Information and Inference: A Journal of the IMA (2026) 15, iaag016
https://doi.org/10.1093/imaiai/iaag016

Property testing in Gaussian graphical models: trees and small separation
numbers

Luc DEVROYE
School of Computer Science, McGill University, 3480 University Street, Montreal, H3A OE9, Canada

GABOR Lucost
ICREA Pg. Lluis Companys 23 08010, Spain
Universitat Pompeu Fabra, Department of Economics and Business, Ramon Trias Fargas 25-27, 08005
Barcelona, Spain
Barcelona School of Economics, Ramon Trias Fargas 25-27, 08005, Barcelona, Spain

AND

P1OTR ZWIERNIK & *

Universitat Pompeu Fabra, Department of Economics and Business, Ramon Trias Fargas 25-27, 08005
Barcelona, Spain
Barcelona School of Economics, Ramon Trias Fargas 25-27, 08005, Barcelona, Spain
*Corresponding author. Email: piotr.zwiernik @upf.edu

[Received on 21 May 2024; revised on 9 August 2025; accepted on 26 March 2026]

We study property testing for graphical models in a setting where an algorithm may adaptively query
individual entries of the covariance matrix X, and cost is measured by the number of queried entries.
Under natural (strong) faithfulness assumptions, we design divide-and-conquer tests guided by balanced
separators that operate on small submatrices and avoid global matrix inversion. Our first result is a tester
for whether the underlying graph is a tree; with high probability it decides correctly using a subquadratic
number of correlation queries, and for bounded maximum degree A the complexity is near-linear up
to logarithmic factors. Our second result concerns graphs with a small separation number (hence small
treewidth). We present two complementary procedures: a conditional descent test that never breaks when
sn(G) < k and, upon termination, returns an O(klog(n/k)) certificate; and a marginal descent test that,
under a ‘good run’ condition, either certifies sn(G) < 2k or proves sn(G) > k. The approach extends
beyond the Gaussian case whenever reliable conditional-independence queries are available (e.g., non-
paranormal models), yielding tests that access only a vanishing fraction of the entries of X.

Keywords: covariance matrix estimation; property testing; separation number; graphical models.

1. Introduction

Graphical models are widely used to encode multivariate dependence structures in a parsimonious and
interpretable way [22]. In a Gaussian graphical model, a graph G = ([n], E) is associated with a random
vector X = (X, ...,X,,) through zeros of the precision matrix: if ¥ = cov(X), then
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2 L. DEVROYE ET AL.

so the edge set E records conditional independences directly. Let S| be the cone of positive definite
matrices and define

M(G) = {Z € S:’L : (Z_l)ij = 0 whenever i # jand ij ¢ E}. (1.1)

This representation supports statistical inference and scalable computation in many applied domains
[22, 40].

In modern applications,  can be so large that even storing = or computing ¥~ ! becomes prohibitive.
This occurs, for example, in reconstructing gene regulatory networks from high-throughput expression
data [3, 15, 41] and in constructing functional connectivity networks from fMRI data [14]. In such
regimes, full structure learning may be unnecessary or infeasible; instead, it is natural to ask whether
specific properties of the underlying graph hold. Typical targets include whether the graph is a tree,
whether its maximum degree is bounded, or whether it has small treewidth (equivalently, admits small
balanced separators). Our work adopts this property-testing viewpoint while accessing only a vanishing
fraction of the entries of X, in the entry-query spirit of Lugosi et al. [25].

Property testing studies algorithms that decide whether a large object has a property using highly
limited access to the object [12, 32]. Here, the object of interest is the graph G, but we do not query
edges directly. Instead, the algorithm may adaptively query individual entries of the covariance matrix
% and must draw global conclusions about G from such local access. This indirect access makes the
design of efficient testers delicate. Related hypothesis-testing ideas in graphical models have largely
focused on structure learning and parametric hypotheses [7, 19], or on testing local substructures [39].
Our emphasis is on global structural properties and on computational efficiency.

We focus on two canonical properties. The first is treeness:

Hy: Gisatree VS. H, : Ghas acycle. (1.2)

For connected graphs, acyclicity and treeness coincide, so (1.2) is the natural formulation. The second
property is a small separation number, a balanced-separator notion closely related (within constant
factors) to treewidth (see Section 4): for k > 1,

Hy: sn(G) <k VS. H,: sn(G) > k. (1.3)

By definition, sn(G) < k means that for every W C V, there exist disjoint A,A” € W and S C V with
|S| < k such that max{|A|,|A’|} < %|W| and no path in G \ S connects a vertex of A to a vertex of
A’. Graphs of small treewidth are central in exact and approximate inference [4, 17, 21], and empirical
studies suggest that many real networks have modest treewidth [1, 2, 26].

We work in an entry-query oracle model: the algorithm may adaptively query selected entries of X,
and cost is the number of queried entries. This model captures settings where X is distributed or too
large to invert, but entries can be obtained on demand. We design tests that avoid global linear-algebra
operations and achieve subquadratic total query complexity (often near-linear when the maximum degree
A is bounded). The entry-query paradigm has proved useful beyond testing, for example, in learning
sparse graphical structures [25] and in recovering spectral information from few entries [18].

1.1 Related work and comparison

There is a complementary, sample-based literature on testing graph properties in Gaussian graphi-
cal models. Neykov et al. [30] observe m i.i.d. samples and build de-biased estimators for entries
of the precision matrix; these are aggregated into tests for global properties, such as connectivity,
acyclicity/forestness, bounded degree and graph distances [30]. Guarantees are expressed in terms of
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PROPERTY TESTING IN GAUSSIAN GRAPHICAL MODELS 3

sample size and rely on concentration/normality of the de-biased statistics; see also [5, 29, 36, 37] for
related combinatorial inference problems. By contrast, we assume no samples and no global precision
estimation: our guarantees control query complexity (how many entries of ¥ we read). Methodologically,
we follow the entry-query approach of Lugosi et al. [25] but focus on testing rather than full graph
recovery. Because the information models differ (samples vs. entry queries), the guarantees are not
directly comparable.

1.2 Main contributions

We develop divide-and-conquer tests guided by balanced separators. At each recursion step, the
algorithm inspects only small submatrices (and their Schur complements), performs localized rank/zero
checks to detect separators and then descends into components whose sizes shrink geometrically. This
locality drives both correctness and efficiency.

Our first result concerns testing whether G is a tree. Under a natural 1-faithfulness assumption
(formalized in Section 2), the procedure repeatedly finds an approximately central cut vertex using small
conditional-independence checks on Schur complements % and recurses on the resulting components.
With probability at least 1 — €, it decides correctly while reading a subquadratic number of entries of X;
when the maximum degree A is bounded, the query complexity is near-linear up to logarithmic factors
(Theorem 3.5).

Our second set of results treats small separation numbers (hence, bounded treewidth). Section 4
presents two descent schemes. The (MD) procedure mirrors the tree tester but searches for balanced
separators inside successively smaller blocks obtained by marginalization. Because marginalization can
introduce fill-in, a separator found inside a block need not be a valid separator of G; we therefore
state a precise ‘good run’ condition under which every local separator decision is globally valid,
leading to correctness and high-probability subquadratic query bounds (Theorem 4.11). We prove that
decomposable (chordal) graphs always yield good runs (Theorem 4.13). The (CD) procedure conditions
on accumulated separators and works directly with Schur complements; strong faithfulness propagates
to induced subgraphs, so the algorithm never breaks when sn(G) < k and, upon termination, returns an
O(klog(n/k)) certificate with subquadratic query complexity (Theorem 4.18).

1.3 Notation

We write S" for symmetric n x n matrices and S’} for the positive definite cone. For ¥ € §" and
A,BC [n], X AB denotes the corresponding submatrix; E\i,i is the ith column with the ith entry removed.
For a graph G = (V,E) and B C V, Gy is the induced subgraph.

