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Abstract

We consider cuckoo hashing as proposed by Pagh and Rodler in 2001. We show that the expected construction time of the
hash table is Q) as long as the two open addressing tables are each of size atlleastn, wheres > 0 andn is the number
of data points. Slightly improved bounds are obtained for various probabilities and constraints. The analysis rests on simple
properties of branching processes.
00 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction asymptotic to log/ loglogn in probability [13,8], for
any fixed value of.
Cuckoo hashing is a new hashing method with very ~ Consider now open addressing with a table of size
interesting worst-case properties. Introduced by Paghm again, withe > 1 fixed. If the elements have a
and Rodler [20], it hashesdata points into two tables ~ choice of two randomly picked positions, and are

of sizem in expected time @) as long asn/n > placed into the slot with the least number of elements
1+ g1 for somee; > 0. Once the table is constructed, (at the time of insertion), then the maximum slot
each search takes at most two probes. occupancy is in probability asymptotic to lolgg, n

In hashing with chaining with a table of size = [1-4,7,18,19].

lan |, wherea > 0 is a constant, the worst-case search ~ There has been interest in obtainingl®expected
time is equal to the length of the longest chain. If the worst-case performance, or ever(1p deterministic
hash values are independent and uniformly distributed worst-case performance for search in hash tables. For
over the table, then the maximum chain length is static hash tables, Fredman, Komlés and Szemerédi
[12] proposed a solution. Czumaj and Stemann [7]
— showed that if each element has two randomly chosen
The authors’ research was sponsored by NSERC Grant A3456 hash positions. then with high probabili a static
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is at leastan for some threshold constamt. For 3. Full cuckoo hashing
dynamic hash tables, the early research was in the
direction of dynamic perfect hash functions [9-11, In first instance, cuckoo hashing can be used to cre-
5]. Cuckoo hashing [20] is also an attempt in this ate a good static hash table at little cost. Indeed, if
direction. It stands out though through its simplicity a raw cuckoo hash fails, a new raw cuckoo hash is
and the promising experimental results reported by attempted, with a new collection of:2hash values,
Pagh and Rodler. picked independently from the previous bunch, and so
The present paper only attempts to clarify the on until a successful raw cuckoo hash is observed. One
probability theoretical properties of cuckoo hashing may argue that the requirement that for each element
for an abstract setting, in which all hash values are ;, an infinite sequence of independent hash values be
independent and uniformly distributed. For surveys on ayailable, is unreasonable. There are ways of creating,

hashing, see [17] or [21]. for eachi, sequences that are nearly independent, fol-
lowing the example of double hashing, and thus, hav-
2. Raw cuckoo hashing ing noted this caveat, we will just maintain our as-

sumption. If 71, T», ... denote the computation times

In a raw cuckoo hash, each data point gets two for the various hashing and rehashing steps, and if
destinations, one in each table. L& and Y; de- denotes the total number of steps, we have by Wald’s
note the target destinations for thié data point, ob- lemma,
tained by hashing. We will assume throughout that N
X1, Y1,...,X,,Y, are independent uniform random | _
integers drawn fron{1, ..., m}. Data points are in- E{ ZT’} =ENVIE(T) =
serted sequentially, and are placed in one slotin one ta- =t
b|e by the fo”owing mechanism_ Data po,ns p|aced Therefore, in ”near eXpeCted time, we can f|nd and
in position X; in table one. If this slot was empty, the complete a successful raw cuckoo hash. This set-
insertion is complete. If the slot was previously occu- UP time is very reasonable, and makes the method
pied by data point, thenk is “kicked out” (hence the  Interesting.
name “cuckoo hash”) and is placed in skt in ta- The purpose of the remainder of this short note is to
ble two. If that is empty, we are done. Otherwise, if Prove Theorem 1. Our approach is different from that
that slot was occupied by data poithent in turn is of Pagh and Rodler [20], as we appeal more directly
kicked out and is placed in sla, in table one, and so  to a graph-theoretic interpretation, and use standard
forth. Clearly, there are situations in which this proce- arguments from branching processes.
dure loops forever. Pagh and Rodler set a lighibgn
on the number of allowed iterations, that is, on the
maximal consecutive number of element removals. If 4. The cuckoo graph
at any point during the insertion afelementsC logn
is attained, we declare the raw cuckoo hash a failure. Consider the bipartite graph ofi,...,m} x {1,

