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ABSTRACT: A random suffix search tree is a binary search tree constructed for the suffixes Xi �
0 � BiBi�1Bi�2 . . . of a sequence B1, B2, B3, . . . of independent identically distributed random
b-ary digits Bj. Let Dn denote the depth of the node for Xn in this tree when B1 is uniform on �b.
We show that for any value of b � 1, �Dn � 2 log n � O(log2log n), just as for the random binary
search tree. We also show that Dn/�Dn 3 1 in probability. © 2003 Wiley Periodicals, Inc.
Random Struct. Alg., 23: 357–396, 2003

Keywords: random binary search tree; suffix tree; Lacunary sequences; random spacings; proba-
bilistic analysis of algorithms

1. INTRODUCTION

Current research in data structures and algorithms is focused on the efficient processing of
large bodies of text (encyclopedia, search engines) and strings of data (DNA strings,
encrypted bit strings). For storing the data such that string searching is facilitated, various
data structures have been proposed. The most popular among these are the suffix tries and
suffix trees (Weiner [34]; McCreight [27]), and suffix arrays (Manber and Myers [26]).
Related intermediate structures such as the suffix cactus (Karkkainen [20]) have been
proposed as well. Apostolico [2], Crochemore and Rytter [5], and Stephen [30] cover most
aspects of these data structures, including their applications and efficient construction
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algorithms (Ukkonen [33]; Weiner [34]; Giegerich and Kurtz [17]; Kosaraju [23]). If the
data are thought of as strings B1, B2, . . . of symbols taking values in an alphabet �b �
{0, 1, . . . , b � 1} for fixed finite b, then the suffix trie is an ordinary b-ary trie for the
strings Xi � (Bi, Bi�1, . . .), 1 � i � n. The suffix tree is a compacted suffix trie. The
suffix array is an array of lexicographically ordered strings Xi on which binary search can
be performed. Additional information on suffix trees is given in Farach [11], Farach and
Muthukrishnan [12, 13], Giancarlo [14, 15], Giegerich and Kurtz [16], Gusfield [18],
Sahinalp and Vishkin [29]), and Szpankowski [31]. The suffix search tree we are studying
in this paper is the search tree obtained for X1, . . . , Xn, where again lexicographical
ordering is used. Care must be taken to store with each node the position in the text, so
that the storage comprises nothing but pointers to the text. Suffix search trees permit
dynamic operations, including the deletion, insertion, and alteration of parts of the string.
Suffix arrays on the other hand are clearly only suited for off-line applications.

The analysis of random tries has a long history (see Szpankowski [32] for references).
Random suffix tries were studied by Jacquet, Rais, and Szpankowski [19] and Devroye,
Szpankowski, and Rais [10]. The main model used in these studies is the independent
model: The Bi’s are independent and identically distributed. Markovian dependence has
also been considered. If pj � �{B1 � j}, 0 � j � b, then it is known that the expected
depth of a typical node in an n-node suffix trie is close in probability to (1/�)log n, where
� � ¥j pjlog(1/pj) is the entropy of B1. The height is in probability close to (b/�)log n,
where � � log(1/¥j pj

b). If � or � are small, then the performance of these structures
deteriorates to the point that perhaps more classical structures such as the binary search
tree are preferable.

In this paper, we prove that, for first-order asymptotics, random suffix search trees
behave roughly as random binary search trees. If Dn is the depth of Xn, then

�Dn � 2 log n � O�log2log n�

and Dn/log n 3 2 in probability, just as for the random binary search tree constructed as
if the Xi’s were independent identically distributed strings (Knuth [21, 22] and Mahmoud
[25] have references and accounts). We prove this for b � 2 and p0 � p1 � 1/ 2. The
generalization to b � 2 is straightforward as long as B1 is uniform on �b.

The second application area of our analysis is related directly to random binary search
trees. We may consider the Xi’s as real numbers on [0, 1] by considering the b-ary
expansions

Xi � 0 � BiBi�1, . . . , 1 � i � n.

In that case, we note that Xi�1 � {bXi} :� (bXi)mod 1. If we start with X1 uniform on
[0, 1], then every Xi is uniform on [0, 1], but there is some dependence in the sequence
X1, X2, . . . . The sequence generated by applying the map Xi�1 � {bXi} resembles the
way in which linear congruential sequences are generated on a computer, as an approx-
imation of random number sequences. In fact, all major numerical packages in use today
use linear congruential sequences of the form xn�1 � (bxn � a)mod M, where a, b, xn,
xn�1, M are integers. The sequence xn/M is then used as an approximation of a truly
random sequence. Thus, our study reveals what happens when we replace i.i.d. random
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variables with the multiplicative sequence. It is reassuring to note that the first-order
behavior of binary search trees is identical to that for the independent sequence.

The study of the behavior of random binary search trees for dependent sequences in
general is quite interesting. For the sequence Xn � (nU)mod 1, with U uniform on [0, 1],
a detailed study by Devroye and Goudjil [9] shows that the height of the tree is in
probability �(log n log log n). The behavior of less dependent sequences Xn �
(n�U)mod 1, � � 1, is largely unknown. The present paper shows of course that Xn �
(2nU)mod 1 is sufficiently independent to ensure behavior as for an i.i.d. sequence. Antos
and Devroye [1] looked at the sequence Xn � ¥i�1

n Yi, where the Yi’s are i.i.d. random
variables and showed that the height is in probability �(	n). Cartesian trees (Devroye
[8]) provide yet another model of dependence with heights of the order �(	n).

The paper is organized as follows: In Sections 2–5, we develop the basic tools for our
analysis. In Section 6, we show that

�Dn � 2 log n � O�log2log n�.

In Section 7, a more general refined analysis leads to a weak law of large numbers:
Dn/�Dn 3 1 in probability. These are our main results—they rest on a key circular
symmetrization argument used in the proof of Lemma 5.1. There is another avenue, based
on the observation that if S0

n, . . . , Sn
n are the lengths of the spacings defined on [0, 1] by

X1, . . . , Xn, then the expected depth of Xn�1 in the tree for X1, . . . , Xn is roughly given
by

�
j�1

n�1 �
i�0

j

�
�Si
j�2�.

The study of the spacings is also important for the analysis of the size of the subtree rooted
at Xj, as this has expected value roughly given by

�n � j��S*j�j � 1�,

where S*n(i) is the length of the unique spacing among S0
i , . . . , Si

i that covers Xn. Thus
we embark on the study of the spacings in Sections 8 and 9, where we show first that a
randomly picked spacing in the nth partition is asymptotically of size E/n, where E is an
exponential random variable (just as for the case of spacings defined by i.i.d. uniform [0,
1] random variables). Although this result can be obtained from the number theoretical
work of Rudnick and Zaharescu [28], a self-contained probabilistic proof is included in
this paper. In Sections 10 and 11, the spacings argument is fleshed out to show, for
example, that the size of a subtree rooted at Xj times j/n tends in distribution to a
Gamma(2) random variable, whenever j/log5n 3 � and ( j log2n)/n 3 0.

2. NOTATION

Denote the uniform distribution on [0, 1] by U[0, 1] and the Bernoulli( p) distribution by
Be[ p]. We have given a U[0, 1] distributed random variable X1 and define Xk :�
T(Xk�1) for k � 2, with the map T : [0, 1] 3 [0, 1], x � {2x} � 2x mod 1.

RANDOM SUFFIX SEARCH TREES 359
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In the binary representation X1 � 0 � B1B2, . . . , the Bk are independent Be[1/2] bits.
Then we have

Xk � 0 � BkBk�1Bk�2 . . .

for all k � 1. For m � 1 we introduce the corresponding perturbed random variates

Yk

m� :� 0 � BkBk�1 · · · Bk�m�1B1

�k�B2
�k� . . . , k � 1, . . . , n,

where {Bj
(k) : k, j � 1} is a family of independent Be[1/2] distributed bits, independent

of X1. Then we have, for all k � 1,

�Xk � Yk

m�� �

1

2m ,

and Yi

m�, Yj


m� are independent if �i � j� � m.

3. THE PERTURBED TREE

In this section we control the probability that the random suffix search tree built from
X1, . . . , Xn and the perturbed tree generated by Y1


m�, . . . , Yn

m� coincide. We denote by

� x � :� 2 x/2 the largest even integer not exceeding x. For a vector (a1, . . . , an) of
distinct real numbers, let �(a1, . . . , an) be the permutation given by the vector, i.e.,
�(a1, . . . , an) is the vector of the ranks of a1, . . . , an in {a1, . . . , an}.

Lemma 3.1. If m :� 18� log2n �, then, for all n � 16,

����X1, . . . , Xn� 	 ��Y1

m�, . . . , Yn


m��� �
8

n2 .

Proof. We introduce the truncated random variables Yk by their binary representations
Yk :� 0 � BkBk�1

. . . Bk�m�1 for k � 1. Then we have

���X1, . . . , Xn� 	 ��Y1

m�, . . . , Yn


m��� � �
1�i�j�n

�Yi � Yj�,

since the permutations given by (X1, . . . , Xn) and (Y1

m�, . . . , Yn


m�) can only differ if
some of the Xi, Xj coincide in the first m bits. This implies

����X1, . . . , Xn� 	 ��Y1

m�, . . . , Yn


m��� � �
1�i�j�n

��Yi � Yj�

�
n2

2m � n �
j�2

m

��B1 · · · Bm � Bj · · · Bm�j�1�.
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For 1 � j � m we have �(B1
. . . Bj�1 � Bj

. . . B2j�2) � 1/ 2j�1. We split the bit
vector B1

. . . Bm into b :� m/( j � 1) blocks of length j � 1. Then we obtain

��B1 · · · Bm � Bj · · · Bm�j�1�

� ��B1 · · · Bj�1 � Bj · · · B2j�2 � · · · � B�b�1��j�1��1 · · · Bb�j�1��

�
1

2�b�1��j�1�

�
1

2m�2j�2 .

