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On the Consistency of the Kozachenko-Leonenko
Entropy Estimate

Luc Devroye and László Györfi

Abstract— We revisit the problem of the estimation of the dif-
ferential entropy H(f) of a random vector X in Rd with density
f , assuming that H(f) exists and is finite. In this note, we study
the consistency of the popular nearest neighbor estimate Hn of
Kozachenko and Leonenko. Without any smoothness condition
we show that the estimate is consistent (E{|Hn −H(f)|} → 0
as n → ∞) if and only if E{log(�X� + 1)} < ∞.
Furthermore, if X has compact support, then Hn → H(f)
almost surely.

Index Terms— Differential entropy estimate, consistency con-
ditions.

I. INTRODUCTION

THE differential entropy of a random R
d-valued vector X

with probability density function f is

H(f) = −
�

f(x) ln f(x)dx = −E{ln f(X)} (1)

when this integral exists.
The objective of this paper is to study an estimate of (1)

based on independent and identically distributed samples
X1, . . . Xn, with density f .

Estimation of the differential entropy has a long his-
tory. The early part of that story was described by
Beirlant et al. [2]. Since then, there has been considerable
activity on the topic. There are estimates based on kernel
methods (Joe [21]; Györfi and van der Meulen [17]; Hall and
Morton [18]; Shwartz et al. [28]; Paninski and Yajima [27];
Krishnamurthy et al. [24]; Kandasamy et al. [22]), on wavelet
functions, (Donoho et al. [10]; Delyon and Juditsky [8],
and Chesneau et al. [6]), on partitioning methods (Stow-
ell and Plumbley [34]), and on nearest neighbour strate-
gies (Kozachenko and Leonenko [23]; Tsybakov and
Van der Meulen [35]; Singh et al. [30]; Sricharan, Raich, and
Hero [32]; Sricharan, Wei, and Hero [33]; Singh and Póc-
zos [31]; Gao, Oh, and Viswanath [13] and [12]; Delattre and
Fournier [7]; Lord, Sun, and Bollt [25]; Berrett, Samworth,
and Yuan [3]). Other related work deals with general properties
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of functional estimation (see, e.g., Birgé and Massart [5]) or
sufficient conditions of consistency of the so-called integral
estimate

�
fn log(1/fn) when fn is a general density estimate

(see, e.g., Godavarti [14]).
There has been particular interest in minimax rates of

convergence, culminating in the paper by Han, Jiao, Weissman
and Wu [19] who obtained the minimax rates for classes
of densities on the unit cube of R

d that are Besov balls or
Hölder (Lipschitz) balls of smoothness parameters s. Their
rates are of exact order max(1/(n log n)s/(s+d), 1/

√
n). For

standard Lipschitz densities, the minimax rate is of exact order
1/

√
n (achieving the parametric rate) for dimension one, but

it is 1/(n logn)−1/(d+1) when d > 1. They also construct
a kernel-based estimate that is minimax optimal for these
classes.

Most of the previous work assumes compact support, and
thus sidesteps the thorny issue of infinite tails. The objective
of this note is merely to give a complete characterization
of the consistency of the popular Kozachenko-Leonenko esti-
mate [23] for estimating the differential entropy. Without any
smoothness condition on the density f we study three types
of consistency: strong, L1 and weak.

It is an open research problem, whether there exists an
entropy estimate such that it is consistent under the only
condition that H(f) is finite. The most obvious way of
estimating the differential entropy is the partitioning-based
estimate. If the corresponding partition is deterministic, then
we conjecture that there exist no deterministic partitions such
that the relating differential entropy estimate is a.s. consistent
for any finite differential entropy. The significant breakthrough
in this respect is due to Wang, Kulkarni, Verdu [36] and Silva,
Narayanan [29]. They suggested data-dependent partitioning,
for which the partitioning-based estimates of Kullback-Leibler
(KL) divergence and of mutual information are strongly con-
sistent under the only condition that the KL-divergence and
the mutual information are finite, respectively. We guess that
a universally consistent entropy estimate can be derived from
data dependent partitioning.

