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Abstract

We study themeasure of a typical cell in a Voronoi tessellation defined by nindependent
random points X', ... ,Xn drawn froman absolutely continuous probability measure p
with density / in Rd. We prove thattheasymptotic distribution of themeasure - with

respect to dp = f(x)dx- ofthecell containing X ' given X' = x is independent of jcand
thedensity /. We determine all moments of theasymptotic distribution and show thatthe
distribution becomes more concentrated as d becomes large. In particular, we show that
thevariance converges to 0 exponentially fastin d. We also obtain a bound independent
of thedensity fortherate of convergence of thediameter of a typical Voronoi cell.
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1. Introduction

Let Xi, . . . ,Xn be independent and identically distributed (i.i.d) random vectors taking
values in Rd. We denote the common distribution of the X; by p. We assume throughout the

paper that p is absolutely continuous with respect to the Lebesgue measure k and denote the

density of p by /.
Let Si , . . . , Sn be the random subsets of Rd such that S¿contains all points in Rd that are

strictly closer to X/than any other point in {Xi, . . . ,Xn] ' {X/}. Formally,

S/= (*eR'í:||*-X¿||< . min ||* - X; ||ļ.

The notation {Si, . . . , Sn] is a so-called Voronoi tessellation and the S/are the Voronoi cells.
Here || • || denotes the usual Euclidean norm.

In this paper we are interested in the measure of a 'typical' Voronoi cell. In particular, we

study the conditional distribution of the random variable p(S') conditioned on the event that

Xi = jcfor some jcin the support of p. Equivalently, we study Mn(x) where, for any x e Rd,
Mn (jc) is the p-measure of the Voronoi cell Si with nucleus jcassociated with the point process
{jc, X2, . . . ,Xn}.
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On themeasure ofVoronoi cells 395

Note that since YTj= i ß(Sj) = 1and /x(Si), . . . ,ß(Sn) are identically distributed, we have

nE[/x(5i))] = 1. In Theorem 2.1 we prove that, for /x-almost all x, we have nEMn(x) 1. We
also show that n2E[Mn (x)2] converges to a limit that is independent ofx and the distribution ļi.
In fact, we prove that for /x-almost all x, nMn(x) has a limiting distribution that only depends
on the dimension. We show that the limiting distribution becomes more concentrated as the

dimension d grows. In particular, the variance converges to 0 exponentially fast in d.

Finally, we study the diameter diam^i) of the Voronoi cell centered at Xi. We show that

for /x-almost all x ,conditional on Xi = x, diam(S'i) converges to 0 at a rate of n~x¡d .
Throughout the paper, Bxr denotes the closed ball of radius r > 0 centered at x e Rd.
Motivation and related work. Nearest-neighbor-based estimators are among the most basic

and popular tools in addressing classification, regression, density estimation, and other problems
in nonparametric statistics; see Biau and Devroye [2] for a recent survey. Many of these
estimators build on a Voronoi partition of the space based on data drawn from an unknown

density. In statistics it is important to understand the behavior of the estimators under as
few assumptions as possible on the distribution of the data. In particular, the measure and the

diameter of the Voronoi cells give valuable information about the properties of nearest-neighbor
estimators. The distribution-free results derived in this paper were motivated by and contribute
to the understanding of such estimators.

The measure of a 'typical' cell in a Voronoi tessellation has been mostly studied in the case
when the points are drawn from a homogeneous Poisson process. Asymptotically, as n -> oo,
this is equivalent to the special case of drawing n points from the uniform distribution /xon
(say) the unit ball. The study of the (Lebesgue) measure ofVoronoi cells dates back to at least
Gilbert [7] who derived formulas and numerical estimates for the second and third moments of
the measure of a Voronoi cell when d = 2 or 3. See also [3], [4], and [8].

Our notion of the distribution of a typical cell is analogous to the so-called 'Palm distribution'
of the volume of a Voronoi cell in stochastic geometry; [5], [12], and [13].