The rest of the paper is structured as follows. Section 2 formalizes the faithfulness assumptions
and gives an entry-query routine for connected components. Section 3 presents the tree tester and
proves Theorem 3.5. Section 4 describes the two descent schemes and proves Theorems 4.11 and 4.18.
Section 5 discusses non-Gaussian extensions where reliable conditional-independence queries can
replace Gaussian algebra; we note, for instance, that in the Gaussian case the test X; 1L X] | X} reduces
to verifying ;¥ = X; X using four entries.

2. Faithfulness and connected components
2.1 Separation in graphs

For a graph G = (V,E) we say that A,A’ C V are separated by a vertex set S if every path between a
vertex in A and a vertex in A’ contains a vertex in S. In other words, A and A’ are disconnected in the
graph G \ S obtained from G by removing the vertices in S and all the incident edges.
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4 L. DEVROYE ET AL.

In graphical models, vertices of the graph G represent random variables and no edge between i and
J implies conditional independence X; 1L X; | Xy, 3. For strictly positive densities, the Hammersley—
Clifford theorem also implies that X; Al X; | Xg whenever S separates i from j in G; see [22] for more
details.

In the Gaussian case the conditional independence X; 1L X] | Xg is equivalent to Ei(js) = 0, where

Ei(js) is the (i, j)th entry of the conditional covariance matrix

2O = S5 - TgTggNgs  withS=V\S. @.1)
Equivalently, by the Guttman rank additivity formula,

rank(Xaus aus) = IS = Xy L Xy | X,

so whenever S separates A and A" in G one has rank(Z ausaus) = |S|. Note also that if § = {v} for
v € [n], (2.1) specializes to

1
v .
U= I T o5 Eih bl e (22)
A

and so Zi(.v) =0ifand only if ¥;%,, = ¥, %,,.
All our procedures rely on a divide-and-conquer approach, where in each step the graph is divided
into balanced components by a small separator S, in which the matrix £ plays a crucial role.

2.2 Faithfulness and learning connected components

It follows from the definition of M(G) in (1.1) that, if H is a subgraph of G, then M(H) C M(G). In
particular, if X is diagonal, then ¥ € M(G) for every G with the given vertex set V. To be able to read
from ¥ € M(G) structural information about G, we need to require that ¥ is in some way generic in
M (G). In this paper we consider two such genericity conditions.

DErINITION 2.1. We say that £ € M(G) is faithful to G if forany A, A", S € V we have rank(Z 5. aus) =
|S| if and only if S separates A and A’ in G.

The implication ‘S separates A,A" = rank(Z, saus) = |S|" is guaranteed by Section 2.1;
faithfulness requires the converse to hold as well. This is a generic condition: the set of ¥ € M(G)
that violate it is a finite union of proper algebraic subsets, hence measure zero in M(G).

DEFINITION 2.2. We say that ¥ € M(G) is strongly faithful over G if for any A,A’” C V, the value
rank (X, /) equals the size of a minimal separator of A and A’ in G. Denote the set of strongly faithful
covariance matrices by M°(G).

By standard trek-separation results (e.g., [35, Theorem 2.15]), rank(Z, 4/) is always upper bounded
by the size of a minimal A-A’ separator, and equality holds on a Zariski open dense subset of M(G). In
particular, M°(G) is dense in M(G) and strong faithfulness implies faithfulness.

In applications one may only have access to a noisy oracle returning approximate entries of X. In
such cases, one replaces equalities by thresholds, which leads to additional complications; see, e.g., [38].
We note that some of our procedures work under weaker, localized genericity conditions:
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PROPERTY TESTING IN GAUSSIAN GRAPHICAL MODELS 5

DerniTioN 2.3. Fix t € N. The matrix ¥ € M(G) is t-faithful to G if the condition in Definition 2.1
holds whenever |S| < t. We write ¥ € M*(G). Moreover, X is t-strongly faithful to G if the condition
in Definition 2.2 holds whenever rank(Z, 4/) < 7. We write ¥ € M™°(G).

The role of the faithfulness assumptions is that £ then encodes accurately the underlying graph (or
at least the parts we query). The next lemma is the first instance of this principle.

LemMma 2.4. If ¥ is O-faithful then ¥ has a block diagonal structure with blocks corresponding to the
connected components of G and each block has all non-zero off-diagonal entries. More generally, if
Y € M*(G) and |S| < 7, then =© € MY(G \ $).

Proof. 1f i,j are in different connected components of G, then (£~ 1) ij = 0. Consequently, 2! (equiv.
¥) is block diagonal with respect to the component partition. Under O-faithfulness, the converse holds:
if Zij = ( then i, are in different components, so within each block all off-diagonal entries are non-zero.

For the second claim, apply (2.1): if |S| < 7, then for i,j ¢ S we have Ei(js) = 0 if and only if S separates
iandjin G, i.e., if and only if i and j lie in distinct components of G \ S. Hence £ ¢ M%(G\ §). O

By Lemma 2.4, if ¥ € M°(G), the connected component containing a vertex i is the support of the
vector X,; ; consisting of all off-diagonal entries of the ith column of ¥. This observation underlies the

following procedure Components(X, W) (Algorithm 1) that identifies the connected components of
G intersected with an arbitrary index set W C [n].

Algorithm 1 CompoNENTS(X, W)

Require: Index set W C [n]; oracle access to ¥
Ensure: C,,...,C, (the components of G intersected with W)
1. Cy <0, < 0,A) <~ W
2: while A, # ¢ do
3: pick a random vertex i € A,
4 Yy < EA(\{Z},Z
5 Cyqy < supp(v) U {i}
6: Appy < A\ Coyy
7
8:

: L <—0+1
end while

Lemma 2.5. Let G = (V, E) have connected components C,...,C,and fix W C V. If ¥ € MO(G),
then Components (X, W) outputs the sets C; "W, ..., C,.NW. The algorithm uses ﬁ(|W|r) covariance
queries.

Proof. Correctness follows from Lemma 2.4 and the construction. For the complexity,

ICyNWI+2|C, N W]+ +7|C,AW| = O(IW]r). -

REMARK 2.6. Directly from (2.1) and Lemma 2.4, Component s also identifies the components of G\ S
by replacing & with £, provided £ € MSI(G). In the tree case of Section 3 it suffices to assume
1-faithfulness.
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6 L. DEVROYE ET AL.

FiG. 1. Schematic picture of our divide-and-conquer algorithm.

2.2.1 Connectedness assumption. From now on we assume that G is connected (equivalently, we
restrict attention to a single component). If the number of connected components is o(n), they can be
identified within our computational budget; moreover, sn(G) equals the maximum of the separation
numbers of its components.

3. Testing if G is a tree

Recall that our general goal is to test properties of the underlying graph G with n nodes, where the graph
is encoded in the support of ©~!. In this section we present a simple randomized procedure, which tests
whether G is a tree; cf. (1.2).

Our testing procedure follows a divide-and-conquer approach. First an approximately central cut-
vertex v* is found (see Section 3.1) and the procedure descends to the connected components of G \ {v*}
(see Section 3.2). In Fig. 1 we provide a simple example, where G\ {v*} has three components C;, C,, C;.
Here, centrality assures that each of these components has size at most 2n/3 with high probability. Now,
the second step of the procedure starts, where the same step is repeated in each of the subsets B; =
C; U {v*}. If a component C is small enough (green nodes in Fig. 1), we query the whole submatrix
% ¢.c and run a direct check if this component is tree supported. We do not descend in this component
any further. It may happen that we get evidence that one of the components is not a tree (the red node
in Fig. 1), which may happen either because there is no cut-vertex in the given component or the direct
check in a small component fails. In this case the algorithm stops and rejects the null hypothesis.