For the cross-validation estimate or leave-one-out entropy
estimate, fn,i denotes a density estimate based on X1, . . . Xn

leaving Xi out, and the corresponding entropy estimate is of
the form

Hn = − 1
n

n�
i=1

ln fn,i(Xi). (2)

Kozachenko and Leonenko [23] introduced the nearest
neighbor entropy estimate as follows. Let Rn,i(x), x ∈ R

d,
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be defined by

Rn,i(x) = min
j �=i,j≤n

�x − Xj�,

where � · � denotes the Euclidean norm. Then the nearest
neighbor entropy estimate is

Hn =
1
n

n�
i=1

ln((n − 1)Rn,i(Xi)dvd) + CE , (3)

where CE = − �∞
0

e−t ln tdt = 0.5772 . . . is the
Euler-Mascheroni constant and vd denotes the volume of the
unit sphere in R

d. The estimate in (3) has the form of (2) if
fn,i is a constant multiple of the first-nearest-neighbor (1-NN)
density estimate:

fn,i(x) =
1

(n − 1)minj �=i,j≤n �x − Xj�dvdeCE
.

Notice that this particular fn,i is not consistent in L1,
because �

fn,i(x)dx = ∞.

Furthermore, fn,i(x) is unbounded at the Xj , j �= i. Also,
fn,i(x) does not in general tend to f(x) in probability, i.e.,
the density estimates fn,i are not weakly consistent.

Under some mild conditions on the density f , Kozachenko
and Leonenko [23] proved the mean square consistency.
Biau and Devroye [4] showed that for bounded X ,
if
�

f(x) ln2(f(x) + 1)dx < ∞, then Hn → H(f) in
probability.

For smooth densities, Berrett, Samworth and Yuan [3],
Delattre and Fournier [7] and Tsybakov and van der
Meulen [35] studied the rate of convergence of Hn and of its
extensions to many nearest neighbors. Jiao, Gao, and Han [20]
establish the upper bound

E{|Hn − H(f)|} = O

�
ln n

n1/(d+1)
+

1√
n

�

for the Kozachenko-Leonenko estimate Hn (see (3) above),
uniformly over all Lipschitz densities f with Lipschitz con-
stant ≤ L and support in [0, 1]d. This is within a polyloga-
rithmic factor of the minimax lower bound of Han et al. [19].
We believe that this rate is tight.

In this paper we show that for bounded X the
Kozachenko-Leonenko estimate is strongly consistent. Fur-
thermore, we give a necessary and sufficient tail condition for
L1 consistency. In addition, we construct a counterexample for
the weak consistency for a uniform density on an unbounded
set. The proofs are presented in the last section.

II. CONSISTENCY RESULTS

For bounded X , without any smoothness condition on
the density f the Kozachenko-Leonenko estimate is strongly
consistent:

Theorem 1: If the support of f is bounded and�
f(x) ln(f(x) + 1)dx < ∞, (4)

then

lim
n→∞Hn = H(f) (5)

a.s.
Next, we present a necessary and sufficient tail condition

on the consistency in L1:
Theorem 2: Assume that H(f) is finite. For any density f ,

lim
n→∞ E{|Hn − H(f)|} = 0 (6)

if and only if

E{(ln �X�)+} < ∞. (7)

If E{(ln �X�)+} = ∞, then maybe the expectations
E{ln �X�} and E{ln Rn,1(X1)} don’t exist. However, for
finite H(f), we show that the expectation E{Hn} is well
defined such that it is larger than −∞.

As sufficient condition, (7) appeared in the studies of
distribution and density estimates consistent in KL-divergence.
For discrete distributions concentrated to the set of positive
integers, Györfi, Páli and van der Meulen [16] proved that a
distribution with finite Shannon entropy cannot be estimated
consistently in KL-divergence. It means that for any distrib-
ution estimate pn = (pn,1, pn,2, . . . ) there exist a distribution
p = (p1, p2, . . . ) with finite Shannon entropy such that for the
KL-divergence

KL(p, pn) =
∞�

i=1

pi ln
pi

pn,i
= ∞

for all n a.s. However, under (7) one can construct a distrib-
ution estimate pn such that KL(p, pn) → 0 a.s. This positive
finding has been generalized to density estimation consistent in
KL-divergence. For the condition (7), one can create a density
g of power tail such that the mixture of the ordinary histogram
and of this g is consistent in KL-divergence, see Barron, Györfi
and van der Meulen [1].