The authors in [3], [4], [8], [9], [10], and [16] studied characteristics of 'typical' cells in a
Voronoi tessallation of a homogeneous Poisson process, including the second moment of the

volume.
The results of the paper may be easily extended to inhomogeneous multidimensional Poisson

processes. This extension is relevant for modelling mobile communication networks; see [1].
For a survey and comprehensive treatment of Voronoi tessellations, we refer the reader

to [14].

2. Convergence of the first two moments

Theorem 2.1 below establishes the asymptotic value of the firstand second moments of the
measure of a typical cell centered at a point x. The remarkable feature is that the asymptotic
values are independent of both the density / and the point x (for /x-almost all x) and only
depend on the dimension d. In fact, in Theorem 3.1 we show that the limit distribution is also
independent of / and x. We emphasize that both theorems hold without any assumption on the

density /.
The asymptotic second moment is expressed in terms of a random variable W defined as

follows. Let F be a random vector uniformly distributed in #o,l• Define 1= (1 ,0, 0, . . . ,0) e
and let B = Bj { (J Byjyy. Introduce the random variable

HB)
W = - - - (2.1)

M*o.i)
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396 L. DEVROYE ETAL.

(recall that k denotes the Lebesgue measure) and let

a(d):= E
-|j].

Theorem 2.1. Let ¡jlhave a density f. Then, as n -> oo,

(i) riEMn(x) -> 1for p-almost all x ;

(ii) n2E[Mn(x)2] -> a(d) for fi-almost all x.

In Section 4 we obtain estimates for the asymptotic conditional second moment a(d).
In particular, in Theorem 4.1 we show that for all dimensions, 1 < a(d) < 1 + 6(|)^2
and, therefore, the asymptotic variance of (conditioned on Xi = x) decreases to 0

exponentially in d.

Lebesgue density theorem. The proofs use a version of the Lebesgue density theorem that

we recall first.
Let <©be the class of all closed balls of Rd containing the origin. We say that x is a Lebesgue

point for / if,for all sequences Bk e IB with k(Bk) ļ 0,

fx+Bkfwdy ,, ,lim = f(x).J,, ,
*-» oo k(Bk)

J

Let A be the set of all x e Rd such that f(x) > 0 and x is a Lebesgue point for /. Then

p(A) = 1by Wheeden and Zygmund [15, pp. 106-108]. See also [6, Chapter 2].

ProofofTheorem 2.1. (i) Observe that

EMn(x)] = P{X„+i e Si I Xi =jc} =
pJQ{X/

i BXn+u
nx„+1-x|}1

= E[(l - Z(x))n~l],

where Z(x) = fi(Bx,''x-x'')- (Recall that both X and Xn+' are independent of Xi, . . . ,Xn
and have the same distribution.) First note that

nE{(l - Z(x))n~1} -+ 1

whenever

limz-1P{/x(5x,||x-x||) < z} = 1. (2.2)
zi0

To see this, suppose that (2.2) holds and for every e > 0 there is a S > 0 such that |P{Z(*) <
z] - z' < zs whenever z e (0, 8). But then

nE{(l - Z(x))n~1}

= n( P{(1 - Z(je))"-1 > t)dt
Jo

= n(n - 1) / F{Z(x) < z}(l - z)n~2 dz
Jo

(by a change of variables)

= n(n - 1) Í F{Z(x) < Z}(1 - z)n~2 áz + n(n-') f F{Z(x) < Z}(1 - z)n~2dz
Jo Jo
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On themeasure ofVoronoi cells 397

p8= n(n - 1) / z( 1+ p{z))P{Z(x) < z}(l - z)n~2dz + 0(n2(1- S)n )
70

(where |p(z) | < £)

= I + 0(s) + 0(n2(l - S)n).

The intuitive reason of why (2.2) should hold is that for any x , ß(Bxjx-jt||) is uniformly
distributed on [0, 1] and that ß(Bx,''x-x'') is stochastically close to ß(BXi'' x-jt||) when ||X- jc||
is small in a sense specified below. The rest of the proof establishes the convergence (2.2).

By the Lebesgue density theorem, itsuffices to prove (2.2) for all Lebesgue points x with

f(x) > 0. Fix such a point x. Since, for any sequence Bk GB with X(Bk) ļ 0, we have

¡i(x + Bk)
JKfix),'{x + Bk)
JK

for any e e (0, 1) we can find 8 > 0 (possibly depending on x) such that ''v - x'' <8 implies

MB»,"-") _ /(J) ^ <ef(x).

