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A note on the exact simulation of a random eigenvalue
of a cue matrix
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t Mathematical Institute, University of Oxford

Abstract. We develop a simple, exact algorithm to generate random variables whose den-
sity is proportional to squared Hermite functions. As an application, we show how to
generate a randomly chosen eigenvalue of a matrix from the Gaussian Unitary Ensemble
(GUE) in O(n?/3) expected time.

Keywords. Random variate generation, orthogonal polynomials, Hermite functions, rejec-
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1. Introduction

IN THIS NOTE, we concern ourselves with the exact generation of a random eigenvalue of a
matrix in the Gaussian Unitary Ensemble GUE(n), which is given by the Gaussian measure

with density
(2n/27rn2/2)7167(n/2)trH2

on the space of n x n Hermitian matrices H = (H;;);';—; [3, 11]. That is, the diagonal
elements are normal with zero mean and unit variance, and the off-diagonal elements are
conjugate complex with independent real and imaginary parts that are both zero-mean
normals with variance 1/2. By ezact generation, we mean that the output distribution
matches the target distribution perfectly, with no approximation error. This is sometimes

referred to as perfect simulation in the literature [22].

The problem of computing eigenvalues of a (deterministic) matrix is classical. This yields
a natural first group of methods for the random case: one starts from the matrix H and
uses iterative numerical methods to compute the set of eigenvalues, noting that the Abel-
Ruffini theorem (see [1], [36]) implies that there is no exact finite-time algorithm that
finds roots of polynomials of degree greater than 5. These methods must take time Q(n?).
If one is satisfied with a given accuracy level, then some of these approximations can be
computed in time O(n?). Prominent among these numerical methods are the QR algorithm
[17, 18, 26, 42] and its variations, Lanczos’ algorithm [29], the Rayleigh quotient iteration

[24] for Hermitian matrices, or, more generally, power iteration [40].

The second group of methods uses numerical approximation but starts from a different ran-

dom matrix H’ with the property that the vector of eigenvalues has the same distribution



as that of H. Following Dumitriu and Edelman [13], we note that one can take H' tridiag-
onal, with i.i.d. normal (0, 1) random variables N; on the diagonal, and with two identical
adjacent diagonals filled with independent random variables /G, ..., \/m , where G;
is gamma (i). In other words, H{; = Ny, and H,,, = H{,,; = VG;, 1 <i <n—1,
and so H' is a random Jacobi matrix. Generating H' takes linear time. In addition, a
divide-and-conquer algorithm [9] can compute the spectrum of H’ in time O(nlogn) if one

only requires the answer up to a fixed precision.

The third group of methods uses stochastic tools to approximate the vector of eigenvalues,
based on Markov chain convergence, with rates of convergence dependent upon the mixing

times of these Markov chains or Gibbs samplers [25, 19].

The fourth gaggle of methods relies on the observation that for some integrable random
matrix ensembles (of which the GUE is an example), the eigenvalues form a so-called deter-
minantal point process (DPP) [33]. This is useful, as the literature on sampling DPPs is vast
and includes both approximate [27, 2, 32] and ezact algorithms [21, 30]. The main exact
algorithm, sometimes referred to as HKpV [21], draws the entire vector of eigenvalues of H
by sampling from a sequence {p;(z)}?_; of appropriately constructed marginals. This pro-
cedure has complexity O(n?) assuming one can sample from each p; in constant time, but
recent surveys [31, 19, 20] report that these sampling subroutines have a poorly understood
complexity. Noting that p; is precisely the density of a randomly selected eigenvalue of H,
we still have to find an efficient and exact sampler for this quantity, which we recall is our

primary objective.

For n < 4, one can generate H and compute the roots of its characteristic polynomial.
Thus, we will describe a method for n > 5. In Section 2, we develop an algorithm to
sample a random uniformly selected GUE(n) eigenvalue and prove that its expected run-
time is sublinear in n. We rely on the fact that our problem can be reduced to generating
random variables from densities which can be expressed in orthogonal polynomials. We
then sample these using the rejection method. Earlier investigations in this direction [5, 6]
used a different proposal density and were strictly empirical, leaving the question of explicit
rejection bounds open before this work. To our knowledge, no other exact algorithm with

sublinear expected time is available today.