Theorem 2 is a complete characterization of the consistency
in L1. In fact, we show that there are two cases:

• either E{(ln �X�)+} = ∞ and then E{Hn} = ∞, for
all n,

• or E{(ln �X�)+} < ∞ and then limn→∞ E{|Hn −
H(f)|} = 0.

Remark: In the sequel, we show an example, where the
density is uniform on an unbounded set and Hn → ∞ in
probability.

Denote by λ the Lebesgue measure and by μ the distribution
of X . For d = 1, let

f = IA,

where A = ∪jAj with disjoint intervals Aj such that λ(A) =
1. Then, X is uniformly distributed on A and therefore
H(f) = 0. For j ≥ 1, let Δj = 1

j(j+1) and aj = 22j

. Set
A = ∪j≥1[aj , aj + Δj ]. Then λ(A) = 1. Note that in this
example E{(ln �X�)+} = ∞, and therefore E{Hn} = ∞,
for all n. We will show:

Fact 1: In this setup, limn→∞ Hn = ∞ in probability.
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III. PROOFS

Proof of Theorem 1: Put

f̄h(x) =
μ(B(x, h))
λ(B(x, h))

=

�
B(x,h) f(z)dz

λ(B(x, h))
,

where B(x, h) stands for the sphere centered at x and having
the radius r. Then,

Hn − H(f)

=
1
n

n�
i=1

ln((n − 1)λ(B(Xi, Rn,i(Xi)))) + CE − H(f)

= − 1
n

n�
i=1

ln
μ(B(Xi, Rn,i(Xi)))
λ(B(Xi, Rn,i(Xi)))

− H(f)

+
1
n

n�
i=1

ln((n − 1)μ(B(Xi, Rn,i(Xi)))) + CE

= H̃n − H(f) + Mn + CE ,

where

H̃n = − 1
n

n�
i=1

ln f̄Rn,i(Xi)(Xi),

and

Mn =
1
n

n�
i=1

ln((n − 1)μ(B(Xi, Rn,i(Xi)))).

Biau and Devroye [4] showed that the distribution of Mn

does not depend on the density f , and E{Mn} = −CE +
O(1/n) and Var(Mn) = O(1/n). The problem left is to show

Mn − E{Mn} → 0 (8)

a.s. and

H̃n → H(f) (9)

a.s.
The proof of (8) relies on the following extension of the

Efron-Stein inequality for the centered higher moments:
Lemma 1: (Devroye et al. [9]) Let Z = (Z1, . . . , Zn)

be a collection of independent random variables taking val-
ues in some measurable set A and denote by Z(i) =
(Z1, . . . , Zi−1, Zi+1, . . . , Zn) the collection with the i-th ran-
dom variable dropped. Let f : An → R be a measurable
real-valued function and the function gi : An−1 → R is
obtained from f by dropping the i-th argument, i = 1, . . . , n.
Then for any integer q ≥ 1,

E
�
(f(Z) − Ef(Z))2q

�
≤ (cq)q

E

	

n�

i=1

�
f(Z) − gi(Z(i))

�2

q�

+ (cq)q
E

�� n�
i=1

E
� �

f(Z) − gi(Z(i))
�2

| Z1, . . . , Zi−1, Zi+1, . . . , Zn

��q�
, (10)

with a universal constant c < 5.1.

For the term Mn−E{Mn}, define M
(i)
n as Mn without the

i-th term. We apply Lemma 1 with q = 2:

E

�
(Mn − E{Mn})4

�

≤ (c2)2E

⎡
⎣
 n�

i=1

�
Mn − M (i)

n

�2

2
⎤
⎦

+ (c2)2E

�� n�
i=1

E
� �

Mn − M (i)
n

�2

| X1, . . . , Xi−1, Xi+1, . . . , Xn

��2�
≤ 23c2n2

E

��
Mn − M (n)

n

�4
�

= 23c2n2
E

	�
Mn − n − 1

n
Mn−1

�4
�

.