Altogether we have

����X1, . . . , Xn� 	 ��Y1

m�, . . . , Yn


m���

�
n2

2m � n� �
j�2

m/3 1

2m�2j�2 � �
j� m/3 �1

m 1

2j�1�
�

n2

2m � n�4

3

1

2m/3 �
2

2m/3� .

With m � 18� log2n � we obtain n2/ 2m � 4/n2 for all n � 8 and n((4/3 � 2)/ 2m/3) �
4/n2 for all n � 16. The assertion follows. ■

The perturbed tree and the original tree are thus identical with high probability. In the
perturbed tree, note that Yi


m� and Yj

m� are independent whenever �i � j� � m.

Unfortunately, it is not true that random binary search trees constructed on the basis of
identically distributed m-dependent sequences behave as those for i.i.d. sequences, even
when m is as small as 1. For example, the depth of a typical node and the height may
increase by a factor of m when m is small and positive.

For later use we provide a technical lemma on the distances of the quantities Xi, Xj and
Yi


t�, Yj

t�, respectively.

Lemma 3.2. For all integer 1 � i � j, t � 1 and real 
 � 0.

���Xi � Xj� � 
� � 2
, ���Yi

t� � Yj


t�� � 
� � 8
.

Proof. Define k :� j � i. We have {�Xi � Xj� � 
} � {�Xi � Tk(Xi)� � 
}, where
Tk is the kth iteration of the map T defined in Section 2. With the representation

Xi �
�

2k �
�

2k , � � �0, . . . , 2k � 1�, � � 
0, 1�, (1)

RANDOM SUFFIX SEARCH TREES 361
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we obtain Tk(Xi) � �. Thus we have �Xi � Xj� � ��/ 2k � �/ 2k � �� � 
 if and only
if

� � �� � 2k


2k � 1
,

� � 2k


2k � 1 � � 
0, 1�.

Plugging this into (1), we obtain

��Xi � Xj� � 
� � �Xi � �
��0

2k�1 �� � � 


2k � 1
,

� � 


2k � 1� � � �

2k ,
� � 1

2k ��� (2)

(see Fig. 1). Since Xi is U[0, 1] distributed, we obtain �(�Xi � Xj� � 
) � 2
.
For the second statement note that for k � t there is nothing to prove, since Yi


t�, Yj

t�

are independent in this case. Hence, we assume k � t and denote ��m :� [(� � 1)/ 2k �
(m � 1)/ 2t, (� � 1)/ 2k � m/ 2t] for � � 1, . . . , 2k, m � 1, . . . , 2t�k. Conditioned
on {Yi


t� � ��m} the variables Yi

t�, Yj


t� are independent with uniform distributions on
��m and �m :� [(m � 1)/ 2t�k, m/ 2t�k], respectively. We abbreviate these conditioned
variates by V�m and Wm. Then we have

���Yi

t� � Yj


t�� � 
� �
1

2t �
��1

2k

�
m�1

2t�k

���V�m � Wm� � 
�. (3)

Note that, conditioning on V�m, we obtain the estimate �(�V�m � Wm� � 
) � 2
2t�k,
valid for all �, m. We fix � in (3) and distinguish two cases:

Case 
 � 2�(t�k): We have {�V�m � Wm� � 
} � A for at most three of the m �
{1, . . . , 2t�k}. Thus, we obtain

Fig. 1. Shown is the set {�Xi � Xj� � 
} for k � j � i � 2 and 
 � 3/20 together with Xi and
Xj, where Xi is modeled as the identity on [0, 1].
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���Yi

t� � Yj


t�� � 
� �
1

2t �
��1

2k

6
2t�k � 6
.

Case 
 � 2�(t�k): Since incrementing m by one changes the distance between the centers
of ��m and �m by 2�(t�k) � 2�t � 2�(t�k�1), at most 2 � 2[
2t�k�1] of the events
{�V�m � Wm� � 
} are nonempty. Thus

���Yi

t� � Yj


t�� � 
� �
1

2t �
��1

2k

�2
2t�k�1 � 4� � 4
 � 4�2��t�k�� � 8
,

which completes the proof. ■

4. A ROUGH BOUND FOR THE HEIGHT

We will need a rough upper bound for the mean of the height of the random suffix search
tree.

Lemma 4.1. Let a binary search tree � be built up from distinct numbers x1, . . . , xn and
denote its height by H. We assume that the set of indices {1, . . . , n} is decomposed into
k nonempty subsets �1, . . . , �k of cardinalities ��j� � nj. Assume that �j consists of the
indices n(j, 1) � . . . � n(j, nj) and denote the height of the binary search tree �j built up
from xn(j,1), . . . , xn(j,nj)

by Hj for j � 1, . . . , k. Then we have

H � k � 1 � �
j�1

k

Hj. (4)

Proof. A basic property of the binary search tree is that a pair of keys x � y is inserted
in nodes on a common path form the root if and only if no key s with x � s � y has been
inserted before x and y. For an arbitrary node u in � we consider two keys on its path to
the root such that their indices i1 � i2 belong to the same set �j for some j � {1, . . . ,
k}. It follows that no key xi exists with index i � i1 and xi1

� xi � xi2
. In particular there

is no such xi with i � �j. Therefore, in �j the keys xi1
, xi2

are inserted on a common path
from the root as well. This implies that the number of nodes in � on the path from the root
to u having indices in �j is at most Hj � 1. The assertion follows. ■

Lemma 4.2. Let Hn denote the height of the random suffix search tree with n nodes.
Then �Hn � O(log2n).

Proof. For j � 1, . . . , m :� 18� log2n � we define �j :� {bm � j : b � �0, bm �
j � n}. The families (Yi


m�)i��j
consist each of independent random variables being U[0,

1] distributed. Thus these families form random equiprobable permutations. The trees �j

built from (Yi

m�)i��j

are random binary search trees, where random refers to the random

RANDOM SUFFIX SEARCH TREES 363
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permutation model. With Ĥj denoting the height of �j, and H� n denoting the height of the
tree built from Y1


m�, . . . , Yn

m�, by Lemma 4.1,

H� n � m � �
j�1

m

Ĥj. (5)

From the analysis of random binary search trees we know �Ĥj � � log(n/m) with � �
0 (see Devroye [6, 7]). Thus (5) implies �H� n � O(log2n). Finally, we have

Hn � H� n � 1���X1,. . .,Xn����Y1

m�,. . .,Ym


m����Hn � H� n�

� H� n � 1���X1,. . .,Xn����Y1

m�,. . .,Yn


m���n.

Here, 1A denotes the indicator function of an event A. Lemma 3.1, for n � 16, implies
�Hn � �H� n � 8/n � O(log2n). ■

Lemma 4.2 is valid for our model, but also for any random binary search tree constructed
on the basis of U[0, 1] random variables that are m-dependent, with m � O(log n).

5. A KEY LEMMA

We introduce the events Aj � {Xj is ancestor of Xn in the tree}. Then we have the
representations

Dn � �
j�1

n�1

1Aj, �Dn � �
j�1

n�1

��Aj�.

We use the notation �, � ” �1, . . . , �n, if there does not exist k with 1 � k � n for
which � � �k � � or � � �k � �, i.e., �, � are contained in the same interval of the
partition of [0, 1] induced by the cutting points �1, . . . , �n. We use Aj


m� for the
corresponding event involving the Yk


m� : Aj

m� � {Yj


m�, Yn

m� ” Y1


m�, . . . , Yj�1

m� }.

Throughout we abbreviate m � 18� log2n �.
Our key lemma consists of an analysis of the depth of the nth inserted node Xn

conditioned on its location. For x � [0, 1] and 1 � i � n � 1, define

pi�x� :� ��Yi

m�, x ” Y1


m�, . . . , Yi�1

m� �.

We use the following bad set:

Bn��� :� �
k�1

m

�x � 
0, 1� : �x � Tk�x�� 
 ��, � � 0,

where T is the map introduced in Section 2 (see Fig. 2).
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Lemma 5.1. For all n sufficiently large, all x � [0, 1], and 1 � i � n, we have

pi�x� � 1
m2/i,1�m2/i��x��2

i
� R1�n, i� � 1Bn�2m2/	i��x�R2�n, i��

� �1 � 1
m2/i,1�m2/i��x��R3�n, i�,

where for appropriate constants C1, C2, C3 � 0,

�R1�n, i�� � C1

log6n

i3/2 ,

�R2�n, i�� � C2

log3n

i
,

�R3�n, i�� � C3

log n

i
.

Proof. Let X1, . . . , Xi be given. Recall the notation from Section 2:

Fig. 2. The last line shows the bad set Bn(�) for m � 6 and � � 3/50. The six lines above show
the sets {�x � Tk( x)� � �} for k � 1, . . . , 6. In the square, for the case k � 3, it is shown how
these sets emerge.
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Y1

m� � 0 � B1B2 . . . BmB1

�1�B2
�1� . . .

Yi

m� � 0 � BiBi�1 . . . Bi�m�1B1

�i�B2
�i� . . . .

We rename these variates as Zk :� Yk

m� for k � 1, . . . , i, and circularly complete the

Zk as follows:

Zi�1 :� 0 � Bi�1Bi�2 . . . Bi�m�1B1B1
�i�1�B2

�i�1� . . . ,

Zi�2 :� 0 � Bi�2Bi�3 . . . Bi�m�1B1B2B1
�i�2�B2

�i�2� . . . ,
···

Zi�m�1 :� 0 � Bi�m�1B1B2 . . . Bm�1B1
�i�m�1�B2

�i�m�1� . . . .