This also implies that, for any v with ||u - x'' >8,

ß(BVi''v-jch) ^ ß(Bv* s) > (1 ~ f (x)^(Bo s)ì (2.3)

ß(Bx, u,,-*!!) > p(BXts) > (1 - e)f(x)HBo,s),

where v* is the unique point on the surface of Bx§ and on the line segment (jc, v]. Take z > 0
so small that z < (1 - e)f(x)X(Bo,s)' We again use the fact that ß(Bx,''x-x'') = U has the

uniform distribution on [0, 1]. We write

..,D , ß(BX,''X-x'') WBx,''X-x'') ..,D ,
ß(BXt
..,D

''x-x'')
, = TT r-Tz zP(BXt'

..,D
'x-x'').

,

M#X,||X-;t||) ß{BX,''X-x'')

If IIX - x II< <5then the product of the firsttwo factors is sandwiched between

1-e 1+s
and .

1+ e 1- e

By (2.3), we have ||X - x'' < S if either ß(Bx, ||X-^||) < z or [i(BXt''X-xn) < z, and, in that

case,

1 - £ 1+ £
ß(Bx, ||X-jc||) > ļ + £M(gj,ll-y-x||)

and ß{Bx,''x-x'') < t _ s^iBx,''x-x'')-

Thus,

P{m(^X,||X-x||) < z] < p| ^ + sß(Bx,''X-x'')
<
zļ

=
min1:TT71)-
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398 L. DEVROYE ETAL.

Similarly, for 0 < z < 1,

P{/a(#X,||X-jc||) < z} = P{^(ÄX,||X-*||) < Z, IIX - x|| < 5}

>
p{|^M(ß*,||x-*||)

< Z, IIX-xll < áj
=
pj/ilß^jix-^n)

<
Y^7^z' II*

- *11- 5
J

=
p|/¿(B;t,||x-*||)

<
YļT^z|

-'HîîH
1- £=
ī+ēZ'

This proves (2.2) and Theorem 2.1 (i).

(ii) Similarly to the proof of part (i), observe that

E[M„(*)2] = P{X„+i e Si. X„+2 e Si I Xi = X]

=
p|P){X¿ i Bxn+ļ, ||X„+1-*|| u Bxn+2 ,

||X„+2-jc||}|

= E[(l - Z2(x))"-1],

where

Z2(x) = ß(Bx,''X-x'' U Bx',''X'-x'')
with X and X' independent and distributed with respect to fi. In an analogy with the argument
of part (i), in order to prove that

lim n2E{(l - Z2(jc))"-1} = a(d),n-^oo

it suffices to show that, for /¿-almost all jc,

Hmz_2PU¿(£x,||x-*|| U Äx',||X'-*||) < z} = 'a{d).

The rough idea of the proof is as follows. The approximate equalities are made rigorous below.
For small z,

Z_2P{/i(fix, ||X-x|| U Bx> ,||X'-x||) < 2}

-2m, Í B-{Bx,''X-x'' U Bx',''X'-x'') , ,D , /D Ì= z-2m,
p| , (R r- 7= ZTniax{/i(Äx,||x-jc||).

, ,D ,
ß(Bx',''x'-x'')i
/D < z J

z-*0 -i-miÍ ß(Bx,''X-x'' U Äx',||X'-jc||) , ÍD , ,D <. 1~ 2
-i-mi
P{l max{^.(Äx,||X-x||),nífí T^TŘ^(Bx',''x'-x'')ì

- maxl/ilßjJlX-jrll),
, ÍD ,

lx(BxJX'-x'')}
,D <. z

JJl max{^.(Äx,||X-x||),nífí T^TŘ^(Bx',''x'-x'')ì J
z~° z_2P{W max{t/i ,U2] < z}

(where U', U2 are i.i.d. uniform and independent of W)

= z~2nwul/2 < z]
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=
,-'E[min(iÍ,l)]

»SV'I
[w2]

To prove the desired limit formally, as before, by the Lebesgue density theorem, we may assume
that X e Rd is such that f(x) > 0 and x is a Lebesgue point for /. A key point of the proof
uses coupling. Let (l'i, Y2) be the canonical reordering of (X, X') such that

11*2" *11> 11*1" *11

and introduce M = max(||X - jc||, ||X' - x'') = WY2- x''. Define the random variable N by

fi ify1 = x',

[2 if Y2 = X'.

