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Abstract

We consider cuckoo hashing as proposed by Pagh and Rodler in 2001. We show that the expected construction t
hash table is O(n) as long as the two open addressing tables are each of size at least(1+ ε)n, whereε > 0 andn is the number
of data points. Slightly improved bounds are obtained for various probabilities and constraints. The analysis rests o
properties of branching processes.
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Cuckoo hashing is a new hashing method with v
interesting worst-case properties. Introduced by P
and Rodler [20], it hashesn data points into two table
of sizem in expected time O(n) as long asm/n >

1 + ε1 for someε1 > 0. Once the table is constructe
each search takes at most two probes.

In hashing with chaining with a table of sizem =
�αn�, whereα > 0 is a constant, the worst-case sea
time is equal to the length of the longest chain. If t
hash values are independent and uniformly distribu
over the table, then the maximum chain length
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Consider now open addressing with a table of s
m again, withα > 1 fixed. If the elements have
choice of two randomly picked positions, and a
placed into the slot with the least number of eleme
(at the time of insertion), then the maximum s
occupancy is in probability asymptotic to log2 log2n

[1–4,7,18,19].
There has been interest in obtaining O(1) expected

worst-case performance, or even O(1) deterministic
worst-case performance for search in hash tables
static hash tables, Fredman, Komlós and Szeme
[12] proposed a solution. Czumaj and Stemann
showed that if each element has two randomly cho
hash positions, then with high probability, a sta
(off-line) chaining hash table can be constructed t
has worst chain length 2, provided that the table s

hts reserved.
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is at leastαn for some threshold constantα. For
dynamic hash tables, the early research was in the
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3. Full cuckoo hashing
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direction of dynamic perfect hash functions [9–1
5]. Cuckoo hashing [20] is also an attempt in th
direction. It stands out though through its simplic
and the promising experimental results reported
Pagh and Rodler.

The present paper only attempts to clarify t
probability theoretical properties of cuckoo hash
for an abstract setting, in which all hash values
independent and uniformly distributed. For surveys
hashing, see [17] or [21].

2. Raw cuckoo hashing

In a raw cuckoo hash, each data point gets
destinations, one in each table. LetXi and Yi de-
note the target destinations for theith data point, ob-
tained by hashing. We will assume throughout t
X1, Y1, . . . ,Xn,Yn are independent uniform rando
integers drawn from{1, . . . ,m}. Data points are in
serted sequentially, and are placed in one slot in on
ble by the following mechanism. Data pointi is placed
in positionXi in table one. If this slot was empty, th
insertion is complete. If the slot was previously occ
pied by data pointk, thenk is “kicked out” (hence the
name “cuckoo hash”) and is placed in slotYk in ta-
ble two. If that is empty, we are done. Otherwise
that slot was occupied by data point�, then� in turn is
kicked out and is placed in slotX� in table one, and so
forth. Clearly, there are situations in which this proc
dure loops forever. Pagh and Rodler set a limitC logn
on the number of allowed iterations, that is, on
maximal consecutive number of element removals
at any point during the insertion ofn elements,C logn
is attained, we declare the raw cuckoo hash a failu

If a raw cuckoo hash succeeds, then searchin
very efficient. Indeed, elementi is either at location
Xi in Table 1 or at locationYi in Table 2, so that the
search time is uniformly bounded. We will show t
following:

Theorem 1. If m= (1+ ε)n, for ε ∈ [ε1,M] for fixed
ε1 > 0 andM < ∞ (with ε possibly depending upo

n andm), and ifC > 2/R(ε1) whereR(t)
def= log(1 +

t) − t/(1 + t), then the probability that a raw cucko
hash fails is less thanp = O(1/n). Furthermore, the
expected time taken by a raw cuckoo hash isO(n).
In first instance, cuckoo hashing can be used to
ate a good static hash table at little cost. Indeed
a raw cuckoo hash fails, a new raw cuckoo hash
attempted, with a new collection of 2n hash values
picked independently from the previous bunch, and
on until a successful raw cuckoo hash is observed.
may argue that the requirement that for each elem
i, an infinite sequence of independent hash value
available, is unreasonable. There are ways of crea
for eachi, sequences that are nearly independent,
lowing the example of double hashing, and thus, h
ing noted this caveat, we will just maintain our a
sumption. IfT1, T2, . . . denote the computation time
for the various hashing and rehashing steps, andN
denotes the total number of steps, we have by Wa
lemma,

E

{
N∑
i=1

Ti

}
= E{N}E{T1} = 1

1− p
× O(n).