Noting that�
Mn − n − 1

n
Mn−1

�4

=
1
n4

� n�
i=1

ln((n − 1)μ(B(Xi, Rn,i(Xi))))

−
n−1�
i=1

ln((n − 2)μ(B(Xi, Rn−1,i(Xi))))
�4

=
1
n4

�
− ln((n − 1)μ(B(Xn, Rn,n(Xn))))

+ (n − 1) ln
n − 2
n − 1

+
n−1�
i=1

ln
μ(B(Xi, Rn−1,i(Xi)))
μ(B(Xi, Rn,i(Xi)))

IRn,i(Xi)<Rn−1,i(Xi)

�4

,

the cr-inequality and Jensen’s inequality imply that

E

�
(Mn − E{Mn})4

�
≤ 2333c2

n2

�
E

��
ln((n − 1)μ(B(Xn, Rn,n(Xn))))

�4�

+ 1 + E

�� n−1�
i=1

ln
μ(B(Xi, Rn−1,i(Xi)))
μ(B(Xi, Rn,i(Xi)))

· IRn,i(Xi)<Rn−1,i(Xi)

�4��
≤ 63c2

n2

�
E

�
(ln((n − 1)μ(B(Xn, Rn,n(Xn)))))4

�
+ 1

+ E

�
n−1�
i=1

IRn,i(Xi)<Rn−1,i(Xi)


3

·
n−1�
i=1

�
ln

μ(B(Xi, Rn−1,i(Xi)))
μ(B(Xi, Rn,i(Xi)))

�4 ��
.

For any x, μ(B(x, �x − Xi�)) is uniformly distributed on
[0, 1] (see Section 1.2 in [4]), and therefore

(n − 1)μ(B(Xn, Rn,n(Xn)))
= (n − 1)μ(B(Xn, min

1≤i≤n−1
�Xi − Xn�))

= (n − 1) min
1≤i≤n−1

μ(B(Xn, �Xi − Xn�)).
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It implies, that for given Xn

(n − 1)μ(B(Xn, Rn,n(Xn))) L= (n − 1) min
1≤i≤n−1

Ui,

where
L= denotes equality in distribution, and U1, . . . , Un−1

are i.i.d. uniform on [0, 1]. Thus,

E

�
(ln((n − 1)μ(B(Xn, Rn,n(Xn)))))4

�

= E

	�
ln
�

(n − 1) min
1≤i≤n−1

Ui

��4
�

= O(1).

Lemma 20.6 in [4] yields

n−1�
i=1

IRn,i(Xi)<Rn−1,i(Xi) =
n−1�
i=1

I�Xi−Xn�<Rn−1,i(Xi)

≤ γd

a.s., where γd is the minimal number of cones of angle
π/6 that cover R

d. Thus,

E

�
(Mn − E{Mn})4

�
≤ 63c2

n2

�
O(1)

+ γ3
d(n − 1)E

	�
ln

μ(B(X1, Rn−1,1(X1)))
μ(B(X1, Rn,1(X1)))

�4
��

.

One has

E

	�
ln

μ(B(X1, Rn−1,1(X1)))
μ(B(X1, Rn,1(X1)))

�4
�

=
� ∞

0

P

��
ln

μ(B(X1, Rn−1,1(X1)))
μ(B(X1, Rn,1(X1)))

�4

≥ s

�
ds

=
� ∞

0

E

�
P

�μ(B(X1, Rn−1,1(X1)))
μ(B(X1, �X1 − Xn�)) ≥ es1/4

| X1, . . . , Xn−1

��
ds

=
� ∞

0

E

�
P

�
μ(B(X1, Rn−1,1(X1)))e−s1/4

≥ μ(B(X1, �X1 − Xn�)) | X1, . . . , Xn−1

��
ds

=
� ∞

0

E [μ(B(X1, Rn−1,1(X1)))] e−s1/4
ds

≤
� ∞

0

e−s1/4
ds/(n − 1).

These limit relations imply

E

�
(Mn − E{Mn})4

�
= O(1/n2) ,

which together with the Borel-Cantelli Lemma yields (8).
In the proof of (9) we apply Breiman’s generalized ergodic

theorem (see Lemma 27.2 in [15]):
Lemma 2: Let X1, X2, . . . be a stationary and ergodic

sequence. If Fn = Fn({Xi}), n = 1, 2, . . . are random
functions such that

Fn(X1) → F (X1) (11)

a.s. and

E{sup
n

|Fn(X1)|} < ∞, (12)

then

1
n

n�
i=1

Fn(Xi) → E{F (X1)} (13)

a.s.
If X �

n(x) stands for the second nearest neighbor of x among
X1, . . . , Xn, then Rn,i(Xi) = �X �

n(Xi) − Xi� and so

f̄Rn,i(Xi)(Xi) = f̄�X′
n(Xi)−Xi�(Xi)

and

H̃n = − 1
n

n�
i=1

ln f̄�X′
n(Xi)−Xi�(Xi).