Then set V2 = Y2 and let V' be uniformly distributed on Bxąv2-x'' such that V' is maximally
coupled with Y' given Y2. From Doeblin's coupling argument,

P{fi # Vi I Y2] =
X-j

IfYx{v) - /Vl(w)|d«,

where fyxand fyxare the conditional densities of Ti and V' given Y2.
Choose 8 > 0 so small that for M < 8, we have, simultaneously,

e [/(*)( 1- e), /(*)(1 + s)],A'"x,M)

uīX'lX~Xi u e [f(x)(l " e)' /W(1 + e)l

V>(BX,M) 1 , 1 [ ' ti ' ti duA ^H, I 'f' ti(v)' - fix)ti duA ~<̂ e.
X(Bx,m) P(BxM) fix)

H
HBxM)f(x) JBx,m

I 'f (v) - fix) ~

Such a 8 exists by three applications of the Lebesgue density theorem. (Recall that x is a

Lebesgue point.) Since

/yi(v) = and /ViOO = 77^- rlV<EBxM,
fX(Bx,''Y2-x'') X(Dx,M)

(where 1 denotes the indicator function) we have, writing B = BXìm,

f !/„(.)-™ /v,(.)|S.1 = Z" 1_
/

!/„(.)-™ /v,(.)|S.1 =
JB |x(B)/i(B) A(B)

áv + J-f'm.livJe I
-

X(B) JB
J ß(B) fix)

+
X(B) Je Ifix)

_HiB)'XiB) 1 1 1 f I_HiB)'XiB)
Mä)|a*(ä) fix) fix) XiB) Jb

f
I

f(x) V

< £
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400 L. DEVROYE ETAL.

if M < <5,by choice of 8. Finally, define a pair of random variables ( V, Vf), both taking values
in Rd, as

(V v') = '(VuV2)
iiN = 2'

|(V2, Vi) if AT= 1.

The argument above implies that

P{(V, V) # (X, X') I M] < 1M>S + 'm<ĄS.

Since

(ß(BXl''x-x ||). ß(Bx,''x'-x'')) = (U, U'),
where U and U' are independent uniform [0, 1] random variables, we have

ß(BxM) = max(U. U') = VZ7.

By construction, V' is uniform on Bxąy2-x''^ so that, given Y2,

u gyi,|ļyi--t]|) ¿ ^

where W was defined in (2.1). To complete the argument, set

Bx - Bx,''x-x''> Bx> - Bx',''x'-x'', M = max(||X - *||, ||X' - jc||).

Then

/d i i d ^ ß(BxV Bx>) HBxV Bx1) HBx,m) ,d ^U(Bx/d Ui iBx')d ^ = lt(5,,d m)̂ '■=rlr2r3r4-
X(BxöBx') X(BxM) I¿(Bx,M)

'

Note that

n e [f(x)( 1- e). f(x)( 1+ e)] when M <8,
and, similarly,

n e , when M < 8.
L/oou +*)/(*)(!

,
-o J

When (X, X') = (V, V'), we have

X(Bx U Bx>) £
ri - = W

HBxM)

with W independent of

r4= ß(BXiM) = VU.

Thus, since for small enough z, ß(Bx U Bx ) < z also ¡jl(BXím) < z implies that M < 8 (as

argued in the proof of (2.2)), for such z, we have

P{ß(Bx U Bx>) < z, (X, X') = (V, V')} <
pļļ^wVZ7

<
zļ.