Define Zk :� Zk�i�m�1 for k � i � m, and let S be a random index uniformly distributed
on {1,, i � m � 1}, and independent of the other quantities. Subsequently we will
repeatedly use the fact that, by the cyclic nature of the sequence (Zk), the vectors (ZS,
ZS�1, . . . , ZS�i�m�2) and (Z1, . . . , Zi�m�1) are identically distributed. We write

pi�x� � ��Yi

m�, x ” Y1


m�, . . . , Yi�1

m� �

� ���Yi

m�, x ” Y1


m�, . . . , Yi�1

m� � � �Yi


m� 
 x��

� ���Yi

m�, x ” Y1


m�, . . . , Yi�1

m� � � �Yi


m� � x��. (6)

We bound the first summand in the latter expression. The second one can be treated
similarly. We have

�Yi

m�, x ” Y1


m�, . . . , Yi�1

m� � � �Yi


m� 
 x� � �Zi � max�Zk : k � i, Zk � x��.

Note that {Zi � max{Zk : k � i, Zk � x}} implies that Zi is one of the m largest among
all Z1, . . . , Zi�m�1 with Zk � x for k � 1, . . . , i � m � 1. Since (ZS, ZS�1, . . . ,
ZS�i�m�2) and (Z1, . . . , Zm�i�1) are identically distributed, the probability for that is
the same as for Zi�1�S being one of the m largest among ZS, . . . , ZS�i�m�2. Condi-
tioned on Z1, . . . , Zi�m�1, which is the same as conditioning on the whole sequence
(Zk), this probability is at most m/(i � m � 1) since S is uniformly distributed on
{1, . . . , i � m � 1} and has at most m choices. Note that S has m choices if at least
m of the points Z1, . . . , Zi�m�1 are �x and less than m choices otherwise. Thus we have

��Zi � max�Zk : k � i, Zk � x�� �
m

i � m � 1
�

m

i
.

Since the second term in (6) can be estimated similarly we obtain the assertion of the
Lemma for x � [m2/i, 1 � m2/i].

Subsequently, we assume m2/i � 1/ 2 and x � [m2/i, 1 � m2/i]. We have the disjoint
decomposition
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�Zi � max�Zk : k � i, Zk � x�� � �Zi � max�Zk : k � i � m � 1, Zk � x��

� ��Zi � max�Zk : k � i, Zk � x�� � �Zi 	 max�Zk : k � i � m � 1, Zk � x��� �: E1 � E�1;

hence �(Zi � max{Zk : k � i, Zk � x}) � �(E1) � �(E�1).
Using the fact that (ZS, ZS�1, . . . , ZS�i�m�2) and (Z1, . . . , Zi�m�1) are identically

distributed, we argue, by conditioning on the sequence (Zk), as above as follows:
Conditioned on (Zk) and that there is at least one of the Zk with Zk � x, we have one
possible choice for S, and thus in this case the conditional probability of E1 is 1/(i � m �
1). Clearly, the conditional probability of E1 is zero if there is no Zk with Zk � x. Hence,
we have

��E1� � ��ZS�i�1 � max�ZS�k�1 : 1 � k � i � m � 1, ZS�k�1 � x��

�
1

i � m � 1
�� �

k�1

i�m�1

�Zk � x�� .

Since x � m2/i and m2/i � 1/ 2, we obtain, denoting b � i/m � 1,

�� �
k�1

i�m�1

�Zk � x�� � �� �
k�0

b

�Z1�km � x��
� �1 � x�b�1

� �1 �
m2

i �
i/m�1

� 2 exp��m�

� O� 1

n18� .

Together we obtain �(E1) � 1/(i � m � 1) � O(n�17). This term will lead to the main
term 2/i in the representation of pi( x). The contribution of �(E�1) gives the error terms
and thus can be bounded from above.

For this we define � :� m2/i. For x � � and with I � [ x � �, x] we have

E�1 � � � 1 � k � i � m � 1 : Zk, Zk�1, . . . , Zk�i�1�I�

� ��Zi � max�Zk : k � i, Zk � x��

� �Zi 	 max�Zk : k � i � m � 1, Zk � x�� � �Zi � I�)

� : E2 � E3.

Using the fact that Z1, Z1�m, Z1�2m, . . . are independent and that 1 � � � 1/2, we obtain
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��E2� � �i � m � 1���Z1, . . . , Zi�I�

� �i � m � 1���Z1, Z1�m, Z1�2m, . . . �I�

� �i � m � 1��1 � ��i/m�1

� 2�i � m � 1�exp���i/m�

� 2�i � m � 1�exp��m�

� O�n�17�

� O�i�3/2�.

For the estimate of �(E3), we first associate an event E3(S) similarly as for the analysis
of E1,

E3�S� :� �ZS�i�1 � max�ZS�k�1 : 1 � k � i, ZS�k�1 � x��

� �ZS�i�1 	 max�ZS�k�1 : 1 � k � i � m � 1, ZS�k�1 � x��

� �ZS�i�1 � I�.

We have �(E3) � �(E3(S)) since (ZS, ZS�1, . . . , ZS�i�m�2) and (Z1, . . . , Zi�m�1)
are identically distributed. Note that the probability of E3(S) conditioned on any event
involving only the sequence (Zk) is at most m/(n � m � 1) since S has at most m choices
out of n � m � 1 equally likely indices. These are the choices such that ZS�i�1 is among
the m largest of the points Z1, . . . , Zi�m�1 less or equal than x (cf. Fig. 3). We condition
on

F :� �
i�1

n�m�1 ��Zi � I� � �
k�1

m�1

��Zi � Zi�k� � ���.

Clearly, �P(E3(S)�Fc) � 0; hence we obtain

Fig. 3. The interval [0, 1] is shown with the m largest of the points Z1, . . . , Zi�m�1 less than x,
where the lines mark those of these m points belonging to {Z1, . . . , Zi} and the dots mark the
corresponding points from {Zi�1, . . . , Zi�m�1}.
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��E3� � ��E3�S��

� ��E3�S��F���F�

�
m

n � m � 1
�� �

i�1

n�m�1 � �Zi � I� � �
k�1

m�1

��Zi � Zi�k� � ����
� m�� �Z1 � I� � �

k�1

m�1

��Z1 � Z1�k� � ���
� m��X1 � I� � Bn�� � 237/n18��), (7)

where, for I�, we use the notation [a, b]� :� [a � 236/n18, b � 236/n18] for intervals
[a, b]. Note that we have �Zk � Xk� � 1/ 2m for k � 1, . . . , m and m � 18 log2n �
36. For n sufficiently large we have 236/n18 � � and thus I� � I� :� [ x � 2�, x �
�]. With the representation given in (2) for {�X1 � X1�k� � 3�} we find that Bn(3�)
intersects I� at most in 3�(2k � 1) � 2 intervals of lengths at most 6�(2k � 1). This
implies the bound

��E3� � m �
k�1

m�1 �18�2 �
12�

2k � 1�
� 18m2�2 � 24m�

�
18m6

i2 �
24m3

i
. (8)

Together with �(E2) this yields an error term of the order of R2(n, i).
Finally, we consider x � Bn(�*) with �* :� 2	n � and refine the estimate in (8).

For x � Bn(�*) we get a contribution of {�X1 � X1�k� � 3�} � I� in (7) only if
3�/(2k � 1) � 2� � �*/(2k � 1) (see Fig. 4), which holds exactly for k � log2(	n
� 1/ 2). Therefore, for x � Bn(�*) the summation in (8) can be refined to

Fig. 4. Shown is a case, where the part {�Tk( x) � x� � 3�} of the bad set Bn(3�) intersects the
interval [ x � 2�, x � �], while x is outside the part {�Tk( x) � x� � �*} of the bad set Bn(�*).
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��E3� � m �
k� log2�	n�1/2�

m�1 �18�2 �
12�

2k � 1�
� 18m2�2 �

48m�

	n

�
18m6

i2 �
48m3

i3/2 .

We have estimated the first summand in (6) for all different ranges of x appearing in
Lemma 5.1. Since the second summand in (6) can be estimated similarly we obtain for all
x � [0, 1] and 1 � i � n � 1,

pi�x� � 1
m2/i,1�m2/i��x�� 2

i � m � 1
� R1�n, i� � 1Bn�2m2/	i��x�R2�n, i��

� �1 � 1
m2/i,1�m2/i��x��R3�n, i�,

with orders for Rk(n, i), k � 1, 2, 3, as in the lemma. Since we have �2/i � 2/(i � m �
1)� � C(log n)/i2 for some constant C � 0 the assertion follows. ■

6. EXPANSION OF THE MEAN OF THE DEPTH

In this section we find the mean of Dn:

Theorem 6.1. The depth Dn of the nth node inserted into a random suffix search tree
satisfies

�Dn � 2 log n � O�log2log n�.

Proof. We recall the events Aj � {Xj is ancestor of Xn in the tree} and the represen-
tations

Dn � �
j�1

n�1

1Aj, �Dn � �
j�1

n�1

��Aj�.

For the estimate of �( Aj) we distinguish three ranges for the index j, namely, 1 � j �
log2

12n , log2
12n � j � n � m, and n � m � j � n, where we choose m �

18� log2n �.

The range 1 � j � log2
12n : Note that ¥j�1

log2
12n

1Aj is bounded from above by the height
of the random suffix search tree with log2

12n nodes. Thus, by Lemma 4.2, we obtain
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�
j�1

log2
12n

��Aj� � �H log2
12n � O�log2

2log2
12n�) � O�log2log n�.