3.1 Finding a central vertex in G

Our procedure starts by finding an approximately central vertex in the graph G. We use a standard
definition of node centrality in trees [16]. For v € V, denote by (") the set of connected components of
G\ {v}. Define

Mcomp(v) := max |C]|. 3.1

Cet™
Then v is central if it minimizes M, (v) over all v € V. If the minimum is attained more than once, pick
one of the optimal vertices arbitrarily. It is well known that, if G is a tree, then min, ¢y Mo, (V) < n/2
and the minimum is attained at most twice (see [13]).
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PROPERTY TESTING IN GAUSSIAN GRAPHICAL MODELS 7

Since n is large, computing M, (v) directly exceeds our computational bounds. We need to find a
reliable and computationally efficient method to estimate the maximal component size in each G \ {v}.
This can be done in a randomized way as follows:

(S1) Sample m nodes uniformly at random W = {v, ..., v, } without replacement from V.

(S2) Foreach v € V find the restricted decomposition
FEYVW) = {CNW:Ce€Y andCNW £ B},

by running Components(Z™, W\ {1}).

(S3) Use the size of the largest element in ") (W) as the estimator of M

comp

(v) in (3.1) by defining

M V) = n max ——, v := arg min M V). 3.2
C()mp( ) Ce(g(v) |W| g vev Comp( ) ( )

The parameter m is a computational budget parameter, which is required to be not too small (see
(3.5)). The whole procedure is outlined in FindBalancedPartitionTree (Algorithm 2) and we
now explain it in more detail.

Algorithm 2 FINDBALANCEDPARTITIONTREE(Z, m1)

Require: oracle for ¥, m € N
Ensure: v*and Cy,...,C;
1: Let V be the index set of the rows/columns of X
Sample m nodes uniformly at random without replacement to obtain W C V
forve Vdo
run CoMpONENTS(Z ™), W\ {1})
compute MC (v) asin (3.2)
end for
if minvevﬁcomp(\/) > % then
break > G is not a tree
else
return v* = arg min, .y, Mcomp
ComPONENTS(Z ), V \ {v*})
11: end if

omp

R A A A

—_
=4

(v) and

LemMma 3.1. Let V be the set of vertices in the current call of the algorithm. The query complexity of
FindBalancedPartitionTree is

O(IVimA),

where A is the maximal degree of G.
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8 L. DEVROYE ET AL.

C

Fic. 2. Tllustration of the proof of Lemma 3.2.

Proof. The algorithm queries ¥ while running Components(X®, W\ {v}). By Lemma 2.5, every call
makes @ (mr) queries, where r is the number of elements in €’ (W). Since removing a single vertex
v can create at most deg(v) < A components, r < A. Moreover, by (2.2), each queried entry of >
uses O(1) entries of ¥ (namely, El-j, pIF Evj, %,,). Thus this loop costs &'(mA) per v, and O(|V|mA)
overall. Once the minimizer v* is found, the partition ¥ ) (W) in step (S2) can be found efficiently using
Components. This has query complexity &'(|V| A), which yields the stated bound. 0

We still need to justify that the optimal separator v* for W, as defined in (3.2), remains a good
separator of the whole G. Recall that, if G is a tree, then min, .y, M, ) < n/2. Whatis less clear is that

Y comp v
the same holds for Mcomp (v), which explains the BREAK line in FindBalancedPartitionTree.

This fact relies on the following basic result.

LemMma 3.2. Consider a tree T = (V, E) with each node v € V having a weight w(v) > 0. Let w(C) :=
> vec W) for any C C V. Then there exists a central node v* such that its removal splits the vertices
into disjoint subsets Cy, ..., C, with

Vv
maxw(C;) < ? (3.3)
1
3.1.1 gonsequence for our estimator.  Taking w(v) = 1 if v € W and w(v) = 0 otherwise, we obtain
minveVMcomp(v) <n/2.

Proof. Take any vertex v. If v satisfies (3.3), we are done. Otherwise, let C be a component of 7"\ {v}
with w(C) > @ and let # be the neighbour of v in C. Denote by C the union of all other components

of T'\ {v}; then w(C) < @ If u does not satisfy (3.3), repeat the move towards the unique neighbour
in the heaviest component. The maximal component weight is non-increasing and must strictly decrease
at some step; the process terminates at a vertex satisfying (3.3). d

Lemma 3.2 implies that, if minvevﬂcomp(v) > 7, we get an immediate guarantee that G is not a

) > %n, then M

tree. Moreover, if M, comp

comp (V) is bounded away from 5, say if M,
high probability if m is sufficiently large.

omp (v) > 5 with
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PROPERTY TESTING IN GAUSSIAN GRAPHICAL MODELS 9

Lemma 3.3. Let W C V be sampled uniformly without replacement with |W| = m. For any v € V, if
M W) > %n then

comp

IP)(1‘,/\[comp(") = %) < exp (_m1_4 r’l‘:’:l) < e—(m—l)/lS‘
Consequently,

comp

]P’(Elv € V with M, ” comp(¥) < 2

) > % and Mgy = §) < ne” ™D/,

Proof. Fix v € V such that Mcomp(v) > %n Let C € V \ {v} be a component of G \ {v} with |C| =
(v). Set N := n — 1 and define the deterministic vector x = (xu)uev\ v € {0, l}N by

0, uecC,
L oug¢c

M, comp
Xy

Denote p := %Zu X, = % < % where inequality follows from |C| > %n Draw W C V uniformly

amongst all m-subsets and let W := W \ {v} with size m’ := |W’| € {m,m — 1}. Conditional on m’, the
set W' is uniform amongst all m’-subsets of V' \ {v}. Define the sample mean

1
Sm’ = % qu.

uew’

Then |W' N C| =m'(1 = S,,). By definition,

MW |IC'NW|
V) = n- max ———.
comp cezv W]
The event {Mcomp (v) < n/2} implies |[W' N C| < m’'/2, equivalently S,,, > 1/2. By Serfling’s inequality

for sampling without replacement [34, Cor. 1.1], for any ¢ > 0,

2
P(Sm/ - U= t) < exp (—Zm/t m)

Taking ¢t = % —u > % yields

1 / n—l
P(swz3) = ep(~f, 77 0)

Form' € {m,m— 1}, the factor -+ _lm/ is minimized when m’ = m — 1, while m’ itself is also minimized
atm’ = m — 1. Therefore, we can bound the exponent from below by substituting m’ = m — 1 and using
the smallest ratio 2=L:

n—m

P (ﬂcomp(v) < n/2) < exp (—ml—_gl:ll_;l)
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10 L. DEVROYE ET AL.

n—1

Finally, since i 1, we have

P(M..(v) <n/2) < e m=D/8,

comp

The union bound over all v € V gives the claimed result. 0

3.2 Descending into sub-components

After completing steps (S1)—(S3), our procedure finds v*, which optimizes Mcomp(v) overv € V, and
the corresponding components C|, .. Cl If Mcomp(v
be a tree (like the red node in Fig. 1). If M,

of G\ {v*}. Namely, for every C € €, we apply our procedure to the smaller matrix p.p With
B = C U {v*}. For each such B we first check if |B| < m. If yes (green nodes in Fig. 1), we query the
whole matrix X g, invert it and identify the underlying subgraph directly. Otherwise (|B| > m), we run
FindBalancedPartitionTree on Xg g and proceed recursively. The whole procedure is outlined
in TestTree (Algorithm 3).

To prove the correctness of this approach, we argue that the structure of the induced subgraph Gpg
can be read directly from the submatrix Xp 5. This is a matrix-algebraic instance of [11].

*) > n/2, it stops with a guarantee that G cannot
(v*) < n/2 it descends into the connected components

Lemma 3.4. Let G be any graph and let C be a connected component of G \ S. Denote B := C U S and
assume ¥ € M(G). Then X s €M (Gp) if and only if for every pair i,j € S that are not connected by

an edge in Gy, we have (EB,B)i;l = 0. In particular, if S is a clique then X5 5 € M(Gp).

