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ABSTRACT: A random suffix search tree is a binary search tree constructed for the suffixes X; =
0-B,B;,.B;,»...of asequence B,, B,, Bs, ... of independent identically distributed random
b-ary digits B;. Let D,, denote the depth of the node for X,, in this tree when B, is uniform on Z,,.
We show that for any value of b > 1, ED, = 2 log n + O(log®log n), just as for the random binary
search tree. We also show that D,/ED, — 1 in probability. © 2003 Wiley Periodicals, Inc.
Random Struct. Alg., 23: 357-396, 2003
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1. INTRODUCTION

Current research in data structures and algorithms is focused on the efficient processing of
large bodies of text (encyclopedia, search engines) and strings of data (DNA strings,
encrypted bit strings). For storing the data such that string searching is facilitated, various
data structures have been proposed. The most popular among these are the suffix tries and
suffix trees (Weiner [34]; McCreight [27]), and suffix arrays (Manber and Myers [26]).
Related intermediate structures such as the suffix cactus (Karkkainen [20]) have been
proposed as well. Apostolico [2], Crochemore and Rytter [5], and Stephen [30] cover most
aspects of these data structures, including their applications and efficient construction
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358 DEVROYE AND NEININGER

algorithms (Ukkonen [33]; Weiner [34]; Giegerich and Kurtz [17]; Kosaraju [23]). If the
data are thought of as strings B,, B,, ... of symbols taking values in an alphabet Z, =
{0, 1, ..., b — 1} for fixed finite b, then the suffix trie is an ordinary b-ary trie for the
strings X; = (B;, B;, ...), 1 =i = n. The suffix tree is a compacted suffix trie. The
suffix array is an array of lexicographically ordered strings X; on which binary search can
be performed. Additional information on suffix trees is given in Farach [11], Farach and
Muthukrishnan [12, 13], Giancarlo [14, 15], Giegerich and Kurtz [16], Gusfield [18],
Sahinalp and Vishkin [29]), and Szpankowski [31]. The suffix search tree we are studying
in this paper is the search tree obtained for X, ..., X,, where again lexicographical
ordering is used. Care must be taken to store with each node the position in the text, so
that the storage comprises nothing but pointers to the text. Suffix search trees permit
dynamic operations, including the deletion, insertion, and alteration of parts of the string.
Suffix arrays on the other hand are clearly only suited for off-line applications.

The analysis of random tries has a long history (see Szpankowski [32] for references).
Random suffix tries were studied by Jacquet, Rais, and Szpankowski [19] and Devroye,
Szpankowski, and Rais [10]. The main model used in these studies is the independent
model: The B,’s are independent and identically distributed. Markovian dependence has
also been considered. If p; = P{B, = j}, 0 = j < b, then it is known that the expected
depth of a typical node in an n-node suffix trie is close in probability to (1/€)log n, where
€ = X, pjlog(1/p)) is the entropy of B,. The height is in probability close to (b/§)log n,
where £ = log(1/2 y pjl? ). If € or € are small, then the performance of these structures
deteriorates to the point that perhaps more classical structures such as the binary search
tree are preferable.

In this paper, we prove that, for first-order asymptotics, random suffix search trees
behave roughly as random binary search trees. If D,, is the depth of X, then

ED, = 2 log n + O(log*log n)

and D, /log n — 2 in probability, just as for the random binary search tree constructed as
if the X,;’s were independent identically distributed strings (Knuth [21, 22] and Mahmoud
[25] have references and accounts). We prove this for » = 2 and p, = p; = 1/2. The
generalization to b > 2 is straightforward as long as B, is uniform on Z,.

The second application area of our analysis is related directly to random binary search
trees. We may consider the X,’s as real numbers on [0, 1] by considering the b-ary
expansions

XiZO.BiBi+l3--~3 l=i=n.

In that case, we note that X, ; = {bX;} := (bX,)mod 1. If we start with X, uniform on
[0, 1], then every X, is uniform on [0, 1], but there is some dependence in the sequence
X, X5, ... . The sequence generated by applying the map X;,, = {bX;} resembles the
way in which linear congruential sequences are generated on a computer, as an approx-
imation of random number sequences. In fact, all major numerical packages in use today
use linear congruential sequences of the form x,,, , = (bx,, + a)mod M, where a, b, x,,
X, +1, M are integers. The sequence x,/M is then used as an approximation of a truly
random sequence. Thus, our study reveals what happens when we replace i.i.d. random
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RANDOM SUFFIX SEARCH TREES 359

variables with the multiplicative sequence. It is reassuring to note that the first-order
behavior of binary search trees is identical to that for the independent sequence.

The study of the behavior of random binary search trees for dependent sequences in
general is quite interesting. For the sequence X, = (nU)mod 1, with U uniform on [0, 1],
a detailed study by Devroye and Goudjil [9] shows that the height of the tree is in
probability @(log n log log n). The behavior of less dependent sequences X, =
(n*U)mod 1, a > 1, is largely unknown. The present paper shows of course that X, =
(2"U)mod 1 is sufficiently independent to ensure behavior as for an i.i.d. sequence. Antos
and Devroye [1] looked at the sequence X,, = 27, Y,, where the ¥,’s are i.i.d. random
variables and showed that the height is in probability ®(\V/n). Cartesian trees (Devroye
[8]) provide yet another model of dependence with heights of the order ®(Vn).

The paper is organized as follows: In Sections 2-5, we develop the basic tools for our
analysis. In Section 6, we show that

ED, = 2 log n + O(log*log n).
In Section 7, a more general refined analysis leads to a weak law of large numbers:

D,/ED, — 1 in probability. These are our main results—they rest on a key circular
symmetrization argument used in the proof of Lemma 5.1. There is another avenue, based

on the observation that if Sg, . .., S} are the lengths of the spacings defined on [0, 1] by
X,, ..., X,, then the expected depth of X,,, , in the tree for X, ..., X,, is roughly given
by

n—1 j

> 2 E(S)]

j=1 i=0

The study of the spacings is also important for the analysis of the size of the subtree rooted
at X, as this has expected value roughly given by

(n = HEST; — 1),

where S*(i) is the length of the unique spacing among S}, . .., S! that covers X,,. Thus
we embark on the study of the spacings in Sections 8 and 9, where we show first that a
randomly picked spacing in the nth partition is asymptotically of size E/n, where E is an
exponential random variable (just as for the case of spacings defined by i.i.d. uniform [0,
1] random variables). Although this result can be obtained from the number theoretical
work of Rudnick and Zaharescu [28], a self-contained probabilistic proof is included in
this paper. In Sections 10 and 11, the spacings argument is fleshed out to show, for
example, that the size of a subtree rooted at X; times j/n tends in distribution to a
Gamma(2) random variable, whenever j/log’n — % and (j log’n)/n — 0.

2. NOTATION

Denote the uniform distribution on [0, 1] by U[O0, 1] and the Bernoulli( p) distribution by
Be[p]. We have given a U[0, 1] distributed random variable X, and define X, :=
T(X,_,) for k = 2, with the map T : [0, 1] — [0, 1], x = {2x} = 2x mod 1.
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360 DEVROYE AND NEININGER

In the binary representation X; = 0 *+ B|B,, ..., the B, are independent Be[1/2] bits.
Then we have

X =0-BBy+1B+a - -
for all k = 1. For m = 1 we introduce the corresponding perturbed random variates
Y = 0BBis1-- Beam BFBY ... k=1,...,n,

where {B{" : k, j = 1} is a family of independent Be[1/2] distributed bits, independent

of X,. Then we have, for all k = 1,

and Y{™, Y{" are independent if |i — j| = m.

3. THE PERTURBED TREE

In this section we control the probability that the random suffix search tree built from

X,, ..., X, and the perturbed tree generated by Y{"™, ..., Y coincide. We denote by
|Lx]| := 2[x/2] the largest even integer not exceeding x. For a vector (a,, ..., a,) of
distinct real numbers, let m(a,, ..., a,) be the permutation given by the vector, i.e.,
m(a,, ..., a,) is the vector of the ranks of a;, ..., a, in {a,, ..., a,}.