The range log2
12n � j � n � m: We start, using Lemma 3.1, with the representation

��Aj� � ��Xj, Xn ” X1, . . . , Xj�1�

� ��Yj

m�, Yn


m� ” Y1

m�, . . . , Yj�1


m� � � O�1/n2�

� ��Aj

m�� � O�1/n2�.

Note that Yn

m� is independent of Y1


m�, . . . , Yj

m�, since j � n � m. Thus for the

calculation of �( Aj

m�) we may condition on Yn


m�. With the notation of Lemma 5.1 and
using the fact that Yn


m� is U[0, 1] distributed, this yields, for all 1 � j � n � m,

��Aj

m�� � �
pj�Yn


m��� �
2

j
� Rn,j, �Rn,j� � C

log6n

j3/2 ,

for some constant C � 0. When summing note that

�
j� log2

12n

� log6n

j3/2 � log6n 

log2

12n �1

� 1

x3/2 dx � O�1�.

We obtain

�
j� log2

12n

n�m

��Aj� � �
j� log2

12n

n�m �2

j
� Rn,j � O� 1

n2�� � 2 log n � O�log log n�.

Hence, this range gives the main contribution.

The range n � m � j � n � 1: With q :� j/m � 1 we have

��Aj� � ��Xj, Xn ” X1, . . . , Xj�1�

� ��Xj, Xn ” Xj�m, . . . , Xj�qm�

� ��Yj

m�, Yn


m� ” Yj�m

m� , . . . , Yj�qm


m� � � O�1/n2�.

We have, using Lemma 3.2, for n sufficiently large,

��Yj

m�, Yn


m� ” Yj�m

m� , . . . , Yj�qm


m� �

� ���Yj

m� � Yn


m�� 
 m2/j�
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� ����Yj

m� � Yn


m�� � m2/j� � �Yj

m�, Yn


m� ” Yj�m

m� , . . . , Yj�qm


m� ��

� 8
m2

j
� �1 �

m2

j �
j/m�2

� 8
m2

j
� 4 exp��m�

� 8
m2

j
� O� 1

n18� . (9)

The summation yields

�
j�n�m

n�1

��Aj� � O�1�,

so that the third range makes an asymptotically negligible contribution. Collecting the
estimates of the three ranges, we obtain the assertion. ■

7. A WEAK LAW OF LARGE NUMBERS

In this section we prove a weak law of large numbers for the depth Dn.

Theorem 7.1. We have Dn/�Dn 3 1 in probability as n 3 �.

Proof. Let 
, 
� � 0 be given. We have to show that

��� Dn

�Dn
� 1� � 
� 
 
�

for all n sufficiently large. We define the decomposition Dn � D*n � D*n*, where

D*n :� �
j� log68n

n/2

1Aj, D*n*:� �
j�1

log68n �1

1Aj � �
j� n/2 �1

n�1

1Aj.

From Theorem 6.1 we have �D*n � 2 log n and �D*n* � O(log log n). We bound the
summands in the estimate

��� Dn

�Dn
� 1� � 
� � ��� D*n

�Dn
� 1� �




2� � �� D*n*

�Dn
�




2� (10)

separately. By Markov’s inequality we have
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��D*n*

�Dn
�




2� �
�D*n*

�
/2��Dn
� O� log log n

log n � �

�

2

for all n sufficiently large. Thus we only need the first summand in (10) to be at most 
�/2.
By Chebychev’s inequality this is implied by

Var�D*n�

��Dn�
2 3 0,

as n 3 �. Since we have (�Dn)2 � �(log2n) and (�E*n)2 � 4 log2n, it is sufficient for
completing the proof of Theorem 7.1 to establish

�
�D*n�
2� � �

log68n �i�j� n/2

��Ai � Aj� � 4 log2n.

Note that we have �[(D*n)2] � (�[D*n])2 � 4 log2n, so it suffices to establish the upper
bound. Since the contribution of the summands with i � j is of the order O(log n) we may
additionally assume i � j. We distinguish the cases where j � i � log32n and j � i �
log32n.

The case j � i � log32n: We have

��Ai � Aj� � ��Ai � Aj � ��Xi � Xj� � �2 log2n�/i��

� ��Ai � Aj � ��Xi � Xj� 
 �2 log2n�/i��. (11)

For all n large enough we obtain with b :� i/m � 1, Lemma 3.1, and (log2n)/i � 1/ 2,

��Ai � Aj � ��Xi � Xj� � �2 log2n�/i��

� ��Ai

m� � Aj


m� � ��Yi

m� � Yj


m�� � �log2n�/i�� �
8

n2

� ���Yi

m�, Yj


m� ” Y1

m�, . . . , Yi�1


m� �

� ��Yi

m� � Yj


m�� � �log2n�/i�) �
8

n2

� ���Yi

m�, Yj


m� ” Y1

m�, Y1�m


m� , . . . , Y1�bm

m� �

� ��Yi

m� � Yj


m�� � �log2n�/i�) �
8

n2

� �1 �
log2n

i �i/m�2

�
8

n2
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� 4 exp��
log2n

m � �
8

n2

�
12

n2 .

For the last summand in (11) we introduce the lengths of the spacings formed by
X1, . . . , Xn on [0, 1] by Sj

n :� X( j�1) � X( j) for j � 1, . . . , n � 1 and S0
n :� X(1),

Sn
n :� 1 � X(n), where X( j) denotes the jth order statistic of X1, . . . , Xn. Furthermore,

we denote the maximal spacing Mi :� max0�k�i�m Sk
i�m of the X1, . . . , Xi�m and

correspondingly, Mi

m� for the maximum spacing of the perturbed variates. For n suffi-

ciently large, and with n � i � m, we have

��Ai � Aj � ��Xi � Xj� 
 �2 log2n�/i��

� ��Ai � Aj � ��Xi � Xj� 
 �2 log2n�/i� � �Mi � 1/	i��

� ��Ai � Aj � ��Xi � Xj� 
 �2 log2n�/i� � �Mi � 1/	i��

� ��Ai

m� � Aj


m� � ��Yi

m� � Yj


m�� 
 �4 log2n�/i� � �Mi

m� � 2/	i��

� ���Mi

m� � 1/�2	i��� �

16

n2 . (12)

For the estimate of

���Mi

m� � 1/�2	i���,

note that for any 0 � x � 1/ 2 we have, with b � i/m � 1,

���Mi

m� � 2x��

� �� �
��1

1/x �1

�Y1

m�, . . . , Yi�m


m� �
�� � 1�x, �x�� � �Y1

m�, . . . , Yi�m


m� �
1 � x, x���
� 1/x sup

y�
0,1�x�

��Y1

m�, Y1�m


m� , . . . , Y1�bm

m� �
y, y � x��

� 1/x �1 � x�i/m�2

� 4 1/x exp��
xi

m�. (13)

Using this with x � 1/(4	i), we obtain �({Mi

m� � 1/(2i)}) � (16i � 4)exp(�i/

(4m)) � 1/n2 for n sufficiently large, since we have i � log68n.
It remains to bound the term in (12). Note that Ai


m� in particular implies that {Yi

m�,
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Yn

m� ” Y1


m�, . . . , Yi�m

m� }. Under {Mi


m� � 2/	i} this implies {�Yi

m� � Yn


m�� � 2/i}.
Hence, using Lemma 3.2 and that Yn


m� is independent of (Yi

m�, Yj


m�) we obtain

��Ai

m� � Aj


m� � ��Yi

m� � Yj


m�� 
 �4 log2n�/i� � �Mi

m� � 2/	i��

� ����Yi

m� � Yj


m�� 
 �4 log2n�/i� � ��Yi

m� � Yn


m�� � 2/	i��

�
128 log2n

i3/2 .

Combining all this yields �( Ai � Aj) � (C log2n)/i3/ 2 for an appropriate constant
C � 0. Therefore, the contribution of this range is

�
i� log68n

i�j�i� log32n

��Ai � Aj� � C log34n �
i� log68n

1

i3/2

� C log34n 

log68n �1

�

x�3/2 dx

� O�1�.

The case j � i � log32n: We have

��Ai � Aj� � ���Xi, Xn ” X1, . . . , Xi�1� � �Xj, Xn ” X1, . . . , Xj�1��

� ���Yi

m�, Yn


m� ” Y1

m�, . . . , Yi�1


m� � � �Yj

m�, Yn


m� ” Y1
�m�, . . . , Yj�1


m� �� �
8

n2

� ���Yi

m�, Yn


m� ” Y1

m�, . . . , Yi�1


m� � � �Yj

m�, Yn


m� ” Yi�m�1

m� , . . . , Yj�1


m� �� �
8

n2 ,

where we assume that n is sufficiently large such that log32n � 2m. Conditioned on Yn

m�

these two events are independent. This implies

��Ai � Aj� � �
pi�Yn

m��pj�i�m�Yn


m��� �
8

n2 .

We abbreviate � :� j � i � m and s :� i 
 �. Thus from Lemma 5.1, for appropriate
constants C, C� � 0,

�
�1 � 1
m2/s,1�m2/s��Yn

m���pi�Yn


m��p��Yn

m��� �

Cm4

si�
,

�
1Bn�2m2/	s��Yn

m��pi�Yn


m��p��Yn

m��� �

C�m15

	s i�
.
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Note that in the last estimate we used Lemma 3.2 to obtain �(Bn(2m2/	s)) � 4m3/	s,
where � denotes Lebesgue measure. Therefore, with an appropriate constant C� � 0 and
C1 as in Lemma 5.1, we have

��Ai � Aj� � �2

i
�

C1m
6

i3/2 ��2

�
�

C1m
6

�3/2 � �
C�m15

	si�
�

8

n2 .

