ..., X,
and have the same distribution.) First note that

nE{(1 = Z(x))" 1} > 1

whenever
lziil(}Z_IP{M(Bx,ux—xu) <z=1 22)

To see this, suppose that (2.2) holds and for every ¢ > 0 there is a § > 0 such that |P{Z(x) <
z} — z| < ze whenever z € (0, §). But then

nE{(1 - Z(x))"™!}
1
= n/ P{(1 - Zx)" ! > 1} dr
0
1
=n(n-1) fo P(Z(x) < z}(1 —2)" % dz
(by a change of variables)

) )
—n(n—1) f PZ(x) < 2)(1 — 2" 2dz +n(n — 1) / P(Z(x) < 2)(1 — "2 dz
0 0
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On the measure of Voronoi cells 397

s
=n(n— 1)/ z(1+ p@)P{Z(x) < z}(1 — z)"'2 dz + 0(n*(1 - &)™)
0

(where |p(2)| < &)
=14 0(s) + O(n*(1 = &)).

The intuitive reason of why (2.2) should hold is that for any x, w(By, jx—x|) is uniformly
distributed on [0, 1] and that u(Bx, | x—x|) is stochastically close to u(By | x—x|) When || X —x||
is small in a sense specified below. The rest of the proof establishes the convergence (2.2).
By the Lebesgue density theorem, it suffices to prove (2.2) for all Lebesgue points x with
f(x) > 0. Fix such a point x. Since, for any sequence By € B with A(By) | 0, we have

u(x + By)

rc+ By @

for any € € (0, 1) we can find § > 0 (possibly depending on x) such that ||v — x|| < § implies

w(By, jjv—x|) w(Bx jlv—x|)
2o Xy d pArx =Xl
A(By, v—x|) f@)| =ef() o A(Bx,Jlv—x|)

This also implies that, for any v with ||jv — x|| > 4§,

- f)| < ef(x).

U(By, jly—x|) = m(By*5) = (1 — &) f(x)A(Bo,s), (2.3)
m(Bx Jv—x]) = u(Bx,s) = (1 — &) f(x)A(Bo,s),
where v* is the unique point on the surface of By s and on the line segment (x, v]. Take z > 0

so small that z < (1 — ) f(x)A(Bo,s). We again use the fact that u(By,x—x) = U has the
uniform distribution on [0, 1]. We write

W(Bx 1 x=x|) AMBx,|x—-x|)
ABx, | x—x]) #(Bx,|x—-x|)

w(Bx | x—x|) = K (Bx, | x—x|)-

If || X — x| < & then the product of the first two factors is sandwiched between

1—¢ 1+¢
and .
1+¢ 1—¢

By (2.3), we have || X — x| < § if either W(Bx, 1 x=x)) < zor w(By x—x) <2, and, in that
case,

1—-¢ 1+¢
HOBXX=x1) Z 7 #(Brlx—x1) and - pu(Bxjx—x|) = 7 H(Brjx—x))-

Thus,

1—¢
P{u(Bx, x—x)) <2} < P{mﬂ(Bx,llX—xll) < z}
1—¢
<P{—U <
- { 14 — z}
1+

. £
=mm{z ,1}.
1—¢
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398 L. DEVROYE ET AL.

Similarly, for0 < z < 1,

P{u(Bx, x-x)) <z} = P{u(Bx,1x-x)) < 2, |X — x|l < 8}

1+¢
z Pl o #Brx—x)) S 2, I1X — x|l < 5}
= P u(Brgxoxt) <~z X —x]| <8
=PyuBrx—x1) < 7,2 x| <

1—¢
=Piu(Bx,x—x|) < z}

1+¢
~PlU < 1—8z]
T 14e
_1—8
T1te”

This proves (2.2) and Theorem 2.1(i).
(ii) Similarly to the proof of part (i), observe that

E[M,(x)"] = P{X,+1 € S1, Xnt2 € S1 | X1 = x}

n
= P{ﬂ{Xi & B, 1, 1Xns1—x1 Y Bx, o, Ian+2—XII}]
i=2

=E[(1 - Zo(x)" ],
where
Z2(x) = u(Bx, 1 x—x) YU Bx' | x'—x|)
with X and X’ independent and distributed with respect to «. In an analogy with the argument
of part (i), in order to prove that

lim n2E{(1 — Zo(x))""!} = a(d),
n—oo
it suffices to show that, for w-almost all x,

lim 2 P(R(Bx,1x—x1 U Bxjx—x1) < 2} = 30(d).

