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ABSTRACT 

We show that the maximal degree in a uniform random recursive tree is almost surely 
(1 + o( 1)) log, n .  A random directed acyclic graph on n nodes is defined by connecting the 
ith node for each i > m with r of its predecessors uniformly and at random. The maximal 
degree is shown to be almost surely (1 + o( 1)) log,,,,, n. 0 1995 John Wiley & Sons, Inc. 

1. INTRODUCTION 

A uniform random recursive tree (or URRT) on p1 nodes is a tree recursively 
constructed by letting the ith node pick its parent uniformly and at random from 
among the first i - 1 nodes. A uniform random recursive dag (or URRD) on n 
nodes starts this process only at node m + 1, so that the first m nodes are roots. 
Furthermore, the ith node picks r nodes uniformly from among the first i - 1 
nodes to be its “parents,” thus creating a directed acyclic graph. The object of 
this note is to study the maximal degree in these structures, as well as in certain 
subtrees rooted at the k-th node. 

Na and Rapoport [24], Moon [23], Gastwirth [13], Meir and Moon [21], 
Najock and Heyde [25], Dondajewski and Szymanski [ll], Gastwirth and 
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2 DEVROYE AND LU 

Bhattacharya [14[, Devroye [9, 101, Szymanski [27,28], Mahmoud [19], 
Mahmoud and Smythe 1201, and Pittel [26] have studied the URRT in some 
detail. A URRT of course is just a URRD with m = 1. Dags model expression 
trees in which the symbols are the roots and the mathematical operators 
correspond to internal nodes. They also model PERT networks, and represent 
partial orders in general. In the latter context, random dags, different from the 
ones studied here, were suggested by Winkler [29] and Bollobis and Brightwell 
[2]. Key properties are obtained in these papers and by Bollobis and Winkler [3] 
and Frieze [12]. In our model, both the number of roots (m) and the number of 
parents (r)  can be controlled to yield a rich family of random dags. 

The degree of a node is the number of children. In a URRD, the number of 
parents is m for all nonroot nodes, and 0 for the roots. In a URRT, the degree 
sequence has been studied by Na and Rapoport [24], Gastwirth and Bhattacharya 
[14], and Mahmoud [19]. Let M, be the maximal degree in a URRT or URRD. 
Szymanski [27,28] showed that, for the URRT, 

Let T denote a URRD or URRT, and Tk be the subtree rooted at the kth node. 
Quantities studied in this note include M,, the maximal degree in T ,  and Mn,k, 
the maximal degree in T k .  Both are shown to be about a constant times log n .  As 
the URRT model is a natural asymptotic growth model, the strong convergence 
of various random parameters does matter. For that reason, we will spend some 
time on almost sure convergence results. Although some results for the URRT 
follow from those for the URRD, the proofs for the URRT are more transparent, 
and will be given separately. 

Theorem 1. 
1. For a fixed integer k ,  Mn9,110g, n+ 1 almost surely. 

Theorem 2. 

In a URRT, M,llog, n+ 1 almost surely and limn+m EM,,/log, n = 

In a URRD, forfixed integers r and m with 1 s r s m ,  

= 1 almost surely Mn lim 
n-m logl+l,r n 

Remark. If we define a random graph on n nodes by choosing n - 1 edges at 
random from the n(n - 1)12 possible edges, then the maximal degree is in 
probability asymptotic to log nllog log n .  This follows from arguments used in 
hashing [8, 151; see also Bollobis [l, p. 721. Moon [221 e2tablished a similar result 
for uniform labeled trees, in which each of the n - trees is equally likely. 
Szymanski [27] showed that for a nonuniform random recursive tree in which a 
node is selected with probability proportional to its degree, EM, 2 ED, - 2 m .  
In all these examples, the difference with the URRT is quite remarkable. 

2. PROOF OF THEOREM 1 

Let Rj  be the node among (1, . . . , j - l} that is the parent of node j .  Let Di be 
the degree of node i in the URRT. We have 
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MAXIMAL DEGREES IN RANDOM RECURSIVE TREES AND DAGS 3 

D~ = C z , ~ ~ = ~ ,  , i z 1 . 
j > i  

By definition, R,, . . . , R, are independent. Also. for j 2 1, 

1 
j - 1  P{R,=i)=-, 1 5 i < j .  

Denoting H, = CYZl (l/j), we have 

EDi=H,-, - H i ,  l s i l n ,  

and 

By Chebyshev’s inequality, we conclude that, for all E < 0, 

where 0 < w, = o(n). The first few degrees are about log n.  This establishes that 
lim infEM,/log n 2 1, which, unfortunately, is not tight. We will be able to obtain 
Theorem 1 via the following device. 