1.1. Motivation and applied context

Random matrices have become increasingly central across a remarkable range of disciplines,
from the physics of complex quantum systems [43] to modern statistics [4], wireless com-
munications [10], machine learning [35], and data science [28]. The GUE is among the most
studied of these models, occupying a central role in mathematical physics [34, 11] and serv-
ing as a canonical example of the broad universality class of random Hermitian matrices

whose empirical spectral measure converges to the semicircle law [43, 15].

This convergence is typically defined and studied through linear spectral statistics, meaning



observables of the form

Lalf)i= 7 3T,

where {\;}, are the eigenvalues of a GUE(n) matrix and f is a test function. Monte Carlo
estimation of EL,, (f) requires repeated independent draws from the eigenvalue distribution,
and it is here that exact simulation becomes essential. Beyond spectral statistics, exact GUE
eigenvalue simulation has recently found a concrete application in the debiasing of active
polynomial regression algorithms [8]. Their procedure requires sampling from the leverage
score distribution, which in their setting coincides exactly with that of a uniformly chosen

GUE eigenvalue.

In all such settings, the full matrix is often incidental: the object of interest is a single
eigenvalue or a function thereof, which motivates sampling it directly without ever forming
the matrix or computing the full spectrum. The present algorithm does precisely this: it
returns a single exact eigenvalue in O(n?/?) expected time, far below the O(n?) cost of
forming the matrix and the O(n?) cost of diagonalization, and with no asymptotic approx-
imation involved. For large n, this reduction can be transformative, by lowering hardware
requirements and dramatically increasing the sample counts achievable in Monte Carlo

studies.

1.2. The RAM model

We operate under the Random Access Machine (RAM) model: real numbers can be stored
and operated upon in constant time. We also assume that all the standard operations, as
well as the exponential, logarithmic, trigonometric, and gamma functions, can be computed
in constant time. Finally, a source capable of producing an i.i.d. sequence of uniform [0, 1]
random variables is available. The RAM model provides a natural and widely accepted
framework for analyzing the complexity of numerical algorithms such as ours. It assumes
constant-time access to memory and constant-time arithmetic on fixed-size words, closely
matching the abstraction level at which modern processors operate. For floating-point com-
putations and array-based data structures, this model gives reliable asymptotic scaling laws
and is the standard in both theoretical computer science and numerical analysis. In our
setting, where the principal comparison is between an O(n?) matrix-generation procedure
(followed by O(n?) diagonalization) and an O(n?/3) eigenvalue-sampling method, the RAM
model accurately captures the dominant computational trade-offs. Indeed, the large poly-
nomial separation in complexity ensures that the asymptotic advantage is meaningful in

practice, not merely theoretical.

At the same time, the RAM model abstracts away features of real hardware that can influence
performance. It ignores memory hierarchy effects (cache, bandwidth, latency), assumes
uniform cost of memory access, and treats arithmetic operations as constant-time regardless
of context. In practice, memory traffic is often a bottleneck, and algorithms with better

locality can significantly outperform others even at equal asymptotic complexity. However,



in our context, these deviations do not weaken the theoretical conclusion: if anything,
they strengthen it. Because matrix-based methods incur substantial memory allocation
and data movement costs, the RAM model likely underestimates the practical advantage of
an algorithm that avoids matrix construction altogether. Thus, while simplified, the RAM
assumption is both appropriate and conservative for evaluating the computational benefit

of our approach.