If a raw cuckoo hash succeeds, then searching is. .., m} with n edges, where each edge is chosen uni-
very efficient. Indeed, elemeiitis either at location  formly at random (and repetitions are thus possible).
X; in Table 1 or at locatiory; in Table 2, so thatthe  The graph thus obtained represents the hash value
search time is uniformly bounded. We will show the pairs for a raw cuckoo hash. Consider the graph’s con-
following: nected components. If one connected componentis not

a tree or unicyclic [note: a cycle is a path that begins
Theorem 1. If m = (1 + &)n, for ¢ € [e1, M] for fixed and ends at one node, such that no edge is traversed
e1>0andM < oo (with ¢ possibly depending upon  twice; a graph is unicyclic if it has exactly one cycle],
n andm), and if C > 2/R(e1) whereR(t) d:eflog(l + then it is impossible that the raw cuckoo hash is suc-
t) —t/(1+1), then the probability that a raw cuckoo  cessful, as that connected componenthaedes and
hash fails is less thap = O(1/n). Furthermore, the  k + 1 or more edges for some intederVice versa, if
expected time taken by a raw cuckoo hasb(s). a component is a tree or is unicyclic, then an infinite

1) x O(n).
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Fig. 1. The possible values af: (a) w =u, (b) w #u onC, (c) w notonC.

loop in the cuckoo heuristic is impossible—in fact, if the graph, where neighbors may be repeated. Clearly,
the component hals nodes, then the insertion of one Z; has a binomiain, 1/m) distribution. These neigh-
element can always be carried out in at madsit@ra- bors act independently and have in tuh neighbors
tions. To prove this, consider the walk in the cuckoo not among nodes already counted. StochasticAly,
graph that corresponds to the table cells visited during is bounded from above b¥», a sum ofZ; i.i.d. bino-
an insertion. IfW has no repeated vertices then it has mial (r, 1/m) random variables. In other wordS(u)
length at most and the proofis complete. So, lebe is bounded from above by the size of a Galton—Watson
the first vertex o that is repeated. Then the cuckoo branching process for the binomi@d, 1/m) distribu-
graph contains a cyclé involvingu. Furthermore, the  tion. For definitions and basic results, see [14]. As we
edge used by immediately following the second oc- haven/m < 1/(1+ ¢1) < 1, this process is subcritical
currence ofu is not an edge of€. Now consider the  and thus extinct. Also,
walk W’ that begins just after the first occurrence of )
«in W and then follows. Suppose there is a vertex E{S@)} < 1+ @/m) + (n/m)* + - -
that is repeated inV’ and letw be the first such ver- _ 1 m
tex. Then, eithew is a vertex ofC or not (see Fig. 1). Cl-n/m m-n’
In either case, the cuckoo graph contains a cycle that
uses an edge not i@ and is not unicyclic. Therefore,
the walk W’ contains no repeated vertices. By con- E{ZS(M)} o
struction, W \ W’ also contains no repeated vertices. =
We conclude thatv contains at mostiRvertices, as !
required. We are interested in tail bounds 6itu). The easiest

If the 22 nodes in the graph are generically denoted Way to proceed from here is to consider the random
by u, and if S(u) denotes the size of the connected walk presentation of such branching processes, which
component to which: belongs, the time taken by a is equivalent to generating and visitir)g the Qalton—
raw cuckoo hash (regardless of success or failure) is Watson tree in preorder. As a node is “considered”

Thus,

2m?
m—n

bounded from above by (expanded), it receives a binomi@l, 1/m) number
of children, which are placed in a queue of nodes to
Zmin(ZS(u), Clogn). be expanded. This process continues until no further
u nodes can be expanded (the queue is empty). Thus, set
No=1, By, Bo, ... ii.d. binomial(n, 1/m), and
Lemma 1 (A bound for the largest connected compo- _
nent).Letm > n, ¢ > 0. Nes1= { 0 if Nk 2_0,
max(Ny + Bx+1 —1,0) otherwise.
P{maxS(u) >c Iogn} < 2mef10gn((m—n)/m—log(m/n))
u Then
In particular, withm = (1 + ¢)n ande > 0, we have S() < maxk > 0: Ny > 0}
P{maxS(u) >c Iogn} <2(1+ e)nt<R@, k
u :max{k>0: 1+ (Bj—1)>0;.
j=1

