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Abstract

We consider point location in Delaunay triangulations with the aid of simple data structures. In particular, we
analyze methods in which a simple data structure is used to first locate a point close to the query point. For points
uniformly distributed on the unit square, we show that the expected point location complexitiesg.gne for
the Green—Sibson rectilinear searéhn/3) for Jump and Walk@® (n1/#) for BinSearch and Walk (which uses a
1-dimensional search tree),(n%%%6-) for search based on a random 2-d tree, @xitbgn) for search aided by a
2-d median tree.
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1. Introduction

Delaunay triangulations are fundamental geometric structures [2,6-9]. Guibas and Stolfi [21]
described the basic data structure for storing such triangulations. Fundamental operations include
insertion, deletion and point location. In this paper, we reconsider the point location problem, motivated
by the numerical problems encountered by many of the fancy solutions seen in some recent papers, anc
by the need to keep memory use to a minimum. In particular, we analyze the expected time of some
simple algorithms that require elementary data structures. The present paper should be considered as
companion paper of Devroye, Lemaire and Moreau [17] where several of the algorithms of this paper are
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experimentally compared with the major algorithms for data sets up to 12 million in size. We present all
the probabilistic results that serve to support and explain these simulations.

The randomized algorithm of Guibas, Knuth and Sharir [22], and the partially or fully dynamic
randomized algorithms of Devillers [15], Boissonnat and Teillaud [5], and Devillers, Meiser and Teillaud
[13] all use a hierarchy of triangulations or space partitions, with a point location search started at the
root of the hierarchy. The bottom of the hierarchy typically represents the full Delaunay triangulation.
While these methods yield optimal randomized query time® @bgn) for any data sets in the plane,
they are relatively complicated to implement, and use quite a bit of memory, Devillers [15] excepted.
The present paper, in contrast, does not require any advanced data structure beyond the Guibas—Stol
implementation of the triangulation.

We assume throughout this paper that the défa..., X,, and the query poink are independent
and uniformly distributed ori0, 1]2. We will use the abbreviation i.i.d. to denote independent and
identically distributed random variables. The Delaunay triangulatioX{or. ., X, will simply be called
the random Delaunay triangulation. In 1978, Green and Sibson proposed rectilinear search, based or
ideas of Lawson [25]. Here one draws a data point at random, and walks in the Delaunay triangulation
to X to determine the triangle fox. It was conjectured there that the expected time (/). We will
prove this.

The jump and walk method of Devroye, Micke and Zhu [16] offers good prospects without any
additional data structure: take a random sample ofisiZ find the closest point to the query poini,
and walk along the Delaunay structure, following the segniEnk) to determine the triangle fat. We
will reprove that this takes @*/3) expected time.

Minimal one-dimensional organization with the help of a one-dimensional search tree reduces the
expected time even further. For example, the binary search and walk method developed by Lemaire [26]
will be shown to have expected time(£3/4). Dubbed BinSearch and Walk, the walk is started from a
point Y that is found at a cost of'/* using a 1-d search tree basedxenoordinates only.

Further improvements are possible if the data are organized by means of a random 2-d tree [2].
An algorithm is presented below whose expected point location complexityn$%$-), with further
improvements unlikely with such a structure in view of recent results of Chanzy, Devroye and Zamora-
Cura[10].

Finally, if we organize the data by means of a perfectly balanced 2d-tree, using medians for splitting,
and if we locate the leaf region fdaf, and letY be the parent of that leaf region, then the expected time
for this search and the subsequent Delaunay triangulation walkiframX is shown here to be @gn).

Previous attempts at studying Delaunay edge crossings were sometimes restricted by the model: for
example, in infinite Poisson process models, the irregular behavior of Delaunay triangulations near the
perimeter of the support is avoided. Others consider a finite model for the data, but assume that the query
point is at least away from the rim of the support (see, e.g., [4,17]). The present analysis provides a
global attack on the problem, which could serve as an example for other similar analyses. The paper
is rather technical, as the boundary effect can be devastating for certain complexities. For example, we
know that the convex hull of uniformly distributed points in the unit square has expected®i¢egn).

In fact, the longest edge on that convex hull has expected @{lig For point location queries near the
border of the square, walks frointo X as described above will very likely cut many of these long edges
that are prevalent near the borders. Thus, in particular, there is a difference between the expected wors
case query time (whekK is chosen as a function of the data so as to make the point location time worst;
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this will be studied elsewhere) and the expected uniform query time (Whsmuniformly distributed on
the square and independent of the data). It is the latter situation we are dealing with here.

The first section sets up some useful auxiliary results. We will base several inequalities on the
relationship between the Delaunay triangulation and the halfmoon graph (Lemma 1). Lemma 2 states
that Delaunay edges that have some point at lgdstjn/» away from the border cannot exceed about
J1ogn/n in length. So, this threshold defines a rim beyond which the boundary effect is considerable.
Lemma 4 for example shows that a segment of lerigtiway from the rim gets cut roughly by./n
Delaunay edges. That lemma suffices to establish the Green—Sibson result. Lemmas 5 through 7 give ver
useful properties on the probability that all cells in a rectangular grid are occupied, and on the maximal
occupancy. These make the proof of Lemma 8 shorter, where we show that the expected maximal degree
is unlikely to be more than @og?n). Contrast this with the observation that the expected degree of
a node given that it is not in the rim is(©® (Lemma 9). The results on the degrees are essential for
Theorems 2, 3 and 4.

2. Properties of therandom Delaunay triangulation

In this section, we give a short proof of some results related to the shape of a random uniform Delaunay
triangulation. Throughout this sectioXy, ..., X, are i.i.d. uniform[0, 1]? random variables. We define
a halfcircle supported by a segmeént y) as one of the two half circles of the circle withandy on the
perimeter at opposite ends, and divided by the segrend.

Lemmal. Letxy,...,x, be points in the plane. Ifx;, x;) is a Delaunay edge, then one of two halfcircles
supported by(x;, x;) cannot contain any other data point.

We call the halfmoon graph for, .. ., x, the graph obtained by connectingwith x; when one of the
two halfcircles supported biy;, x;) contains nox, k # i, j. By Lemma 1, the Delaunay triangulation
is a subgraph of the halfmoon graph. It is more convenient to bound edge lengths in the halfmoon graph.
Let 14 denote the indicator function of an evetiti.e., a function that is one # is true and 0 otherwise.

Fig. 1. Proof of Lemma 1: itx;, x ;) is a Delaunay edge, then there exists a circle (shaded) with those two points on its perimeter
that does not contain any other data point in its interior. But this circle contains one of the two halfcircles supported Hy
and thus one of these has no data point in its interior.



64 L. Devroye et al. / Computational Geometry 29 (2004) 61-89

Lemma 2. Consider a random Delaunay triangulation. L&, , be the maximal edge length among
those edges of the halfmoon graph for which some point on the edge is at distance atfteastthe
square’s perimeter. Then

P{H, , >} < (ne)Ze—nn(min(u,t))z/S.
Thus, fore > 0, with ¢, = ((16+ ¢) logn /7 n)Y/2,
limsupP{H,, >1t,} =0.

n—oo

LetL, , be the length of the longest Delaunay edge emanating from a data point that is at least distance
from the perimeter of the unit square. Then, 0 2u:

P{L,., > £} < n’e” (""2ut/3/18,

Proof. Let B = [u,1 —ul?, 0 <u < 1/2. Let X4, ..., X, be the data points. For fixeH;, X, let
X;; = (X; + X;)/2, and note that ifX;, X;) intersectsB (an event denoted b¥;;), thenX;; is at
least at distance min, || X; — X;||/2) from the perimeter. By the union bound, if we denoteAy and
B;; the two halfcircles supported X;, X ;), we see that

P{H,. >t} <Y P{E;N[IX: — X;| > t] N[A;; is empty, orB;; is emptyl}
i#]j
<n(n — DP{Ew N[ X1~ Xo|| > 1] N[Arzis empty}

= n(n — DE{1 e, 1%, xo50(L—P{X3 € A1a| Exg, | X1 — Xall 2 1})" 7).