Write

P{¡£{Bx U Bx') <z}= P{ß(Bx U Bx>) < z, M < 8} + P{ß(Bx U Bx>) < z, M > à}.
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u gyi,|ļyi--t]|) ¿ ^

where W was defined in (2.1). To complete the argument, set
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/d i i d ^ ß(BxV Bx>) HBxV Bx1) HBx,m) ,d ^U(Bx/d Ui iBx')d ^ = lt(5,,d m)̂ '■=rlr2r3r4-
X(BxöBx') X(BxM) I¿(Bx,M)

'

Note that

n e [f(x)( 1- e). f(x)( 1+ e)] when M <8,
and, similarly,

n e , when M < 8.
L/oou +*)/(*)(!

,
-o J

When (X, X') = (V, V'), we have

X(Bx U Bx>) £
ri - = W

HBxM)

with W independent of

r4= ß(BXiM) = VU.

Thus, since for small enough z, ß(Bx U Bx ) < z also ¡jl(BXím) < z implies that M < 8 (as

argued in the proof of (2.2)), for such z, we have

P{ß(Bx U Bx>) < z, (X, X') = (V, V')} <
pļļ^wVZ7

<
zļ.

Write

P{¡£{Bx U Bx') <z}= P{ß(Bx U Bx>) < z, M < 8} + P{ß(Bx U Bx>) < z, M > à}.

400 L. DEVROYE ETAL.

if M < <5,by choice of 8. Finally, define a pair of random variables ( V, Vf), both taking values
in Rd, as

(V v') = '(VuV2)
iiN = 2'

|(V2, Vi) if AT= 1.

The argument above implies that

P{(V, V) # (X, X') I M] < 1M>S + 'm<ĄS.

Since

(ß(BXl''x-x ||). ß(Bx,''x'-x'')) = (U, U'),
where U and U' are independent uniform [0, 1] random variables, we have

ß(BxM) = max(U. U') = VZ7.

By construction, V' is uniform on Bxąy2-x''^ so that, given Y2,

u gyi,|ļyi--t]|) ¿ ^

where W was defined in (2.1). To complete the argument, set

Bx - Bx,''x-x''> Bx> - Bx',''x'-x'', M = max(||X - *||, ||X' - jc||).

Then

/d i i d ^ ß(BxV Bx>) HBxV Bx1) HBx,m) ,d ^U(Bx/d Ui iBx')d ^ = lt(5,,d m)̂ '■=rlr2r3r4-
X(BxöBx') X(BxM) I¿(Bx,M)

'

Note that

n e [f(x)( 1- e). f(x)( 1+ e)] when M <8,
and, similarly,

n e , when M < 8.
L/oou +*)/(*)(!

,
-o J

When (X, X') = (V, V'), we have

X(Bx U Bx>) £
ri - = W

HBxM)

with W independent of

r4= ß(BXiM) = VU.

Thus, since for small enough z, ß(Bx U Bx ) < z also ¡jl(BXím) < z implies that M < 8 (as

argued in the proof of (2.2)), for such z, we have

P{ß(Bx U Bx>) < z, (X, X') = (V, V')} <
pļļ^wVZ7

<
zļ.

Write

P{¡£{Bx U Bx') <z}= P{ß(Bx U Bx>) < z, M < 8} + P{ß(Bx U Bx>) < z, M > à}.

This content downloaded from
� � � � � � � � � � � � � 96.20.88.211 on Thu, 06 Aug 2026 09:07:25 UTC� � � � � � � � � � � � � �

All use subject to https://about.jstor.org/terms



On themeasure ofVoronoi cells 401

Clearly,
F{ß(Bx U Bx') < z, M > 8} = 0

for small enough z. For such a z, we have

P{ß(Bx U Bx') <z,M <8} = P{ß(Bx U Bx>) < z, M <8, (X, X') ¿ (V, V')}
+ P{ß(Bx U Bx ) < z, M < 8, (X, X') = (V, V')}

:=tfi+<72.

We have
qx < P{ß(Bx) < zW{ß(Bx>) < z} supP{(X, X') # (V, V') ' M < p }

p<8

= Z2( 1+ 0(1)) supP{(X, X') £ (V, V') I M < p] (according to (2.2))
p<8

= z2( 14- tf(l))e (by the choice of 5).