The rough idea of the proof is as follows. The approximate equalities are made rigorous below.
For small z,

Z2P{u(Bx, ) x—x YU Bx jx—x) < 2}
_ 2 { H(Bx,1x—x Y Bx',|x'—x))
max{u(Bx,|x—x|)» L(Bx' jx'—x)}
220 Z_QP{ u(Bx, | x—x| U Bx' | x'—x|)
max{u(Bx,|x-x|)s L(Bx' | x'—x|)}

max{u(Bx, | x—x|)» M(Bx' jx'—x)} < Z}

max{u(By,jx—x|)» #(Bx,x—x|)} < z]
20 2 2P(W max{U1, U} < 2}
(where Uj, U, are i.i.d. uniform and independent of W)

=7 2P{WU? < 2}
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On the measure of Voronoi cells 399

2 2
- 72| m.1)|
z—0 1
To prove the desired limit formally, as before, by the Lebesgue density theorem, we may assume

that x € R? is such that f(x) > 0 and x is a Lebesgue point for f. A key point of the proof
uses coupling. Let (Y1, ¥7) be the canonical reordering of (X, X') such that

Y2 —x|| > | Y1 — x]|

and introduce M = max(||X — x|, | X’ — x||) = ||Y2 — x||. Define the random variable N by

1 i =X
N = %f Yi=X
2 ifY,=X
Then set V, = Y, and let V; be uniformly distributed on By |y, such that V; is maximally
coupled with Y; given Y. From Doeblin’s coupling argument,

P{Y, £ V1 | Ya) = f @) = fr, ()] dv,

where fy, and fy, are the conditional densities of Y7 and V) given Y».
Choose § > 0 so small that for M < §, we have, simultaneously,

M(g: M) [ —e), FEA + o,
w(Bx, | x—x) Y BX’,llX’—xll)
A(Bx,1x-x YU Bx',jx'—x|)

uBx.m) | A(Brm) 1
ABx,m) |(Bx,p)  f(x)

e[f()A =2, FOA +8)],

1
A(Bx,m) f(x) JB, y

[f() — f(x)|dv <e.

Such a § exists by three applications of the Lebesgue density theorem. (Recall that x is a
Lebesgue point.) Since

f()

Mn) = w(Bx | v,—x|)

1
lyeB,,, and fy,(v) = )»(B—leeBx’M’

(where 1 denotes the indicator function) we have, writing B = By u,

flfy,(v) — fr@)dv =f

»(B) i(B) A(B)\ v

MB) f(v)
-A(B)/f( )‘u(B) f(x)‘ vt ‘
_wB[AB) 1 1 _
“AB | wB ~ fo| T FaAB) f|dv

<e¢
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400 L. DEVROYE ET AL.

if M < §, by choice of 8. Finally, define a pair of random variables (V, V'), both taking values
in R4, as
Vi, V; if N =2,
V. V)= V1, V) l
Vo, V) ifN=1.
The argument above implies that
P{(V, V') # (X, X') | M} < 1yss + In<s 36

Since Py
(W(Bx, 1 x=x)» L(Bxjx'—x)) = (U, U"),
where U and U’ are independent uniform [0, 1] random variables, we have
1w(Be.y) = max(U, U') £ VU.
By construction, V; is uniform on By |jy,—x|, S0 that, given Y2,

A(By,,|v,—x) Y By, iri—x)) £
A(Byy,iv2—x1)

where W was defined in (2.1). To complete the argument, set

W,

Bx = Bx,|x—x|» Bx' = Bx' | x'—x||» M =max(| X — x|, | X" — x|)).
Then
w(Bx U Bx') A(Bx U Bx') A(Bx u)
w(Bx U By/) = ——w(By, M) :=r1rarary.
X?7 ABxUBx) ABewm) wBom)
Note that

ri € [f(x)(1 —&), f(x)(1+¢&)] when M <3,

and, similarly,

1 1
r3 € [f(x)(l +¢e) f(x)(1 - 8)] when M < 6.
When (X, X’) = (V, V'), we have
)‘(Bx,M)

with W independent of
£
ra=u(Bem) = VU.

Thus, since for small enough z, u(Bx U By/) < z also (B m) < z implies that M < § (as
argued in the proof of (2.2)), for such z, we have

P{u(Bx UByx) <z, (X, X)=(V,V)} < P{i—_—i_—zw«/ﬁ < z}.