We note thatfP{X3 € A1s| E1o, | X1 — Xo|| >t} > 7 min(u, t)?/8, as the circle centered &t of radius
min(u, t)/2 is completely contained ii9, 1]°. Thus,

in(r2
P{H,,>1} < (ne)2e™"m min(.u)?/8

Consider the last part of the lemma. Fix a data pairX ;, with X ; at leastx away from the perimeter
of the unit square, and withX; — X ;|| > ¢£. Then the probability that there is a Delaunay edge feom
to X; is maximized if| X; — X ;|| = €. If £ > u, then the probability is further maximized by placiig
on the perimeter of the unit square. LRbe the rectangle witlx; and X ; at opposite ends, and &t 7"
be two triangles ok obtained by splitting it along the diagon@;, X ;). If (X;, X ;) is to be a Delaunay
edge, then one of these triangles must not have any other data points.XGiven the probability of
this is bounded from above by P— (1/2)u+/¢2 — u2)"~2. For{ > 2u, this is further bounded by

2(1— ul/3/16)" 2 < 2e ("~2utV3/18,

We conclude by the union bound, as there are not moresthaairs. O

Lemma 3. Considem points uniformly distributed on the unit square. 3¢t be the maximal edge length
of any Delaunay triangulation edge emanating from the first pdint,Then, for0 < r < 1/2,

sup P{M1>r|X;=x}< 2437 (n=1r?/96

xelr,1—r)?
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the longest edge
emanating from X

Fig. 2.

Proof. Consider the circle of radiusr~/3/2 centered at € [r, 1 — r]?. PartitionC into 24 equal cones
of anglerr /12 each. Le# be the event that one of the cones does not receive one af-theother data
points. Clearly, a€ < [0, 1]?,

P{A} < 24(1 — 37r2/96)" 1 < 24 37 (=1r?/9%,

If M, > r,then by Lemma 1, there exists a halfciréfeon a diameter with one end at that has no data

point. We claim that? must necessarily contain one of the 24 cones, and thus one of the 24 cones must
be empty. Thereford?{M; > r | X1 = x} < P{A}, and we are done. Assume without loss of generality
thatx has coordinateg0, 0), and thatH is supported by((0, 0), (r, 0)), and faces towards the positive
y-axis. Let B be the cone containing-+/3/2, 0). Let B’ be the next cone in counterclockwise order.

To show thatB’ C H, it suffices to show that its topmost vertex is k. This vertex has coordinates
r(«/é/Z)(COSoz, sina), whererr /12 < o < /6. The square of the distance from this vertex to the center

of H, (r/2,0),is

r2((3/4)sirfa + (3/4) co o + 1/4 — (v/3/2) cosa) = r?(1 — (v/3/2) cosx)
<r?(1— (v/3/2) cogn/6))
=r?(1—3/4) = (r/2)%.

This concludes the proof of Lemma 30

To see this lemma at work, consider the following lemma, which complements results of Bose and
Devroye [9]:

Lemmad. Let A, denote a Delaunay triangulation far points distributed uniformly in the unit square,
and letL be aline segment independentf, whereL is completely contained iR = [2r, 1 — 2r]? and
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r = /25logn/mn. Let N denote the number of edgesf crossed byL.. Then there exist constants
such that

E{N} < 1+ c2B{1X — Y|}/

Proof. We condition onL (i.e., we holdL fixed) and show that
E{N | L} < c1+callLlvn

for some universal constants Let M; be the maximal length of any Delaunay edge emanating pm
and letL; denote its distance th. Let S be the collection of indices of data points that are such that a
Delaunay edge from it reachds Clearly, any Delaunay edge;, X ;) cut by L must have, j € S. If

G =[H, , <r] holds (whereH, , is as in Lemma 2), theh can only be reached by edges starting from
nodes inA = [r, 1 — r]%. Thus, if G holds, thenS = SN T, whereT is the set of indices oK;'s in A.

Let G¢ be the complement of;. By the planarity of the Delaunay triangulation, there are at mest 3
Delaunay edges. We thus have, folarge enough,

E{N} < 3nP{G} + 3E{|S|1s}
=3nP{G} + 3E{|S N T|1¢}
<3&n Y8 L BnP(G, X1 € A, My > Ly} (by Lemma 2)
<o) +3nP{X1€ A, r =My > Ly}
=0(1) + nE{Lix,enP{r > M1 > L1 | X1}}

<o(l) + SnE{1[X16A]24e‘3”(”‘1”§/96} (by Lemma 3)
<o(l) + 7nE{e /2y

1
=0(1) +72n / P{Ll <+/22log1/1)/n } dr
0

1
<o) +72n /(2||L||\/22 log(1/1)/n + 227 log(1/1)/n) dt
0

(because we have a uniform distribution, see Fig. 3)
=0(1) +c1+ ol L|vn
since both,/log(1/¢) and log1/¢) are integrable oif0, 1]. Note that the @l) term and the constants
do not depend upoh. This concludes the proof of Lemma 40

Throughout this sections, ..., X, are i.i.d. uniform[0, 1]> random variables. For a satC [0, 1]?,
we let(A) denote its probability or area, and we denotedyA) its empirical probability:

1 n
n(A) == Tixear
i=1

For what follows, a few key results opn,(A) are needed. These will make the analysis of various
guantities for the Delaunay triangulation particularly straightforward. We need the notion of the Vapnik—
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Fig. 3. The area of the set of points within distamaef a line of lengtht is 2¢r + 7r2.

Chervonenkis dimensioW of a classA of sets:V is the smallest positive integer such that there exists a
setS of V points such that

{SNA: Ae A} <2".

If this is not possible for any finite sef, then V = co. For example, ifA is the class of all Borel

sets in a Euclidean space, th&n= co. The class of all triangles in the plane hés= 4 as the points
(0,0), (3,0), (0,3) and(1, 1) cannot be broken up into 16 sets by intersecting with triangles: the subset
{(0,0), (3,0), (0, 3)} for example cannot be obtained in this manner.

Lemma5. Fix p € (0, 1). Let A be a class of subsets [df, 1]? of equal aregu(A) = p, and letV denote
the Vapnik—Chervonenkis dimension4fThen

P{every set of A receives at least one pojnt IP’{/ian n(A) > 0}
(S

>1-4QRen/ V) e ™4 n>V/2.

Proof. The proof is based on an inequality of Vapnik and Chervonenkis [35] which statessthat

P{Supu(A)—Mn(A)

aed N 1(A)

wheres, is the maximal number of sets obtainable by intersecting a set of iz sets fromA. Thus,
S, < 2", but one can do better. In fact,

S, <(en/V)V, n>V.

)
>t}<482ne /A

As 1(A) = p in our case, we get, upon setting= ,/p,

. - n(A)
P{jnf 40 (4) < O} = P{sUPp — ua (4) > ] :P{ﬁj’% > ﬁ}

<A4Qen/V) e /4, O
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1

0 1

Fig. 4. The area of (x, t) does not exceedﬂ)l min(1, ¢/x) dx.