Lemma 1. 
[Di  z a,]. Then 

Let a,  be a sequence of positive numbers, and let Ani be the event 

Also, 

0 
1 

if limn+m C:==, P{A,,} = 0 , 
if limn+m Zy=l P{A,,} = cc) . 

lim P{M, 2 a,} = 
n+m 

Proof. 
means of the Chung-Erdos inequality [5 ,6 ]  

The first chain of inequalities is obtained via Bonferroni’s bound and by 
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4 DEVROYE AND LU 

To show the former inequality, we note that the multinomial distribution is 
negative orthant dependent (see [16] for definitions and a discussion). In 
particular, if (Xl, . . . , X k )  is a multinomial random vector, then we have, for all 

* * , x k ,  

k 

i = l  1 = 1  

Now, assume that i < j .  Then, with T = E i = i + l  
E:=,+l Z,Rk= , l ,  and a, integer-valued, we have 

V =  C z = i + l  Z f R k = l l ,  W =  

P{AniAni> = P { T + V L a , ,  W r a , }  

5 P{ T + v 2 a,}P{W 2 a,) 

=P{Ani}P{A,,} 3 

where we used the fact that T is independent of (V, W), and that (V, W, n - j - 
V- W) is a multinomial random vector. This establishes the first chain of 
inequalities. The second half of Lemma 1 follows from the first part and the fact 

0 that [M,  L U , ]  = U:=, An1.  

We first show the first statement of Theorem 1 with "almost surely" replaced 
by "in probability." Clearly, we need only verify the limits of the sums shown in 
Lemma 1, first for a, = [c log nl with c > lllog 2, and later with c < lflog 2. In 
the second part, we obtain strong convergence. In the third part, we deal with 
M n 9 k .  

Proof of the weak convergence: upper bound. We will begin by showing 
n 

where a, = [c log nl with c > l/log 2. We first obtain the following exponential 
inequality: 

c l ogn(1 -u+log(u) )  P{D, 2 a,} 5 e 7 

where u = - H i ) / ( c  log n).  Indeed, for t > 0, by Markov's inequality, 

1 e' 
- <e-'c'"gn n (1--+-) j -1  1-1 (by independence) 

j>i 

e-tcIogn+Z,,r ( e ' - l ) / ( j - l )  

- / c  log n + (e'- 1 ) ( f f - ,  - H i )  

- 

(i 2 2) = e  
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M A X I M A L  DEGREES IN R A N D O M  RECURSIVE TREES A N D  DAGS 5 

The last upper bound is minimal when t is the solution of e' = c log n/(H,-, - H i ) .  
Resubstitution yields the bound. Since u is a decreasing function of i, we note that 

2 P { D ~  2 a,> 5 nrP{Dl 2 a,> 
1 

E c l o g  n( l+o( l ) ) ( l - l / c+ log( l / c ) )  

-log n ( o ( l ) + l - c + c  l o g  c - E )  

I n  e 

= e  > 

and this tends to zero for E < 1 - c + c log(c), so the inequality can be satisfied for 
all E small enough. Next, we have 

2 ~ { ~ ~ r a , )  5nP{D,,l-el 2 u n >  
i>n ' -€  

< log n ( l + o ( l ) ) ( l - r / c + l o g ( r / c ) )  

< e-log n ( l + o ( l ) ) ( - c + e - c  Iog(r /c ) -1)  

- 

- 

which tends to 0 provided that E < c/e2-again, this is satisfied for all E small 
enough. The first part of the theorem follows if we can show that, for all E > 0 
small enough, we have 

If we set i = n p ,  with p E [ E ,  1 - E ] ,  then u = (1 - p ) / c  + o( l ) ,  where the o(1) 
term does not depend upon p. Also, f25 n E 5 y ,  z 5 nl-', ly - zI I 1, we have 
I4(u(y)) - +(+))I I l/En', where +(s) = 1 - s + log@). Thus, by the uniformity 
of this estimate, 

By the transform v = 1 - log x/log n,  we can rewrite the last integral as 

log 1 1 - e  nc log u - 2 u  dv ec l o g n ( l - u / c + l o g ( u / c ) )  n I - u  log n dv = nl+'-' l o g c  

2 ( 1 - r )  l o g n  

2r log n 

- nl+c-clogc logn  
wC log ne-w dw I - 

(2  log n)'+" log 

- n ' - c 1 0 g 2 ~ ~ ,  

where we used the gamma integral and Stirling's formula. The last expression 
tends to zero with n. 