Therefore, (9) means that

− 1
n

n�
i=1

ln f̄�X′
n(Xi)−Xi�(Xi) → H(f) (14)

a.s. Defining

Fn(x) = − ln f̄�X′
n(x)−x�(x)

and

F (x) = − ln f(x),

we verify the conditions of Lemma 2. The Lebesgue differen-
tiation theorem (cf. Theorem 20.18 in [4]) yields that

lim
r↓0

f̄r(x) = f(x)

for λ-almost all x. The Cover-Hart theorem (cf. Lemma 2.2
in [4]) implies

�X �
n(x) − x� → 0

a.s. for μ-almost all x. As μ is absolutely continuous with
respect to λ, these limit relations result in

f̄�X′
n(x)−x�(x) → f(x)

a.s. for μ-almost all x, from which (11) follows. Let L denote
an upper bound on �X�. Introduce the Hardy-Littlewood
maximal functions

f∗(x) = sup
h>0

f̄h(x)

and

g∗(x) = sup
2L>h>0

1
f̄h(x)

(4) implies that�
f(x) ln(f∗(x) + 1)dx < ∞, (15)

while if, in addition, X is bounded, then�
f(x) ln(g∗(x) + 1)dx < ∞, (16)
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see page 82 in [4]. Note that (16) is the only item in the proof,
where the boundedness of X is used. Thus,

| ln f̄�X′
n(x)−x�(x)|

= (ln f̄�X′
n(x)−x�(x))+ +



ln

1
f̄�X′

n(x)−x�(x)


+

≤ ln(f∗(x) + 1) + ln(g∗(x) + 1),

and so (15) and (16) result in

E{sup
n

| ln f̄�X′
n(X1)−X1�(X1)|}

≤
�

f(x) ln(f∗(x) + 1)dx +
�

f(x) ln(g∗(x) + 1)dx

< ∞,

which yields (12), and the conditions of Lemma 2 are verified.
Note, that similarly to the proof of (8), we can show the

universal strong law of the sum nearest neighbor balls: for any
density f ,

n�
i=1

μ

�
B

�
Xi, min

j �=i,j≤n
�Xi − Xj�

��
→ 1

a.s. �
Proof of Theorem 2: First we have to show that the

expectation E{Hn} and equivalently E{H̃n} exist. Jensen’s
inequality implies that

E{(H̃n)−} = E

⎧⎨
⎩


− 1

n

n�
i=1

ln f̄Rn,i(Xi)(Xi)


−⎫⎬
⎭

≥ 1
n

n�
i=1

E

��− ln f̄Rn,i(Xi)(Xi)
�−�

= E

��− ln f̄Rn,1(X1)(X1)
�−�

≥ −
�

f(x)(ln f∗(x))+dx

> −∞,

when �
f(x) ln

f∗(x)
f(x)

dx < ∞. (17)

Choose 0 < L < ess supx f(x). Jensen’s inequality implies�
f(x) ln

f∗(x)
f(x)

If(x)>Ldx

≤
��

f(x)If(x)>Ldx

�
ln

�
f∗(x)If(x)>Ldx�
f(x)If(x)>Ldx

< ∞,

because (4) together with

λ({x : f(x) > L}) < ∞
yields �

f∗(x)If(x)>Ldx < ∞,

see Fefferman and Stein [11]. Furthermore,�
f(x) ln

f∗(x)
f(x)

If(x)≤Ldx

=
�

f(x) ln f∗(x)If(x)≤Ldx

−
�

f(x) ln f(x)If(x)≤Ldx

≤ L

�
ln max{f∗(x), 1}dx

−
�

f(x) ln f(x)If(x)≤Ldx.