Therefore, in linear expected time, we can find a
complete a successful raw cuckoo hash. This
up time is very reasonable, and makes the met
interesting.

The purpose of the remainder of this short note i
prove Theorem 1. Our approach is different from t
of Pagh and Rodler [20], as we appeal more dire
to a graph-theoretic interpretation, and use stand
arguments from branching processes.

4. The cuckoo graph

Consider the bipartite graph on{1, . . . ,m} × {1,
. . . ,m} with n edges, where each edge is chosen u
formly at random (and repetitions are thus possib
The graph thus obtained represents the hash v
pairs for a raw cuckoo hash. Consider the graph’s c
nected components. If one connected component is
a tree or unicyclic [note: a cycle is a path that beg
and ends at one node, such that no edge is trave
twice; a graph is unicyclic if it has exactly one cycle
then it is impossible that the raw cuckoo hash is s
cessful, as that connected component hask nodes and
k + 1 or more edges for some integerk. Vice versa, if
a component is a tree or is unicyclic, then an infin
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arly,
Fig. 1. The possible values ofw: (a)w = u, (b)w �= u onC, (c)w not onC.

loop in the cuckoo heuristic is impossible—in fact, if the graph, where neighbors may be repeated. Cle

the component hask nodes, then the insertion of one
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element can always be carried out in at most 2k itera-
tions. To prove this, consider the walkW in the cuckoo
graph that corresponds to the table cells visited du
an insertion. IfW has no repeated vertices then it h
length at mostk and the proof is complete. So, letu be
the first vertex ofW that is repeated. Then the cuck
graph contains a cycleC involvingu. Furthermore, the
edge used byW immediately following the second oc
currence ofu is not an edge ofC. Now consider the
walk W ′ that begins just after the first occurrence
u in W and then followsW . Suppose there is a verte
that is repeated inW ′ and letw be the first such ver
tex. Then, eitherw is a vertex ofC or not (see Fig. 1)
In either case, the cuckoo graph contains a cycle
uses an edge not inC and is not unicyclic. Therefore
the walkW ′ contains no repeated vertices. By co
struction,W \ W ′ also contains no repeated vertic
We conclude thatW contains at most 2k vertices, as
required.

If the 2n nodes in the graph are generically deno
by u, and if S(u) denotes the size of the connect
component to whichu belongs, the time taken by
raw cuckoo hash (regardless of success or failure
bounded from above by∑
u

min
(
2S(u),C logn

)
.

Lemma 1 (A bound for the largest connected comp
nent).Letm> n, c > 0.

P
{
max
u

S(u)� c logn
}

� 2mec logn((m−n)/m−log(m/n)).

In particular, withm= (1+ ε)n andε > 0, we have

P
{
max
u

S(u)� c logn
}

� 2(1+ ε)n1−cR(ε).

Proof. Consider each of the 2m nodes in our bipartite
graph, and fix a nodeu. LetZ1 be the neighbors ofu in
bors act independently and have in turnZ′
2 neighbors

not among nodes already counted. StochasticallyZ′
2

is bounded from above byZ2, a sum ofZ1 i.i.d. bino-
mial (n,1/m) random variables. In other words,S(u)
is bounded from above by the size of a Galton–Wat
branching process for the binomial(n,1/m) distribu-
tion. For definitions and basic results, see [14]. As
haven/m� 1/(1+ ε1) < 1, this process is subcritica
and thus extinct. Also,

E
{
S(u)

}
� 1+ (n/m)+ (n/m)2 + · · ·
= 1

1− n/m
= m

m− n
.

Thus,

E

{∑
u

S(u)

}
� 2m2

m− n
.

We are interested in tail bounds onS(u). The easies
way to proceed from here is to consider the rand
walk presentation of such branching processes, w
is equivalent to generating and visiting the Galto
Watson tree in preorder. As a node is “consider
(expanded), it receives a binomial(n,1/m) number
of children, which are placed in a queue of nodes
be expanded. This process continues until no fur
nodes can be expanded (the queue is empty). Thu
N0 = 1,B1,B2, . . . i.i.d. binomial(n,1/m), and

Nk+1 =
{

0 if Nk = 0,
max(Nk +Bk+1 − 1,0) otherwise.