Proof of the weak convergence: lower bound. Assume next that c < l/log 2. 
Define b, = b = LS log n ]  , where S E (0, l/log 2 - c)  is an arbitrary small positive 
number. Furthermore E > 0 is a fixed small number such that 2~ < c + S < 2( 1 - 
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6 DEVROYE AND LU 

E ) .  We consider an integer i with nF 5 i 5 nl-', and assume that n is so large that 
b(i - 1) > 4 for all such i. Let B,, B,, . . . be independent Bernoulli random 
variables with EBi = l / ( j  - l),  and let P,, P 3 ,  . . . , be independent Poisson 
random variables with EPi = 1 / (  j - 1). Set a = a ,  = Lc log nl . In trying to derive a 
lower bound for P{Di I a } ,  we cannot use the standard bounds on the closeness 
of the distribution of a sum of Bernoulli random variables to a Poisson random 
variable (see Le Cam [MI; see Deheuvels and Pfeifer [7] for the most recent 
references), as these bounds are too large. However, in a right enough probability 
space, there exists an embedding such that 

def 
= wi - zi . 

To see this, let U be uniform [0, 11, and define Bj and Pj both by the probability 
integral transform. Thus, Bi = 0 if and only if U 5 1 - p. This implies that 
U I e-" and thus that Pj = 0. If Bj = 1,  we trivially have Bi 2 PiZrp,511. Repeat this 
for all j .  Note that y. is Poisson with parameter p = E i > i  l / ( j  - 1) = - Hi. 
From the trivial inequality 

def 

P{D, 2 a }  2 P { y .  2 a + b }  - P{Zi 2 b }  , 

we note that it suffices to show that 

and 

lim 2 P { z , ~ ~ } = o ,  
n ' s i l n ' - '  n+m 

to conclude by Lemma 1 that lim P{Mn 2 a , }  = 1. 

Verification of ( 1 ) .  
uniformly over our i, 

If V, is Poisson with parameter log((n - l) /( i  - l)), then 

1 
2- 
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MAXIMAL DEGREES IN RANDOM RECURSIVE TREES AND DACS 7 

- - 

- (1 - o(1)) i 
(a + b)!  

- 

Thus, 

(1 - o(1)) log"+b(n) c P{W,LU+b)L (a + b)!  n ' - = ; c n l - e  

(1 - o( 1)) log" +b(n) 
- - CZw dw 

(a + b)!  

n 
log" + ' (n)  (a + b)!  - 
(U + b)! 2a+b+1 loga+b(n) 

n 

In this chain, we used the weak law of large numbers for the gamma distribution 
(the probability that a gamma (a + b + 1) random variable takes values in 
[2e log n ,  2( 1 - E )  log n] tends to one when 2e < c + S < 2( 1 - e)). It should be 
noted that the lower bound tends to CQ when c + S < 1 /log 2. 

Verification of (2). 
bound P{Zi L b}. First, observe that 

We will use Chernoff's exponential bounding technique to 

1 1 2 1  
EZi = c (EPj - P{Pj = 1)) = -(1 -e-z)Ie (&) 5- i - 1 '  

j>i j > i  f - 1 j > i  

Since b(i - 1) > 4, we see that 

1 .  P{Zi 2 b )  I P{Zi - EZi 2 b / 2 }  I e-'b'2E{e f(z,-EZ,) 

We will abbreviate the Poisson parameter l / ( j  - 1) of Pi to y. The last 
expectation may be written as a product over j > i of expected values of the form 

Thus, 
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8 DEVROYE AND L U  

= (&y4 [t&,..e the optimal value for t ,  
t=(1/2) log(b(i-  1)/4)] 

1 
5 ( 2(ne - l))b'4 

(if b 2 8e) 

(if n 2 2) . 
Thus, when n 2 2 is so large that b 1 8 e ,  

- n - ~ b / 4  

This is o(l), as required. The weak convergence of M,,/log2 n to 1 thus follows. 
This implies that lim inf,,-- EMn/log2n I 1, which together with Szymanski's 
result (or directly via tail bounds for M,, given above) shows that EM,, /log, n + 1 
as n+w. 