Thus we obtain

�
log68n �i� n/2

i� log32n �j� n/2

��Ai � Aj�

� �
log68n �i� n/2

log32n �m��� n/2

��2

i
�

C1m6

i3/2 ��2

�
�

C1m6

�3/2 � �
C�m15

	si�
�

8

n2�
� 4 log2n � O�log n� � 2C�m15 �

log32n �m�s�r� n/2

� 1

s3/2r� � O�1�

� 4 log2n � O�log n� � 2C�m16 �
s� log32n �m

1

s3/2

� 4 log2n � O�log n� � O�1�.

The assertion follows. ■

8. FURTHER ANALYSIS OF THE MODEL

In the remaining sections, we analyze the random suffix search tree from another
perspective, based on the spacings defined by X1, . . . , Xn on [0, 1]. This approach
provides some new insight, and bears many fruits, as it permits us to analyze the size of
the subtrees at the nodes. We begin with four auxiliary lemmas in the present section, and
obtain the fundamental limit theorem for the size of a random spacing in the next section.
The implications for the random suffix search tree are explained in Section 11.

Lemma 8.1. Let I be an interval in [0, 1] of length �I�. Then for all 1 � i � �log2�I� we
have

��X1, X1�i � I� �
�I�
2i .

Proof. With the map T( x) :� {2x}, we have X1�i � Ti(X1) and {X1�i � I} � {X1 �
T�i(I)}, where T�i is the ith iterate of the inverse image of T. With I � [ x, x � �], we
obtain the representation
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T�i�I� � �
k�1

2i

Ik
i , Ik

i :� �k � 1

2i �
x

2i ,
k � 1

2i �
x � �

2i �.

Since i � �log2�I�, the interval I can only cover either one of the intervals Ik
i or parts of

two consecutive Ik
i ’s with total length covered being at most �I�/ 2i. This implies

��X1, X1�i � I� � �I � T�i�I�� �
�I�
2i .

■

Lemma 8.2. For all integer 1 � i � j, t � 1 and real 
 � 0, and U being U[0, 1]
distributed and independent of X1, Yi


t�, Yj

t� we have

��Xi, Xj � 
U, U � 
�� � 2
2, ��Yi

t�, Yj


t� � 
U, U � 
�� � 8
2.

Proof. With Lemma 3.2 we have

��Xi, Xj � 
U, U � 
��

� ���Xi � Xj� � 
���Xi, Xj � 
U, U � 
��Xi � Xj� � 
�

� 2

 � 2
2.

The second statement follows analogously. ■

Lemma 8.3. For any Borel set A � [0, 1], real 
, � � 0, integer i � 0, and U being U[0,
1] distributed we have

����T�i��U, U � 
�� � A� � �� �

��A�

�
,

where �� denotes Lebesgue measure.

Proof. Applying Markov’s inequality and Fubini’s theorem, we obtain

����T�i��U, U � 
�� � A� � �� �
1

�
�
��T�i��U, U � 
�� � A��

�
1

� 

0

1 

0

1

1A�y�1T�i��x,x�
���y� dy dx

�
1

� 

0

1

1A�y� �
j�0

2i�1 

0

1

1
2iy�j�
,2iy�j��x� dx dy.
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A nonzero contribution of the inner integrals may happen at most for two values of j. We
obtain

�
j�0

2i�1 

0

1

1
2iy�j�
,2iy�j��x� dx � 
,

uniformly over all y � [0, 1]. The assertion follows. ■

Lemma 8.4. For all n � 1, a � [0, 1), and � � (0, 1/	n) with a � � � 1, we have

��Y1

m�, . . . , YL/2


m��
a, a � ��� � 1 �
L�

4
�

2L

n
,

where L � � log2n � and m � 18L.

Proof. Since �Yj

m� � Xj� � 4/n18 � 4/n for j � 1, . . . , L/ 2, we have

��Y1

m�, . . . , YL/2


m��
a, a � ��� � ��X1, . . . , XL/2�
a � 4/n, a � � � 4/n��. (14)

Applying the Chung-Erdős inequality (Chung and Erdős [4]) and denoting I :� [a � 4/n,
a � � � 4/n], we obtain

��X1, . . . , XL/2�I�

� 1 � �� �
j�1

L/2

�Xj � I��
� 1 �

�¥j�1
L/2 ��Xj � I��2

¥j�1
L/2 ��Xj � I� � ¥1�i�j�L/2 ��Xi, Xj � I�

. (15)

We have

�
1�i�j�L/2

��Xi, Xj � I� � �
k�1

L/2�1

�L/2 � k���X1, X1�k � I�,

and since k � L/ 2 � log2
	n � �log2� � �log2�I�, we may apply Lemma 8.1 to

obtain �(X1, X1�k � I) � (� � 8/n)/ 2k. Thus,

�
1�i�j�L/2

��Xi, Xj � I� �
L

2 �� �
8

n� .

Plugging this estimate into (15) and (14), we obtain
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��Y1

m�, . . . , YL/2


m��
a, a � ��� � 1 �
��L/2��� � 8/n��2

�L/2��� � 8/n� � �L/2��� � 8/n�

� 1 �
L�

4
�

2L

n
.

■

9. WEAK CONVERGENCE OF A RANDOM SPACING

The lengths of the spacings formed by X1, . . . , Xn on [0, 1] are denoted by Sj
n :�

X( j�1) � X( j) for j � 1, . . . , n � 1 and S0
n :� X(1), Sn

n :� 1 � X(n), where X( j) denotes
the jth order statistic of X1, . . . , Xn. In this section we provide a limit law for the rescaled
length of a spacing chosen uniformly from S0

n, . . . , Sn
n, where by uniform we mean that

we choose one of the indices j � 0, . . . , n uniformly at random. In the next section we
will choose an index by drawing a U[0, 1] random variable independently of X1 and
selecting the index of the spacing into which this random variable falls.

Lemma 9.1. We have

nSIn

n ¡
�

E �n 3 ��, (16)

where E is exp(1)-distributed, i.e., has Lebesgue-density e�x on [0, �) and In is uniformly
distributed on {0, . . . , n} and independent of X1.

This can be reduced to the following result on the spacings between fractional parts of
lacunary sequences due to Rudnick and Zaharescu [28]. A lacunary sequence is a
sequence (aj)j�1 of integers with lim infj3�aj�1/aj � 1. The primary example is aj �
2j. Now, for an � � � we define Sj

n(�) for j � 0, . . . , n as the spacings between the
fractional parts of �aj, j � 1, . . . , n, in the unit interval [0, 1]. More precisely, for �j

n

:� {�aj} we define Sj
n(�) :� �( j�1) � �( j) for j � 1, . . . , n � 1 as well as S0

n(�)
:� �(1) and Sn

n(�) :� 1 � �(n). Then Rudnick and Zaharescu [28] prove:

Theorem 9.2. Let (aj) be a lacunary sequence. Then we have for almost all � � � and
all 0 � a � b,

lim
n3�

1

n � 1
#�0 � j � n : nSj

n��� � 
a, b�� � 

a

b

e�x dx. (17)

For background, see also Kurlberg and Rudnick [24, Appendix A]. This can directly be
turned into a proof of Lemma 9.1:

Proof of Lemma 9.1. The result of Rudnick and Zaharescu [28] says that nSIn

n (�) 3 E
in distribution for almost all � � �. Note that in this notation the variate SIn

n (U), where
U is a U[0, 1] distributed random variable being independent of In, coincides in
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distribution with the SIn

n defined previously. Let Fn
�, Fn, FE denote the distribution

functions of nSIn

n (�), nSIn

n , and E, respectively. Then, by dominated convergence, for all
x � �,

Fn�x� � 

0

1

Fn
��x� d� 3 


0

1

FE�x� d� � FE�x� �n 3 ��; (18)

thus nSIn

n 3 E in distribution. ■

However, since the proof of Theorem 9.2 is rather involved, it is of interest to give a
direct probabilistic proof of Lemma 9.1.

Probabilistic Proof of Lemma 9.1. We have to show �(nSIn

n � t)3 1 � e�t for all t �
0. Define 
 :� t/n. Using the convention X0 :� 0, we have

��SIn

n � 
� �
1

n � 1
�
k�0

n

���X1, . . . , Xk�1, Xk�1, . . . ,

Xn�
Xk, Xk � 
�� � �Xk � 1 � 
��.

It suffices to show that each summand satisfies

lim
n3�

���X1, . . . , Xk�1, Xk�1, . . . , Xn�
Xk, Xk � 
�� � �Xk � 1 � 
�� � e�t. (19)

We derive an upper and a lower bound. Throughout we set m � 18� log2n �.

Upper bound for (19): For intervals [a, b], we use the notation [a, b]� :� [a � 236/n18,
b � 236/n18]. This yields with 
� � 
 � 236/n18

���X1, . . . , Xk�1, Xk�1, . . . , Xn�
Xk, Xk � 
�� � �Xk � 1 � 
��

� ���Y1

m�, . . . , Yk�1


m� , Yk�1

m� , . . . , Yn


m��
Yk

m�, Yk


m� � 
��� � �Yk

m� � 1 � 
���

� ���Y1

m�, . . . , Yk�m


m� , Yk�m

m� , . . . , Yn


m��
Yk

m�, Yk


m� � 
��� � �Yk

m� � 1 � 
���.