2. The density of a random GUE eigenvalue

For a distribution on sets of n points, the k—point correlation function oy (z1, ..., zx) de-
scribes the induced probability distribution on uniformly selected subsets of size k < n. It
is typically normalized so that %an(x) is the probability density function of a uniformly
selected (set of 1) point. It is well-known (see [14]) that for GUE(n) eigenvalues, the k—point

correlation function is given by a k x k determinant det(K (z1, 1132))1§i,jgk-, where

n—1

= dr(@)r(v)-

k=0

Hk x)Hy( y e—(zty)?/4

In the expression above, Hy is the k-th Hermite polynomial

2/ d\F _ o
Hi(z) = (—1)ke” /2 (dx) e T2,

and ¢y, is the so-called Hermite function Hy,(x)e=% /4/+/k!\/27 (in the theory of orthogonal
functions, K (z,y) is known as the Christoffel-Darbouz kernel [38]). The probability density
for the distribution of a single, uniformly selected eigenvalue from a GUE(n) matrix is thus

equal to

0= L3 e )
k=0

We remark in passing that, using asymptotic properties of Hermite polynomials (see [34]),

one recovers Wigner’s famous semicircle law [43] from this expression in the large—n limit.

Next, we note that the Hermite polynomials are orthogonal. In particular, for any & € N,

we have

/ Hk($)26_12/2d1‘ = V2 k!

(see [37] for a proof), which shows that ¢? is a density for every k. It then follows from (1)
that if one picks an index k € {0,...,n — 1} uniformly at random and generates a random
variate described by the density ¢7, the result would be distributed as a uniformly selected
GUE(n) eigenvalue. The remainder of this paper focuses on generating random variables
described by the densities ¢2.



3. Generating random variates with squared Hermite densities
3.1. Notation and preliminaries on Hermite polynomials

The aforementioned Hermite polynomials can alternatively be defined using the recurrence
Hy =1, Hi(z) =z, and
Hy1(2) = 2Hy(z) — kHi-1(2) (2)

for any k > 2, giving us a simple O(k) algorithm to compute Hy, for fixed x ([38]). We also
have the following theorem, due to Bonan & Clarke [7], which gives an upper bound for ¢2
on R. Note that we computed the explicit constants in that paper. Other inequalities could

also have been used, such as those developed by Foster and Krasikov [16] and Krasikov [23].

Theorem 1. For any n € N, let ¢2 be the square of the n-th Hermite function (defined in

the previous section). Then

8(m+1)
2 PN
sup ¢y (2) < 3176
Furthermore,
2y < | o el < VInt?
n -_— 2 -
2B iflal> VAR T2,

where B = (m +1)2/8(7 +1)/3.

If we let
s 1/3
and
3 1/4 s
To = x2(Nn =\/4n+2+\/§<) n= 7,
2 = 22(n) 2/2(m + 1)

it follows directly from the theorem above that the function

81 M <
3Van+2—27’ if |z] < 1,
def ] 8(m+1)
hin () 30176
228>
n5/6 (\/dn+2—x)4’

if || € (21, 22],

if |z| > xo,
dominates ¢2 on all of R.

The following lemma will be useful for analyzing our algorithm’s expected runtime.

Lemma 2. Let h,, be defined as above. Then

Lhn(a;) dz = 0(1), /oo hn(x) dz = O(n™1/3).

1
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Figure 1. The function h,,, defined piecewise. As in Algo-
rithm 1 (section 3.2), p1, p2 and ps denote the area under

the curve in [0, z1), [z1,22) and [z2, 00) respectively.

Proof. Let n € N be arbitrary, then

e
R

718 1 72 8(r+1 > 2y2B%n=5/6
:/ M dr+ (7T71+6)dx+/ \[—ndx
0o 3 ViAn+2—2a? 3nl/ v (VAN +2— )t
87 . m 8(m + 1) VB2V2 (2v2(m + 1)\ **
= — arcsin + |zo — 21| +
3 VAan + 2 3nl/6 3nl/3 3
and the lemma follows from the fact that |29 — x1| = O(n=1/%). ]