Lemma 3.1. Ifm := 18| log,n ]

, then, for all n = 16,
m) m) 8
P(m(Xy, ..., X)) # 7Y™, .Y D=

Proof. We introduce the truncated random variables Y, by their binary representations
Yo =0+ BBy Byym— for k = 1. Then we have

(m(Xp, ..., X) ==, . vy U {r,=v),

1=i<j=n

since the permutations given by (X, ..., X,) and (Y<1’">, ce, Yﬁ,’”>) can only differ if
some of the X;, X; coincide in the first m bits. This implies

P(a(X), ..., X,) # =7, ..., = ¥ P=Y)
1=i<j=n
2 m
n
=omtn D P(By B, =B By
j=2
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RANDOM SUFFIX SEARCH TREES 361

For 1 < j = m we have P(B, ---B,_, = B, ---B,;_,) = 1/27'. We split the bit
vector B, - -+ B, into b := [ m/(j — 1) ] blocks of length j — 1. Then we obtain
P(By - By=Bj- - Buj-1)
< [FD(BI [N Bj'*l = Bj N B2‘172 = ...= B(b*l)(/’*l)‘#l N Bb(]*l))

1
= 56-1G-

1

= om=21

Altogether we have

P(r(Xp, ... X,) # =¥, ..., ¥i")
n2 |_m/3-| 1 m 1
=5mtn 2 Sm=z+1 T 2 51
j=2 = m3 1

n? 4 1 2
=—+n gwﬁ'w .

With m = 18] log,n || we obtain n?/2™ < 4/n* for all n = 8 and n((4/3 + 2)/2"3) =
4/n? for all n = 16. The assertion follows. "

The perturbed tree and the original tree are thus identical with high probability. In the
perturbed tree, note that Y§’"> and Y}’"> are independent whenever |i — j| = m.
Unfortunately, it is not true that random binary search trees constructed on the basis of
identically distributed m-dependent sequences behave as those for i.i.d. sequences, even
when m is as small as 1. For example, the depth of a typical node and the height may
increase by a factor of m when m is small and positive.

For later use we provide a technical lemma on the distances of the quantities X;, X; and

) ) ;
Yﬁ’ , Y;’ , Tespectively.
Lemma 3.2. For all integer 1 =i <j,t =1 and real € > 0.
P(X,—X|=e)=2e,  P(Y - Y =e) =8e.

Proof. Define k := j — i. We have {|X;, — X;| = &} = {|X, — T(X))| = &}, where
T* is the kth iteration of the map T defined in Section 2. With the representation

¢ ¢ '
X,-=?+?, te{0,...,2"=1}, &€][o0,1], (D
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0 1

Fig. 1. Shown is the set {|X, — X;| = €} fork = j — i = 2 and & = 3/20 together with X, and
X;, where X, is modeled as the identity on [0, 1].

we obtain T%(X;) = £ Thus we have |X; — X;| = [€/2* + &2* — & = & if and only
if

€ — 2% €+ 2%
£

2k—1~ 2k—1]m[0’1]'

Plugging this into (1), we obtain

Xi—Xj| = XEZG1 (me txe
, — S = = .
= Xl = et = X o \|2F-1 2k -1

€ €+ 1
N Sk ok (2)

(see Fig. 1). Since X; is U[0, 1] distributed, we obtain P(|X; — X,| = ¢) = 2e.

For the second statement note that for k > ¢ there is nothing to prove since Y, Y<
are independent in this case. Hence, we assume k =< r and denote $,,, : [(€ - 1)/2"
(m — 1D/2, (€ — D)/2* + m/2" for € = 1,...,25 m=1,...,2" % Conditioned
on {Y{” € $,,} the variables Y, Y”> are 1ndependent with umform distributions on

Fopand $, = [(m — 1)/2" % m/2"~ k] respectively. We abbreviate these conditioned
variates by V,,, and W,,. Then we have

2k 2=k
Py’ - Y =e) = E > P(|Vew — Wa| = ). 3)

=1 m=1

Note that, conditioning on V,,,, we obtain the estimate P(|V,,, — W, | = &) = 282",
valid for all €, m. We fix € in (3) and distinguish two cases:

Case ¢ = 27 “70: We have {|V,,, — W,| = &} # & for at most three of the m €
{1, ..., 2%}, Thus, we obtain
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ok
1
Py — Y]@’ =¢g) = Y > 6e2'7F = 6e.
=1

Case ¢ = 2~ “0: Since incrementing m by one changes the distance between the centers
of $,,, and §,, by 27070 — 271 = 27CK*FD "at most 2 4+ 2[£2"¥!] of the events
{IVe — W,| = €} are nonempty. Thus

1 X
P(r - Y =e) = N S (227K 4 4) = 4 + 4(27070) < 8e,
=1

which completes the proof. "

4. A ROUGH BOUND FOR THE HEIGHT

We will need a rough upper bound for the mean of the height of the random suffix search
tree.

Lemma 4.1. Let a binary search tree J be built up from distinct numbers x,, . . . , x,, and
denote its height by H. We assume that the set of indices {1, ..., n} is decomposed into
k nonempty subsets $, ..., $, of cardinalities |§j| = n;. Assume that $; consists of the
indices n(j, 1) < - - - <n(j, n;) and denote the height of the binary search tree J ; built up
from XuG1y + - Xngim) by ijorj =1,..., k Then we have

k
H=k—-1+ > H, 4)
j=1

Proof. A basic property of the binary search tree is that a pair of keys x < y is inserted
in nodes on a common path form the root if and only if no key s with x < s < y has been
inserted before x and y. For an arbitrary node u in J we consider two keys on its path to
the root such that their indices i; < i, belong to the same set $; for some j € {1, ...,
k}. It follows that no key x; exists with index / < i, and x; < x; < x;,. In particular there
is no such x; with i € ¢;. Therefore, in 7, the keys x; , x; are inserted on a common path
from the root as well. This implies that the number of nodes in 7 on the path from the root
to u having indices in $; is at most H; + 1. The assertion follows. "

Lemma 4.2. Let H, denote the height of the random suffix search tree with n nodes.
Then EH, = O(log’n).

Proof. Forj =1,...,m:= 18| log,n ]| we define §; := {bm + j: b € Ny, bm +
j = n}. The families (Y{™),c 4 consist each of independent random variables being U[O,
1] distributed. Thus these families form random equiprobable permutations. The trees 7 ;
built from (Y{™),< g, are random binary search trees, where random refers to the random
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permutation model. With H denoting the height of 7 ;, and H,, denoting the height of the
tree built from Y{™, . Y<’"> by Lemma 4.1,

'MS

I
—_

H,=m+ 2, H, (5)

J

From the analysis of random binary search trees we know [EH ~ v log(n/m) with y >
0 (see Devroye [6, 7]). Thus (5) implies [EH = 0(log’n). Flnally, we have

Hn = I:In + 1{71'(X1,. . .,Xn)#ﬂ'(Y<1m>,. . .,Yi:o)}(Hn - Hn)

=Hy+ Yo, x)#a(Am,. . Ymyn.

Here, 1, d_enotes the indicator function of an event A. Lemma 3.1, for n = 16, implies
EH, = EH, + 8/n = O(log’n). .

Lemma 4.2 is valid for our model, but also for any random binary search tree constructed
on the basis of U[0, 1] random variables that are m-dependent, with m = O(log n).

5. A KEY LEMMA

We introduce the events A; = {X; is ancestor of X, in the tree}. Then we have the
representations

n—1

n—1
D,= X 14, [ED,= X P4
j=1

J=1

We use the notation o, B > vy, ..., 7V, if there does not exist k with 1 = k = n for
which a < vy, < Bor B < v, < a, ie., a, (3 are contained in the same interval of the
partition of [0, 1] induced by the cutting points y,, ..., 7v,. We use A< ™ for the
corresponding event involving the Y{"™ : A<”‘> = {Y<”‘> yom ooyim oo Y<m>}
Throughout we abbreviate m = 18|L10g2n_||

Our key lemma consists of an analysis of the depth of the nth inserted node X,
conditioned on its location. For x € [0, 1] and 1 =i = n — 1, define

pix) := [P’(Yf”o, x> Y<,m>, R Y§"_1>l).