(20)

In the last expression, Yk

m� is independent of the other random variables. Now condition

on Yk

m� � x for 0 � x � 1 � 
�: We have

��Y1

m�, . . . , Yk�m


m� , Yk�m

m� , . . . , Yn


m��
x, x � 
���

� ��Y1

m��
x, x � 
�����Ym�1


m� �
x, x � 
���

� · · · � ��Y� n/m �1�m�1

m� �
x, x � 
���

380 DEVROYE AND NEININGER

 10982418, 2003, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/rsa.10103 by M

cgill U
niversity, W

iley O
nline L

ibrary on [13/08/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



� ��Y2

m��
x, x � 
���Y1


m�, Ym�1

m� �
x, x � 
���

� ��Ym�2

m� �
x, x � 
���Ym�1


m� , Y2m�1

m� �
x, x � 
���

� ��Y2m�2

m� �
x, x � 
���Y2m�1


m� , Y3m�1

m� �
x, x � 
���

� · · ·

� · · ·

� ��Ym

m��
x, x � 
���Y1


m�, . . . , Ym�1

m� ,

Ym�1

m� , . . . , Y2m�1


m� �
x, x � 
��) � · · ·

� �1 � p1,
�
n/m�3 · · · �1 � pm,
�

n/m�3, (21)

where, for i � 1, . . . , m,

pi,
 � ��Yi

m� � 
x, x � 
���Y1


m�, . . . , Yi�1

m� , Ym�1


m� , . . . , Ym�i�1

m� �
x, x � 
���.

We introduce the bad set

B̂n��� :� �
0�i�j�2m

�x � 
0, 1� : �Ti�x� � Tj�x�� � ��, � � 0. (22)

Note that, by Lemma 3.2, we obtain

���x � 
0, 1� : �Ti�x� � Tj�x�� � ��� � ���Xi�1 � Xj�1� � �� � 2�, (23)

so that

��B̂n���� � 8�m2 � O�� log2n�.

With the notion of the bad set and [a, b]�� :� ([a, b]�)� for intervals [a, b] we have

pi,
 � ��Yi

m� � 
x, x � 
��, Y1


m�, . . . , Yi�1

m� , Ym�1


m� , . . . , Ym�i�1

m� �
x, x � 
���

� ��Xi � 
x, x � 
���, X1, . . . , Xi�1, Xm�1, . . . , Xm�i�1�
x, x � 
��

� ��X1 � T�i�
x, x � 
���� � B̂n
c�
��.

In order to estimate this term, we define for i � 1 the sets

Di :� �x � 
0, 1� : ��X1 � T�i�
x, x � 
���� � B̂n
c�
�� � �1 � 1/log n�
�

and
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D� n :� �
i�1

m

Di.

With U being U[0, 1] distributed, Lemma 8.3 and the estimate (23) imply

��Di� � ����T�i�
U, U � 
���� � B̂n
c�
�� � �1 � 1/log n�
�

� ����T�i�
U, U � 
���� � B̂n�
�� � 
/log n � 238/n18� � 


� 1 � ����T�i�
U, U � 
���� � B̂n�
�� � 
/log n � 238/n18� � 


� 1 � ����T�i�
U, U � 
�� � B̂n�
�� � 
/log n � 238/n18� � 


� 1 �

��B̂n�
��


/log n � 32/n18 � 


� 1 � Ct
log3n

n
,

for n sufficiently large, where C � 0 is an appropriate constant. Hence, we have

��D� n� � 1 � O� t
log4n

n � 3 1, n 3 �.

For x � D� n we have pi,
 � (1 � 1/log n)
 for all i � 1, . . . , m. Thus we obtain for
the term (20) splitting into the set {Yk


m� � D� n} and its complement

��Y1

m�, . . . , Yk�m


m� , Yk�m

m� , . . . , Yn


m��
Yk

m�, Yk


m� � 
���

� ��D� n��1 � �1 �
1

log n� t

n�
n�3m

� ��D� n
c�

3 e�t, n 3 �.

Lower bound for (19): We have the basic estimate

���X1, . . . , Xk�1, Xk�1, . . . , Xn�
Xk, Xk � 
�� � �Xk � 1 � 
��

� ���X1, . . . , Xk�m, Xk�m, . . . , Xn�
Xk, Xk � 
�� � �Xk � 1 � 
��

� �� �Xk � 1 � 
� � �
�j:1��j�k��m�

�Xj � 
Xk, Xk � 
��� . (24)

The second summand in (24) has a negligible asymptotic contribution: We have, using
Lemma 3.2,
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�� �
�j:1��j�k��m�

�Xj � 
Xk, Xk � 
��� � �� �
�j:1��j�k��m�

��Xj � Xk� � 
��
� 2m2


� 72t
log2n

n
.

For the lower bound of the first summand in (24) we use for intervals [a, b] the notation
[a, b]� :� [a � 236/n18, b � 236/n18]. We have with 
� � 
 � 236/n18,

���X1, . . . , Xk�m, Xk�m, . . . , Xn�
Xk, Xk � 
�� � �Xk � 1 � 
��

� ���Y1

m�, . . . , Yk�m


m� , Yk�m

m� , . . . , Yn


m��
Yk

m�, Yk


m� � 
��� � �Yk

m� � 1 � 
���.

A decomposition as in (21) gives

��Y1

m�, . . . , Yk�m


m� , Yk�m

m� , . . . , Yn


m��
x, x � 
���

� �1 � p�1,
�
n/m �1 · · · �1 � p�m,
�

n/m �1 � p� ,

where analogously to (22) we have

p�i,
 � ��Yi

m� � 
x, x � 
���Y1


m�, . . . , Yi�1

m� , Ym�1


m� , . . . , Ym�i�1

m� �
x, x � 
���,

and, with s1 � n � m( n/m � 1) and s2 � n � m n/m ,

p� � �
i�1

m

��Ys1�i

m� �
x, x � 
���Ys1�1


m� , . . . , Ys1�i�1

m� , Ys2�1


m� , . . . , Y�s2�i�1�
n

m� �
x, x � 
���

� �
i�1

n�s2

��Ys2�i

m� �
x, x � 
���Ys2�1


m� , . . . , Ys2�i�1

m� �
x, x � 
���.

For x � 1 � 
�, we obtain the estimate

p�i,
 �
��Yi


m� � 
x, x � 
���

��Y1

m�, . . . , Yi�1


m� , Ym�1

m� , . . . , Ym�i�1


m� �
x, x � 
���

�

 � 237/n18

1 � 2m�
 � 237/n18�
,

which is independent of i. Analogously we have

p� � �1 �

 � 237/n18

1 � 2m�
 � 236/n18��
n�s1

,
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so that

��Y1

m�, . . . , Yk�m


m� , Yk�m

m� , . . . , Yn


m��
x, x � 
���

� �1 �

 � 237/n18

1 � 2m�
 � 236/n18��
n

� �1 � �1 � o�1��
t

n�
n

3 e�t, n 3 �.

This implies the remaining lower bound. ■

10. UNIFORM INTEGRABILITY

In this section we show that the convergence in Lemma 9.1 holds for all moments.
Analogously to the notation Sj

n we introduce the lengths Sj

m�,n for j � 1, . . . , n of the

spacing formed by Y1

m�, . . . , Yn


m�. In this section we denote L :� � log2n �, m :� 18L
and define intervals of indices as follows. For j � 1, . . . , s :� n/(18.5L) we define

�j :� �18.5�j � 1�L � 1, . . . , �18.5�j � 1� � 1/2�L�,

	j :� ��18.5�j � 1� � 1/2�L � 1, . . . , 18.5jL�.

Then, by construction, the random vectors (Yk

m�)k��1

, . . . , (Yk

m�)k��s

are independent.

Lemma 10.1. For all fixed p � 0

sup
n��

��nSIn

n �p 
 �,

where the random index In is unif{0, . . . , n} distributed and independent of X1.

Proof. From �Xi � Yi

m�� � 236/n18 we obtain for n sufficiently large �Si

n � Si

m�,n� �

1/n2 and therefore

�nSIn

n �p � �nSIn


m�,n � 1/n�p � 2p�nSIn

n �p � �2/n�p.

Hence it is sufficient to prove supn���(nSIn


m�,n)p � �. We have the basic estimate

��nSIn


m�,n�p � 

0

�

���nSIn


m�,n�p � x� dx

� 

0

np/2

��SIn


m�,n �
x1/p

n � dx � 

np/2

np

��SIn


m�,n �
x1/p

n � dx
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�: J1 � J2.

With y :� x1/p the integrands can be rewritten as

��SIn


m�,n � y/n� �
1

n � 1
�
i�0

n

���Yi

m�, . . . , Yi�1


m� , Yi�1

m� , . . . ,

Yn

m��
Yi


m�, Yi

m� � y/n�� � �Yi


m� � 1 � y/n��,

since a random interval drawn equally likely among all n � 1 intervals can be drawn by
choosing one of the left endpoints Y0


m� :� 0, Y1

m�, . . . , Yn


m� equally likely.

Estimate of J1: Note that Yi

m� is independent of at least s � 2 of the families (Yk


m�)k��j
,

j � 1, . . . , s, say the first s � 2 families. This implies with Lemma 8.4, y � 	n, noting
that Yi


m� is uniformly distributed on [0, 1], and for n sufficiently large such that L( y �
4)/(2n) � 1/ 2,

���Y1

m�, . . . , Yi�1


m� , Yi�1

m� , . . . , Yn


m��
Yi

m�, Yi


m� � y/n�� � �Yi

m� � 1 � y/n��

� 

0

1�y/n

�� �
l�1

s

�
k��l

�Yk

m��
a, a � y/n��� da

� 

0

1�y/n ��� �
k��l

�Yk

m��
a, a � y/n���� s�2

da

� �1 �
Ly

2n
�

2L

n � s�2

� �1 �
L�y � 4�

2n � n/�18.5L��3

� 8 exp��
y � 4

37 �.