Proof. By definition, Xp € M(Gp) means that for every non-edge {i,j} of the induced subgraph Gy,

the corresponding entry of the inverse satisfies (EB’B)I;1 =0.LetA:=V\BandletK := ©~! By the
block matrix inversion formula,

(23,3)71 = Kpp — KpaK,4 KAB 3.4

Assume first that X 5 € M(Gp). Then by the above characterization, for every non-edge {i,j} of Gy

we have (X B’B)i;l = 0, in particular for all non-edges {i,j} € S. Hence the stated condition holds.
Conversely, assume that for every pair i,j € S that are not connected by an edge in Gy, we have
(EB,B)[;l = 0. We need to show that (ZB,B)i;l = 0 also for all non-edges where at least one of i, lies
in C. For such a pair {i,j} with i € C (and possibly j € C orj € S), the definition of G implies that i
has no neighbours outside B. Since ¥ € M(G), in particular, for i € C we have K;4, = 0, because i is not
adjacent to any vertex in A = V'\ B. Moreover, K;; = 0 because {i,/} is a non-edge in G. Thus, by (3.4),

(Zp, B)l.;l = 0 for all non-edges involving a vertex from C. O

The following result bounds the query complexity and shows correctness.

THEOREM 3.5. Let G be a connected graph and let ¥ € M 1(G). Fix € € (0,1) and let

2
m = ’71810g (5i logn)—‘ 3.5
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PROPERTY TESTING IN GAUSSIAN GRAPHICAL MODELS 11

Algorithm 3 TeESTTREE(Z, m)

Require: oracle for ¥, m € N
1: Let V be the index set of the rows/columns of X
2: if |V| < m then

3: run a direct test

4: else

5 run FINDBALANCEDPARTITIONTREE(X, m) to get v* and components Cy,...,C,
6: fori=1,...,¢4do

7 B < C; U {v*}

8 run TesTTREE(XZp 5, m)

9: end for

10: end if

Then TestTree correctly identifies whether G is a tree. Moreover, with probability at least 1 — ¢,
TestTree runs with total query complexity

O (nlog(n) log(n/e) A),

where A is the maximum degree of G.

The upper bound shows that, whenever A = O(n!~7) for some y > 0, the algorithm requires sub-
quadratic query complexity. In particular, when the maximum degree is bounded, the query complexity
is quasi-linear. It is not difficult to see that, without any bound on A, one cannot hope for non-trivial
query complexity. For example, in order to test whether G is a star of degree n — 1 or it is a star with one
extra edge added, any algorithm needs Q2 (n?) query complexity. Instead of giving a formal statement,
we refer the reader to [25] for related arguments in the context of structure learning.

Proof. By Lemma 3.1, the initial call has cost &'(nm A). In the second step, we run the same procedure
on each B = C U {v*} with cost O((|C| + 1)m A). Since D> ~(|C| + 1) < 2n, the total still scales as
O (nm A). The same bound holds at every level, because the sum of block sizes across the components
processed at any level is at most 7.

Let &, be the event that all components at level £ have size at most (%)en. Let

«._ | log(n/m) n
t= lrlog(3/2)—‘ < Slog (m)

On &+ every component at level £* has size < m, so one more call stops. Hence the total query complexity
is ﬁ((@* +Dnm A) = ﬁ(n lognm A). The final complexity formula follows then from (3.5).
It remains to bound IP(—&)«). By Lemma 3.3, for any component B,

]P’(Eiv €B st M, (V) > @ and M (v) < %) < |Ble™™/18,

comp comp
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12 L. DEVROYE ET AL.

By the union bound, the probability that in at least one call we do not get a balanced split, can be bounded
by

n
nZE*efm/IS < n2510g (ﬁ) € < IOg (m)E < e,
- m/ 5n2log(n) — log(n) —

which proves that the probability at least 1 — € we get the claimed query complexity.

Correctness follows by induction on the recursion: if G is a tree, every block B = C U {v*} induces
a tree (Lemma 3.4 with § = {v*}), and the direct checks on leaves certify ‘tree’; if G is not a tree, some
leaf B contains a cycle and the direct check rejects. O

4. Testing small separation numbers

In this section, we generalize the procedure for testing trees to a significantly richer class of graphs,
characterized by their separation number, as given in (1.3).

DeriniTION 4.1 (Balanced separation number). Let G = (V, E) be a graph and fix o € (1/2,1) (we will
use o = 2/3). The a-separation number sn,, (G) is the smallest integer k such that for every W C V there
exist a partition W = A U A’ with

max{|A],|A’]} < « |W]

and a set S C V with |S| < k such that in G \ S there is no path between any vertex of A and any vertex
of A’. Such S is called an («, k)-separator of W. We write sn(G) := sn, /3 (G).

ReMark 4.2 (Relation to the literature). Our definition uses global separators (S C V) to separate the
parts A, A" of a chosen subset W C V in G. This matches the Graph Minors formulation of ‘w-balanced
separations for every {0, 1} weight w’ (take w = 1y); see, e.g., the discussion in the introduction of
[8]. Note that [8] also considers a slightly stronger subgraph version, which requires that every induced
subgraph G[W] admit a balanced separator inside W. We work with the global notion throughout.

ProposiTiON 4.3 (Treewidth vs. global separation number). For every graph G,

sn(G) < tw(G) +1 and tw(G) < 4sn(G).

Proof. (idea and sources). The implication sn(G) < tw(G) + 1 is the classical ‘balanced separator from
bounded treewidth’ fact due to Robertson—Seymour: any tree decomposition of width ¢ yields, for every
vertex weight w> 0, a w-balanced separator of order at most 741 (see [31,§2, Lemmas (2.5)—(2.6)]; for
a textbook presentation, cf. [10,§11.2]). Instantiating w = 1, gives the stated bound on sn(G).
Conversely, Robertson & Seymour [31] showed that if for every {0,1}-valued weight function w the
graph admits a w-balanced separator of order at most s, then tw(G) < 4s (cf. the discussion in [8]). We
use only this consequence and do not reproduce the argument here. O

Conceptually, our testing algorithm is analogous to the one presented for trees. Thus, the rest of this
section is organized in a similar way as Section 3. In Section 4.1 we provide a procedure to efficiently
find a small balanced separator. Having such a separator S, the algorithm descends in the components

920z Ael L€ uo 1sanb Aq 0298698/9106EEY/Z/S L/oIoIE/IEleW/WOo"dNO"IWSPEE//:SARY WOl papeojumod



PROPERTY TESTING IN GAUSSIAN GRAPHICAL MODELS 13

of G \ S. This is explained in Section 4.2. Then the procedure proceeds recursively and in Sections 4.3
and 4.4 we consider two ways this can happen.

4.1 Finding a balanced separator

To identify a small balanced separator in a graph G, we adopt a randomized approach similar to that used
for trees but with stronger genericity conditions. Our strategy involves sampling a subset of vertices,
denoted as W, and then searching for a compact balanced separator of W. The approach developed in [9]
provides a basis for asserting that even for relatively small values of m = |W]|, a balanced separator of
W will, with high probability, serve as a balanced separator for the entire graph. However, it is important
to note a critical distinction from the tree case: the number of candidate separators of size at most k in a

component C is (Z‘ZC];‘:SO), which is exponential in k. We therefore avoid exhaustive enumeration; our query
bounds remain subquadratic, while the runtime has an additional factor exponential in k, as discussed at
the end of Section 4.3. We now describe in detail how this is performed.

To describe our procedure to find a balanced separator, first note that, under strong faithfulness, if
|S| = r and rank(2, 5 41us) = 7 then S is a minimal separator of A, A’. To find a balanced separator of
W we proceed as follows: see Algorithm 6. First, search exhaustively through all partitions of W into
sets A, A’ with max{|A|, |A’|} < %|W|. For each such split A/A" compute the rank of X, 4. If sn(G) <k,
then such a minimal rank needs to be less than or equal to k, which we can use as the early detection for
sn(G) > k. Take any split A/A’ that minimizes this rank, say rank(XZ, ,) = r < k.