We will also need the following representation of Hermite polynomials due to van Veen [39].
Theorem 3. For any n,k € N, z € [0,2/n + 1],
Hy () = An(2)(Bn (@) + pRn())

where

def F(n —+ 1) e(n+1)/2+1‘2/4
= . (n+ 1)n/2 )
B, (z) o v 73 *sin{(n+1)(sin(2a)—2a)+a+?’7r)}7
{(n+ 1)sin(a)}" 2 2" 4
Tl
3(n+ 1) sin(a)?’
def

= 314 1.1 % (sin(a/2 + 3 % 7/4) / sin(a))?,

An(x)

R, (z) def

and
(z) = arccos v
a=a(r) =ar —
2vn+1
This representation is then extended to |z| < 24/n + 1 using the fact that H,, is even. On

said domain, for any n,k € N, we use V,, def A, x B,, (as defined in the theorem above) to
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Figure 2. The function ¢}, (bold) bounded from below
and above by (fio — ¢ )+ and (fio + €') (dashed).

approximate H,, and define the following approximation to ¢2:

def Vn ($)267I2/2

fale) = V2w n!
(we define f, =0 if |x| > 2v/n + 1). Note that for any |z| < 2v/n + 1,
A2 —2?/2
5260 = fula)] = ((uRale))” 4 2 (o), ) ) 22D
Using the fact that |u| < 4.2, it follows that

dof A2 ()12
V2w n!

aof A2(@)e = /2

(@)~ folo)- < (o) DDy ((Bu@)R@) v (Bl (@) )

(we used a Ab (resp. a V b) to denote min(a,b) (resp. max(a,b)) and (z); = (z V 0),
(z)_ = (—x Vv 0)). Note that et/~ are positive by definition and

(fo =€), <Oh < (futet) Ahy (3)

for any « € R. Lastly, we define A(x) to be the gap between the upper and lower bound

(&5(x) = fa(@))4 <€ (2) ((8.4)(Bn(@))+ Rn(x) + (4.2)*Rn()?)

for ¢2(z) and note that there exists a constant C' for which
A2 (x)e=" )

8w) < OB + |Ra(0)Bo()]) 2

and the following proposition holds.

Proposition 4. For large enough n,
/ A(z)dx = O(nfl/?’).
0

Proof. See the appendix. [ |



3.2. Generating random variates with density hn/f hn

Our main algorithm in the following section requires the generation of random variates with
density hy,/ [ hy,. This can be done in constant expected time using the following algorithm,
which is a straightforward application of the inversion method (see [12] for an exposition of
this method).

Algorithm 1:
Set B+« (m+1)%/8(r+1)/3.
Set pi + foml h,, = 8%arcsin\/leﬁ.

Set po fjf hy, = Wn’l/ﬂxg — x1| .

- 7/4
Set p3 <—fx2 hy, =B - (23—\/5) (m 4+ 1)3/4n=1/3,
Generate S, where P{S=1}=P{S=-1}=1/2.
Generate U uniformly on [0,1].

If U <pi1/(p1+p2 +p3) then
Generate V uniformly omn [0,1].

X < VAn 42 | sin(V * arcsin(z1 /v/4n + 2))|

else if pi/(p1+p2+p3) <U <(p1+p2)/(p1 +p2+p3) then
Generate V uniformly on [0,1].
X—xi+(rg—21)%V

else

Generate V uniformly on [0,1].

1/4
X%\/4n+2+\/§(2\/§€;+1)) n_l/G*V_l/s

return X %S5

3.3. A first eigenvalue algorithm that is linear in n

For any n, we now know how to generate from h,,/ [ h, and that h,, dominates ¢2. The
following rejection algorithm (see [12] and [41]) will be used as a stepping stone towards

our main algorithm, and will be shown to run in linear time in the following section.

Algorithm 2:
Repeat until Accept
Generate X from h,/ [h,
Generate U uniformly on [0,]1]
Accept [U*hn(X) < gb%(X)}

return X

Note that the comparison requires us to compute ¢2(X), which we do using the recurrence

relation for Hermite polynomials (2) given earlier.