Write

P{u(Bx U By') <z} =P{u(Bx UBx)) <z, M <8} +P{u(Bx UBx/) <z, M > é}.
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On the measure of Voronoi cells 401

Clearly,
P{u(Bx UBx) <z,M > 6} =0

for small enough z. For such a z, we have

P{u(Bx UByx) <z,M <8} =P{u(Bx UBy) <z, M <§,(X, X') # (V, V")}
+P{u(Bx UBy) <z, M <8, (X,X") = (V, V))}

=4q1tq.
We have
q1 < P{u(Bx) < z}P{u(Bx’) < z}Sur;P{(X, X)# WV, V)| M < p)
p<
=221 +o(1)) sup P{(X, X") # (V, V') | M < p} (according to (2.2))
p<é
=z2(1 +0(1))e (by the choice of 8).
Also,
q2 < P{u(Bx UBy/) <z, M <8}
1—
< ]P’{ “fwJT < z]
1+¢
1+e\2 [ 1],
< —
-(l—e)E{Wzk
_(1+ 8>2z2a(d)
“\l-¢ 2
On the other hand,
P{u(Bx U By') < z}
>P{u(BxUBx) <z, M <§,(X, X") = (V,V')}
1 M By U By
> + & MBy V)M(Bx,M)Sz,MS& X, X" =(,V)
1—¢ A(Bxm)
14+ & A(By U By) ,
=P = !
{ 1—¢ A(Bom) u(Bx,m) <z, (X, X')=(V,V)
= A — B,
where
14+ & A(By U Byr)
A= N
P T=¢ AGBom) w(Bx,m) < Zl
1
=P{; + i WU < z]

_ z(1 —¢) 2
=F Uf(W(1+8))]

) min{(z(l——é‘))z 1“
- Wl+e¢))’

3 1-e\? ,a(d)
—-(1—0(1))<T) -

&
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402 L. DEVROYE ET AL.

(by the dominated convergence theorem) and

1+ ¢ A(By UBy) , ,
B <z XX

1_8 A.(BX’M) I"L( X,M)_Z’( ) )#(V,V)

< P{u(Bx,m) <z, (X, X") # (V, V"))

=P{u(Be,y) <z, M <8, (X, X") # (V, V")

5=

< P{M(Bx U By') ° < M <8, (X, X)) #(V, V’)}

1424 —
= 0(1)z%¢ (by the choice of §).

Since ¢ was arbitrary, this concludes the proof of Theorem 2.1(ii). O

3. Convergence in distribution

In the next result (Theorem 3.1) we determine the asymptotic distribution of M, (x). We do
this by determining the asymptotic moments of the limiting distribution. Once again, the limit
is the same for p-almost all x.

In order to describe the asymptotic moments, for any positive integer k, define the random

variable
W, = A(B1 1 U By, iy Y- -- U By v )

A(Bo,1) '
where Y1, ..., Y,—1 are independent random variables distributed uniformly in Bp ;. Note that
AMBo2) 4
=W =W =<.-- < — = 2%,
A(Bo,1)

Now we may define a nonnegative random variable Z with moments

k
k

We may use Carleman’s condition to verify that the distribution of Z is uniquely defined.
Indeed, note that ]E[Z" ] < k! and, therefore,

© 00
Z(E[Zk])—l/(Zk) > Z(k!)—l/(Zk) = 00,

k=1 k=1

1
E[Z*] = ]E[—k——] fork > 1.
W

and Carleman’s condition is satisfied. Note that if E is an exponentially distributed random
variable with mean 1, then

k! E\*
E[E"] =kl > E[Z] > 3 = E[(F) ]
We also have
ad 1
E[e*?] < Zsk =1 for0<s <1
k=0
and

00 k
z s _ 1 d
E[e’ ]zkio(z—d) _—l—s/Zd for0 < s < 29.

The next theorem establishes the convergence announced above.
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On the measure of Voronoi cells 403

Theorem 3.1. Let y have a density f. Then, for p-almost all x, the random variable nM,,(x)
converges, in distribution, to Z.

Note that for the case of a Voronoi tessallation of R defined by a Poisson point process
of constant intensity, Zuyev [16] described the distribution of the volume of the so-called
‘fundamental region’ of the cell containing the origin, conditional on having a point at the
origin, as a mixture of gamma distributions. The fundamental region contains the Voronoi cell.
Since this distribution equals the limit for the uniform density and our result is density free, the
random variable Z described here is stochastically dominated by the same mixture of gamma
random variables.