Proof. Consider each of then2nodes in our bipartite
graph, and fix a node. Let Z; be the neighbors of in In particular,



= P{binomialnk, 1/m) > k}
< E{exbinomiatnk,l/nz)—xk}
(by Chernoff’s bound [6], wherg > O,
see also [15,16])
(1—1/m+ (1/m)e) " e
e —Lnk/m—rk

el

NN

glm—n)k/m—klog(m/n)

(upon takingh = log(m/n)).
We note that

P{muaXS(u) > clogn}

< 2meclogn((m—n)/m—log(m/n))
If m =n(1+ ¢), we obtain

P{maxS(u) = clogn} <21+ g)nl—cR(s). 0
u

Remark 1. Observe that
2(1—¢)
2(1+¢)
and thatR(¢) is increasing.

R(e) > >0 foree(0,1),

Next we offer the following result regarding the
structure of the graph.

Lemma 2. Letm be as in Theorert. Letr denote the
probability that a given cuckoo graph has at least one
connected component that is not a tree or unicyclic.
Thenr = O(1/n).

Proof. The probability that a given selection bf+ 1
edges cover at mostandk — ¢ slots in tables one and
two respectively, is

0k — ) \FH
m?2 '
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Thus, the probability that there exists a subgraph of
sizek that receives at least+ 1 edges does not exceed

k=1

egl (Zl) (krf E) (ki 1) ([(km—z f))kﬂ

k=1

mkpk+1 ok —0)\F+1
Z!(k—E)!(k+1)!< 2)

-1 m
1 pkHLgk+1 (g _ pyktlgk+l

= mk 208 (k — Ok (k + DR 2r)3ek — O (k+ 1)

(where we used Stirling’s inequality > (n/€)* /27 n)

k=1
=2
=

1kt 242+ DL eo3(h (- DR+ 1)

<

]

nk+1(£)k7f+l(kk;i)e+le2k+l

1kfl
<= €.k,
=) pth

(%)k—eﬂ/z(%)eﬂ/zea
k2k+9/2

< (e/k)* /K92,

Note that

k=1

> p k) < e/ /K7,
=1

Thus,
r<@/m ) (/¥ /") =0ow/m. O

k>2

p(L, k)

Completion of the proof of Theorem 1. The first
part follows immediately from Lemmas 1 and 2.
If all components are trees or unicyclic, and if all
components are smaller than or equaly2) logn,
then the time of a raw cuckoo hash is bounded by

22 S(u).

Otherwise, the time is bounded by

Cnlogn.

Let us useg for the upper bound of Lemma 1, with
¢ = C/2. The expected time is thus bounded by

(r +q)Cnlogn + ZE{Z S(u) }



L. Devroye, P. Morin / Information Processing Letters 86 (2003) 215-219

The first term on the right-hand side iglGgn) asr =
O(1/n), andg decreases exponentially quickly in
provided thatC/2 > 1/R(¢). Using an estimate from
the proof of Lemma 1, the second term is bounded by

4m?

=0(n). O

5. Dynamic hashing

The results above can also be used for a dynamic
version of the algorithm. Consider the insertion of one
point in a table. If afterC logn moves, there is still
no collision resolution, the insertion of the new point
is deemed a failure, and the entire table is rehashed.
The probability of a rehash is clearly bounded by the
probability that the connected component containing
the new node is not a tree, or not unicyclic, or of
size more than(C/2)logn. The probability of this
happening is less tha@. Thus, the expected time
of an insert is bounded by the expected size of the
connected component (which is less thai(m —

n), as we saw earlier) plu® x O®m). The latter
contribution is clearly @1), as we showed thad =
O(1/n). Thus, the overall expected time per insert is
bounded byn/(m — n) + O(1) = O(1).
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