Now, if X is k-strongly faithful, ABSeparator (Algorithm 4) finds a minimal separator of A and
A’ Tt first checks for all v € V whether rank(X, ;) 4upy)) = 7 Which is equivalent with v being an
element in some minimal separator of A, A’; cf. Lemma 3 in [25]. After identifying the set U of all nodes
that lie in some minimal separator of A, A’, we proceed to find a minimal separator. This is done by
picking any element v, in U, fixing § = {v,}, and then adding nodes from U to § one by one, at each
step making sure that S is part of a minimal separator of A, A’; here again we use Lemma 3 in [25] and
simply check if rank (X, ;5 4 ys) = r. Because, X is k-strongly faithful, this procedure concludes with

IS|=r,a (%, k)-separator S of W; cf. Definition 4.1.
After finding a (%, k)-separator S of W we would like to argue that S is also an («, k)-separator of the

entire node set V for some o € [%, 1). To determine the size of W that allows us to draw such a conclusion,
we follow the discussion in Section 4 in [25]; a key tool is from [9] who bound the vc dimension of the
class of sets of vertices forming the connected components of a graph obtained by removing k arbitrary
vertices.

TueoreM 4.4. Fix 0 < 4,8 < % Suppose that W C V is obtained by sampling m vertices from V
uniformly at random, with replacement, where m satisfies

110k 88k\ 2 2
m = | max 6—210g ¥ ,5—210g 5 . 4.1

Then, with probability at least 1 — &', every ( 2, k)-separator of W is a (% + 8, k)-separator of V.

Proof. A set W C Vis a §-sample for (G, k) if for all sets S C V with |S| < kand all C € ¢,

|C] IWnCl IC]|
— =48 < < — 454 4.2)
\4 |W| V|
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14 L. DEVROYE ET AL.

Algorithm 4 ABSEPARATOR(Z, A, A”)
1. U<0
2. r < rank(X, 4)
3: Let V be the index set of the rows of X
4: forallv € Vdo
5: if rank(EAU{v},A/U{v}) =r then
6
7
8
9

U<~ UU{}
end if
: end for
: choose some vy € U
10: S < {vo}
11: forallu € U\ {v,} do
12 if rank(Z, 500, arusuy) = 7 then
13: S <« SU {u}
14: end if
15: end for
16: return S

In other words, W allows the estimation of the relative sizes of all connected components, exactly as in
the tree case; cf. Definition 3.2 in [9]. By Lemma 3.3 in [9] every (%, k)-separator of a §-sample W is a
(% +6, k) separator of the whole graph. Thus, to conclude the result, we need to show that with probability
> 1 — 6, Wis a §-sample if m = |W)| satisfies (4.1). This can be done by combining Theorem 22 and
Lemma 23 in [25]. O

4.2  Descending into sub-components

Our procedure begins by testing equation (1.3) for a given k > 1. The input is provided by an oracle
on X. If the cardinality of V is less than or equal to k, there is nothing to verify, and the procedure
ends. Otherwise, the procedure attempts to find a small balanced separator S of G using Algorithm 6,
as outlined in Section 4.1. If no such small balanced separator can be found, the procedure halts. If a
balanced separator is found, we run Components(Z®, V \ §) to identify the connected components
of G\ S.

The algorithm then descends into the components and applies the same procedure to each subset of
nodes. We outline two methods of descent. The first is both conceptually and computationally simpler. It
guarantees a correct answer when the graph G is decomposable, but may sometimes halt inconclusively
for certain non-decomposable graphs. In such cases, we execute our second algorithm, which always
provides a bound on the separation number. These two methods of descent are referred to as the MD and
the CD:

(MD) For each C € €, we apply our procedure to the smaller matrix X p.g>» Where B=CUS.

(CD) For each C € €, we apply our procedure to the smaller matrix Zg )C

The procedure for testing a small separation number is executed by running either test .marginal
(Algorithm 5), or test . conditional (Algorithm 7). As we will demonstrate, both procedures yield
significant insights.
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PROPERTY TESTING IN GAUSSIAN GRAPHICAL MODELS 15

4.3  Marginal descent

In the MD, we regress into each subset B = CU S, where C is a connected component of G \ S. We then
repeat the procedure on each of these smaller sets. However, justifying this step is more complex than
in the case of trees. The complexity arises from how we access information about the induced subgraph
Gpg. By applying Lemma 3.4, we deduce that if § is a clique in G, then X 5 belongs to M(Gp) but this
is generally not guaranteed otherwise. Furthermore, we need to monitor how our genericity conditions
change when transitioning to X . If S is a clique, we also demonstrate that X 5 remains generic in the
sense that if X is strongly faithful, then X B.B is also strongly faithful. However, again, this statement do
not hold universally (refer to Proposition 4.7 for more details).
We start with a graph-theoretic definition that is standard in the study of graph treewidth.

DeriNiTION 4.5 (Torso on a vertex set). Let G be a graph and C € V(G). The forso torso(G, C) is the
graph with vertex set C in which u, v € C are adjacent if either {i, v} € E(G) or there exists a path in G
connecting u and v whose internal vertices lie outside C.

The following result will be useful in our analysis; see Proposition 2.5 in [27].

ProposiTioN 4.6 (Monotonicity of separations in torsos). If C; € C, € V(G) and u,v € C;, then S C C,
separates u and v in torso(G, C;) if and only if S separates u and v in torso(G, C,). In particular, with
C, = V(G), S C C, separates u and v in torso(G, C;) if and only if it separates them in G.

ProposiTiON 4.7 (Marginals are Markov/faithful to the torso). Let B = C U S where C is a connected
component of G\ . If £ € M(G) then Xp 5 € M(torso(G, B)). Moreover, if X is k-faithful to G then
X p is k-faithful to torso(G, B).

Proof LetA := V\ Band K := X~!. For Gaussian concentration graphs, marginalizing onto B gives
the Schur complement

(23,3)7] = Kgp — Kpa KX}x Ky p- 4.3)

We claim that for distinct i,j € B, if there is no i—j path in G whose internal vertices lie in A then
(( Xp B)_l) .= 0. By definition, this is exactly the adjacency rule of the torso(G, B), so this claim implies

i
Ypp € M (torso(G, B)).
Because K is sparse with respect to G, the vectors K; 4 and K}, ; are supported on neighbours of i

and jin A. The term K ,AK;}‘K A aggregates contributions of walks with internal vertices in A. Thus, if
there is no path between i, j that lies entirely in A, K; AKA_ AK Aj = 0, which implies the first claim.

For the second claim. Assume ¥ is k-faithful to G. Let S’ € B with |§’| < k and suppose Elg.s/) =0

for i,j € B\ §'. By k-faithfulness in G, the set S’ separates i and j in G. By Proposition 4.6, S separates
i,j in torso(G, B). [l

We rely on the following important result that shows that local separators found by our procedure in
some component B become global separators of G.

Lemma 4.8. Suppose X is k-faithful to G. Let S be a separator satisfying |S| < k found at some point
in the algorithm by running Separator(Zg g, k). Let Cy, ..., C, be the corresponding components

obtained by running Components(ZéSg B\ S). Then § separates Cy,...,C,in G.
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16 L. DEVROYE ET AL.

Algorithm 5 TEST.MARGINAL(X, k)

Require: an oracle for X, k > 1
1: Let V be the index set of the rows of X
2: if |V| < k then

3: stop
4: else
5: run SEPARATOR(X, k) to get a balanced separator S with |S| < k
6: run CompoNents(Z ), V' \ §) to get the corresponding components C I o
7: fori=1,...,¢4do
8: B« C/US
9: run TEST.MARGINAL(Z g g, k)
10: end for
11: end if
Proof. By Proposition 4.7, ZB’B € M(torso(G, B)), so the computed Cy, ..., C, are the components

of torso(G, B) \ S. Hence S separates them in torso(G, B). Applying Proposition 4.6 with C; = B and
C, = V(G) shows that S separates the same vertex sets in G.
O

Algorithm 6 SEPARATOR(X, k)

Require: an oracle for X, k > 1
1: Pick a set W by taking m vertices uniformly at random with replacement, where m satisfies (4.1)
with 8 = G and 8’ = oo forafixed € € (0, 1)

2: Search exhaustively through all partitions of W into sets A, A" with |A|, |A’| < %|W|, minimizing
rank(X4 4/)
Let A/A’ be any partition minimizing the rank
if rank(X2, /) > k then
break
end if
S <« ABSEPARATOR(Z, A, A")
return S

® DA

In our algorithm, the crucial step involves finding a balanced separator. Suppose that X is k-strongly
faithful to graph G. In the initial step, we identify S as a minimal separator in the random sample W C
V(G). However, in subsequent steps, we apply our algorithm to X 5. By Proposition 4.7, X p is Markov
(and k-faithful) with respect to torso(G, B). Strong faithfulness, however, may fail to transfer to X 5 for
torso(G, B). Consequently, even if rank(X, 4/) = r (meaning that A and A’ admit a separator of size r in
G), Separator (Algorithm 6) run on X » may output a proper subset of a minimal separator when
that separator is not fully contained in B. This motivates the ‘good run’ notion below.