Also,
<72< P{ß(Bx U Bx>) <z,M <8}

<p|ļ-- -̂wVU -<z'-
11+ e

-
J

_ / 1+ e'2 z2a(d)
~'T^)
_

2
'

On the other hand,

¥{n{Bx U Bx>) < z}
> ¥{ß(Bx U Bx,) < z, M < 8, (X, X') = (V, V')}

f1+ £X(By U By) . , i
- p Ì1

- irßiBxM) <z,M<8, (X, X')
. = (V, V')

,
[
Ì1 - e k(Bx<M) J

[ 14" £X(By U By) . . 1= P [

[
11

4"

-
£X(By

1(Ti
By)
; V(flr,M) < Z, (X, X')

. = (V, V')
.

[
11- e '{BxM)1(Ti ; J

= A - B,

where
[ 1+ 6 X(By U By) i

=
P{ļ±£Wi7<zļ

=PL<(iíi^yt'
-
'W(l s)J J'

-
'W(l + s)J J

-H(žra)''ll
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402 L. DEVROYE ETAL.

(by the dominated convergence theorem) and

í 1+ S X(By U By) . . 'B = P
1
+ S X(By

K-j-
U By) < z, (X, X')

.
# (V, V')

.

[ 1 - £ HBx,M) J
< nn(Bx,u) < z, (X, X') Jk(V, V')}
= V{p(Bx,m) < z, M <8, (X,X') ¿ (V,V')}

<
p{aí(Bx

u <z,M<8, (X, X') / (V,
V')ļ

= 0(l)z2e (by the choice of S).

Since s was arbitrary, this concludes the proof of Theorem 2.1(ii). □

3. Convergence in distribution

In the next result (Theorem 3.1) we determine the asymptotic distribution of Mn(x). We do
this by determining the asymptotic moments of the limiting distribution. Once again, the limit
is the same for /¿-almost all x.

In order to describe the asymptotic moments, for any positive integer k , define the random
variable

_ Mgy.i u gyi ,uriuu • • •u Byk_t,uroili)
k_~

M5o,i)
where Y' , . . . ,Yk-' are independent random variables distributed uniformly in Bq i. Note that

1= Wx< W2 < ■■• < Ã(g°'2) = 2d.

Now we may define a nonnegative random variable Z with moments

r 1
E[Z*] = E - for & > 1.

L wit J
We may use Carleman's condition to verify that the distribution of Z is uniquely defined.

Indeed, note that E[Zk] < k' and, therefore,
00 00

¿(E [Zk])-l/{2k) > T^(k'y1/{2k) = oo,
k=1 k=1

and Carleman's condition is satisfied. Note that if E is an exponentially distributed random
variable with mean 1,then

We also have 00 i
E[eiZ] ~< V j* = for 0 < 3 < 1~ 1-s

k-0
and

He'ZI Ì
f(^)'

= forO < s < 2d.

The next theorem establishes the convergence announced above.
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Theorem 3.1. Let ¡i have a density f. Then, for ¡i-almost all x, the random variable nMn(x)
converges, in distribution, to Z.

Note that for the case of a Voronoi tessallation of Rd defined by a Poisson point process
of constant intensity, Zuyev [16] described the distribution of the volume of the so-called
'fundamental region' of the cell containing the origin, conditional on having a point at the

origin, as a mixture of gamma distributions. The fundamental region contains the Voronoi cell.
Since this distribution equals the limit for the uniform density and our result is density free, the

random variable Z described here is stochastically dominated by the same mixture of gamma
random variables.

In the case of d = 1it is easily seen that Z is distributed as (E' + E2)/2, where E' and £2
are independent exponentially distributed random variables with mean 1.

Since the proof of Theorem 3.1 is an extension of that of Theorem 2.1(ii), we only sketch
the arguments.

Sketch of the proofof Theorem 3.1. By the moment method, itsuffices to show that for all

Lebesgue points x e Rd with f(x) > 0, and for all k > 1,we have

E[(nM„(x))k] E[Z*].