The previous lemma is in fact valid for any distribution in any Euclidean space, not just the uniform
distribution on[0, 1]2. Other generalizations of that inequality may be found in [31] and the references
cited there. The next auxiliary results are particular for the uniform distribution though.

Lemma 6. Let A be thek x k square cells of a regular grid that partition®, 1]°. Let X1, ..., X,, be
i.i.d. and uniformly distributed on the unit square. Then

P{min, (A) = 0} < k2e™/** < 1/n®
AcA
whenk < /n/4logn, n > 2.

Proof. The first inequality follows fronP{minyc 4 i, (A) = 0} < k?(1 — 1/k?)". Replacek formally in
this bound by./n/4Togn and obtain the further upper boungdik®logn < 1/n3forn>2. O

We define thestar setS(x, r) for x = (x1, x2) € [0, 1], 1> ¢ > 0 as the set of alf = (z1, z2) € [0, 1]?
with the property that

(21— x1)(z2 — x2)| < 1.
It is the set of points contained within four hyperbolae centered &lote that the probability (area) of
any star set is not more tharr4+ 7 log(1/¢)).
Lemma?7. LetA,, 1>t > 0, be the class of all star sef(x, t), x € [0, 1]°. Then

P{ sup u,(A) > 2(4 +5/n)(1+log(1/1))} < n?(e/4)*109/D,
Ae A,

Proof. Partition[0, 1] into a regular 1n x 1/n grid, and letz denote the center of a grid cell. Letbe
an arbitrary point in that cell. We claim that

S(x,1) € S(z, 1 +5/(4n)).
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Lety e S(x,t). Then

121 — y1llzo — yal < (Iy1 — x1l + 1/(2n)) (1y2 — x2| + (1/2n))

< Iy2 — xallyz — x2| + (1/2n) (Jy1 — x1| + |y2 — x2]) 4+ 1/(4n%)
<t+1/n+1/(4n?)

<t +5/(4n).

Thus,

Sup , (A) < supu, (S(z, £ +5/(4n))).

AEA[

Also, note that the maximal probability of any s&t, r + 5/(4n)) is nor more than

4(t +5/(4n) + (1 +5/(4n)) log(1/ (¢ + 5/(4n)))) < (4t +5/n) (L +log(L/1) E'p.
If Z denotes a binomial, p) random variable, we thus have by the union bound,

P{supp,(S(z.t +5/(4n))) > 2p} <> P{u(S(z.t +5/(4n))) > 2p}

<) P{Z—np=np)

Zz
<n* e/,
where we used an inequality due to [30]: foe p,
(1 _ p)l—upu n
A —wu)luyn ) -

Setu = 2p, and use(1+ p/(1 — 2p))127 < e’ to obtain the desired result. Finally, note that >
4drlog(1/1). O

P{Z>un}<<

0 1
Fig. 5. lllustration of the proof of Lemma 8. The shaded triangles each have /&ead each receive at least one data point
when F is true. Therefore, the halfcircles supported(byX ;) are each occupied, arid, X ;) cannot be a Delaunay edge.
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We now have our first rough bound on the maximal degree of any node in the Delaunay triangulation
for X4, ..., X,, with constants explicitly shown.

Lemma 8. Letn > 100Q Let D, be the degree of in the Delaunay triangulation fox, X4, ..., X,,.
Then

13.66
n2 -’

P{ sup D, >384logn} <
x€[0,1]2
Furthermore, E{sup, D,} < 384lofn + 1366/n. Let D; be the degree ofX; in the Delaunay
triangulation for X4, ..., X,,. Then

13.66
P{ sup D; >384log n} < )

1<i<n n

Finally, E{sup D;} < 384 lod’ n + 13.66.

Proof. Setr =48logn/n. Let A be the class of all triangles ii®, 1]2 with vertices of the formia, b),
(a,z) and (w, b), of arear/2. Let F be the event that each of these triangles receives a data point
(from X4,..., X,). Fix any j. For X;, we either have thar is false, or thatX; € S(x,t) (with S as
in Lemma 7), or thatF" N [X; ¢ S(x, )] is true. The last case cannot happen though, because when
we consider the two triangles in the rectangle witand X ; as opposite vertices and diagornal X ;),
then each of these triangles contains a further triangle containddindeed, letZ; be the place on the
boundary ofS(x, ¢) that is crossed by the edge, X ;). Then define the triangles obtained by splitting the
rectangle defined by andZ; about its diagonalx, Z;). By definition ofS(x, ¢), the area of the rectangle
is ¢, and thus both triangles are of arg&. But both of these triangles contain a data point wheis
true, and both are contained in the halfcircle supportedxby ;). Thus, both halfcircles supported by
(x, X ;) contain a data point and thus, no circle witndX ; on its perimeter can be empty. That implies
that (x, X ;) cannot be a Delaunay edge. Thus,

D, <nu, (S(x, t)) + nlpe).
We can now apply Lemmas 5 and 7. Note that/fge 1000,

2n(4t +5/n)(1+log(1/1)) = (8 x 48logn + 10) log(en /(48 logn))
< 384(logn + 10/384) (logn — 4.8)
< 384locf .

We have
P{supD, > 384log n}
gxP{supr > 2n(4t +5/n)(1+log(1/1))}
< IP’{FXC} - P{sgpun (S(x,1)) > 2(4t +5/n)(1+log(1/1))}

< 4201 /4) e /8 4 n2(e/4)*1990/D  (sinceV = 4 for triangles
< 4(2€/8)*n2 + n?(e/4)192109l0gin/48logn)
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< 1365’1_2 + n2(e/4)192|091
<1365 2 +n "
<

This proves the first part. Ldd; be the degree of; in the Delaunay triangulation fox,, ..., X,. Then,
by the first part,

13
P{D; > 384logf (n — 1)} < 3—266,
n

The last part then follows by the union bounda

n—12>100Q

We also need a good estimate of the expected degree far from the border.
Lemma 9. Considerx € [, 1 — t]?> with t = \/8logn/mn. If Dy is the degree ok in the triangulation
for X4, ..., X,, then
E{D:| X; =x} <18+ 0(2).

Proof. Using Lemma 1,
E{D1| X1=x}
< nIP’{(Xz, X,) is a Delaunay edge, ani, — X1|| >t | X1 = x}
+ nP{(X2, X1) is a Delaunay edge, anid(, — X1|| <t | X1=x}
< 20(1— w12/8)" 2 4 2nE{(L— 7| X1 — X201%/8)" Ly xyjcn | X1 =)
(the first term argues by the emptiness of one halfcircle of diamgter
(the second term argues by the emptiness of one halfcircle suppor(ed_,ong))

1
< 2ne (rm2loon/n Zn/IP{(l — 7)1 X1 — X201%/8)" " > u | X1 =x} du
0

1
2
< 2ne(-2logn/n anp{e—m—zmuxl—in /8> u| Xy =x)du
0

1
=2+0(1) + Zn/P{e—(n—Z)nlle—lelz/S >ul| X, = x} du
0

8log(1/u) du

1
<2+o(1>+2n/ T
0

1
<2+0(1) + (16+0(1)) f log(1/u) du
0

=184 0(1). O
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3. Rectilinear search: the Green—Sibson method

Green and Sibson [20] propose taking a random pointXsaynd performing a walk to the random
query pointX. The complexity of Green—-Sibson method is boundedDyy the degree ofX; in the
Delaunay triangulatiomt,, for X4, ..., X, (to find the starting triangle in the Delaunay triangulation)
plus N*, the number of triangles visited X, X;) in A,,.