Fefferman and Stein [11] proved that

λ({x : f∗(x) > t}) ≤ c

t
, (18)

with t > 0 such that c depends only on the dimension d, see
also (a) of Lemma 10.47 in [37]. By (18),�

ln max{f∗(x), 1}dx

=
� ∞

0

λ({x : ln max{f∗(x), 1} > t})dt

=
� ∞

0

λ({x : max{f∗(x), 1} > et})dt

=
� ∞

0

λ({x : f∗(x) > et})dt

≤
� ∞

0

c

et
dt

= c.

Thus, (17) is verified and so we proved that E{H̃n} exists.
ASSUME THAT E{(ln �X�)+} = ∞. Then, for any

x ∈ R
d, E{(ln �X − x�)+} = ∞ and therefore

E{(ln R2,1(X1))+} = E{(ln �X1 − X2�)+} = ∞. Next
we show that E{(ln Rn,1(X1))+} = E{min2≤i≤n(ln �X1 −
Xi�)+} = ∞, too: Find r such that μ(B(0, r)) = 1/2. Then

E

�
(ln Rn,1(X1))

+
�

≥ E

��
ln

�X1�
2

�+

I�X1�≥2rIX2,...,Xn∈B(0,r)

�

=
1

2n−1
E

��
ln

�X1�
2

�+

I�X1�≥2r

�

= ∞.

Thus,

E{H̃n} = −
�

E
#
ln f̄Rn,1(x)(x)

$
f(x)dx

≥
�

E

��
ln

λ(B(x, Rn,1(x)))
μ(B(x, Rn,1(x)))

�+
�

f(x)dx

≥
�

E

�
(ln λ(B(x, Rn,1(x))))+

�
f(x)dx

≥ dE

�
(ln Rn,1(X1))

+
�

= ∞, (19)
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which yields the necessary part of the theorem:

E{|H̃n − H(f)|} = ∞.

ASSUME THAT E{(ln �X�)+} < ∞. Notice that

E{Hn}
= E{ln((n − 1)Rn,1(X1)dvd)} + CE

≤ ln(n − 1) + E{ln(R2,1(X1)dvd)} + CE

≤ ln(n − 1) + E{(ln(�X2 − X1�dvd))+} + CE

< ∞. (20)

(19) and (20) means that E{Hn} < ∞ iff (7) holds. By the
proof of Theorem 1, (6) is equivalent to

E{|H̃n − H(f)|} → 0. (21)

Note that for a ∈ R, |a| = 2a+ − a and thus, one has

E{|H̃n − H(f)|}

≤
�

E

�%%%%%ln f̄Rn,1(x)(x)
f(x)

%%%%%
�

f(x)dx

= 2
�

E

⎧⎨
⎩



ln
f̄Rn,1(x)(x)

f(x)


+
⎫⎬
⎭ f(x)dx

+ E{H̃n} − H(f).

We show that�
E

⎧⎨
⎩



ln
f̄Rn,1(x)(x)

f(x)


+
⎫⎬
⎭ f(x)dx → 0 (22)

and

E{H̃n} = −
�

E
#
ln f̄Rn,1(x)(x)

$
f(x)dx → H(f). (23)

Concerning (22), we have a domination:

ln

f̄Rn,1(x)(x)
f(x)


+

≤
�

ln
f∗(x)
f(x)

�+

= ln
f∗(x)
f(x)

,

and therefore (17) and the pointwise convergence yield (22).
With respect to (23), note that (22) implies that

(H(f) − E{H̃n})+

≤
�

E

⎧⎨
⎩



ln
f̄Rn,1(x)(x)

f(x)


+
⎫⎬
⎭ f(x)dx

→ 0

and therefore

lim inf
n

E{H̃n} ≥ H(f).

So, we need to show

lim sup
n

E{H̃n} ≤ H(f). (24)

For

g∗r (x) = inf
0<h≤r

f̄h(x),

we have that

E{H̃n} = −E

&�
f(x) ln f̄Rn,1(x)(x)dx

'

= −E

&�
IRn,1(x)≤rf(x) ln f̄Rn,1(x)(x)dx

'

− E

&�
IRn,1(x)>rf(x) ln f̄Rn,1(x)(x)dx

'

≤ −
�

f(x) ln g∗r (x)dx

+ E

��
f(x)

�
ln

λ(B(x, Rn,1(x)))
μ(B(x, r))

�+

dx

�
.