As we argued in the k ==2 case in the proof of Theorem 2.1,

E[nkM„(x)k] = n*E[(l - Zk(x))n-1],

where

Zk(x) *= p(BXu''Xi-x'' U • • • U Bxk,''Xk-x'')

is such that
i"iztix) < zi - ■«nw,u"' < zi

? ?
•

where U is uniform [0, 1], independent of Wk. Here we use the fact that

max ju(ßo,||x,||) = max U' = ul,k
1<i <k 1<i <k

z- 0̂
with the Ui being independent and uniform on [0, 1]. The equivalence

' ~ ' above can be

proved by the same arguments as detailed in the proof of part (ii) of Theorem 2.1.
As in the proof of Theorem 2.1, in order to show that

E[nkMn{x)k' -+
k[£].

itsuffices to show that

zIoZ~*1P{/^ß*l'l|A,i_*11
u " ' u BXk,''Xk-x'') < z) = e1^-f

.

By the approximation above,

Z~kf'{Ļl(Bxu''Xl-x'' u • • • U ßxt,||Xt-x||) < z] Z~° Z~k1P{WkUl/k < z} z~° fil" - J .
L k-
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404 L. DEVROYE ETAL

4. Some values of a (d)
In this section we investigate the asymptotic second moment a(d). Since the limiting first

moment is equal to 1, we must have a(d) > 1. On the other hand, for all d,we have a (d) < 2.
To see this, simply note that

atf) = e'-L -<E -L] =2.
lw¡}

-
Iwfj

4.1. Large values of d

Here we show that for large values of d, a (d) approaches 1exponentially fast.

Theorem 4.1. For all d, 1 < aid) < 1+6(f)d/2.

Proof. Define
A = B0,1, B - and C = By,''y'',

where Y is uniformly distributed on A. Recall the definition of the random variable W:

TI7 X(BUC) À(C)TI7W = and let U = .
X(B) k(B)

Observe that U is uniformly distributed on [0, 1]. We write

«tf) - 1= e[*
|_W2

= 2e'-L(iL^2V
-

u) )1~
< 2e|"L

1- f-ĪLVl, J|_W2 (l + U)2]
=

L^2V
-

'l + u) )1~ L
-

'1 + £// J

since W > 1. We have

2r1_fj!Lyļ<2v). 'i + v)
and

2fi _ (
w

'2ļ = Jd + u -W)(i + u + wy
L

_
'i + f// J

=
L (i + t/)2

"1 + u-W'< 4~
L i + u J

_
F À(gnc) i
[x(B) + k(oy

Thus,

a(d) - 1 < 2E[ly6B]
+4e[x^^1^^

.

We complete the proof by showing that

E[1Yeß] < ( ')d/
2

(4.1)

and
r A(ßnc) 1 / 3'd/2E - - 1yìb <1-1 • (4.2)
À(£) + X(C)

yìb
-'4j
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moment is equal to 1, we must have a(d) > 1. On the other hand, for all d,we have a (d) < 2.
To see this, simply note that
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4.1. Large values of d
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Figure 1:The sets A ,B,and Bb^y^.

For (4.1), note that

E[ire„] =
^ n ">

-< = (ł)"'2,'4jX(B)
-

X(B) '4j

where b = (^, 0, 0, . . . ,0) e R'', since A n B C Bb ^ see Figure 1.

For (4.2), we bound

X(B fiC) ^ ^ À(ff Pi#y,||y||)

X(B) + X(C) À(B) + ^(By.1,11)

A.(ß n Ba ')
-

X(B)

(where a - yj', 0, 0, . . . ,0) 6 Md)

à(A n B)~
X(B)

ï (ïf1

by arguing as above. That the supremum reached by placing Y (thus, y) at a is clear in two

steps. First, the intersection B fi#y,||y|| can only grow by replacing y by y/||y || since

IlyIIc By/''y''A-

Next, of all the points on the surface of Bj p but outside Bj p the intersection X(B Pi l)
is maximized by placing y at a. □

4.2. Small values of d

It is not difficult to see that a(l) = 'Ñ Indeed, according to (2.1),

B = BuUBr.,r, = Bu u B,.m =
1®» y ^ ^
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we have

__X(B) X i 1 with probability

M#o,i) 1
1+ U with probability

where U is uniform [0, 1]. Hence,

-
Kf +e[ÕW])

- 1
+E[õw]

-
1-

Previous work has considered the variance of the Lebesgue measure of the Voronoi cell

containing the origin defined by a homogeneous Poisson process, conditioned on the fact that

a point falls in the origin. From these results, we deduce values of a(d) for d = 2, 3. Indeed
the authors in [3], [7], and [8] showed that a (2) & 1.280 176 040 926 7 while the authors in [4]
and [7] showed that a (3) « 1.179032437 845.