In the case of d = 1 it is easily seen that Z is distributed as (E; + E7)/2, where E1 and E;
are independent exponentially distributed random variables with mean 1.

Since the proof of Theorem 3.1 is an extension of that of Theorem 2.1(ii), we only sketch
the arguments.

Sketch of the proof of Theorem 3.1. By the moment method, it suffices to show that for all
Lebesgue points x € RY with f(x) > 0, and for all k£ > 1, we have

El(n M, (x))*] - E[Z*].
As we argued in the k = 2 case in the proof of Theorem 2.1,
Eln* M, (x)}] = n*E[(1 — Z(x))" ™11,

where
Zi(x) := u(Bx,,1x,—x) U - - U Bx; 1 x,—x|)
is such that
P{Zk(x) <z} 20 P(WU* < 2}
zk zk
where U is uniform [0, 1], independent of Wj. Here we use the fact that

’

L L 1/k
max u(Bo,x;)) = max U; =U /
<i<k I<i<k

with the U; being independent and uniform on [0, 1]. The equivalence <20 above can be
proved by the same arguments as detailed in the proof of part (ii) of Theorem 2.1.
As in the proof of Theorem 2.1, in order to show that

E[n*M,(x)*] — E[%]

it suffices to show that
1
. —k _
lzlf(}z P{(Bx,, 1 x,—x U - - - U Bxy | x,—x)) < 2} = E[W‘]
By the approximation above,

z k]P{I.L(Bxl,Ile—xII U---u BXk,HXk—x") < z} 2 Z kP{WkUl/k < Z} 2 E[W]
k
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404 L. DEVROYE ET AL.

4. Some values of o (d)

In this section we investigate the asymptotic second moment «(d). Since the limiting first
moment is equal to 1, we must have a(d) > 1. On the other hand, for all d, we have a(d) < 2.
To see this, simply note that

2 2
a(d) = E[_z] < E[_z] =2.
W3 Wi
4.1. Large values of d
Here we show that for large values of d, «(d) approaches 1 exponentially fast.
Theorem 4.1. Foralld, 1 < a(d) <1+ 6(3)%/2.

Proof. Define
A =By, B =By, and C =By,

where Y is uniformly distributed on A. Recall the definition of the random variable W:

_ ABUC) _ &
W= _—_)»(B) andlet U = AB)"

Observe that U is uniformly distributed on [0, 1]. We write
2 2 1 wo\? w2
d)-1=E—-——|[=2E|—=(1-| —— <2E|l-{—— ,
“@ [W2 (1+U>2] [W ( (1+U) )]‘ [ (1+u>]

since W > 1. We have
2
2(1 - l) <2
1+U

and
W o\? (1+U—-W)1+U+ W)
21— (——) | =2
[ (1+U)] L (1+0)? ]
<4'1+U—W]
| 14U
_4' ABNC) ]
| A(B) +A(C) |
Thus,

a(d) — 1 < 2E[1yes] +4E[ MBNC) Y¢B]~

A(B) + A(C)
We complete the proof by showing that

dj2

Ellyes] < (3) @.1)

AMBNC) 3\ %2
ot =) 2

and
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On the measure of Voronoi cells 405

A
B
FIGURE 1: The sets A, B, and Bb,m-
For (4.1), note that
MANB)  ABy, 377 3\%2
Eflyes] = < TR (2)
A(B) A(B) 4

where b = (%, 0,0,...,0) € RY, since AN B C Bb’ﬂ/—; see Figure 1.
For (4.2), we bound
AMBNC AMBNB
( ) ly¢s < sup ( ylylD
A(B) + A(C) y¢B M(B) + A(By,|y|)
< A(BN By 1)
= A(B)
(wherea = (},,/2,0,0,...,0) € RY)
A(ANB)
A(B)
3\d/2
<(3)

by arguing as above. That the supremum reached by placing Y (thus, y) at a is clear in two
steps. First, the intersection B N B), |y can only grow by replacing y by y/||y|| since

By 1yl C By/jyl,1-

Next, of all the points on the surface of By ;, but outside By |, the intersection A(B N By |y|,1)
is maximized by placing y at a. O
4.2. Small values of d

It is not difficult to see that a(1) = % Indeed, according to (2.1),

B ifY >0,

B =B UBrivi =BtV Brm=1," Byy| ifY <0

This content downloaded from
96.20.88.211 on Thu, 06 Aug 2026 09:07:25 UTC
All use subject to https://about.jstor.org/terms