DErINITION 4.9. We say that test .marginal has a good run if, in each call of ABSeparator, the
output S of the algorithm is a separator of A and A’, equivalently, |S| = rank(X AN
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PROPERTY TESTING IN GAUSSIAN GRAPHICAL MODELS 17

If X is k-strongly faithful to G this definition is just saying that in each call of ABSeparator the
sets A, A’ are minimally separated within the current component B. A sufficient condition for this to
happen is that, for each component B, X p is k strongly faithful to torso(G, B).

LemMma 4.10. If G is a decomposable graph with sn(G) < k and X is k-strongly faithful to G then, for
every subsequent component B, in the run of test .marginal, Xgp is k-strongly faithful to Gp.

Proof. Let S be a minimal separator found in the first step of the procedure, and suppose we descend
into B = C U S, where C is one of the components in 4'®. Dirac [6] characterized decomposable
graphs as those for which every minimal separator is a clique. Thus, in our case, S is a clique, and
torso(G, B) = Gg (no new edges are added inside B). To show that X 5 is k-strongly faithful, suppose
that rank(X, 4) = r < k for some A,A” C B. Since ¥ € M*°(G), A and A’ are minimally separated in
G by some S’ with |S'| = r. We show that " C B. Suppose that S’ contains a vertex v ¢ B. By minimality
of 8, there is a path P between A and A’ that crosses v but no other element of S’. Let P, be the part of
P that leads from A to v, and P, be the part from v to A". Both P, and P, contain vertices in S. Let u,
be the first such vertex on P, and u, be the last such vertex on P, (where u; = u, is possible). Since S
forms a clique, u; and u, are connected. Thus, walking along P, jumping from u, to u,, and then going
to A" along P, gives a path from A to A’ with no vertices in §’. But this is a contradiction. O

Decomposability is a sufficient but definitely not a necessary condition for our algorithm to have a
good run. Practically, a good run can be detected by checking at each call of ABSeparator whether
S| = rank(X4 4/)-

THEOREM 4.11. Let G be a connected graph and let X be k-strongly faithful to G. Fix ¢ € (0,1) and
let m be given by (4.1) with § = 37—0 and §' = m. Suppose test .marginal has a good run. If
test.marginal terminates, then sn(G) < 2k. If it breaks, then sn(G) > k. Moreover, with probability
at least 1 — €, it runs with total query complexity

ﬁ(n log(n) max{m, kA}) =0 (n log(n) max {10g(§), kA}) .
LemMa 4.12. Running Separator(Zy y, k) in Algorithm 6 takes query complexity &'(|V|m).

Proof. To find a balanced partition A,A’ of W C V, Separator(EV,V, k) exhaustively scans the < 2™
balanced partitions of W and computes the rank of X, 4/, which requires querying Xy, , and thus & (m?)
entries. Then ABSeparator(Zy y,A,A’) evaluates ranks for m-sized augmentations across all v € V,
costing & (m|V|). The possible additional & (k) entries from the second loop do not change the order,
since both |V| and m exceed k. Altogether, the cost is O(|V|m). O

Proof. (of Theorem 4.11). With § = %) and §' = the bound (4.1) gives

TOnTogn logn ’

[ ) o] [ 2]

where my (k) := “0/‘ log( 88]‘) depends only on k, which is fixed. Hence, we get m = €'(log(%)).
Query complexzty At the root (|V| = n > k), Lemma 4.12 gives &' (nm) for Separator(X, k). If it
does not break, we obtain a (%, k)-separator §; of W and then run Components(XZ 1), VAS)). Querying

D has initial cost |Sl| (for g, ,), and each entry E( D costs 0(S,]) (for %, DRI

). Using

ij> JiS1
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18 L. DEVROYE ET AL.

Lemma 2.5, computing components costs O(|S;|nA) = O(knA); cf. Remark 4.16. Hence the level-1
cost is O (nmax{m, kA}).

Atlevel 2, for each B = CU S|, Lemma 4.12 gives &'(|C|m) for Separator(Xpg, k), thus &' (nm)
summed across components. If S is the separator found in B, then Components(Zg;,B \ §) costs
O (k|C|A), additive across components. Therefore, level-2 also costs &' (n max{m, kA}). The same bound
holds for every subsequent level.

Let &, be the event that all components in level £ have size at most (% +8)n = (f—o)ln. Define

o _ | log(%) n
¢ = lrlog(lo) < IOIOg(E). (4.4)

9

Under &, every component at level £* has size < k, so one more call stops. Summing over £* + 1 levels
yields total complexity &' (£* nmax{m, kA}), which with (4.4) gives the bound stated in the theorem.

High probability. Failure of &« means that in some call the returned S is not a (%, k)-separator of
€

the current component. By Theorem 4.4 (with § = % and §' = W), the failure probability per call

is at most §’. There are at most n€* calls, so by the union bound

€

"8 < n-10log(2) —<—— <
n =n Og(k) 10nlog(n) — ¢

Correctness. Assume first that the algorithm terminates without breaking. We show sn(G) < 2k. Fix
an arbitrary W C V. Let .7 be the recursion tree: internal nodes correspond to separators S,; the root is
S1; leaves are blocks L, ..., L, with |L;| < k.

Apply the root separator S; and let €SV be the connected components of G \ S - Ifevery C € A
satisfies |[CNW| < %|W|, then, since these components are pairwise separated by S|, Lemma 2.6 in [25]
ensures that they can be grouped into two disjoint unions A, A" with

max{|W NA[,|WNAl} < 3|W].

Hence S, isa (%, k)-separator of W, and we are done.
Otherwise, there is a unique heavy component C; € €V with |C; N W| > %|W|. SetB; :=8,UC;
and recurse inside B;. Proceeding in this way we obtain a chain

Sl,B1=S1UC1, S2, BZ=SZUC2’ ceey St’ B[=SZUCI7

where at each level j < ¢ there is a unique heavy component C; with [C; N W] > %|W|, and B; = ;U C;.
LetA, := V\ B,; then |A, N W| < 1|W|.

If at level ¢ we compute an additional separator S,, | C B, (so that the components Dy, ..., D, of
torso(G, By) \ S, satisfy [W N D;| < %|W|), then by Proposition 4.6 these sets are also separated by
S, 1 in G. Moreover, by Lemma 4.8, S, separates A, from B, in G. Therefore § := S, U S, | separates
the family {A,,D,,...,D,} pairwise in G. Applying Lemma 2.6 in [25] to this family, we can group its
members into two disjoint unions A, A" with

max{|W N Al W NA']} < 2|w].

Thus S (of size at most 2k) is a (%, 2k)-separator of W.
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If instead B, is a leaf (so |B;| < k and no S, | is found), then by Lemma 4.8, S, separates A, from B,
in G. Set S := §,UB,. Since |B,| < k, we have |S| < 2k.In G\ S, the set B, is entirely removed, so every
remaining component is contained in A, and therefore meets W in at most |A, N W| < %|W| vertices.
Hence Sis a (%, 2k)-separator of W.

As W C V was arbitrary, we conclude sn(G) < 2k. If the algorithm breaks at some recursive call on
B = S U C, then by construction of Separator and k-strong faithfulness the sampled W C B admits
no (%, k)-separator in G, so sn(G) > k.