Theorem 1. The expected complexity of the Green—Sibson method for a random Delaunay triangulation
and an independent and uniformly distributed query poinf@n]? is © (/n).

Proof. We will only show the @./n) upper bound. LelV be the number of triangles visited 0¥, X1)
in the Delaunay triangulation foxs, ..., X,. Clearly,|N — N*| < D;. Thus,

[E{N} —E{N"}| <8,

because the expected degree of a randomly picked node in any Delaunay triangulatioodas is less
than 6 (the sums of the degrees being less thgnherefore, the expected complexity is bounded by
6+ E{N*} < 12+ E{N}. We finish the proof by showing th@{N} = O(\/n).

To do so, definer = \/25logn —1)/(x(n—1)), A =[r,1 —r]?>, B=1[2r,1—2r]?> and C =
[3r,1 — 3r]?. Split L = (X, X1) into two parts,L” =L N B andL’ = L N B¢. Let N” and N’ denote
the number of intersections @&’ and L’ with the Delaunay triangulation foxs, ..., X,,. By Lemma 4,

E{N"} < c1+ cB{IIL"[|}/n < c1 4 c2v/2n.

DefineG =[H,-1, < r]. Let G denote its complement. i& holds, thenL’ can only be reached by
edges starting in points @f“. Thus, undeiG, N’ is bounded from above by three times the cardinality
of C¢ (because it suffices to consider just the Delaunay triangulation for the poi@tsand to note that
this triangulation is planar). Therefore, conditional bpif N(C¢) denotes the number of data points
amongXo, ..., X, falling in C¢,

1

roer A=[r1-71]?
3 A=k
r — o012
(‘//B [2r,1 21”]2
C=[3r1-3r
‘//// [ ) ]
X,

\\\-.'.X

\\Ln—/' s

L7

L
0 1

Fig. 6.
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E{N'| L} <E{3N(C)1s} +E{3nlg} < 3E{N(C)} + O(n*8)
<36rn 4+ 0O Y8 =0(/nlogn).
But then, ad.’ is nonempty only ifX or X, fall outside B,

E{N'} <P{[X € B1U[X; € B]}O(y/nlogn) < 16- x O(/nlogn) = O(logn).
This concludes the proof of Theorem 10

4. Jump and Walk

Jump and Walk [16] proceeds by pickirfgas the nearest neighbor & amongX;, ..., X, where
k = [n*?], and walking in the triangulation frori to X. Devroye, Miicke and Zhu showed thatXifis
at least distance > 0 away from the border of the unit square, then the expected time of this method
is ®(nY/3). The purpose of the theorem below is to bring their results in line with the other ones in this
paper, assuming that is uniformly distributed orj0, 1]2. Note that the result is not true X is allowed
to depend upon the data &ris allowed to be deterministic and placed anywhere in the unit square.

A note on the data structure for the Delaunay triangulation is in order here. At each vertex, a list of
incident triangles in clockwise order is maintained. One could organize this list as a balanced search tree,
but that is in fact not necessary for the results of the previous, present and next sections. To start walking
from Y to X in the Jump and Walk algorithm takes an initial cost proportional to the defjieeof Y
for the list structure and @ogd(Y)) for the search tree structure. As the maximal degree(isgdn) in
expected value (Lemma 8), this contribution is asymptotically negligible with either implementation.

The distance fronX to Y is roughly ¥vk = © (n~%/8). Then, the number of triangles cut k¥, Y)
should be about/n times that, o3, by Lemma 4, provided thafX, Y) does not approach the border
of the unit square. Whe(X, Y) is near the border, a special additional argument is needed to show that
the expected number of triangles met remains nevertheles$p

Theorem 2. Let A, be a random Delaunay triangulation. If the query point is independent of the data
and also uniformly distributed on the unit square, then the expected number of triangles visited by Jump
and Walk and the expected complexity of the Jump and Walk algorithm ar©botf¥).

Proof. We will first show thatE{D} = O(n'/3), where D is the degree of’, and then thale{N*} =
On*3), whereN* is the number of triangles visited g, Y). While in fact, E{D} < 42 (see [11]), we
opt for a self-contained paper. Clearly, denotinglbythe degree oX;,

k

< max D, <> D,
1<i<k 1
i=

so thatE{D} < 6k = O(n'/3). If we considerN, the number of triangles visited bgX, Y) in the
triangulation formed byX, 4, ..., X,, then clearly,

k
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as the last term bounds the number of triangles added if we enlarge the triangulation to ¥clude X
as well. Here we used the property that adding a point to a Delaunay triangulation can only remove
existing edges, and add edges incident to the new point. Hence,

E{N*} < E{N} + 6k = E{N} + O(n'3).

Observe thal. = (X, Y) and the triangulation considered Mare independent.
We first computeE{||L||}. If t < 1/2, then at least Mth of the circle of radiug centered at any
x € [0, 1)? is inside[0, 1]2. Thus,

E(ILI) = [ P{IL] > ) c
0
172 V2
< /(1— nt?/4)k dr + f(l— /16)* dr
0 172

1+0) -1/
i :

We proceed as in the proof of Theorem 1. Define ,/25log(n — k) /7 (n — k), B = [2r,1— 2r]> and

C =[3r,1—3r]%. SplitL = (X, Y) into two parts,.” = L N B andL' = L N B¢. Let N” and N’ denote

the number of intersections &f andL’ with the Delaunay triangulation fo¥; 4, ..., X,,. By Lemma 4,
E(N"} <c1+ E{IL"I1}vn < e1+ (e2 4+ 0(D)n™>.

Define G = [H,_«,, < r]. Let G° denotes its complement. & holds, thenL’ can only be reached
by edges starting in points d@f“. Let N(C¢) denotes the number of data points amang, ..., X,
falling in C¢, Thus, undeiG, N’ is bounded from above byN3(C¢) because it suffices to consider just
the Delaunay triangulation for the points @f and to note that this triangulation is planar. Therefore,
conditional onL,

E{N'| L} <E{3N(C)1s} +E{3nlg} < 3E{N(C)} + O(n*®)
< 36rn + O(n~Y8) = O(/nlogn).
But then, ad.’ is nonempty only ifX or Y fall outside B,
E{N'} <P{[X € BJU[Y € B°1}O(/nlogn)
< 8r x O(y/nlogn) + P(Y € B°}O(/nlogn)
= O(logn) +P{Y € B}O(y/nlogn).
We conclude the proof by showing tha&{Y e B} = O(n2%%logn)/4), so that E{N'} <
On*"72Y%ogn)%*) = o(n'/3). For the proof of this fact, le = [d, 1 — d]?, whered will be picked
so thatd > 4r for n large enough. Let & a = o(n) be picked further on. Consider the following:
P{Y e BY<P(X €A, Y€B}+P{X €A Ll <a}+P{X e A |L|>1/2}
+P{X € A°,Y € B, | L| € [a,1/2]}

< f e kA G 4+ 2(1— 7 /16)F =
0
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1
IV=III one of four congruent
/ pieces I, IT, ITI, IV
/ B =[2r,1-2r]?
L]
BC
0 1

Fig. 7.