406 L. DEVROYE ET AL

we have

W AB) £ |1 with probability 1,
- ~ |1+ U with probability ,

where U is uniform [0, 1]. Hence,

2 1/2 2 1 3
o« =8| 5] =33 +E[qrram)) = Elaron) = 5

Previous work has considered the variance of the Lebesgue measure of the Voronoi cell
containing the origin defined by a homogeneous Poisson process, conditioned on the fact that
a point falls in the origin. From these results, we deduce values of «(d) for d = 2, 3. Indeed
the authors in [3], [7], and [8] showed that «(2) =~ 1.280 176 040 926 7 while the authors in [4]
and [7] showed that «(3) ~ 1.179 032 437 845.

5. On the diameter of a typical cell

Here we prove that, independently of the density, for u-almost all x € R?, conditional on
X1 = x, the diameter of the Voronoi cell centered at X; converges to 0, in probability, at
a rate of n=1/4 in the sense specified in Theorem 5.1. More precisely, for any x € R?, let
D, (x) be the diameter of the Voronoi cell S with nucleus x associated with the point process
{x, X2, ..., X»}. Then we have the following theorem.

Theorem 5.1. Let u have a density f. Then, for u-almost all x € R,

lim lim sup P{n'/¢ D, (x) > 1} = 0.

20 ps00

Proof. A set C C R? is a cone of angle 6 € (0, /2) centered at 0 if there exists an x € R?

with ||x]] = 1 such that
(x,y) (9)}
C = ERd:—ZCOS— .
{y Iyl 2

Let y4 be the minimal number of cones Cy, ..., Cy, of angle 7 /4 centered at 0 such that their
union covers R?. (For example, y, = 8.) Let R,,j, j = 1, ..., y4, be the distance between x
and the nearest neighbor among X», ..., X, belonging to x + C; (i.e. the cone C; translated

by x). Define R, ; = oo if no such point exists.
We bound the diameter of the Voronoi cell S; by observing that

veey

Dp(x) <2 _max Ry ;.
j=L...va

To see this, consider an arbitrary point y € S; and let x + C; be a cone (among the covering
cones) containing y. If £; is the nearest neighbor of x among X», ..., X, belonging to x + C},
then ||y — x|| < |ly — &;ll and, therefore, ||y — x|| < Rp,j/(2cos(x/4)). Thus, the diameter
of Sy is at most maxj—1, ...y, Rn,j/ cos(m/4).

A simple extension of the Lebesgue density theorem implies that, if A = Bp,; is the unit
ball centered at the origin then for u-almost all x € R?,

fx+r[C iNA] f

j;{ggw —_A(r[Cj nAD — f(x) asr O, 5.1
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where r[C; N A] = {rx: x € C; N A}. Thus, for u-almost all x, there exists R(x) > 0 such
that, forall 0 < r < R(x),

min / f= rdi(—’-‘lx(cl N A).
J=n¥a Jx4ricjnA] 2
If f(x) = 0 or x does not satisfy (5.1), set R(x) = 0. For any ¢ > 0, we have
tn1/d
Dx>tn_1/dc{maxR~> ]
(Da(x) b max Ruj> =
Yd tn—1/d
- U[x + —7_2—[Cj N A] has no point among X, ..., X,,}.
j=1

Thus, we have
—-1/d

Yd tn
Pin'/? Dy(x) > 1} < Z]P’[x LY

‘We bound the probability of each event in the union as follows:

—~1/d

tn

P{x + ———[C; N A] has no point amon Xz,...,X}

{ ‘\/5 J p g n
tn—1/d

< IP{x + min(R(x), nT)[Cj N A] has no point among X», ..., X,,}

tn'l/d n-l

—1/d d n—1
< (1 _ <min<R(x), ’"T)) AMC1 N A)%)

d,—1
< exp<—(n —1 min(R(x)d, t«/nz_d )(A(Cl N A)%’Q))

and the theorem follows since R(x)? f(x) > 0 for u-almost all x. 0O

[C; N A] has no point among X, ..., X,,}.
j=1

Note that it follows from the proof that, for p-almost every x, there exists a positive constant
C(x) such that
P{n'/Dy(x) 2 1} < yaexp(=(n — DC(x))
and, therefore, the diameter D, (x) has an exponentially bounded tail. This phenomenon has
been observed before for the Poisson—Voronoi tessellation; see, e.g. [11].
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