Break = lower bound. Assume the algorithm breaks at some recursive call on acomponent B = SUC.
By construction of Separator, at this call we sampled W C B and exhaustively checked all (%)-
balanced splits W = A U A’; the break means that

rank(X, o) > k for every such balanced split AJA  of W.

Under k-strong faithfulness, the minimal size of an A—A" separator in G equals rank(X, 4) (cf. Lemma
3 in [25]); hence for this particular W there is no (%, k)-separator in G. Since the definition of sn(G) =

sn, 3(G) requires that every W € V admit a (%, k)-separator in G, this single counterexample W implies
sn(G) > k. Ul

Under a good run, one may use test.marginal and Theorem 4.11 to estimate the separation
number as follows. Run the algorithm for k = 1,2, ... with per-run failure budgets

6 ¢ €
& = —5 3 andset & = —k
ek 10 nlogn

in (4.1). Stop at the first k where the algorithm terminates and denote this value by k. By Theorem 4.11,
the break at k; — 1 implies sn(G) > k, — 1, while the termination at k, implies sn(G) < 2k,. Hence

sn(G) € (kg — 1, 2ky].

Moreover, with probability at least 1 — €, the total query complexity up to k, satisfies

ko
ﬁ(n logn > max{m(k), kA }) - ﬁ(n log 7 - sn(G) - max{ m(sn(G)), sn(G) A }),
k=1

where m(k) is the sample size chosen via (4.1) with § = % and 8,/( as above (note m(k) is non-decreasing
in k).

THEOREM 4.13. With the same assumptions as in Theorem 4.11 and assuming in addition that G is

decomposable, test .marginal terminates if and only if sn(G) < k.

Proof. By Lemma 4.10, at each step B = C U S we have that X p is k-strongly faithful to Gg. If
sn(G) < k then each step finds a small balanced separator, so the algorithm never breaks. Conversely, if
sn(G) > k then G contains a clique of size > k, so some step must break. O

Finally, the computational running time (apart from query complexity) is

ﬁ(n log n2"™ max{m, kA}),
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because the algorithm enumerates all balanced partitions of W of size m. With our current sampling rule
(4.1) we have m = ©(logn), so the factor 2" can grow as large as n®". Consequently, the overall
running time may reach n¢ for a constant ¢ well above 25 when k or A are on the order of logn, and is
therefore impractical in the worst case. A recursion-pruning argument at the end of the proof of Theorem
32in [25] shows how to drive the sample size down to m = &' (k log k), removing the heavy n-dependence
at the cost of a more intricate analysis. We do not implement that trick here, because the present work
focuses on query complexity; reducing the running time is left for follow-up work.

4.4  Conditional descent

Although the MD is theoretically appealing, G may be such that test .marginal has a good run with
small probability. In this case, we propose an alternative.

Recall that M(G), defined in (1.1), denotes the set of all covariance matrices ¥ such that (1) i= 0
if 7 and j are not connected by an edge in G; in this case, we say that ¥ is Markov to G. The next lemma
shows that & (CS 2? is Markov (and, under a mild strengthening, faithful) with respect to G.

LemmMma 4.14. If S is a separator of G and C € €S, then
_ -1
Eg)c = ((2 1)C,C) € M(Gc)'
Moreover, if X is t-strongly faithful to G with T = |S| 4k, then X (CS )C is k-strongly faithful to G.

Proof. The identity X (CS )C = ((E_l)C’C)_l is standard for Gaussian graphical models when S separates
C from V \ (C U S); see, e.g., Lemma 29 in [25]. Thus E(CS)C € M(G(). For strong faithfulness, let
A,A’ C Candsetr:= rank(Z/f\‘?\,). By the Guttman rank additivity formula,

rank(Zyus aus) = 7+ 18I 4.5)

If ¥ is 7-strongly faithful with © = |S| + &, then the smallest separator of AU S and A’ U S in G has size
r + |S|. This separator must contain S, hence is of the form S U S” with |S'| = rand &' C C. Any A-A’
path in G is an A-A’ path in G avoiding S, so it must meet S’. Minimality in G implies minimality in
G. Therefore Eg 3: is k-strongly faithful to G. 0

ReEMARK 4.15. A similar argument shows that one could access Gy by computing X I(QV;B) . However,
computing this matrix exceeds our query budget.

An important difference from the MD is that, in each recursive call, the CD keeps track of all
previously found separators. Suppose Sy, ..., S, are the separating sets encountered so far and let

1
s=Us.-
i=1

To test whether S, separates i,j at the current step, we need to check whether Elg.s) = 0. Despite this
additional bookkeeping, we retain tight control over the query complexity, as shown below.
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Algorithm 7 TEST.CONDITIONAL( X, k)

Require: an oracle for X, target k > 1
1: Let V be the index set of the rows/columns of X
2: if |V| < k then

3: stop

4: else

5: run SEPARATOR(X, k) to get a balanced separator S with |S| < k

6: run CompoNENTS(Z®), V '\ S) to obtain the components C -Gy
7: fori=1,...,2do

8: run TEST.CONDITIONAL(Eg ?C,-’ k)

9: end for
10: end if

To analyze test .conditional, note that querying
©  _ -1
Yoo = Yoo~ Xes Ess Xsce

for § # ¢ has an initial cost of |S|? queries to obtain X ¢ and, for each entry Ei(js), acostof 1 4 2|S| =
O(|S)) to query X, ¥; g and X ¢

RemArk 4.16. The query complexity of Components(E@v,V \ §) is O(V|A) if S = ¢, and
O(IS||V| A) otherwise.

LemMma 4.17. LeE W C V with |[W| = m, and let S C V be the current conditioning set. Running
Separator(E‘(;?,, k) uses O(|V| m) queries if S = ¢ and &(|S]|V|m) queries otherwise.

Proof. To form the m x m submatrix E‘(;)W we first query Y53 once at cost & (1S|?), and then each of

the &'(m?) entries of £ at cost O(1 +2|8|) = &(|S]) per entry, for a total of (S| m?). When S = 4,
this reduces to & (m?).

For the first ABSeparator loop, for each v € V we need the ranks of matrices obtained from Ex(af,)w
by adding the row/column of v against A and A’ (balanced splits of W). This requires &'(m) additional
entries per v, each at cost &(|S|) for conditioning, for a total of &(|V||S|m) queries. When § = @, this
becomes O(|V|m).

For the second ABSeparator loop, at most ¢'(k?) extra entries are queried; since k < m < |V|
in our regime, this is dominated by the terms above. Summing this yields & (|S|> + [S|m* + |V[|S| m),
and we include the &'(|V|m) term to cover the unconditioned case S = @. If m < |V| (which holds for
the m chosen via (4.1) in our applications), then |S| m?> < |S| |V|m, so the bound simplifies to the stated
cases. (I

Note. The sampling parameters §, " appear only in (4.1) to ensure that a separator found on W lifts to
a (% +38, k)-separator on V with probability > 1—4§’. They do not affect the query counting in Lemma 4.17
except through the choice of the sample size m.

THEOREM 4.18. Let G be a connected graph and let ¥ € M(G) be strongly faithful. Fix € € (0,1) and

let m be minimal satisfying (4.1) with § = 37—0 and § = Wog(n)' Then, if sn(G) < k,

test.conditional never breaks. Moreover, with probability at least 1 — €, it runs with total query
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complexity

O(nlog’nA),
and if it terminates without breaking, then sn(G) < 10k log(%).

Proof. Query complexity. At level 1 (with |V| = n > kand S = J), Lemma 4.17 gives a cost &' (nm)
for Separator(X, k). If this call does not break, we obtain a (%, k)-separator S; of W and then run

Components(E(Sl), V'\ S;), which by Remark 4.16 costs &'(knA). Hence level 1 costs

O (n(m +kA)).