We use the following bad set:
B9 := U rel01]:h-Twl<g.  £>0,
k=1

where T is the map introduced in Section 2 (see Fig. 2).
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Fig. 2. The last line shows the bad set B, (&) for m = 6 and & = 3/50. The six lines above show
the sets {|x — TX(x)| < &} fork = 1, ..., 6. In the square, for the case k = 3, it is shown how
these sets emerge.

Lemma 5.1.

For all n sufficiently large, all x € [0, 1], and 1 =i < n, we have

2
pix) = l[mz/i,lmz/i](x)<i + Ri(n, i) + 1p,0m2 J) X R2(n, i))

+ (1 = Ipsi g —mi)(0)R3(n, ),

where for appropriate constants C,, C,, C3 > 0,

log®n
[Ry(n, i)] = C, A

log3n

|Ra(n, i)| = C,

. )
l

logn
|R3(n, i)] = C5 =

i .

Proof. Let X,, ..., X, be given. Recall the notation from Section 2:
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366 DEVROYE AND NEININGER
¥W=0-BB,...B,BBY ...

Y =0-BBii...Bin BYBY .. ..

We rename these variates as Z, := Y{™ for k = 1, ..., i, and circularly complete the
Z, as follows:

Zi+1 = 0°Bi+1Bis2 .. -Bi+mlelB(li+l')B(2i+l') cees
Zi+o = 0°Bis2Bits...Birw_1BiB:BY VBV
Zism1 = 0+Bjsm_1B\By... By_ BT Vplitm=1

DefineZ,:=Z,_,_,,.; fork =i + m, and let S be a random index uniformly distributed
on {1,, i + m — 1}, and independent of the other quantities. Subsequently we will
repeatedly use the fact that, by the cyclic nature of the sequence (Z,), the vectors (Zg,
Zoiis ooy Zgiizmen) and (Z,, ..., Z;,,,_) are identically distributed. We write

pilx) = [P’(Yﬁ"”, x> Y<]m>, ce Yf’lﬁl)
= PRy, x e v v 0y < a)
+ P x e VM YT Ny = X)), (6)

We bound the first summand in the latter expression. The second one can be treated
similarly. We have

(i x s WYY <x} = {Z = max{Z k=i, 2 = ).

Note that {Z;, = max{Z, : k = i, Z, = x}} implies that Z; is one of the m largest among

alz,, ..., 2, withZ =xfork=1,...,i +m — 1. Since (Zg, Zg,{, ...,
Zgiivm—n)and (Z,, ..., Z,, ., ;) are identically distributed, the probability for that is
the same as for Z;_,, ¢ being one of the m largest among Zg, ..., Zg, ;4 ,,—». Condi-
tioned on Z,, ..., Z,,,,_;, which is the same as conditioning on the whole sequence
(Z,), this probability is at most m/(i + m — 1) since S is uniformly distributed on
{1,...,1i + m — 1} and has at most m choices. Note that S has m choices if at least
m of the points Z,, ..., Z,,,,_ are =x and less than m choices otherwise. Thus we have

m m
P(Z;=max{Z, k=i, Z;=x}) < —
i

— <
i+m—1

Since the second term in (6) can be estimated similarly we obtain the assertion of the
Lemma for x ¢ [m*/i, 1 — m?/i].

Subsequently, we assume m?/i = 1/2 and x € [m?/i, 1 — m*/i]. We have the disjoint
decomposition
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RANDOM SUFFIX SEARCH TREES 367

{Z;=max{Z, k=i, Zy=x}}={Z,=max{Z, :k=si+m—1,7Z, =x}}

U{Zi=max{Z; k=i, Zy=x}N{Z; #max{Z, :k=i+m— 1,7, =x}}) =: E| U E{;

hence P(Z;, = max{Z, : k = i, Z, = x}) = P(E,) + P(E})).

Using the fact that (Zg, Zg y, -+ - s Zg4jvm—2) and (Z,, ..., Z,,,,—,) are identically
distributed, we argue, by conditioning on the sequence (Z,), as above as follows:
Conditioned on (Z,) and that there is at least one of the Z, with Z, = x, we have one
possible choice for S, and thus in this case the conditional probability of E, is 1/(i + m —
1). Clearly, the conditional probability of E, is zero if there is no Z, with Z, = x. Hence,
we have

P(E) = P(Zsyioy =max{Zgyy— 1 =k=i+tm—1,Zsy—1 =x})

1 i+m—1
- <
i+m—1 P( ,(L:Jl {Zk_x})'
Since x = m?/i and m*/i = 1/2, we obtain, denoting b = | i/m | — 1,

i+m—1 b
IP( N {Zk>x})Sl]:°( N {Z1+km>x})
k=1 k=0

— (1 _ x)b+1
m2\ im=1
=|1-—
i
=2 exp(—m)

Together we obtain P(E,) = 1/(i + m — 1) + O(n~'7). This term will lead to the main
term 2/i in the representation of p,(x). The contribution of P(E) gives the error terms
and thus can be bounded from above.

For this we define A := m?/i. For x = A and with I = [x — A, x] we have

EfC{Il=k=i+m—1:2Z Zps1, ... » Zpria 21}
U({Z =max{Z; k=i, 7, = x}}
N{Z £ maxiZ  k=i+m—1,Z=x}NIZED

::E2UE3.

Using the fact that Z,, Z, , ., Z{ 42> - - - are independent and that 1 — A = 1/2, we obtain
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368 DEVROYE AND NEININGER

largest point < x

k—l%%—{

m largest points < x

Fig. 3. The interval [0, 1] is shown with the m largest of the points Z,, ..., Z,,,, , less than x,
where the lines mark those of these m points belonging to {Z,, ..., Z,;} and the dots mark the
corresponding points from {Z,, , ..., Z;;,,_1}.

<(i+m—DPZ, Zism Zisom - - 1)
=(i+m—1)1 - A"

=2(i + m — 1)exp(—Ai/m)

=2(i +m— 1)exp(—m)

= 0(n™")

= 0(i ).

For the estimate of P(E5), we first associate an event E;(S) similarly as for the analysis
of E,,

E3(S) 1= {Zssi—1 = max{Zgi 1 | Sk =i, Zgyp— = x}
N{Zsri1 # max{Zsi 1 =Sk=i+m—1,Zg 1 =xj}

N{Zgy;i 1 E 1}

We have P(E;) = P(E5(S)) since (Zg, Zgiqs - -+ s Zgijom—n) and (Zy, ..., Zit)—1)
are identically distributed. Note that the probability of E5(S) conditioned on any event
involving only the sequence (Z,) is at most m/(n + m — 1) since S has at most m choices
outof n + m — 1 equally likely indices. These are the choices such that Z, ; _, is among
the m largest of the points Z,, ..., Z;,,,_, less or equal than x (cf. Fig. 3). We condition
on

i+m

n+m—1

m—1
Fi= U ({zenn U {1Z: — Ziil = A}).
i=1 k=1

Clearly, PP(E;(S)|F) = 0; hence we obtain
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RANDOM SUFFIX SEARCH TREES 369
3A/241) 2A A
- oy —0 o 0 —0
... F%*; S
0 U2k A /25-1) "
X

Fig. 4. Shown is a case, where the part {|T"(x) — x| < 3A} of the bad set B, (3A) intersects the
interval [x — 2A, x + A], while x is outside the part {|T*(x) — x| < A*} of the bad set B, (A*).

P(E;) = P(E5(S))

P(E5(S)|F)P(F)

n+m—1 m—1
m
=Pl U ({zenn U {z,— 2. = A}
n+m-—1 i=1 k=1
m—1
k=1
=mP(X, €IT N B, (A + 230", (7)
where, for I", we use the notation [a, b]T := [a — 23%/n'8, b + 235/n'8] for intervals
[a, b]. Note that we have |Z, — X;| = 1/2" fork = 1, ..., m and m = 18 log,n —

36. For n sufficiently large we have 2°°/n'® = A and thus 1" C T:= [x — 2A, x +
A]. With the representation given in (2) for {|X, — X,,,| = 3A} we find that B,(3A)
intersects 7 at most in 3A(2%¥ — 1) + 2 intervals of lengths at most 6A(2° — 1). This
implies the bound

m—1

12A
P(E)=m 3 (18A2+ i 1)
k=1

= 18m2A?% + 24mA

18m®  24m’

—i2+i. (8)

Together with P(E,) this yields an error term of the order of R,(n, i).