Proof of the strong convergence. 
used in the inequalities 

The monotonicity of both M,, and logn are 

M2n+1 
s s u p  - . s s u p  - inf n + l  5 inf - Mn M2n Mn 

N=f l  log2 2N,, logn 2N,n logn N 5 n  log2" 

To show that 

Mn 1 -<- 
1i~::p log - log almost surely , 

we need only show 

1 
almost surely . M2- lim sup ~ I - 

n+m n log2  log2 

From the tail bounds derived above, for any c > 1 /log 2, there exists an E > 0 
small enough such that, for all n large enough, 

As this is clearly summable in n,  we may apply the Borel-Cantelli lemma to 
conclude that lim supn+= M, /log n 5 1 /log 2 almost surely. From exponential 
bounds derived earlier and the association inequality of Lemma 1, for any 
c < l / log 2, there exists an E > 0 small enough such that, for all n large enough, 
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MAXIMAL DEGREES IN RANDOM RECURSIVE TREES AND DACS 9 

n log 2 n log 2 

Ef I l  P{D, 2 cn log 2) 
1 + E;I~ P{D, 2 cn log 2) 

5 1 -  

1 
2 € n  + 1 . 5- 

This too is a summable series. By the Borel-Cantelli lemma, 

almost surely . M n  1 lim inf - 2 - 
n-- logn log2 

Proof of the last part of Theorem 1 .  Here we use a simple result on P6lya urns 
that may be found in Athreya and Ney (1972). It has been used in the analysis of 
uniform random recursive trees in other contexts by Mahmoud and Smythe [20]. 
As we grow our URRT and follow ITkl, the size of the URRT, we observe that 
I T k l ,  for n 2 k, follows a Polya urn process: At n = k, the urn contains k - 1 black 
balls and ne white ball, the white ball corresponding to node k. Each subsequent 
node picks a previous node uniformly at random. Therefore, we may model this 
by picking a ball from the urn at random, and throwing two balls back of the same 
color. It is known that the proportion of white balls tends almost surely to a beta 
(1, k - 1) random variable when k > 1: 

lTkl  lim - = Y 
n-m n almost surely. 

where Y is beta (1, k - 1). Since 0 < Y < 1 with probability 1, we have 

- 1 almost surely. lim -- 
n-r-  logn 

log I Tk I 

The next observation is that Tk grows as a URRT in its own right. Hence, on 
[ \ T k ) + O 0 ] ,  we have 

1 
almost surely , M n , k  

loglT,I +w 
and thus, 

almost surely . Mn,k - 1 
lim 
n+m logn log2 

3. PROOF OF THEOREM 2 

For i > j ,  the indicator of the presence of a directed edge between “child” i and 
“parent” j is denoted by R,. We define Rj as the vector ( R j l ,  . . . , R j , j - l ) .  
Clearly, {R; ,  j > m} are independent. 

Lemma 2. Let a > 0 be fixed. Define the degree of the ith node, 
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10 DEVROYE AND LU 

n 

Dni = c Rji , 
j = r + l  

and the event Ani  = [Dni 2 a ] ,  where a > 0 is a given number. Then, for k > i > j > 
m ,  Rk i  and R ,  are negatively orthant-dependent, i .e . ,  for any increasing functions 
f and g, 

E{f(Rki)g(Rkj)> E{f(Rki)>E{g(Rkj)}  ' 

Furthermore, Dni and Dnj are negatively orthant-dependent. In particular, for any 
a > 0 ,  

P{AniAnj> 5 P{Ani)P{Anj) 

Proof. Clearly, 

= E{f(Rki)>E{g(Rkj)> 7 

because 0 5 (k - r ) r ( f ( l )  -f(O))(g(l) - g(0)). Also, the pairs ( R k i ,  R k j )  for k > i 
are independent. Hence, a straightforward argument shows that C k , i  Rki and 
C k > i  R ,  are negatively orthant-dependent. By conditioning, the addition of an 
independent component C i = j + l  R k j  does not change matters, and we note that 
Dni = C k > i  Rki  and Dnj = C k , j  R ,  are negatively orthant-dependent as well. 0 

We note at this point that Lemma 1 remains formally valid if we define 
Ani  = [Dni 2 a,,]. The proof of Theorem 2 proceeds along the lines of the proof of 
Theorem 1. Strong convergence is obtained from tail estimates that were used to 
prove weak convergence by applying the Borel-Cantelli lemma to the sub- 
sequence L(1 + l/r),,J, where n L 1, and employing simple monotonicity argu- 
ments. Thus, we only consider upper bounds for 

i = l  

when a,, = (1 + E )  logl+l/r n,  and lower bounds for the same expression with 
a,, = (1 - E )  logl+l,r n. The upper bound should tend to zero, and the lower 
bound should tend to 00 in order to be able to deduce that 

+ 1 in probability Mfl 

1% 1 + 1 / r  n 
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M A X I M A L  DEGREES I N  RANDOM RECURSIVE TREES A N D  DAGS 11 