<P{ILI > d — 2r} + 4dkma® + 4d(1 — (1/2)?/4)"
+4d sup P{Y € B, ||IL| €[a,1/2] | X =x}
x€[0,1]2
< (L= 7(d — 2r)%/4)" + ddkra® + 4d exp(—k(1/2)?/4)
+4d  sup  P{YeB°|X=x,|L|=¢}
x€[0,112,¢€[a,1/2]
< exp(—mkd?/16) + Adkma® + 4d exp(—rmk(1/2)%/4)

+4d sup P{Y e B°| X =x, |L|| =¢}.
x€[0,112,¢€la,1/2]
We look at the last term and refer to Fig. 7. Litx, £) be the circle centered atof radius¢. Given
IL|| = £ and X = x, we note that is uniformly distributed on the perimeter &f(x, £) constrained to
the unit square. At least one quarter of this circle is inside the square, so the probability in the last bound
is bounded by the length of the perimeter Bfx, £) constrained taB¢ divided by ¢/2. The part of
the perimeter inB¢ is maximal whent = (¢, £). Decompose the perimeter into two parts, one touching
the horizontal side of the unit square, and one touching the vertical side. Cut each part again exactly in
half. Each of the four pieces has length not exceedinff& the perpendicular distance to the side) plus
V2 — (£ — 2r)2 < \/4er (for the distance parallel to the side of the square), which flarge enough is
not more than(8+ o(1))v/¢r < 9/¢r, provided that = o(¢). Therefore, if¢ € [a, 1/2],

over 18
P{Y € B | X =x. |L| =t} < r:—\ﬁga/ﬁ.
we/2 w V¢ a

We conclude that

P{Y € B} < exp(—kd?/16) + Adkma® + 4d exp(—mk(1/2)%/4) + 24d\ﬁ .
a
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We now choosé@ = 1/nY7 anda = 1/n"/*°. Note thatr = o(a) andr = o(d) as required. We have far
large enough,

P{Y € B} < exp(—n'/?1/6) 4 250420 /r = O(n= > %(logm)™*). O

5. Point location using 1-d binary search trees

Given arexy, ..., x,, points distributed iff0, 1]? all of whose coordinates are different. On top of a
standard data structure for Delaunay triangulations, we maintain a simple binary search treecfor the
coordinates, as proposed by Lemaire [26] in his thesis and subsequent work [17]. The purpose of this
section is to analyze how the binary search tree helps in Delaunay point location in an expected time
sense. Lemaire’s method, BinSearch and Walk, requires a paraimetéch we shall set tan'/#], but
we shall describe intermediate complexities in terms of a gekeral

In the algorithm, we first perform BinSearch: locate the unique leaf for the query gdimthe tree,
and find the order statistics whose ranks differ by the rank of the leaf by atkim®ke number of these
order statistics returned is thus betwdeand Z. Among those points, keep only ttkenearest (what
is said below will also be true if this selection step is omitted). In this subset oksized the pointY
whosey-coordinate is closest to thecoordinate of the query poitk. As this involves finding the ()
neighbors in a binary search tree, the time cost@s-©h), whereh is the height of the tree (see [12]).
Recall that for most brands of binary search trées,O(logn) in the worst case. For the random binary
search tree and the treap, the expected heightleo@) [33].

The bounded balance search trees of Nievergelt and Reingold [28] showed fine experimental results
on large data sets in the study of Devroye, Lemaire and Moreau [17]. First, we bdatehe tree in
logarithmic time. Then we determine the locationlofn the Delaunay triangulation in constant time.
Finally, we perform Walk: we walk across the segm@ntX) in the Delaunay triangulation to determine
the triangle forX . The extra time needed for this walk i§D plus the number of Delaunay edges crossed
by the walk, plus the degree &f in the Delaunay triangulation (to start off, we must perform binary
search among the incident triangles). The latter contribution has expected \@dgé,Q by Lemma 8.

Thus, the expected time is(@"4) plus the expected time number of triangles visited ByX).

Theorem 3. Consider a random Delaunay triangulation. The expected number of Delaunay edges cut by
(X,Y) (found by the procedure above after taking: |n'/#]) does not excee@(n*4). If one organizes

the point location by using a binary search tree with expected h&ght/%), then the expected time for
point location isO(n/4).

Proof. We will make repeated use of the following fact(f, y) is a line segment contained in a convex
setC C [0, 1]?, then the number of Delaunay edges culbyy) for a Delaunay triangulatios,, (which
may or may not include: and/ory as vertices) is bounded by(8 + N'), whereN is the number of
points of the Delaunay vertex setdh andN’ is the number of Delaunay edges crossihgro see this,
mark all points inC and all points outsid€ that have a Delaunay edge that crosses i@ he number

of these points does not exceNdH- N’'. Form the Delaunay triangulation for these points. By planarity,
the number of edges of this triangulation crossingy) (or any other line segment containeddy) is

not more than @8V + N').
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Fig. 8. lllustration of the construction of two coupled samples. The square points (oGis@le common to both samples.
The white and black round points are particular to one sample. On the(stthe samples differ, and off, they are largely
identical. However, both are i.i.d. uniform samples when considered separately.

LetX = (X,, X,) be the query point. Lef = [X, —2k/n, X, +2k/n] x[0,1]. LetY = X; = (Y., Y,)
be the point among, ..., X,, whosex-coordinate rank differs from that &, by at mostt and whose
y-coordinate value is nearest #0,. Let D, denote the datéX;, ..., X,). We need a closely related
sampleD, (or Xi,...,X,). The construction of both samples is now described (see Fig. 8)pLet
be the area of”, a random variable between 0 an&l/4. First generate two independent binomial
(n, p) random variablesN and N’, denoting the number of data points ¢hin each sample (before
they are generated!). Lefy, ..., Z, be an i.i.d. sample drawn uniformly fror@¢ N [0, 1]?, and let
Wi, ..., W,, Wi,..., W, be an i.i.d. sample drawn uniformly frori. We start by settingX; = Z;,
i<n—N,X =Z;,i<n— N'(sothatX; = X/ for i <n —maxN, N')). Then, setX,_y;; = W;,
i <N,andX,_ ., =W, i<N' This completes the samples. Apply the same random permutation
to both samples. We claim that both samples are uniformly distributd@,di?. Also, for anyi (after
the random permutationp{X; # X!} = E{max(N, N')/n}. This is less thai{(N + N')/n} < 8k/n.
We also haveP{X; # X! | X} < 8k/n. If N(X,Y,D,) denotes the number of edges of the Delaunay
triangulation forD, that meet(X, Y), andN (X, Y, D,) denotes the quantity fdp, , then

N(X.Y. D) SN(X.Y. D)+ > Dilix,xy+ Y Dilixrsx,.
i=1 i=1
whereD; is the degree ok; in the Delaunay triangulatio,, andD; is the degree ok in the Delaunay
triangulationD;,. To see this, note that if we remove the poiatsfrom D, for which X; # X, and
adjust the Delaunay triangulation after every point removal, then the number of edges changed when
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removing X; is equal toD;, the degree o¥; just before its removal. This may increase the degrees of
some other points, but the edges causing such degree increases are already counted. Arguing in this wa:
the total number of edges changed is not more fhain, D;1x,.x;;. Now, start adding pointX; (with

X; # X}) one by one to geD, and note that these additions cause at Mdst, D1 x/.x,; New edge
creations. Taking expected values, we note that

E{N(X,Y,D,)} <E{N(X.,Y,D,)} + ZE{Z Diﬂ[x,-ysx;]}
i=1
=E{N(X,Y,D,)} + 2nE{D1l 1y, 2x;3}.
We consider both terms in the bound separately. Turning to the last term, we condition on the position
of X;: X1 = x. Considerx € [t, 1 — t]? with t = \/8logn/7n, and note that by Lemma 8{D; | X; =
x} <18+ 0(1). Using this and Lemma 5, we have
2nE{D111x,2x1} = 2nE{ D1l 1x,2x;1Lixyerr1-n2)) + 20E{ D1l x,2x 1 Lixygrr.1-112))
< ZnE{]l[Xle[t,1—1]2]E{D1]1[X17£X/1] | Xl}} + 2nE{Lx ¢r.1- 112 Lixyx]) SUPD. }

(whereD, is the Delaunay degree offor x, X, ..., X,,)
< AGKE{ L1y, cir.1- 2 E{D1 | X1}} + 2n°P{supD; > 384lodf n}

+2n x 384log nP{X1 ¢ [t,1— 1%, X1 # Xy}

< AGKE{ L1y, cir1 12 (18+ 0(D)) } + 27.32+ 16k x 384 logf nP{X; ¢ [t, 1 — 1]?}
(by Lemma 8, fom > 1000

< 16k(18+ 0(1)) + 27.32+ 16k x 4t x (384 l0¢f n)

~ 288.