For level £ > 2, write § = S,y U S, with S,y = §; U---US,_, and |S,| < k, so [S| = O(ke).
Consider all current components C of G \ S. For each such C, the call Separator(Eg )c’ k) has the
following query costs:

» Incremental conditioning block (one-time per level). Passing from Eold to S requires querying X Se.Sod

and X, g, , for a total of 7 (k |§01d| + kz) =0 (k |§|) additional entries at level €. This is reused for
all components at the level.

e Sampled submatrix within a component. For W C C with |W| = m,

S _ _y—ly
EW,W - EW,W - EW,S Eg’g ES,W’

which costs & (m?) for Xy w plus O (m|S)) for Xy 5» hence O (m?* + m|S)).

»  Screening vertices in ABSeparator. For each v € C, we need

S _ _y—ly_
2:V,W - 2v,W - 2:v,S EE’E 2S,W’

at cost 0 (m + |S|) queries; summed over v € C this is ﬁ(|C| (m+ |§|)).

Therefore, the per-component cost is
O (m* +mIS| + |C| (m + |S])).

Using m < |C|, we have m* < |Clm and m|S| < |C||S], so the per-component cost simplifies to
ﬁ(|C| (m + |S|)). Summing over all components at level £ and using > |C| = n — |S| = O(n), the
Separator cost across the level is

> o(1CIm+15) = O (n(m+[3))).
C

Adding the one-time incremental conditioning cost O(k |§D (shared across all components) and noting
that n > kand A > 1, we may absorb & (k|S|) into &'(n|S|A) below. By Remark 4.16, the aggregate
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Components cost across level £ is

> o(511C1A) = O(ISIn A).

Thus the total cost of level £ is

ﬁ(nm +n|S| A).
Let &, be the event that every component at level £ has size at most (% +8)tn = (%)en. Define

0 = % < 1010g(%). (4.6)

s )

On &)+, all components at level £* have size < k, and the recursion stops after at most one more level.
Summing the level costs yields

Onme* +nA > IS)) = O(nme* +nAk(€)?),

since |§g| = O'(k¢) (each separator has size < k). Because m is the minimal value satisfying (4.1) with
S = % and §' = we have m = ©(log n) for fixed k, €; also £* = ©(log n) for fixed k. Hence

€
10nlogn?
Onme* —}—nAk(Z*)z) =0(n log?n+nA logzn) =0(nA logzn).

Probability of &. By Theorem 4.4 with § = 55 and §' = e,

returns, with probability at least 1 — §', a (1%’ k)-separator for the entire current component (not just for
the sample W). There are at most n¢* such calls in total, so by the union bound

each call to Separator

Pr(=&p) < nt*§ < e

Correctness. Assume sn(G) < k. Fix any recursion level and current component C € V' \ S, and let
W C C be the sample used by Separator. By sn(G) < k, there exist a balanced split W = AUA’ and
aset S’ C V with |S'| < k that separates A and A" in G. Any A-A’ path contained in G is also a path
in G, hence meets §'; since the path lies in C, it meets §' N C. Thus §' N C separates A and A’ in G.

Because ¥ € M(G), Lemma 4.14 yields E(CE)C € M(G), so

X, 1L Xy | Xgne under 0. = rank(Z$)

aa) SISNCl<k.

Hence the break condition (‘rank > k for all balanced splits’) cannot occur at this call, and since the call
was arbitrary, test . conditional never breaks when sn(G) < k.
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Suppose now that the algorithm terminates without breaking. Fix an arbitrary W C V and define
Cy := V. For £ > 1, the algorithm selects S, € C,_; with |S,| < k and decomposes C,_; \ S, into

connected components {Ci(), cee, Cf]i)}. Let
H,(W) = the unique Cj@ with [W N C;e)| > %|W| (if it exists; otherwise ¥),

and set C, := H,(W) whenever H,(W) # @; otherwise, stop. Let t = #(W) be the first level at which
H, (W) = @, or the chosen component satisfies |C,| < k (leaf). Write 3,5 = Ule S;andA,_; := V\C,_;.
Lifting observation (CD). For every £ > 1, the set Ee separates in G the family

{A,_1} U {D: Disaconnected component of C,_; \ S; }

pairwise. Indeed, any path that leaves C,_; must hit 3671 (by definition of current components), while
any path that stays inside C,_; must hit §,.

We analyze the terminal level 7.

Case 1: H (W) = . Then every component D of C,_; \ S, satisfies [WND| < %|W|. Moreover, since

C,_, washeavy atlevel t—1, we have [WNA,_,| < % |W|. By the lifting observation with £ = ¢, the family
{A,_1} U {D} is pairwise separated by §,, and each member has W-mass at most %|W|. Applying Lemma
2.6 in [25], these pieces can be grouped into two unions A, A’ with max{|WNA|, |[WNA'|} < %|W|. Thus
gt (of size < kt)isa (%, kt)-separator of W.

Case 2: |C,| < k (leaf). If I WNC,| < %|W|, the argument of Case 1 with the family {A,_;, C,} again
shows that S, is a (%,kt)—separator of W. Otherwise, |[W N C,| > %|W|, which forces |W| < %k (since
IWNC,| <|C,| < k). In this regime, choose any subset S € W of size (% |[W|1 < k. Thenin G\ S every
component contains at most |[W \ S| < %|W| < %|W| vertices of W, so Sis a (%,k)-separator of W.

Since W C V was arbitrary, we obtain that for every W there exists a (%, K)-separator with K < kt
in Case 1 and K < k in Case 2. Using the depth bound

log(n/k) n
< |—=—1] < 101 -,
= [10;;(10/9)} = e (k)
we conclude sn(G) < 10k log(%). O

5. Non-Gaussian case

Although our paper focuses on the Gaussian setting, several parts extend beyond it. First, zeros in the
inverse covariance retain a clear statistical meaning even when X is not Gaussian. Let pY denotes the
partial correlation between X; and X; given Xy (i) Then (see Section 5.1.3 in [22])

y (z7 Y. .
pl=-——r—xr0=—-"rl— = (Z7),;=0 pl=0.

VEDETD;

Thus, sparsity of the precision matrix is exactly equivalent to vanishing partial correlations, independent
of any distributional assumptions.
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Elliptical and mean-independence settings. In several important non-Gaussian families, linear
conditional means hold; see, e.g., [33]. In such cases (Z_l)ij = 0 implies that XJ has zero coefficient in
the linear conditional mean of X; given Xy, ;;, hence

EX; [ Xy i) = BXG Xy i)

This ‘mean independence’ is weaker than X; AL X;|Xy,(;; in general, but it is sufficient for our
procedures that rely only on linear separations. For some discussion of mean independence and its
relevance see, for example, [28].

Gaussian copula/non-paranormal models. Consider the non-paranormal (Gaussian—copula) fam-
ily X = (fi(Z)),....f,(Z,) with strictly monotone f; and Z ~ N(O,R) [23, 24]. The conditional-
independence graph of X coincides with that of Z, i.e., (R’]),-j = 0if and only if X; 1L X;|Xy\,
Moreover, rank correlations recover the latent Gaussian correlation R without estimating the f;:

iy}

T(X, X)) = E[sign(xi—x;) sign(xj—x;)], R; = sin(% z(xl.,xj)).

(see, e.g., [20, 24]). Thus, any t-oracle provides an R-oracle, which can be used in our presented
algorithms.

Arbitrary distributions in the tree case. For testing whether G is a tree, our approach extends to any
distribution admitting a simple conditional-independence oracle, provided a 1-faithfulness assumption
holds:

() X; UL X; if and only if i and j lie in different connected components of G.
i) X; 1L X/ | X, if and only if i and j lie in different components of G \ {k}.

Assuming G is connected, we then use the same recursive scheme as in the Gaussian case, replacing
covariance queries by conditional-independence tests. All query-complexity bounds translate verbatim,
with ‘one covariance entry’ replaced by ‘one conditional-independence query’.

Models with Gaussian-algebraic structure. Finally, in some non-Gaussian tree models (e.g., binary
Ising trees and, more generally, linear tree models) the covariance/precision algebra mirrors the Gaussian
case; our tree-testing algorithm then applies as is; see Section 2.3 in [42] for details.
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