The integrand of the last term tends to 0 a.s. for μ-almost
all x and the convergence is dominated by

E

��
f(x)

�
ln

λ(B(x, R2,1(x)))
μ(B(x, r))

�+

dx

�
< ∞,

which follows from

E{H̃2} = E

&�
f(x) ln

λ(B(x, R2,1(x)))
μ(B(x, R2,1(x)))

dx

'
< ∞.

Thus, by the dominated convergence theorem

E

��
f(x)

�
ln

λ(B(x, Rn,1(x)))
μ(B(x, r))

�+

dx

�
→ 0,

and so

lim sup
n

E{H̃n} ≤ −
�

f(x) ln g∗r (x)dx.

Therefore,

lim sup
n

E{H̃n} ≤ − sup
0<r

�
f(x) ln g∗r (x)dx

= − lim
r↓0

�
f(x) ln g∗r (x)dx

= H(f).

Thus, (24) is verified and so the proof of the sufficient part
of the theorem is complete. �

Proof of Fact 1: The data can be represented as follows:
let Y1, . . . , Yn be i.i.d. such that

P{Yi = j} = Δj .

Let U1, . . . , Un be i.i.d. uniform on [0, 1]. Set

Xi = aYi + ΔYiUi.

We will recall two things from the theory of order statistics:
(i) If U1, . . . , Un are i.i.d. uniform on [0, 1], then the small-

est neighbor distance Z∗
n (the smallest 1-spacings) satisfies

Z∗
n → E

in distribution, where E is standard exponential.
(ii) With probability one,

max
1≤i≤n

Yi ≥ n1/2

except finitely often.
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Proof:

P

&
max

1≤i≤n
Yi ≤ n1/2

'
= (1 − P{Yi > n1/2})n

≤ e−n1/2
.

Apply Borel-Cantelli.
(iii) If Y ∗∗, Y ∗ are the largest and second largest Yi’s, then

P{Y ∗∗ = Y ∗} → 0.

Proof:

P{Y ∗∗ = Y ∗} ≤
�

n

2

�
P

&
Y1 = Y2 ≥ max

3≤i≤n
Yi

'

≤ n2
∞�

i=1

Δ2
i (1 − 1/(i + 1))n−2

≤ n2
�

i≤n5/6

Δ2
i e

−(n−2)/(i+1)

+ n2
�

i>n5/6

Δ2
i .

The first term on the right hand side is less than

n2
�

i≤n5/6

e−(n−2)/(n5/6+1) = e−n1/6(1+o(1)) → 0,

while the second term on the right hand side is

O(n2/n5/6) = O(1/
√

n) → 0.

For the sake of simplicity, consider the negative of the
estimate in (3) without the bias correction:

�n =
1
n

n�
i=1

log2

1
nZi

, (25)

where Zi = minj �=i,j≤n |Xi − Xj|. We show that �n → −∞
in probability, which implies the fact. Let Y ∗∗ and Y ∗ be the
Y -values of the largest and second largest Xi’s. Let Z∗∗ be
the nearest neighbor distance for to largest Xi’s. This is also
the distance between the two largest Xi’s. If Y ∗∗ �= Y ∗, then

Z∗∗ ≥ aY ∗∗ − aY ∗ − ΔY ∗ ≥ 1
2

aY ∗∗ =
1
2
22Y ∗∗

.

Furthermore, all other nearest neighbor distances are ≥ (in
distribution) the minimal distance between n uniform order
statistics (by pushing the intervals of A together), and this
is (1/n2) times something that tends in law to a standard
exponential E. So, by (ii)

�n ≤ 1
n

log2

�
2

22Y ∗∗

�
+ log2

�
n

E + oP (1)

�

= −2Y ∗∗ − 1
n

+ OP (log2 n)

≤ − 1
n

IY ∗∗≤√
n − 2

√
n − 1
n

IY ∗∗>
√

n + OP (log2 n).

Thus,

P

�
�n > −2

√
n

2n

�
≤ P{Y ∗∗ = Y ∗} + P{Y ∗∗ ≤ √

n}

→ 0,

where we applied (iii). �
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