3.4. Main algorithm and runtime analysis

We can refine this second algorithm using van Veen’s estimate for H,, stated in Theorem 3.
Let ¢2, fn, hn, and €/~ be defined as above.

Algorithm 3:
Repeat forever
Generate X from h,/ [h,
Generate U uniformly on [0,]1]
?. U s ha(X) < (fa(X) — e (X)),
else if U h,(X) < (fu(X)+ € (X)) then
if Uxh,(X)<¢?(X) then return X

then return X

We emphasize that f,, h, and et/ can be computed in O(1) time, and note that in the

last line, ¢2 is computed using the recurrence formula given above, as in Algorithm 2.

Fix n € N, and let N be the number of iterations of Algorithm 3 when generating from ¢2.
Let T; be the time taken by the i-th iteration, where 1 <% < N, then the total runtime of
the algorithm is Zf\il T;. Since N is a stopping time, applying Wald’s identity (see [44])
yields

E{ iT} = B{N}E{T}}.

We have
E{N} = /hn — o),
and using the fact that ¢2 can be computed in O(n) time with the recurrence for H,

explained above, and that one can sample from h,,/ [ h;, in constant time using Algorithm
2 (cf. 3.2), we conclude that

E{T}} — O(n- (/0 Ad(z)dz + /Oo o () dx>).

It then follows from Proposition 4 and Lemma 2 that E{T}} = O(n?/?), and, in turn, that
this refined algorithm is sublinear with an expected runtime of the same order. On the
other hand, replacing f, with 0 and et with ¢2 reduces the above algorithm to Algorithm

2 and shows that the latter runs in linear expected time.

4. Appendix: Proof of Proposition 4.
We denote f(z) = O(g(x)) by f <« g. It suffices to show that

1(0,21) = /OT (Rn(x)Bn(x” n Rn(xV)W

is of the desired order, since A, < I(0,z1). We begin with an application of Stirling’s

dx

approximation, which yields
A, (x)Qe—x2/2

SV



If |z| < 1/3(n + 1), we have sina > 1/2, B, (x) = O(n~'/?) and R,,(z) = O(n~1), so that
v 3(n+1) 1
I<O7 vV 3(n + 1)) < \/ﬁ/ (|Bn(2)Ry(z)| + Rp(z)?) dz = O () .
0
To bound I(1/3(n+ 1), 1), use Stirling’s approximation as above,

Vn
f—— e 1 1
IV3m+1).m) < /, /3(ns1) sin(a(x))>/? tan sin(a(x))* dz,

apply the following technical lemma (taking ¢ = 1/3) and conclude that the integral is
O(n=1/3).

Lemma 5. Let x = \/4(n+ 1) —yn¢ for some £ € (0,1) and any v € R~g for which
yné < 4(n+1). Then for B > 2,

/9” sin(a(t)) P dt < né~1/2+80=8/2,
0

for n large enough.

PROOF OF PROPOSITION 4. Recall that a(t) = arccos (t/y/4(n+ 1)) for 0 < ¢ < \/4(n + 1),

giving

. dt
—sinada = ———
4(n+1)
and in turn, for any z = \/4(n + 1) — yné where v € R+q, £ € (0,1),
T /2
. —B . 1-8
sin (a(t)) "dt = —/ V4(n + 1)(sina) " Pda.
/0 arccos (m/\/4(n+1))
Since a € (0,7/2], we have
2 sin(«)
- S S 17
™ @
from which it follows that the integral above is smaller than

C\/W* (4)

B—2
1
arccos (z/1/4(n + 1))
for a constant C' that can depend on 8, assuming S > 2. As arccos(x) > v/1 — 22 for any

|z] <1,if 2 = y/4(n+1)(1 —9) for § < 1, (4) is bounded from above by

p—2
CV/4A(n+1) * 1 < OValn+ 1) F=2/2 « \/no—(5-2),

The lemma then follows after setting 6 = n~! for any £ € (0,1).
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