This leaves us witlE{N (X, Y, D))}. To deal with this, we introduce the eveit= [N > k] (which
insures that the poinit is in C). GivenG, (X, Y) andD,, are independent, arid, is a uniform sample
on the unit square. Introduce the evéhthat the vertical distance betwe&nandY is less than or equal
to 2logn/k, and the evenk =[X,Y e [2r, 1 — 2r]?], wherer = /25logn/mn. By Lemma 4, we have

E{N(X,Y, D)Lig i} < c1+ QE{IX = YL }vn
< c1+ B (4k/n + 1/t + 1) 16 | vn

<c1+co(dk/n+1/k)/n
= O0(n™"),

where we used the fact that the expected vertical distance betweedY is at most Y(k + 1). Next,
E{N(X,Y,D))16¢} < 3nP{G} < 3nP{binomiakn, 4k/n) < k} < 3ne™""
by an exponential tail inequality for binomials (see, e.g., [1]). Furthermore,

E{N(X.Y,D,)Lineng ) < 3nP{H NG} < 3n(1— 2logn/k)* < 3ne 219" = =
n

Finally, note that ifE“ N G N H hold, thenX must have a-coordinate that falls within/24+ 2 logn/ k of
either 0 or 1, an event that has probability boundedby-4logn /k < 5logn/n*/ for n large enough.
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Fig. 9. lllustration of the construction at and 7. All shaded areas together forfh The darkest shading is reserved for the
rectangler centered aX.

Let R be the rectangle centeredXbf dimensions 4/n times 4log:/ k, intersected with the unit square.
UnderE‘NG N H, the segmentX, Y) is completely contained iR. Let N* be the number oX;’s in D,
that have a Delaunay edge emanating from it that has a nonempty intersectioR.idshconditional
independence (give&) of

5logn .
E{N(X, Y, D)1gnnnc} < WE{SN }.

We are done if we can show thB{N*} = O(,/n/logn). Let T be the set consisting of all points
of the unit square that are within distan¢® /nlogn from the perimeter of the unit square, or at
distance less tha@ log?n//n from R (thus, T includesR) (see Fig. 9). The area @ is not more
than 4/ /nlogn + 4C2log*n/n + (8k/n + 8logn/k)C log?n/+/n, which for n large enough is not
more than & /,/nlogn. For such large:, the expected number of points B in 7 is not more than
5C./n/logn. Let L be the length of the largest Delaunay edge emanating from a point riot ih
L < Clog?n//n, then any edge visiting must start from a data point ifi. So,

5C/n
logn
By the last part of Lemma 2 and the definition®fwe bound the last term in the upper bound by

n % nZe—(n—Z)Czlogn«/B/lS/n

E{N*} < +nxP{L>Clog?n//n}.

for all » large enough. The last term is(D if we setC = 48Y4. Putting everything together, we have
shown that

E{N(X.,Y, D)} =0x"". O
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Using a proof method as in the present paper, it is possible to show that BinSearch and Walk in 3d
with parametek ~ n%° takes expected tim®@ (»%/°) for data points and a query point i.i.d. and uniformly
distributed in the unit cube. The analysis could be undertaken by combining and adapting the arguments
from the present paper and from Devillers, Pion and Teillaud [14].

6. Expected complexity of Delaunay point location with balanced 2d trees

The unit square is recursively partitioned by a perfectly balanced 2-d tree [2], that is, the partitioning
alternates directions betweerandy, and member sets in the partition are rectangles. Every node in the
2-d tree receives one data point, about which the remaining points are split. Leaves correspond to empty
rectangles. It is clear, therefore, that there ;am@on-leaf nodes, and + 1 leaves. For a rectangle that
properly contains a collection of data points, if a vertical split is made, it is made atriiedian of these
points, where the-median is uniquely defined if the number of points is odd, and is the leftmost of the
two candidate medians whenis even. Horizontal splits are made abguimedians. A rectangle with
one point is thus split about this point, and this results in two empty leaf rectangles.

When splits alternate between horizontal and vertical, we end up with a rather balanced 2-d tree. This
structure is used in a static manner then for point location in a Delaunay triangulatiag, for, x,,.

We assume that the triangles incident to each vertex are stored by using balanced search iréesal et
given query point. First, we determine in(l0g, n) worst-case time the leaf region for Then we lety be

the node at the parent of this leaf. This node’s position in the Delaunay triangulation is of course known
(in O(1) time). Finally, we walk across the segment x) in the Delaunay triangulation to determine

the triangle forx. The extra time needed for this walk igD, plus Qlogn) (for the binary search at

among the triangles incident §9, plus N, the number of Delaunay edges crossed by the walk. Note that
Lemma 8 implies that without the search tree organization of the triangles, we would get an expected
complexity Qlog?n). However, that is not good enough here. In fact, the expected maximal degree is
O(logn), but that takes a much more careful argument not presented in this paper. It would allow us to
conclude that the next theorem is true even without the search trees at each vertex.

It suffices thus to study. To do so, we assume that the d&fa, ..., X,, are drawn uniformly at
random from the unit square, and th&ét the query point, is independent of the data and also drawn
uniformly from the unit square. The point at which the walk is started is denoted. bye will prove
that the expected complexity of a random query {go@n). The walk fromY to X crosses on the average
0O(1) Delaunay edges, so that the expected complexity of the walk ¥froéonX takes Q1) expected time.
However, this result is rather delicate to prove, and it is much easier to show that the walk ¢kiges) O
expected time. It is this proof we will present here. Note also that we do not claim that the expected time
from Y to a givenX = x is O(logn) on the average. In fact, this is not true, due to boundary effects in
Delaunay triangulations.

Theorem 4. The expected value of the number of Delaunay edges crossgd, By, and the expected
complexity of point location by the method described above, whgn. ., X,, and X are i.i.d. and
uniformly distributed in the unit square 3(logn).

Proof. SetC =16, D =17. LetX andY be as in the algorithmX is the query point, and is the data
point at which the walk is started. It is also the parent node of the leaf regidh. floet Vy and Hy be the
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Fig. 10. The partition of space by a balanced 2-d tree. The dimensions of the unique (leaf) rectangle t& Wwhichgs are
calledHy andVy.

vertical and horizontal dimensions of the leaf rectangle to whidbelongs. We will need the following
lemma abouV,, proved in Appendix A. As this rectangle has no other data points in its interior, the only
Delaunay edges that can possibly be crossed by the seg@Xigrij are those that emanate from points
outside the leaf rectangle. L&t denote the number of points from amoKg, .. ., X, that fall in theith
square. There are three situations:

(A) min; N; = 0: in this case, we can cross at most-36 edges.
(B) min; N; > 0, X is further than ¥y + 2Hy + 2D./logn/n from the rim: in this casey is at

least 2D./logn/n from the rim as well (sincé is on the perimeter of the leaf rectangle), so that

any Delaunay edge that crosses, Y) can be of length at most‘jéfcm by an argument

as in Lemma A.1 (see Appendix A). Hence, the Delaunay edges are always between points that
are within distanceC./logn/n of the leaf rectangle ok. Consider the rectangle of dimensions

(2r + 2Hy) x (2r + 2Vy) centered ak, and letNy be the number of data points in that rectangle,
which incidentally is entirely contained within the original square. ThEnY) cuts at most &y
Delaunay edges.