Then

S(u) � max{k > 0: Nk > 0}

= max

{
k > 0: 1+

k∑
j=1

(Bj − 1) > 0

}
.

In particular,
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P
{
S(u)� k

}
{

k
}

e

ne
lic.

d

Thus, the probability that there exists a subgraph of
sizek that receives at leastk+1 edges does not exceed

2.
all

h

� P 1+
∑
j=1

(Bj − 1)� 1

= P

{
k∑

j=1

Bj � k

}

= P
{
binomial(nk,1/m)� k

}
� E

{
eλbinomial(nk,1/m)−λk

}
(by Chernoff’s bound [6], whereλ > 0,

see also [15,16])

= (
1− 1/m+ (1/m)eλ

)nke−λk

� e(e
λ−1)nk/m−λk

� e(m−n)k/m−k log(m/n)

(upon takingλ= log(m/n)).

We note that

P
{
max
u

S(u)� c logn
}

� 2mec logn((m−n)/m−log(m/n)).

If m= n(1+ ε), we obtain

P
{
max
u

S(u)� c logn
}

� 2(1+ ε)n1−cR(ε). ✷
Remark 1. Observe that

R(ε)� ε2(1− ε)

2(1+ ε)
> 0 for ε ∈ (0,1),

and thatR(ε) is increasing.

Next we offer the following result regarding th
structure of the graph.

Lemma 2. Letm be as in Theorem1. Letr denote the
probability that a given cuckoo graph has at least o
connected component that is not a tree or unicyc
Thenr = O(1/n).

Proof. The probability that a given selection ofk + 1
edges cover at most� andk− � slots in tables one an
two respectively, is(
�(k − �)

m2

)k+1

.

k−1∑
�=1

(
m

�

)(
m

k − �

)(
n

k + 1

)(
�(k − �)

m2

)k+1

�
k−1∑
�=1

mknk+1

�!(k − �)!(k + 1)!
(
�(k − �)

m2

)k+1

�
k−1∑
�=1

nk+1�k+1(k − �)k+1e2k+1

mk+2��(k − �)k−�(k + 1)k+1
√
(2π)3�(k − �)(k + 1)

(where we used Stirling’s inequalityn! � (n/e)n
√

2πn)

=
k−1∑
�=1

nk+1( �
k
)k−�+1( k−�

k
)�+1e2k+1

mk+2kk+2(k + 1)k+1
√
(2π)3( �

k
)(1− �

k
)k2(k + 1)

� 1

n

k−1∑
�=1

p(�, k),

where

p(�, k) = ( �
k
)k−�+1/2( k−�

k
)�+1/2e2k

k2k+9/2

� (e/k)2k/k9/2.

Note that

k−1∑
�=1

p(�, k)� (e/k)2k/k7/2.

Thus,

r � (1/n)
∑
k�2

(
(e/k)2k/k7/2) = O(1/n). ✷

Completion of the proof of Theorem 1. The first
part follows immediately from Lemmas 1 and
If all components are trees or unicyclic, and if
components are smaller than or equal to(C/2) logn,
then the time of a raw cuckoo hash is bounded by

2
∑
u

S(u).

Otherwise, the time is bounded by

Cn logn.

Let us useq for the upper bound of Lemma 1, wit
c = C/2. The expected time is thus bounded by

(r + q)Cn logn+ 2E

{∑
u

S(u)

}
.
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The first term on the right-hand side is O(logn) asr =
O(1/n), andq decreases exponentially quickly inn
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provided thatC/2> 1/R(ε). Using an estimate from
the proof of Lemma 1, the second term is bounded

4m2

m− n
= O(n). ✷

5. Dynamic hashing

The results above can also be used for a dyna
version of the algorithm. Consider the insertion of o
point in a table. If afterC logn moves, there is stil
no collision resolution, the insertion of the new po
is deemed a failure, and the entire table is rehas
The probability of a rehash is clearly bounded by
probability that the connected component contain
the new node is not a tree, or not unicyclic, or
size more than(C/2) logn. The probability of this
happening is less thanQ. Thus, the expected tim
of an insert is bounded by the expected size of
connected component (which is less thanm/(m −
n), as we saw earlier) plusQ × O(n). The latter
contribution is clearly O(1), as we showed thatQ =
O(1/n). Thus, the overall expected time per inser
bounded bym/(m− n)+ O(1)= O(1).
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