Thus, we obtain

J1 � 

0

np/2

8 exp��
x1/p � 4

37 � dx � 8 

0

�

exp��
x1/p � 4

37 � dx 
 �,

uniformly in n � � for all p � 0.

Estimate of J2: For all i � {0, . . . , n} at least s � 2 of the random variables
Y18.5( j�1) L�1


m� , j � 1, . . . , s are independent of Yi

m�. For y � 	n and n sufficiently

large, we obtain
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���Y1

m�, . . . , Yi�1


m� , Yi�1

m� , . . . , Yn


m��
Yi

m�, Yi


m� � y/n�� � �Yi

m� � 1 � y/n��)

� �� �
j�1

s �Y18.5�j�1�L�1

m� ��Yi


m�, Yi

m� �

y

n�� � �Yi

m� � 1 �

y

n��
� �1 �

y

n�
s�2

� �1 �
n1/2

n � n/�18.5L��3

� 8 exp��
n1/2

18.5L�
� C exp��n1/3�

with an appropriate constant C � 0. Hence, we obtain

J2 � 

np/2

np

C exp��n1/3� dx � Cnpexp��n1/3� 3 0, n 3 �,

for any p � 0. ■

The limit law of Theorem 9.1 together with the uniform integrability of Lemma 10.1
implies convergence of all moments (Billingsley [3], Theorem 25.12). Thus we have

lim
n3�

��nSIn

n �� � 

0

�

x�e�x dx � �!, � � 0, 1, 2, . . . . (25)

In particular we have:

Corollary 10.2. We have �(nSIn

n )2 3 2 for n 3 �.

We turn to the analysis of the rescaled length of a spacing chosen according to into
which spacing an independent U[0, 1] random variable falls. For this we define the
conditional distribution of the index Jn chosen, by

��Jn � k � S0
n, . . . , Sn

n� � Sk
n, k � 0, . . . , n.

Then we have the following limit law:

Lemma 10.3. We have

nSJn

n ¡
�

G2 �n 3 ��,
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where G2 is Gamma(2)-distributed, i.e., has Lebesgue density xe�x on [0, �).

Proof. We use the method of moments. With In uniformly distributed on {0, . . . , n}
and independent of X1, we have for all � � 0,

��nSJn

n �� � n��
�
�SJn

n �� � S0
n, . . . , Sn

n��

� n��� �
k�0

n

��Jn � k � S0
n, . . . , Sn

n��
�Sk
n�� � S0

n, . . . , Sn
n��

� n��� �
k�0

n

�Sk
n���1�

� n��n � 1���SIn

n ���1

�
n � 1

n
��nSIn

n ���1

3 

0

�

x��1e�x dx,

where we used the representation (25). The last integral is the �th moment of the
Gamma(2)-distribution. Hence we have convergence of all moments of nSJn

n to the
corresponding moments of the Gamma(2)-distribution. Since these moments characterize
the Gamma(2)-distribution uniquely, we obtain the assertion. ■

11. APPLICATIONS OF SPACINGS

In this section we show how the analysis of the random spacings generated by X1, . . . ,
Xn can be used for the asymptotic analysis of parameters of the random suffix search tree.
First we show how the leading order term of �Dn can be obtained. This provides an
alternative path to that followed in Theorem 6.1. Afterwards we obtain a limit law for the
size of the subtree rooted at Xj for a large range of values j. This result is rooted in the
lemmas of Section 10. We provide two lemmas.

Lemma 11.1. Let (an) be a sequence of real numbers with an3 a � 0 and (�n), (�n) be
sequences of integers with log(�n) � o(log(n)) and n � �n � �(n). Then we have

�
j��n

n��n aj

j
� a log n �n 3 ��.

Lemma 11.2. For all q � 0 we have
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�
i�1

� � 1

2i� 2�1 �
1

2i� q

�
6

q2 .

Proof. The function f : [0, 1] 3 �0
�, y � y2(1 � y)q is unimodal with the maximum

at 2/(2 � q); thus � f�� � 4/q2. Therefore, we may estimate the series by the
corresponding integral where we have to estimate the summand being maximal separately.
This implies

�
i�1

� � 1

2i� 2�1 �
1

2i� q

�
4

q2 � 

0

� � 1

2y� 2�1 �
1

2y� q

dy

�
4

q2 �
1

log 2 

0

1

x�1 � x�q dx

�
4

q2 �
1

log 2

1

�q � 1��q � 2�
.

which implies the assertion. ■

Proof of �Dn � 2 log n. We use the events Aj � {Xj is ancestor of Xn in the tree} and
recall the representations

Dn � �
j�1

n�1

1Aj, �Dn � �
j�1

n�1

��Aj�.

For the estimate of �( Aj) we distinguish three ranges for the index j, namely, 1 � j �
log2

6n , log2
6n � j � n � m, and n � m � j � n, where we choose m �

18� log2n �.

Ranges 1 � j � log2
6n and n � m � j � n: We refer to the corresponding range 1 �

j � log2
12n and n � m � j � n in the proof of Theorem 6.1. We only treat the critical

middle range:

The range log2
6n � j � n � m: We use the notation �, � ” �1, . . . , �n as introduced

in Section 5 and recall that we have Aj � {Xj, Xn ” X1, . . . , Xj�1}. Denoting t :� j �
m, we start, using Lemma 3.1, with the representation

��Aj� � ��Xj, Xn ” X1, . . . , Xj�1� (26)

� ��Yj

m�, Yn


m� ” Y1

m�, . . . , Yj�1


m� � � O�1/n2�

� ��Yj

m�, Yn


m� ” Y1

m�, . . . , Yt


m�� � O�1/n2�
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� ���Yj

m�, Yn


m� ” Y1

m�, . . . , Yt


m��

� �Yj

m�, Yn


m� ” Y1

m�, . . . , Yj�1


m� �c). (27)

With q :� j/m � 1 we estimate

���Yj

m�, Yn


m� ” Y1

m�, . . . , Yt


m�� � �Yj

m�, Yn


m� ” Y1

m�, . . . , Yj�1


m� �c�

� �
i�t

j�1

���Yj

m�, Yn


m� ” Yj�m

m� , Yj�2m


m� , . . . , Yj�qm

m� � � �Yj


m�, Yn

m� ” Yi


m��c�. (28)

In order to estimate the latter summands we introduce 
k :� 1/ 2k and for a � [0, 1] the
intervals a[
k

�] :� [a � 
k, a] and a[
k
�] :� [a, a � 
k]. Then we have

���Yj

m�, Yn


m� ” Yj�m

m� , Yj�2m


m� , . . . , Yj�qm

m� � � �Yj


m�, Yn

m� ” Yi


m��c�

� �� �
k�1

��
k � Yn

m� � 1� � �Yi


m�, Yj

m� � Yn


m�

k�1
� ��

� �Yj�m

m� , Yj�2m


m� , . . . , Yj�qm

m� �Yn


m�

k
����

� �� �
k�1

��0 � Yn

m� � 1 � 
k� � �Yi


m�, Yj

m� � Yn


m�

k�1
� ��

� �Yj�m

m� , Yj�2m


m� , . . . , Yj�qm

m� �Yn


m�

k
���� . (29)

The last two summands are the same. We will consider the first summand. Note that all
random variates appearing there are U[0, 1] distributed and that we have dependency only
between Yi


m� and Yj

m�. Therefore, with Lemma 8.2 and Lemma 11.2, the first summand

in the latter display is bounded from above by

�
k�1

�

��Yi

m�, Yj


m� � Yn

m�

k�1

� ���1 � 
k�
q � �

k�1

�

16
k
2�1 � 
k�

q

� 96� 1

j/m � 1�
2

� O� log2�n�

j2 �.

Note that the big O term is independent of i. Plugging this into (28), we obtain

RANDOM SUFFIX SEARCH TREES 389

 10982418, 2003, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/rsa.10103 by M

cgill U
niversity, W

iley O
nline L

ibrary on [13/08/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



���Yj

m�, Yn


m� ” Y1

m�, . . . , Yt


m�� � �Yj

m�, Yn


m� ” Y1

m�, . . . , Yj�1


m� �c�

� O� log3n

j2 � � O�j�3/2�,

since j � �(log6(n)) in the range under consideration. Substituting this into (26), we
obtain

��Aj� � ��Yj

m�, Yn


m� ” Y1

m�, . . . , Yt


m�� � O�j�3/2�. (30)

Now, we note that Yj

m�, Yn


m� are independent and U[0, 1] distributed, and independent
of Y1


m�, . . . , Yt

m�. Therefore, with It uniformly distributed on {0, . . . , t} and indepen-

dent of all other quantities, we obtain, by Corollary 10.2, and using �Xi � Yi

m�� �

236/n18,

��Yj

m�, Yn


m� ” Y1

m�, . . . , Yt


m�� � � �
i�0

t

�Si

m�,t�2

� � �
i�0

t

��Si
t�2� � O� log n

n18 �
� �t � 1���SIt

t �2 � O� 1

n2�
�

t � 1

t2 ��tSIt

t �2 � O� 1

n2�
�

2

j � m
�j 3 ��. (31)

Putting (30) and (31) together, we finally obtain for the second range

�
j� log2

6n �1

n�m

��Aj� � �
j� log2

6n �1�m

n�2m �aj

j � � O�1�,

with aj 3 2 for j 3 �, which, by Lemma 11.1, implies

�
j� log2

6n �1

n�m

��Aj� � 2 log n � o�log n�.

■

We turn to the analysis of the size Nn, j of the subtree rooted at Xj.
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Theorem 11.3. The size Nn,j of the subtree of the random suffix search tree of size n
rooted at Xj satisfies for j � j(n) with j � o(n/log2n) and j/log5n 3 �,

�Nn,j �
2n

j
,

j

n
Nn,j ¡

�
G2,

as n 3 �, where G2 denotes the Gamma(2)-distribution.