Finally, we consider x ¢ B,(A*) with A* := 2Vn A and refine the estimate in (8).
For x ¢ B,(A*) we get a contribution of {|X;, — X,,,| = 3A} N I in (7) only if
3A/(25 — 1) + 2A > A*/(2*¥ — 1) (see Fig. 4), which holds exactly for k > log,(Vn
— 1/2). Therefore, for x ¢ B,(A*) the summation in (8) can be refined to
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370 DEVROYE AND NEININGER

m—1
12A
P(E;) =m > (18A2+2k_ 1)
k=l loga(Jn—1/2) |
48mA
= 18m?A% +
"
18m®  48m*
=—5 t 35

l l

We have estimated the first summand in (6) for all different ranges of x appearing in
Lemma 5.1. Since the second summand in (6) can be estimated similarly we obtain for all
xe[0,1]and 1l =i=n — 1,

2 * *
Pilx) = Ypwgi -0\ = Ri(n, D) + 1,2y iy ()R, )

+ (1 - 1['112/1',17m2/i](x))R3(n’ l)’

with orders for Ry (n, i), k = 1, 2, 3, as in the lemma. Since we have |2/i = 2/(i + m —
1)| = C(log n)/i* for some constant C > 0 the assertion follows. "

6. EXPANSION OF THE MEAN OF THE DEPTH

In this section we find the mean of D,;:

Theorem 6.1. The depth D,, of the nth node inserted into a random suffix search tree
satisfies

ED, = 2 log n + O(log?log n).

Proof. We recall the events A; = {X; is ancestor of X,, in the tree} and the represen-
tations

n—1 n—1
Dn = E lAj’ [EDn = E [FD(A/)
j=1 j=1

For the estimate of [P(A;) we distinguish three ranges for the index j, namely, 1 = j =
[logy’n |, [log)’n] < j =n — m, and n — m < j < n, where we choose m =
18|Llog,n JI.

Miog ]

The range 1 = j < [logyn’]: Note that X, "> " '1,, is bounded from above by the height
of the random suffix search tree with [ logj?n | nodes. Thus, by Lemma 4.2, we obtain
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RANDOM SUFFIX SEARCH TREES 371

[og)?n |
Z PA) =EH [logl2n ] = 0(10g%10g52n)) = O(log?log n).
j=1

The range [logy?n’| < j = n — m: We start, using Lemma 3.1, with the representation
P(Aj) = P(Xp Xn > Xl» sy Xj*l)
=P, v e WO Y + 0(1n?)
= P(A™) + 0(1/n?).
Note that Y<’"> is independent of Y<"’> Y<’”>, since j = n — m. Thus for the

calculation of IP(A<’">) we may condltlon on Y <”’> With the notation of Lemma 5.1 and
using the fact that Y<"’> is U[0, 1] distributed, this yields, forall 1 =j =n — m,

. 2 log®n
[F"(A;m>) = [E[pj(Y§/>)] = ; + R, |RnJ| =C jg,T,

for some constant C > 0. When summing note that

log®n * 1
—3p = log n de =0(1).
|_10g12”-| J rlogézn-l—l
We obtain

- n—m 2 1

E P@4)) = > ~+R,;+ 0 = 2log n + O(log log n).

=102 | =l 10g)?n | J

Hence, this range gives the main contribution.

The rangen — m < j < n — 1: With ¢ := [j/m | — 1 we have

H:D(Aj) = H:D(st X” > Xl, ey Xj*l)
= [P)(ij Xn > Xj-m, [ Xj—qm)
=P, Y e v Y+ 0.

We have, using Lemma 3.2, for n sufficiently large,

m) m) m) m)
P(Yj‘ , Ym ijm, ce Yj,qm)

= P(¥? - ¥ < mY)
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372 DEVROYE AND NEININGER
F PV - Y =m0 Y s YY)

m2 m2 Jjim=2
=8 —+|1-—
J J

m?
=38 ]— + 4 exp(—m)

m? 1
=8 —+ 0|5/ 9)
J n
The summation yields
n—1
2 P@4) = o),
j=n—m
so that the third range makes an asymptotically negligible contribution. Collecting the

estimates of the three ranges, we obtain the assertion. n

7. A WEAK LAW OF LARGE NUMBERS

In this section we prove a weak law of large numbers for the depth D,,.
Theorem 7.1. We have D,/ED, — 1 in probability as n — .

Proof. Let g, ¢ > 0 be given. We have to show that

p| P
- > <g'
ED, € €
for all n sufficiently large. We define the decomposition D, = D* + D** where

Ln/2_| Llog“xn_lf 1 n—1
Dj = E lAj’ D;lk*: E lAj + E lAj'
j=L10g68n_| j=1 j=Ln/2_|+l

From Theorem 6.1 we have ED* ~ 2 log n and ED** = O(log log n). We bound the
summands in the estimate

P ‘D” 1‘ P ‘Dﬂ’: 1‘ )+ p Dit_ e 1
-1 >¢] = -1 >= >
ED, € ED, 2) " P\ED, ” 2 (10)

separately. By Markov’s inequality we have
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D** g ED%* log logn\ &
Pl—>—-]= = =—
ED, 2 (e2)ED, log n 2

for all n sufficiently large. Thus we only need the first summand in (10) to be at most &'/2.
By Chebychev’s inequality this is implied by

Var(D¥

&, %

as n — . Since we have (ED,)?* = Q(log’n) and (EE*)? ~ 4 log®n, it is sufficient for
completing the proof of Theorem 7.1 to establish

E[(D%)?] = > P(A; N A)) ~ 4 log*n.
| 1oge8n |<i=j=<| 2

Note that we have [E[(DT;)Z] = ([E[D”,‘,])2 ~ 4 logzn, so it suffices to establish the upper
bound. Since the contribution of the summands with i = j is of the order O(log n) we may
additionally assume i < j. We distinguish the cases where j — i > log>?n andj — i =
log*?n.

The case j — i = log>?n: We have

P(A;NA) = P(A;NA;N{|X; — X;| = (2 log?n)/i})

+ P(A; N A; N AIX; — X < (2 Tog?n)/i}). (11)
For all n large enough we obtain with b := | i/m | — 1, Lemma 3.1, and (log?n)/i < 1/2,
PA; N A;N{|X; — X| = (2 log?n)/i})
8
= P@A{" N AP {ly"” = ¥ = (log’n)/i}) +
n
=Py e L Y
m) m) 2. N/: 8
N = v = (log?niif) + 5
= PP, ¥ o VY, L ¥,

8
NY = v = Qogniih +

loan ilm—2 8
=(1-— X +*2
n

1
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374 DEVROYE AND NEININGER
A log’n 8
=4 expl| — + —
p )
12
=—.
n

For the last summand in (11) we introduce the lengths of the spacings formed by
Xy ..., X, on[0,1]1by §7 := X(;1y) — X forj=1,....,n — 1and S5 := X,
Sy =1 = X(,), where X ;) denotes the jth order statistic of Xy, ..., X,,. Furthermore,
we denote the maximal spacing M; := maxy—;—;_,, Sx  of the X;, ..., X,_,, and

1—m

correspondingly, M§m> for the maximum spacing of the perturbed variates. For n suffi-
ciently large, and with n — i > m, we have

PA; N A; N{|X; — X < (2 log?n)/i})
= P(A; N A; N X, — X)| < (2 log?n)/i} N {M; = 1/\i})
+ P(A; N A; N {IX — X)) < (2 log2n)/i} N {M; > 1/4i})

= P@A" N A" Ny — Y < (4 log?n)/it N {M™ = 2/\i})

16
+ PAM™ > 1/(2 \i)}h) + g (12)

For the estimate of
PAM™ > 12D},
note that for any 0 < x = 1/2 we have, with b = | i/m | — 1,

PUM™ > 2x})
[1x -1
SP( U o, Y™ e[ — Dx, exPu{Y™, .. Y™ ¢[1 — x, x]}
=1

=[1ix] sup PO, VY, ... ¥, ¢l y +x)
yE€[0,1—x]