(C) min; N; > 0, X is closer than 2y + 2Hy + 2D./logn/n from the rim. DefineRy as the set of all

data points that are within distanc& 3+ 3Hx + 3D./logn/n from the rim. Clearly, any Delaunay
edge crossingX, Y) must have both endpoints Ry by Lemma A.1. LeMy be the number of data
points inRyx. Then(X, Y) cuts at most 3/ Delaunay edges.

Recapping the above, we see that the expected number of Delaunay edges cut does not exceed
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where A is the event tha is closer than 2y + 2Hx + 2D./logn/n from the rim. By Lemma 6,
the first term is ¢1). Forx € R?, a > 0, let [x — a, x + a] denote the square with opposite vertices
(x — (a,a),x + (a,a)). Let N(x, j) denote the number of data points in

[x—2r—2,/—(‘]+l)|Ogn,x+2r+2,/—(J+1)|Ogn].
n n

jlogn }

n

Set

Vin = sup\/IP’{VX + H, >

Observe that

3SUpE(N,} < 3su ZE{ﬂ[vxmme]N(xJ)}}

X ]:0

< 32 yj,nE% {N(x, ))?} (by the Cauchy-Schwarz inequality
=0

<3> yiuE{1+ N, j)} (because foB binomial (n, p), E{B? < (1+E(B})°)
j=0

< 42 yinB{N&x, )} (@sE{N(x, pH} > r?n > 3 for all n large enough
=0

ad [(G+ 1) logn \?
<64nj2_(:))/j,n(r+ f)
= 64logn Zy,»,n(c +vJj+ 1)2
=0

<128logn Y " y;u(C?+j +1).
j=0

Before we work this out, we turn to the third term, and argue similarly.rSetD ./logn/n. Now, let
N(j) denote the number of data points within distanee-3,/(j + 1) logn/» from the perimeter of the

unit square. LeR be the set of all points in the unit square within distance-2,/(j + 1) logn/n from
the perimeter. Then

o
BE{Mx14} <33 Y "E{N()yy+ny-/ogimLixer ]
j=0

o0
<3) P(X € RYSUPE{N ())yy, 1, /7iogi7m)}
Jj=0 *
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<3Z4(2r+2,/w> - (1+4n(3r+3,/w»
j=0

(by the Cauchy—Schwarz inequality

- . 2
—242(”+\/@+12”<”+\/@) )m
n
242( +./ M + 24nr? 4+ 24(j + 1) |Og”) Yijn

o0

<24 (25D%logn + 25(j + 1) logn)y;, (asn>4, D >1)
j=0

<600logn Y (D*+ j+ 1)yjn.
j=0

Thus, the three terms taken together a@®@n) provided thatZ?‘;ojyj,n =0(1). But by Lemma A.3
(see Appendix A),

o0 .I
Zsum\/@{vx SNERL }=O(1>,
ik 4n

and this implies the result. O

7. Nearest neighbor data structures

Assume that’, the place at which the walk is started, is the nearest neighb¥ramhongXy, ..., X,,.
We prove the following.

Theorem 5. If X, X3, ..., X,, are independent and identical{iput not necessarily uniformiyistributed
with any densityf on R?, then the expected time needed to walk fibrto X in the Delaunay data
structure forXy, ..., X,,, whereY is the nearest neighbor &f amongXy, ..., X,,, isO(1).

Proof. If the Delaunay structure would be updated to inclugleéhen(X, Y) would be a Delaunay edge
in this new structure. To update that data structure takes time proportional to the degredtef the
update. Now, the number of old Delaunay edges crossd&d ¥) is not more than this degree, because
each crossed edge is necessarily replaced and thus contributes “one” to the dégrBatdiy planarity,
the number of edges in the new Delaunay triangulation is not more thaf B) — 6 < 3n, and thus the
expected degree o is not more than®/(n + 1) < 6, because the + 1 data points are i.i.d. O

In other words, any nearest neighbor data structure would be useful for use in Delaunay point location.
To be considered in the context of this paper, it has to be simple and efficient.

A particularly simple data structure is the grid. Assume that the data take values in the unit square, and
are hashed to.@n x /n grid embedded if0, 1]?. Then, assuming that the data are uniformly distributed,
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the nearest neighbdf of X can be found in QL) expected time by spiral search—first search in the cell
of X, then in cells at grid distance one, and so forth [3].

We may simplify this method, and stop as soon as a cell point is found (without actually checking that
it is the nearest neighbor). Then the distance from that goiat X is at most\/i(\/% + A), whereA is
the distance fronX to its nearest neighbor. It turns out that this is good enough, and that the expected
time needed to go frorfi to X is still O(1), and that the expected time to filids O(1) as well, assuming
hashing in @1) time. We will not give that simple analysis here.

8. Conclusion

In a random 2-d tree for points uniformly distributed in the unit square, a nearest neighbor algorithm
was proposed by Chanzy, Devroye and Zamora-Cura [10], whose expected time (under the model studiec
in this paper) was shown to be(®@), wherep = (v/17 — 4)/2 = 0.056. ... By Theorem 5, Delaunay
point location can be done in(@”) expected time as well, based on a preliminary nearest neighbor
search.

If however we locate a leaf rectangle f&r(as we did for balanced 2-d trees), iebe the parent for
the leaf rectangle, and perform a Delaunay triangulation walk frota X, then the analysis is slightly
trickier. The length of the segmefX, Y) is bounded bWy + Hy. Chanzy, Devroye and Zamora-Cura
[10] showed thaE{Vy} = n'/?**, so that we obtain an expected complexity for point location @f'Q,
once again. The details of the proof are omitted.

Other possible structures of varying complexity include the random quadtree (which behaves as the
random 2-d tree and yields similar expected times), the squarish 2-d tree of Devroye, Jabbour and
Zamora-Cura [18] (for which the expected complexity is unknown but probalglggdy)), and the
random 2-d tree (or region quadtree).

The grid structure mentioned in the previous section would work fine for the uniform distribution
on [0, 1]%, but when the distribution is smeared out over another set, its performance deteriorates. The
methods described in this paper adjust themselves automatically and are to some extent less sensible t
rescalings of the axes. Hence the interest in them.

All results presented here, possibly with other constants, remain true for uniform distributions in
general convex sets in the plane. The boundary effect is minimal for the uniform distribution on the
circle, as there are about/® convex hull points, and thus, the edges on the convex hull are of length
aboutn—Y/3, only slightly longer than most edges of the Delaunay triangulation (which are apgfatit
length). On the other hand, the uniform distribution on a corivgon withk fixed, has abou® (k logn)
convex hull points. With high probability, there are some Delaunay edges of Ién@hIn a sense then,
the boundary effects are worst for the uniform distribution on these polygons, and the analysis presented
here for the square thus shows how to deal with the worst situation.