5. On the diameter of a typical cell

Here we prove that, independently of the density, for /¿-almost all x e Rd, conditional on
X' = jc, the diameter of the Voronoi cell centered at X' converges to 0, in probability, at
a rate of n~x!d in the sense specified in Theorem 5.1. More precisely, for any x e Rd, let

Dn{x) be the diameter of the Voronoi cell Si with nucleus x associated with the point process
{jc, X2, . . . ,Xn}. Then we have the following theorem.

Theorem 5.1. Let /¿have a density f. Then,for ¡x-almost all x e M.d,

lim limsupF{nl/dDn(x) > t] = 0.
Í->00 n_+QQ

Proof. A set C c M.dis a cone of angle 0 g (0, n/2) centered at 0 if there exists an jc e M.d
with ||jc H= 1 suchthat

icosG0l
Let yd be the minimal number of cones C' , . . . , CYd of angle 7t/4 centered at 0 such that their

union covers R^. (For example, yi = 8.) Let Rnj, j = 1, • • • , Yd, be the distance between x
and the nearest neighbor among X2, . . . ,Xn belonging to jc+ Cj (i.e. the cone Cj translated

by jc). Define Rnj = 00 if no such point exists.
We bound the diameter of the Voronoi cell Si by observing that

Aï(jc) < V2 max Rn ,.
7=1,...,yy

To see this, consider an arbitrary point y G Si and let jc+ Cj be a cone (among the covering
cones) containing y. If ķj is the nearest neighbor of jcamong X2, . . . ,Xn belonging to jc+ Cj,
then IIy - jc|| < ||y -

Ķj || and, therefore, ||y - jc|| < Rnj /(2cos(7T/4)). Thus, the diameter
of Si is at most maxj=i /cos(7t/4).

A simple extension of the Lebesgue density theorem implies that, if A = 2?o,1 is the unit
ball centered at the origin then for /¿-almost all x e M.d,

fx+r[CjnA]f
^11 w vn Dr' /m fW aS r ^ 0 ' ^5'1)

j=l,...,Yd ^{r[Cj
w vn r'D A])/m
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where r[Cj fiA] = {rx : x e Cj fiA}. Thus, for /¿-almost all x , there exists /?(*) > 0 such

that, for all 0 < r < R(x),

min f f > rd ^^-X(Cļ D A).
j=l,-,Yd Jx+rlCjCiA] 1

If /(jc) = 0 or x does not satisfy (5.1), set R(x) = 0. For any t > 0, we have

_i M i tn~l/d 1
{Dn(x) > tn

_i
i/d]
M C I max RnJ > - - |

I y=i ya v2 J
Ydr tn~ì/d Ì

C [J I
jcH-

^=-
[C/ H A] has no point among X2, . . . ,Xn

|
.

Thus, we have

Yd f tn~ì/d Ì
F{nl/dDn(x) >t}< ^Pj x H j=-[Cj ^ M has no point among X2, . . . ,Xn 1.

j=1 1 V2 J

We bound the probability of each event in the union as follows:

Í tn~^¡d 1

Pļjt
H-

-j=- [Cj
fiA] has no point among X2, . . . ,Xn

j
Í / tn~ì/d' Ì<

Pjx
+

minļ^/?(x), J
[Cj fiA] has no point among X2, . . . ,Xn

|

<
exp^-(n

-
l)min^/ř(x)d,

n

and the theorem follows since R(x)df(x) > 0 for /¿-almost all □

Note that itfollows from the proof that, for /¿-almost every jc, there exists a positive constant
C(jc) such that

P{nl/dDn(x) >t}< yd exp(-(n - l)C(x))
and, therefore, the diameter Dn(x) has an exponentially bounded tail. This phenomenon has
been observed before for the Poisson-Voronoi tessellation; see, e.g. [11].
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