=[1/x](1 — x)m2

= 4r1/x1exp( xz). (13)

m

Using this with x = 1/(4V/i), we obtain P({M™ > 1/(2i)}) = (16i + 4)exp(—i/
(4m)) = 1/n* for n sufficiently large, since we have i = log®®n.
It remains to bound the term in (12). Note that A{"™ in particular implies that { ¥,
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Yo ooy Y™y Under {MS™ < 2/Vi} this implies {|Y™ — Y| = 2/i).
Hence, using Lemma 3.2 and that Y™ is independent of (Y™, Y;'”>) we obtain

PA™ N A Ay — Y| < (4 log?n)i} N {M™ = 2/\i})
=P — ¥ < (4 log?n)/i} N[V — Y| = 2/i})

128 log’n
=—Qa5 .

i3/2

Combining all this yields P(A; N A)) = (C log?n)/i*'? for an appropriate constant
C > 0. Therefore, the contribution of this range is

> P@A; NA) =Clog*n 2,

P2
izl_logﬁgnj ileogf’sn_l
i<j$i+Llog32n_|
=C 10g34nj x 32 ax
I_logf’xn_l—l
= 0(1).
The case j — i > log>*n: We have
PANA)=PHX, X, > Xy, ... X, g N{X;, X, > X1, ..., X;1})

8
=PV Y e WL R0y e v ) + =

8
< PP ¥ o VY O e W,

where we assume that n is sufficiently large such that log>?n > 2m. Conditioned on Y™
these two events are independent. This implies

8
P(A; N A) = BV )py-n(X)] + 5

We abbreviate € := j — i — mand s := i /\ €. Thus from Lemma 5.1, for appropriate
constants C, C' > 0,

EL(1 = Lppsst—mss) (V)i )p (V)] = ——

]5

E[ 15,0 J5 (Y PV )pe (V)] <T
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376 DEVROYE AND NEININGER

Note that in the last estimate we used Lemma 3.2 to obtain A(B,(2m*/Vs)) = 4m>/\Vs,
where A denotes Lebesgue measure. Therefore, with an appropriate constant C” > 0 and
C, as in Lemma 5.1, we have

BA A 2+C1m6 2+C1m6 +C”m15+ 8
. A - — —.
( ! J) i i3/2 ¢ @3/2 \/;ie nz

Thus we obtain

> P(A; N A))
[10g68n |<i=| n/2 |

i+| log32n J=j=[ ni2

> 2 Cmb\/[2 . cm®\  C'mb . 8
< — — —
B [10g68n J<i=[ n/2 | i P en ’

\;Eie n
Log32n |-m=e=| ni2

1
=4 log’n + O(log n) + 2C"m" > (m) + 0(1)
I_10g32n_|7isSrSLn/2_|

1
=4log’n + O(logn) +2C'm'® S =
sleog”n_l—m §

= 4 log*n + O(log n) + O(1).

The assertion follows. "

8. FURTHER ANALYSIS OF THE MODEL

In the remaining sections, we analyze the random suffix search tree from another
perspective, based on the spacings defined by X, ..., X, on [0, 1]. This approach
provides some new insight, and bears many fruits, as it permits us to analyze the size of
the subtrees at the nodes. We begin with four auxiliary lemmas in the present section, and
obtain the fundamental limit theorem for the size of a random spacing in the next section.
The implications for the random suffix search tree are explained in Section 11.

Lemma 8.1. Let I be an interval in [0, 1] of length |I|. Then for all 1 < i < —log,|l| we
have

]

P(Xy, X1+ €1) = o

Prqof. With the map 7(x) := {2x},wehave X, ;= T'(X,) and {X,,, E I} = {X, €
T7'(I)}, where T~ ' is the ith iterate of the inverse image of 7. With I = [x, x + A], we
obtain the representation
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k—1 x k—1 x+A
o toi o Ty

21
riin=U [, 1I.:=
k=1

Since i = —log,|1|, the interval I can only cover either one of the intervals I} or parts of
two consecutive I;’s with total length covered being at most |/|/2’. This implies

]

PX, X1 €D =INT (D) =7

Lemma 8.2. For all integer 1 =i < j, t = 1 and real € > 0, and U being U|0, 1]
distributed and independent of X,, Y", Y\ we have

PX, X;€[U, U+e) =24 P YV e[U, U+ el) =86
Proof. With Lemma 3.2 we have

P(X[, XJE [U, U+ 8])
=P(X; - X = ¢)P(X;, X; E[U, U + &]|X; — X}| = &)
= 2ee = 2¢%
The second statement follows analogously. "

Lemma 8.3. For any Borel set A C [0, 1], real &, 8 > 0, integer i = 0, and U being U|0,
1] distributed we have

) er(A)
PMTT'(U, U+¢€)NA)=9) = 5

where \(-) denotes Lebesgue measure.

Proof. Applying Markov’s inequality and Fubini’s theorem, we obtain

PIMT (U, U+¢€)NA)=8) = % E[AMT((U, U + €)) N A)]

1 1 1
=5 J J' LA r-i((xxte))(y) dy dx
0 0

| [ 21 4
Sb‘f 1,0) > f Lr2iy—j— 5 2iy—1(x) dx dy.
0 0

=0
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378 DEVROYE AND NEININGER

A nonzero contribution of the inner integrals may happen at most for two values of j. We
obtain

2-1
2 f l[ziy_j_s,ziy_j](x) dx = g,
=0 Jo
uniformly over all y € [0, 1]. The assertion follows. "

Lemma 8.4. Foralln=1,a € [0, 1), and A € (0, l/\/ﬁ) witha + A = 1, we have

PY™, ... Y"Wela,a+ A =1 —%ff,
where L = |Llog2n_|| and m = 18L.
Proof. Since |Y{™ — X,| = 4/n'"® < 4/nforj = 1, ..., L/2, we have
PY™, . . Y ¢la,a+A)=PX,, ..., Xpela+4/n,a+A—4/n]). (14)

Applying the Chung-Erd8s inequality (Chung and Erd&s [4]) and denoting I : = [a + 4/n,
a + A — 4/n], we obtain

PXy, ..., Xpel)

L2
1-p U {XjEI})
j=1

(S22 P(x;€ 1)’

=1- : (15)
Eijl PX, €D + 2=icj=in P(Xi, X, € 1)
We have
L2—1
2 PX.X;€D= 2 (L12-KPX, X\ €D,
1=i<jsL2 k=1

and since k = L/2 = log,Vn = —log,A = —log,|I|, we may apply Lemma 8.1 to
obtain P(X,, X,,, € ) = (A — 8/n)/2*. Thus,

L 8
> Pk, xjez)sz(A—>.

n
1=i<j<L2

Plugging this estimate into (15) and (14), we obtain
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RANDOM SUFFIX SEARCH TREES 379

((L/12)(A — 8/n))?

m) m) - —
PO, - Yipela a + AD =1 (L/2)(A — 8/n) + (LI2)(A — 8/n)
B LA 2L
Tt

9. WEAK CONVERGENCE OF A RANDOM SPACING

The lengths of the spacings formed by X, ..., X, on [0, 1] are denoted by S} :=
X — Xpforj=1,...,n— land S5:= X), S, := 1 — X,), where X, denotes
the jth order statistic of X, .. ., X,,. In this section we provide a limit law for the rescaled
length of a spacing chosen uniformly from S, . .., S5, where by uniform we mean that
we choose one of the indices j = 0, ..., n uniformly at random. In the next section we
will choose an index by drawing a U[0, 1] random variable independently of X, and
selecting the index of the spacing into which this random variable falls.

Lemma 9.1. We have
£
nSj > E  (n — =), (16)

where E is exp(1)-distributed, i.e., has Lebesgue-density e~ on [0, ©) and 1, is uniformly
distributed on {0, . .., n} and independent of X,.