Finally, nearly all methods presented here walk from a pre-selected Padiatthe query pointX
by following a straight line. Other walks are possible that may deviate from the straight line, but their
analysis is more cumbersome. An example is provided by Devillers, Pion and Teillaud [14].
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Appendix A

Lemma A.1. Partition [0, 1]2 into a regulark x k grid of squares. Letv; denote the number of points
from amongX., ..., X, that fall in theith square. Defin€ = 16, D = 17. If (x, y) is a Delaunay edge,
or a segment of a Delaunay edge, amih; N; > 0 with k = |/n/4logn |, then either the length of

(x,y) is less thanC /logn/n, or bothx and y are within distanceD ,/logn/n from the border of the
unit square.

Proof. Letx andy be two points in the unit square at distaneex22r' = C/logn/n from each other.
Consider the open circl& with x andy at opposite ends, and cente= (x + y)/2. Its radius is. If
(x, y) is a (piece of a) Delaunay edge, then clearly one of the halfcigles S, must be empty, where

1

left boundary
of [0,1]?

cell containing w
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the halfcircles have radius, are centered at, and have (all of, or part of)x, y) as supporting segment.
Consider the pointv in S; at distance’/2 from z such that(w, z) is perpendicular td@x, y). Find the
cell in thek x k grid to whichw belongs, if this is possible.

Assume one ok or y is at distance at leadd./logn/n from the rim. Thery is at distance at least
(D/2)/Togn/n from the rim. Andw is at distance at leagtD — C)/2)./logn/n from the rim. Thusw
is in the square iD > C. We next claim that the entire grid cell to whiahbelongs falls in the halfcircle,
which shows that botlk andy must be within distanc®./Togn/n from the rim. Indeed, the maximal
distance betweepand any point in the cell ob is at most

/ 2 / 2 /
”_+£<F_+L<r_+ (if n > 64logn)
2 k "2 n__1 2 n

4logn 4logn
(8,
=r 2 C N4

sinceC =16. O

Lemma A.2. Letx be arbitrary, and letV, be the vertical dimension of the leaf rectangle fofThen

9log, (n)e~'0v(/2/27
log(c/2)

P{y/nV, > c} <
whenc > 2¢5.

Proof. Let no = n, n1, no, ... denote the number of points properly falling in the rectangle to which

x belongs asx moves down the 2-d tree, and letbe the first index for which, = 0. It is clear that
ni/2—1<n;;1 <n;/2.Byinduction, we hava/2 —2<n; <n/2 forallk >i >0. Asn;_; € {1, 2},

we see that /4 < 2= < n, and thusp /2 < 2 < 2n. The sizes are deterministically fixed of course. If

we begin with a vertical cut, then after the first horizontal cut, the vertical size of the rectangle containing
x is not more than maB,, 1 — B;), where B; is the median of a sample of sizg. Note that this

is 1/2+ |By — 1/2|. Write By, B», ... for independent random variables distributed as the medians of
samples of sizes,, n,, and so forth. As the sample in the rectanglecaEmains uniformly distributed
conditional on the cut, we see that the vertical size of the rectangle contaiméngpt more than

eZZi>0,2i+1<k |B2i+1—1/2) 292 Zi>0,2i+l<k |B2i41—1/2

[] (V2+1Bai—1/2) < <
(k—1)/2
i20,2i+1<k 2 / \/ﬁ

Thus, for anyx, 4/n V, is bounded by a random variable distributed as
2exp{2 > IBasa- 1/2|}.
i>0,2i+1<k

Letr > 2 be fixed. Then, defining the event

t
A= [|le-+1—1/2| > ]
i >0, 2i+1<k Vn/4
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we have

. 3274 /n)(n2i11/2)
} <

Jn/4 Z At2'//n)/nzit1/4

i>0,2i+1<k, 2t <A/ /4
by Lemma A.4 (see below), provided,,,/2 > 2. That we may indeed apply Lemma A.4 follows
from this simple argument: let be so large thati2+ 1 < k, yet ny,1 < 4. Then clearly, we must
havek > 2i + 1>k — 2. Thus,n/4 < n/4%=3/2 = 8n/2* < 16 < 4?. In the bound above, use
Noip1 = n/2%+ — 2 > n/2%+ — (1/2)nyi41, and thusny, 1 > (1/3)n/4 for the i in the range of
summation. This replacement shows

P{A}< ) IP{|BZ,-+1 —1/2>

i>0,2i+1<k

t 3/12e?/3  3log,(n)e /3

P{ U [|le-+1—1/2|> l}}< > e
i>0, 2i+1<k vn/4 i>0, 2i+1<k

because /2 < log, n. Bound/n V, by \/n if A holds. OnA¢, the complement ofi, we have

12! 21 2k/2
ﬁVx<2exp{2 3 —}gZexp{ }<2éﬁ<2€f.
i>0,2i+1<k \/ﬁ ﬁ

Replacec = 2€* and add the condition > 2€®. Thus,

9log, (n)e~'0v(/2/27
log(c/2)

P{\/l’_l Vi 2} <
whene > 2. O

Lemma A.3. Letx be arbitrary, and letV, be the vertical dimension of the leaf rectangle fofThen

Zsupj\/P{Vx > ./ jlogn } =0(1).
prdE 4n

Proof. Apply the bound of Lemma A.2. For thgh term in the summation, replacegn Lemma A.2 by
/jlogn/4. Then note that the series

ij 9Iogz(n)e—'.°gz(‘/7'm/4)/27< °° j3 0g, (1) e'09°(/1097/16//216
= log(\/jTogn/4) i log(y/logn /4)

(]

= J
< O(y/logn) Z (j logn/16)/09(; 0gn/16)/216 =0(1)
=1

by noting that forj < €548, the sum is @logn)—<'°9") for somec > 0, and that for the tail, each term is
bounded fom large enough by./logn/(jlogn)?. O

The following lemma gives a tail inequality for medians of uniform samples of both odd and even
sizes. The beté&u, b) density,a > 0, b > 0, is the density ofi0, 1] given by
B xa—l(l _ x)b—l

fx) = Bab)

O<x <1,
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whereB(a, b) =T (a)T'(b)/ I'(a + b) is the beta function. The distribution of tkhéh smallest of: i.i.d.
uniform [0, 1] random variables is bet@&,n — k + 1).

LemmaA.4. Let B be a beta(n, n) or beta(n, n + 1) random variable. Then, fai > 0,n > 2,
3e—2nu2
4unj2’

Proof. The simple tail inequality is derived directly from the form of the densityot.et B(., .) denote
the beta function. Observe thBtn,n)/B(n,n + 1) = 2, so that wherB is beta(n, n + 1), its density is

B ln,n+Dx" A -x)"<2B Y, n)x" 1 —-x)""t, O0<x<Ll
That is, at every, it is at most twice the density of a beta, n) random variable. Thus, assume tiBat
is beta(n, n). Note that
B(n,n)
Bn+1,n+1)
By iterating this, we obtain for > 3,

P{1B —1/2 > u} <

2
_a4 2 cagien,
n

B~Y(n,n) < 4 2eXi29 B1(2,2) < 429 D126 — 6 % 412/ — 1.

This inequality is valid fom > 2. Thus, forn > 2,

1 1/2
n— B_l I
P{IB—-1/2|>u}=2 / B (n,n)(x(1—x)) Yy = 2/ #(1— 4y*)" L dy
1/2+4u u
1/2 00

<ai=1 [ et ay <ava—1 [ Zetiovgy
u u

e—4u2(n—l) 3e—4u2(n—1)

8n—Du Suvn—1

Forn > 2, we haver — 1 > n/2. This concludes the proof of Lemma A.40

=3vVn-1
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