An upper bound. We proceed as in the proof of Theorem 1. Take a, = [c log nl 
with c > l / log(l  + l / r ) ,  and define u = r(H,,-l - Hi)/(c logn). Note that Dni = 
Ejli Rji ,  where Rji is Bernoulli ( r / ( j  - 1)). Thus, for i 2 m, we have, along the 
lines of the proof of Theorem 1, for t > 0, 

P{Dni 2 a,}  5 E { e f D n r - ' a n  } (by Markov's inequality) 

r re' 
- < e-" log n (1 - -+ x) (by independence) 

1 l i  

< e - f c l o g n + C j , i r ( e ' - l ) / ( j - l )  - 

- tc  log n + r(e'- l ) ( f f - l - H i )  - 

- - e - c  log n ( t - u ( e ' - l ) )  

- 

(definition of u )  

(take t = -log u )  , - ec log n(1-u+log  u )  - 

where we assume that n and i are such that u s 1  [ i > n l - c / r  will do; since 
r log(1 + l / r )  < 1, this is satisfied for all i and all n large enough]. We take E > 0 
very small, and consider three ranges for our sum. Since u is a decreasing function 
of i ,  and since the value of u at i = m is r / c  + O( l/log n ) ,  we note that 

2 P{D,, 2 a,} 5 n'P{Dnm 2 a, }  
m<i<n' 

(at i = m) E c log n(1-u+log u )  5 n  e 

s n  e E c l o g  n ( 1 - ( r l c ) + l o g ( r / c ) ) + O ( l )  

(for some constant C) . c n e + c - r + c  l o g ( r / c )  - 

Note that the exponent of n is negative for all E > 0 small enough. Similarly, 

C P { D , ~  2 a,  j n ~ { ~ , , , 1 - ~ ,  2 a,} 
i z n 1 - z  

(at i = [n'- ' l )  < log n(1-u+log  u )  
- 

- - n e O ( l ) + l o g  n ( c - r e + c  l o g ( r e / c ) )  

(since the value of u at i = [n l - ' ]  is r d c  + O(l/log n))  

(for some constant C) . < c n l + c - r e + c  log ( re / c )  - 

Once again, it is easy to verify that the exponent of n is negative: First of all, note 
that c > l/log(l + l / r )  > r.  Then, observe that the exponent is a unimodal 
function of c with a maximum at c = re. Thus, if we replace c in the exponent by 
r ,  we necessarily obtain an upper bound, which is 1 + r - re + r log E < 0 when 

. The sought upper bound follows if we can show that for all E > 0 
small enough we have 
< e - ( l + l / r )  
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12 DEVROYE AND LU 

If we set i = n p  with p E [ E ,  1 - €1, then we note that u = r(l - p ) / c  + o(l) ,  
where the o(1) term does not depend upon p. Also for n i e F y ,  z s r ~ ~ ‘ ,  
Iy - z (  I 1, we have I+(u(y)) - +(u(z))l I l / ~ n ‘ ,  where +(s) = 1 - s + log(s). 
Thus, by the uniformity of this estimate, 

By the transform u = 1 - log x/log n,  we can rewrite the last integral as 

e c  l o g n ( 1 - u r l c + l o g ( u r / c ) )  I - u  n logndu 

< n c l o g r + l + r - c l o g c  - log [ uc log n e - ( l + r ) u  log n dv 

log n x (( 1 + I )  log n) -c  log - x log + 1) - - n r l o g r + l + c - c l o g c  

v- c log(rl(  1 + r ) ) + l  n - 
l + r  7 

where we used the gamma integral and Stirling’s formula. The last expression 
tends to zero with n at a polynomial rate. 

A lower bound. We proceed once again as in the proof of Theorem 1. It suffices 
to note the few differences. Set a = a, = [c log nl with c < l/log( 1 + l / r ) ,  and set 
b = 16 log n ]  , where 6 E (0, l / log(l  + l / r )  - c) .  The independent Poisson ran- 
dom variables P, have parameter r l ( j  - 1) instead of l l ( j  - 1). The definition of 
W, and Zi  is as in Theorem 1. Using an argument as in Theorem 1, we may prove 
that 

c P { W , 2 a , + b , } Z - n ~  
, ‘515,1-f 

for some q > 0 and all n large enough. By the Chernoff bounding method, it is 
also easy to show that 

for i r n~ and n so large that b, > 4 r 2 / ( i  - 1). Simple calculations then show that 
for some q > 0 and all n large enough, 

C P{Zi  2 b,} 5 n-” , 
, ~ 5 i S n 1 - ~  

as required. 
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