This can be reduced to the following result on the spacings between fractional parts of
lacunary sequences due to Rudnick and Zaharescu [28]. A lacunary sequence is a
sequence (a;);=; of integers with lim inf;_,.a;,/a; > 1. The primary example is a; =

2/, Now, for an « € R we define S}’(a) forj = 0, ..., n as the spacings between the
fractional parts of aa;, j =1,..., n, in the unit interval [0, 1]. More precisely, for ﬂj’f
:= {aa;} we define S7(a) := V) — I forj=1,..., n — 1 as well as S5(a)

= Y, and S}, (o) := 1 — J,,. Then Rudnick and Zaharescu [28] prove:

Theorem 9.2.  Let (a)) be a lacunary sequence. Then we have for almost all « € R and
all0 = a < b,

1 b
lim Tl#{O =j=n:nS(a) Ela, bl = J e *dx. (17)

n—mo
a

For background, see also Kurlberg and Rudnick [24, Appendix A]. This can directly be
turned into a proof of Lemma 9.1:

Proof of Lemma 9.1.  The result of Rudnick and Zaharescu [28] says that nS7 (a«) = E
in distribution for almost all « € R. Note that in this notation the variate S7 (U), where
U is a U[0, 1] distributed random variable being independent of I,, coincides in
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380 DEVROYE AND NEININGER
distribution with the S7 defined previously. Let F}, F,, Fp denote the distribution

functions of nS7 (a), nS" 7. and E, respectively. Then, by dominated convergence, for all
x € R,

1 I
Fy(x) ZJ Fy(x) da — f Fp(x) da = Fe(x)  (n — «); (18)
0 0

thus nS;’” — E in distribution. "

However, since the proof of Theorem 9.2 is rather involved, it is of interest to give a
direct probabilistic proof of Lemma 9.1.

Probabilistic Proof of Lemma 9.1.  We have to show P(nS] = 1) — 1 — e 'forallt >

0. Define & := t/n. Using the convention X, := 0, we have
; 1
POSi=e) = o 2 PAX1 - Xt Xewrs - -

X11¢[Xk’ Xk + 8]} N {Xk =1- 8})
It suffices to show that each summand satisfies

lim PAXy, o X1, Xt 15 - X €[ X X T el NG =1 —eh) =™, (19)
We derive an upper and a lower bound. Throughout we set m = 18| log,n ||.
Upper bound for (19): For intervals [a, b], we use the notation [a, b] ™ := [a + 236/n'8,
b — 23%/n'®]. This yields with ¢’ = & — 23°/n'8
PUAX1, s Xty Xirts - X[ X Xk e} N{X =1 —&})
=PV, Yoy Y e v Y+ ] N Y =1 - &)

=P, Y oy Y ey Y+ ] N =1 - &'}).

(20)

ms

In the last expression, Y§m> is independent of the other random variables. Now condition
on Y{™ = xfor0 <x =1 — &': We have

P, ..

=P ¢lx, x + &l )PYY) ¢lx, x + 6]7)

Y Y "elx, x + g])

me

- X [F"(Y<Fln,m-I pm+1 L6, x +&]7)
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RANDOM SUFFIX SEARCH TREES 381
X P(Y§¢lx, x + &1 7Y, Yol e [x, x + 8]7)
X P, ¢ lx, x + &]7|Y™,, Y, ¢[x, x + &]7)

3m

X [FD(Y<2n1:q>+2¢[x’ x+ 8]7|Y<2nr3+1» Y<m>+1¢[x» x+el”)
X ..

X .

XPY™elx, x+ ], .., Y™,

Ym oY el x+e]T) X -

=1 =p1)" 7 (L= pp)™™ 21
where, fori = 1,..., m,
Die = [P’(ng> € [x, x + 8]7|Y<m>, ce Yﬁ'@, Yﬁ;”ll, e Yﬁ;”li_leé[x, x+e]).
We introduce the bad set

By & := U {xe€[0,1]:|]T0) -Tw| =8,  &£>0. (22)

0=i<j=2m
Note that, by Lemma 3.2, we obtain
AMx €[0, 1] [T'x) = P = &) = P([Xis1 — Xjra| = O =28 (23)
so that
MB,(§) = 8&m® = O(& logn).
With the notion of the bad set and [a, ]~ := ([a, b] )~ for intervals [a, b] we have

=P e, x+e]7, Y, o YL Y Y el x + g])
= [FD(XI E ['x7 X + S]__a Xl’ e ey Xi—]9 Xm+l’ RN Xm+i—l %[)C, X + 8])

=PX, €T ([x, x + ] ") N B(e)).
In order to estimate this term, we define for i = 1 the sets
D;:={x€[0,1]:PX; €T ([x,x + €] ") N Bi(e)) = (1 — 1/log n)&}

and
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382 DEVROYE AND NEININGER

Dn = m Di'
i=1

With U being U[O0, 1] distributed, Lemma 8.3 and the estimate (23) imply

AD) = P(NT (U, U+ &]" ") N B(e)) = (1 — 1/log n)e)

=PMT (U, U+ €] 7)NB,e)) = ellogn—2%8n'%) — ¢

1 —PMT([U, U+ €] 7)NB,(e)) > ellogn—2°%n'%) — ¢

=1—-PT U, U+ e]) NB,(g)) > ellogn — 23%/n'8) — ¢
eM(B,(e))
ellogn —32m's  °
log’n
=1-Ct £ ,
n

for n sufficiently large, where C > 0 is an appropriate constant. Hence, we have

log*n

)ﬁl, n — oo,

AD,)=1- 0<t

For x € D,, we have Pie = (1 — l/logn)e foralli = 1, ..., m. Thus we obtain for
the term (20) splitting into the set {Y§(m> € D, } and its complement

P, . Y Y Y[V, v+ e])

k—m>
t n—3m _
; + )\(Dn)

= )\(D,,)(l - <1 -
logn

-t
’

— e n — oo,

Lower bound for (19): We have the basic estimate

PAX1, oo Xt Xt -+ X @[ X X+ el N {Xe =1 —¢€})
= P({X], v Ximms Xitms - - - s Xn%[Xb X+ 8]} N {XkS 1 - 8})
-PliXx=1-stn U (XX, X+ s]}]. (24)
{i1=|j—k|<m}

The second summand in (24) has a negligible asymptotic contribution: We have, using
Lemma 3.2,
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Pl U  (xelX,x+ s]}) = IP( U x-xd=¢}

i1=<|i—k|<m} {1=lj—kl<m}
=2m2e

— 79 logzn

For the lower bound of the first summand in (24) we use for intervals [a, b] the notation
[a, b]" := [a — 2°%/n'®, b + 2°%/n'®]. We have with ¢’ = & + 2°%/n'8,

I]:D({Xl’ cee s Xk*m’ Xk+m’ CEERE) n%[Xk’ Xk + 8]} N {XkS 1 - 8})
=P, D Y e[ Y+ el N (Y = 1 - ).

mo

A decomposition as in (21) gives

P, .. Y§< Y§€+m, ce, Yﬁ,m><z[x, x+elh)

= (1= piabimb 1=

me

where analogously to (22) we have

Pie= [F"(Y?m) € [x, x+ 8]+|Y<lm>, e Y§T>, Y<mll, e Y<mli_l¢[x, x+e]"),

and, with s, = n — m(|n/m] — 1) and s, = n — m|.n/m |,

m

p = H [FD(Yg]n?Fzg[x x+ 8] | 51+1’ s Y<I1nJ>rl 1> Y§'2+1’ te Yfgiifl)/\n¢[‘x’ X+ 8]+)

s

n—s2

X [T P iele, x + o] Y0, o Y00 elx, x + 6]").
i=1

For x = 1 — &', we obtain the estimate

u:u(y<m> E[x,x+e])
L=<
Pie P, YL Y Y e x x + e])

e+ 2318

<
T 1 - 2m(e + 238’

which is independent of i. Analogously we have

B . e+ 237/n|8 n—si
Z p—
P 1= 2m(e + 2%m'%))
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384 DEVROYE AND NEININGER
so that

PO, Y Y Y g lx, x + 8])

k—m>

| e +27/n'" "
= —
- 1 — 2m(e + 23%/n'®)

(1 = (1 +o(1)) ;)n

This implies the remaining lower bound. "

10. UNIFORM INTEGRABILITY

In this section we show that the convergence in Lemma 9.1 holds for all moments.

Analogously to the notation S} we introduce the lengths Sf’">’" forj =1,...,n of the
spacing formed by Y{"™, ..., Y™ 1In this section we denote L := | log,n ||, m := 18L
and define intervals of indices as follows. Forj = 1, ..., s := | n/(18.5L) | we define

G;:={185(G— DL+ 1,...,(185( — 1) + 1/2)L},
D;:=1{(18.5G— 1)+ 1/2)L+1,...,18.5jL}.
Then, by construction, the random vectors (Y{™) kG - (Y{m) re, are independent.

Lemma 10.1. For all fixed p > 0

sup E(nSy ) <,
neN

where the random index I, is unif{0, . . ., n} distributed and independent of X,.

Proof. From |X, — Y{™| = 23%/n'® we obtain for n sufficiently large |$7" — S¢"™| <
1/n* and therefore

(nSHP = (nS{™" + 1/n)? < 27(nS})P + (2/n)P.
Hence it is sufficient to prove supneN[E(nS§7‘>’”)" < . We have the basic estimate

E(nSy™"yr = f P((nS{"™™P = x) dx
0

npl2 xlp np xlp
= P<S§;">ﬂ = n) dx + P<S§;">ﬂ = ) dx

0 npl2
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RANDOM SUFFIX SEARCH TREES 385
=:J, + /5.
With y := x'/7 the integrands can be rewritten as
;o
P(S| = yin) = S PAY. v v
i=0

Y e[y, Y + yim)y 0 Y™ < 1 — yin}),

since a random interval drawn equally likely among all » + 1 intervals can be drawn by
choosing one of the left endpoints Y<'"> =0, Y<'”> e Y<"’> equally likely.

Estimate of J: Note that Y™ is independent of at least s — 2 of the families (Y{") kes;
j=1, , 5, say the first s — 2 families. This implies with Lemma 8.4, y = \V/n, notmg
that Y§m> is uniformly distributed on [0, 1], and for n sufficiently large such that L(y —
4H/(2n) = 1/2,

PAY™, YL Y Y e [, Y + il 0 Y =1 = yim})

= Jl_)’/” P( ﬁ N {Y;Cm>$[a, a+ y/n]}) da
0

=1 k€Y

1—y/n s—2
SJ ' (IP’( N {Y;c'")sé[a,a-i-y/n]})) da
0

kEY
( Ly 2L)5_2
={1-—+—
2n n

< L(y _ 4))n/(18.5L)3
=\
n

—4
=8 exp(— ))37)

Thus, we obtain

npl2 xl/p —4 0 xl/p — 4
= - = — <
Ji 8 exp( 37 ) dx =8 exp( 37 ) dx < oo,

0 0
uniformly in n € N for all p > 0.

Estimate of J,: For all i € {0,..., n} at least s — 2 of the random variables
Yﬁ’g’_)s(j,l)LH,j =1, ..., s are independent of Y™ For y = Vn and n sufficiently

large, we obtain
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386 DEVROYE AND NEININGER

PAYY, Y, v Y e Y v + i)k 0 Y =1 — yin)})

<o O {2 L i)

j=1 n

s—2
-3
n

n1/2 n/(18.5L)—3
=(1-—
n

nl2
=8 -
exp ( 18.5L)

= C exp(—n'?)
with an appropriate constant C > 0. Hence, we obtain

n

J, = C exp(—n'?) dx = CnPexp(—n'®) — 0, n — o,

npl2
for any p > 0. "
The limit law of Theorem 9.1 together with the uniform integrability of Lemma 10.1

implies convergence of all moments (Billingsley [3], Theorem 25.12). Thus we have

lim EmS!) = | xfe™rdx=4€, €=0,1,2,.... (25)
In

n—>ow
0

In particular we have:
Corollary 10.2.  We have E(nS})* — 2 for n — .

We turn to the analysis of the rescaled length of a spacing chosen according to into
which spacing an independent U[0, 1] random variable falls. For this we define the
conditional distribution of the index J,, chosen, by

PJ,=k| S5 ...,S8) =35, k=0,...,n.

Then we have the following limit law:

Lemma 10.3. We have

£
nS; — G, (n — =),
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RANDOM SUFFIX SEARCH TREES 387
where G, is Gamma(2)-distributed, i.e., has Lebesgue density xe™ ™ on [0, ®).

Proof. We use the method of moments. With /,, uniformly distributed on {0, ..., n}
and independent of X, we have for all { = 0,

E(nS})" = n'E[E[(S})"] S, - .., Si1]

=n'E| X Py =k|Sh ... SHELSD| S5, ..., )]
k=0

n
€ E (SZ €+1
k=0

=n

=)

=n'(n + l)[E(S’,’n)Hl

n+1
= — [E(nS;'n)Hl

o]
- f x€+lefx dx,

0

where we used the representation (25). The last integral is the €th moment of the
Gamma(2)-distribution. Hence we have convergence of all moments of nS; to the
corresponding moments of the Gamma(2)-distribution. Since these moments characterize
the Gamma(2)-distribution uniquely, we obtain the assertion. .

11. APPLICATIONS OF SPACINGS

In this section we show how the analysis of the random spacings generated by X, .. .,
X, can be used for the asymptotic analysis of parameters of the random suffix search tree.
First we show how the leading order term of ED,, can be obtained. This provides an
alternative path to that followed in Theorem 6.1. Afterwards we obtain a limit law for the
size of the subtree rooted at X; for a large range of values j. This result is rooted in the
lemmas of Section 10. We provide two lemmas.

Lemma 11.1. Let (a,) be a sequence of real numbers with a, — a # 0 and (7,), (§,) be
sequences of integers with log(t,) = o(log(n)) and n — &, = Q(n). Then we have

n—& a;
271~a10gn (n — ).

J=Tn

Lemma 11.2. For all g > 0 we have
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388 DEVROYE AND NEININGER

“/1)\? 1\ 6
E — -——=| ==
. (2) (1 2’) q*
=1

Proof. The function f: [0, 1] — Ry, y = y*(1 — y)“ is unimodal with the maximum
at 2/(2 + ¢q); thus ||f].. = 4/¢*. Therefore, we may estimate the series by the
corresponding integral where we have to estimate the summand being maximal separately.

This implies
© [ 1\2 1\
(2) (12) dy

0
4 1 1 | 0y
= — 4+ — —
72 log2 x(1 — x)? dx
0
4 1 1

-+ .
g log2(g+1)(g+2)

which implies the assertion. .

Proof of ED,, ~ 2 log n.  We use the events A; = {X; is ancestor of X, in the tree} and
recall the representations

n—1 n—1
D,= X 1s, [ED,= X P(4).
Jj=1 j=1

For the estimate of P(A ;) we distinguish three ranges for the index j, namely, 1 = j =
[logSn, [logSnl < j =n — m, and n — m < j < n, where we choose m =
18|| log,n ||.
Ranges 1 = j = [logSn'| and n — m < j < n: We refer to the corresponding range 1 =
j=[logy’n]andn — m < j < n in the proof of Theorem 6.1. We only treat the critical
middle range:

The range [ logn'| < j = n — m: We use the notation a, B > 7, ..., v, as introduced
in Section 5 and recall that we have A; = {X}, X,, > X, ..., X;_;}. Denoting 7 := j —
m, we start, using Lemma 3.1, with the representation

PA) =PX;, X, > X1, ..., X;-1) (26)

=P, Y e v ™) + 0(1n?)

=P, v e WO YY)+ 0(1n?)
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RANDOM SUFFIX SEARCH TREES 389
SRS PR (LA ¢
NV, Yy e vy, 27)
With g := |j/m | — 1 we estimate

B, ¥ > W, Yy O (), v s

2m>

J—1
= 2 PAY". v e Y Y Y N Y e ) (28)

In order to estimate the latter summands we introduce g, := 1/ 2% and for a € [0, 1] the
intervals ale; ] := [a — g, a] and a[s,:'] := [a, a + &;]. Then we have

PEY™, Y ey Y, Y iy s iy

j—me 2m> qm

= P( U {e=r=1n{r" v e v?lec )
k=1

m’ 2m>

Ny v ...,Y}'fzjm¢Y§,m>[8;]})
+ P( U (o=v=1-ed 0y, v/ e vile ]}
k=1
N Y, Y e ms;:]}). (29)

The last two summands are the same. We will consider the first summand. Note that all
random variates appearing there are U[0, 1] distributed and that we have dependency only
between Y§’"> and YJ<-’">. Therefore, with Lemma 8.2 and Lemma 11.2, the first summand
in the latter display is bounded from above by

> P v e Y e D — e)?= > 16e5(1 — g)¢

k=1 k=1
1 2
< P
= 96(u/mJ = 1)

log2(n)
o)

Note that the big O term is independent of i. Plugging this into (28), we obtain
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390 DEVROYE AND NEININGER

log?n
of 7)o

since j = Q(log®(n)) in the range under consideration. Substituting this into (26), we
obtain

Py =P, v e vy + 0GR, (30)

Now, we note that Y;"’), Yfl’”> are independent and U[0, 1] distributed, and independent
of Y™, ..., Y™ Therefore, with I, uniformly distributed on {0, ..., r} and indepen-
dent of all other quantities, we obtain, by Corollary 10.2, and using |X, — Y{™| =
236 /nlS’

t
I]])(YJ<WI>’ Y§1m> > Y(]m), o Y§m>) =F 2 (S§m>,t)2

i=0

' 1
—£ 3 (s + o )

i=0

1
= (t+ DE(S)* + 0(#)

S
= p. [E(l‘SIr) + 0 ?
2 .
~iTm (G — ). (31)

Putting (30) and (31) together, we finally obtain for the second range
n—m n—2m a
2. PA)= > (’) +0(1),
j:rloggn—lJr 1 j:rloggn—|+ 1-m J
with a; — 2 for j — o, which, by Lemma 11.1, implies

> P(Aj) = 2log n + o(log n).
j=|_loggn—|+1

We turn to the analysis of the size N, ; of the subtree rooted at X;.
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Theorem 11.3. The size N,,; of the subtree of the random suﬁix search tree of size n
rooted at X; satisfies for j = ](n) with j = o(n/log’n) and jllog’n — o,

2n J 7
EN,,J"’T, *N %GQ,

as n —> », where G, denotes the Gamma(2)-distribution.

Proof. Recall the notation S7(j) for the length of the unique spacing among the spacings
formed by X, . .., X; on [0, 1] which covers X,. We denote by S$%(j) the corresponding length
for the quantities Y< y e Y<'"> and by S,(j) and S,() these chosen spacings, respectively. We
show first that for the j = ](n) under consideration we have ES;‘(] — 1)~ 2/jand JSj( j— 1
— G, in distribution. From this we will then obtain the assertions.

Claim: [ES*( j — 1) ~ 2/j. With the notation M<’"> for the maximal spacing formed by

Y<'“> Y<’"> as introduced in the proof of Theorem 7.1, we define the sets
m—1
V.= {Yf’">, Yf’f}c > Yf’l’zn},
k=1
2
W= {MV”> = m}
! J

Then we have
$HG — 1) = 8 — m) — 1(8j — m) — 85 — 1)
=83 — m) — (Ly + Ly )18} — m) = §5(j — 1). (32)

Using the estimate (13), we obtain P(W¢) = O(1/n?); thus together with S*(] - m) —
$%j — 1) = 1, we obtain

A A 1
On the set W we have $%(j — m) — §%j — 1) = m?/j; thus we obtain

2
mﬂmm—m—%—mhéww

2 m
m
== D P Y e v Y
J k=1
log’n
-ofes

where we estimate the last summands as shown in (9).
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392 DEVROYE AND NEININGER

For the estimate of [ES*( j — m) note that this is now the length of the spacing among
the S<”’>J "o, S<’”>’ " which are generated by Y<'”>,, Y<”'> on [0, 1], where Yw‘>
falls into. Moreover Y{'"é is independent of the generating pornts Thus applying Corollary
10.2 we obtain srmrlarly to the estimate (31),

ESHj —m) =E X (S"97)?
k=0

j—m
=E > (8 ’")2+0< )

k=0

In—j

=(j—m+1)[E(S’m2+0< )
2
=-—— (1L +o(1)),
j—m

as j — m — o, where I, _; is uniformly distributed on {0, ..., m — j} and independent
of X,. Collecting all the estimates, we obtain

N 2 log’n\ 2
ESH— 1) :;(1 + o(1)) + 0( 7 )~j,

as n — %, when log’n = o(}).

. ¢ A
Claim: jS{j — 1) — G,. Note that §*(j — m) is in distribution equal to the quantity

S9- Tim " appearing in Lemma 10.3; thus (j — m)$ %(j — m) = G, in distribution. Now note
that for S*( j — 1) we have the representation (32) and that P(V) = O(log’n/j) = o(1)
as shown in (33) for our j under consideration. Thus the second summand in (32) tends
to zero in probability. Since j/(j — m) — 1, the first summand there tends to G, in
distribution.

Claim: EN, ; ~ 2n/j. Applying Lemma 3.1, we obtain

[ENn,;‘ =L E l{XkESj(j—l)}
k=j

" 1
= E 2 1pimehg-y + O(nz>

k=j

n

=E X Liymes -1y + O(log n)

k=j+m
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=(n—j—m+ DPA¥" € Sj — D} + Olog n)
=(n—j—m+ DESHj — 1) + O(log n)

2n

J

asn — «, j = o(n/log n) and log’n = o(j), where we used that for k = j + m we have
independence between Y{" and S‘(j — 1) and [E,SA"’-‘(j — 1) ~ 2nl/j.

Claim: (j/n)N, ; = G,. We denote the number of nodes of the subtree rooted at Y<m> in
the tree built from Y, .., Y by N<”’> Then we have

Nn,/ = ]Vir:? + lA(Nn,j - ]Vﬁlrﬁ)),

where A denotes the event that X, ..., X, and Y{"™, ..., Y¢ do not give the same
perturbation. By Lemma 3.1 we have P(A) — 0 as n — o; thus the second summand
in the last display tends to zero in probability. Hence it is sufficient to show Nﬁ:’? — G,
in distribution for the choices of j under consideration.

The number N<”j> is given as the sum P + X7, P,, where P denotes the number of
points among Y;’fﬁ, RV Y;’fin which contribute to the subtree rooted at )””” and P,
denotes the corresponding number for the points Y<+ et +3C+2m, Yjﬁﬁ 4/m» where
qu (n —j — k — m + 1)/m’]. Thus we have =", ¢, = " — j — m. Note that given

>“( j — 1) = T, by independence, P, is binomial B(g,, T) distributed for k = 1,
m. Thus by Chebyshev’s inequality, noting that 0 = P = m, and denoting T; = S*( Jj—

1), we obtain, for all 8 > 0, almost surely

PANG = (n=j = mT|=mé+m|T) = 3 P(Pc— ¢T}| =8| T)

k=1

g: aT(1 = T)
< 52

k=1

n
=T

Thus, for arbitrary € > 0, we have, choosing 6 = en/((m + 1)j), almost surely

e’n a

. i
P(‘JN%L( jmmi |
n

=&
n J

(m + 1)%?
)=

Now, for all x = 0, denoting by Fg, the distribution function of the Gamma(2)
distribution and using the last estimate, ]S j — 1) = G, in distribution, and [ES*( j -
1) ~ 2/j, we obtain, as n — %, j = j(n) = o(n/log’n) and j tending to 1nﬁn1ty,
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+[P’((n—jn—m)j3’jfg—l)5x+s)

(m+ 1%

5782’1 [E[Sj‘(]— D] + Fg,(x + &) + 0o(1)
2(m + 1)%

~?+Fcz(x+s)

il FGz(x + 8).

Similarly, we have

IP<] N = x) - IP’(] N > x)
n n

(n—j—m)j
n

J
1—P<nN<n’;‘~>>x, Tj<x—8)

—Uj’((n_jn_nﬂjﬁ;’f(j—l)zx—s)

(m+ D%
=1 - ES— D] = (1 = Fglx = &) + o(1)

— FGz(x - 8).

Since F_ is continuous and & > 0 arbitrary, we obtain ( j/n)N,,',”j> — G, in distribution
and thus (j/n)N,, ; = G, in distribution. .

Using similar arguments, it can be shown that in the case j ~ an with a € (0, 1) the size
N, ; tends in distribution to the negative binomial distribution with parameters (2, «),
given by its generating function s — (a/(1 — (1 — a)s))>.
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