Proof. Recall the notation S*n( j) for the length of the unique spacing among the spacings
formed by X1, . . . , Xj on [0, 1] which covers Xn. We denote by Ŝ*n( j) the corresponding length
for the quantities Y1


m�, . . . , Yn

m� and by Sn( j) and Ŝn( j) these chosen spacings, respectively. We

show first that for the j � j(n) under consideration we have �Ŝ*j( j � 1) � 2/j and jŜ*j( j � 1)
3 G2 in distribution. From this we will then obtain the assertions.

Claim: �Ŝ*j( j � 1) � 2/j. With the notation Mj

m� for the maximal spacing formed by

Y1

m�, . . . , Yj�m


m� as introduced in the proof of Theorem 7.1, we define the sets

V :� �
k�1

m�1

�Yj

m�, Yj�k


m� ” Y1

m�, . . . , Yj�m


m� �,

W :� �Mj

m� �

m2

j �.

Then we have

Ŝ*j�j � 1� � Ŝ*j�j � m� � 1V�Ŝ*j�j � m� � Ŝ*j�j � 1��

� Ŝ*j�j � m� � �1W � 1Wc�1V�Ŝ*j�j � m� � Ŝ*j�j � 1��. (32)

Using the estimate (13), we obtain �(Wc) � O(1/n2); thus together with Ŝ*j( j � m) �
Ŝ*j( j � 1) � 1, we obtain

�
1Wc1V�Ŝ*j�j � m� � Ŝ*j�j � 1��� � O� 1

n2�.

On the set W we have Ŝ*j( j � m) � Ŝ*j( j � 1) � m2/j; thus we obtain

�
1W1V�Ŝ*j�j � m� � Ŝ*j�j � 1��� �
m2

j
��V�

�
m2

j
�
k�1

m

��Yj

m�, Yj�k


m� ” Y1

m�, . . . , Yj�m


m� �

� O� log5n

j2 �, (33)

where we estimate the last summands as shown in (9).
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For the estimate of �Ŝ*j( j � m) note that this is now the length of the spacing among
the S0


m�, j�m, . . . , Sm�j

m�, j�m, which are generated by Y1


m�,, Yj�m

m� on [0, 1], where Yj


m�

falls into. Moreover Yj

m� is independent of the generating points. Thus applying Corollary

10.2 we obtain similarly to the estimate (31),

�Ŝ*j�j � m� � � �
k�0

j�m

�Si

m�,j�m�2

� � �
k�0

j�m

�Si
j�m�2 � O� 1

n2�
� �j � m � 1���SIm�j

j�m�2 � O� 1

n2�
�

2

j � m
�1 � o�1��,

as j � m 3 �, where Im�j is uniformly distributed on {0, . . . , m � j} and independent
of X1. Collecting all the estimates, we obtain

�Ŝ*j�j � 1� �
2

j
�1 � o�1�� � O� log5n

j2 � �
2

j
,

as n 3 �, when log5n � o( j).

Claim: jŜ*j� j � 1� ¡
�

G2. Note that Ŝ*j( j � m) is in distribution equal to the quantity

SJj�m

j�m appearing in Lemma 10.3; thus ( j � m)Ŝ*j( j � m) 3 G2 in distribution. Now note
that for Ŝ*j( j � 1) we have the representation (32) and that �(V) � O(log3n/j) � o(1)
as shown in (33) for our j under consideration. Thus the second summand in (32) tends
to zero in probability. Since j/( j � m) 3 1, the first summand there tends to G2 in
distribution.

Claim: �Nn, j � 2n/j. Applying Lemma 3.1, we obtain

�Nn,j � � �
k�j

n

1�Xk�Sj�j�1��

� � �
k�j

n

1�Yk

m��Ŝj�j�1�� � O� 1

n2�
� � �

k�j�m

n

1�Yk

m��Ŝj�j�1�� � O�log n�
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� �n � j � m � 1����Yn

m� � Ŝj�j � 1��� � O�log n�

� �n � j � m � 1��Ŝ*j�j � 1� � O�log n�

�
2n

j

as n 3 �, j � o(n/log n) and log5n � o( j), where we used that for k � j � m we have
independence between Yk


m� and Ŝj( j � 1) and �Ŝ*j( j � 1) � 2n/j.

Claim: ( j/n) Nn, j 3 G2. We denote the number of nodes of the subtree rooted at Yj

m� in

the tree built from Y1

m�, . . . , Yn


m� by Nn, j

m�. Then we have

Nn,j � Nn,j

m� � 1A�Nn,j � Nn,j


m��,

where A denotes the event that X1, . . . , Xn and Y1

m�, . . . , Yn


m� do not give the same
perturbation. By Lemma 3.1 we have �( A) 3 0 as n 3 �; thus the second summand
in the last display tends to zero in probability. Hence it is sufficient to show Nn, j


m� 3 G2

in distribution for the choices of j under consideration.
The number Nn, j


m� is given as the sum P � ¥k�1
m Pk, where P denotes the number of

points among Yj�1

m� , . . . , Yj�m


m� which contribute to the subtree rooted at Yj

m� and Pk

denotes the corresponding number for the points Yj�k�m

m� , Yj�k�2m


m� , Yj�k�qk
m
m� , where

qk � (n � j � k � m � 1)/m . Thus we have ¥k�1
m qk � n � j � m. Note that given

Ŝ*j( j � 1) � T, by independence, Pk is binomial B(qk, T) distributed for k � 1, . . . ,
m. Thus by Chebyshev’s inequality, noting that 0 � P � m, and denoting Tj � Ŝ*j( j �
1), we obtain, for all � � 0, almost surely

���Nn,j

m� � �n � j � m�Tj� � m� � m � Tj� � �

k�1

m

���Pk � qkTj� � � � Tj�

� �
k�1

m qkTj�1 � Tj�

�2

�
n

�2 Tj.

Thus, for arbitrary 
 � 0, we have, choosing � � 
n/((m � 1) j), almost surely

��� j

n
Nn,j


m� �
�n � j � m�j

n
Tj� � 
�Tj� �

�m � 1�2j2


2n
Tj.

Now, for all x � 0, denoting by FG2
the distribution function of the Gamma(2)

distribution and using the last estimate, jŜ*j( j � 1) 3 G2 in distribution, and �Ŝ*j( j �
1) � 2/j, we obtain, as n 3 �, j � j(n) � o(n/log2n) and j tending to infinity,
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�� j

n
Nn,j


m� � x� � �� j

n
Nn,j


m� � x,
�n � j � m�j

n
Tj � x � 
�

� �� j

n
Nn,j


m� � x,
�n � j � m�j

n
Tj � x � 
�

� ��� j

n
Nn,j


m� �
�n � j � m�j

n
Tj� � 
�

� �� �n � j � m�j

n
Ŝ*j�j � 1� � x � 
�

�
�m � 1�2j2


2n
�
Ŝ*j�j � 1�� � FG2�x � 
� � o�1�

�
2�m � 1�2j


2n
� FG2�x � 
�

3 FG2�x � 
�.

Similarly, we have

�� j

n
Nn,j


m� � x� � 1 � �� j

n
Nn,j


m� � x�
� 1 � �� j

n
Nn,j


m� � x,
�n � j � m�j

n
Tj 
 x � 
�

� �� j

n
Nn,j


m� � x,
�n � j � m�j

n
Tj � x � 
�

� 1 � ��� j

n
Nn,j


m� �
�n � j � m�j

n
Tj� � 
�

� �� �n � j � m�j

n
Ŝ*j�j � 1� � x � 
�

� 1 �
�m � 1�2j2


2n
�
Ŝ*j�j � 1�� � �1 � FG2�x � 
�� � o�1�

3 FG2�x � 
�.

Since FG2
is continuous and 
 � 0 arbitrary, we obtain ( j/n) Nn, j


m� 3 G2 in distribution
and thus ( j/n) Nn, j 3 G2 in distribution. ■

Using similar arguments, it can be shown that in the case j � �n with � � (0, 1) the size
Nn, j tends in distribution to the negative binomial distribution with parameters (2, �),
given by its generating function s � (�/(1 � (1 � �)s))2.
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[20] J. Kärkkäinen, Suffix cactus: A cross between suffix tree and suffix array, Proc 6th Symp
Combinatorial Pattern Matching, CPM 95, 937, Espoo/Helsinki, Finland, 1995, pp. 191–204.

[21] D. E. Knuth, The art of computer programming, Vol. 1: Fundamental algorithms, 2nd edition,
Addison-Wesley, Reading, MA, 1973.

[22] D. E. Knuth, The art of computer programming, Vol. 3: Sorting and searching, Addison-
Wesley, Reading, MA, 1973.

RANDOM SUFFIX SEARCH TREES 395

 10982418, 2003, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/rsa.10103 by M

cgill U
niversity, W

iley O
nline L

ibrary on [13/08/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



[23] S. Kosaraju, Real-time pattern matching and quasi-real-time construction of suffix trees, Proc
26th Annu ACM Symp Theory of Computing, Montreal, Canada, 1994, pp. 310–316.

[24] P. Kurlberg and Z. Rudnick, The distribution of spacings between quadratic residues, Duke
Math J 100 (1999), 211–242.

[25] H. M. Mahmoud, Evolution of random search trees, Wiley, New York, 1992.

[26] U. Manber and G. Myers, Suffix arrays: A new method for on-line string searches, Proc First
Annu ACM-SIAM Symp Discrete Algorithms, SIAM, San Francisco, CA/Philadelphia, PA,
1990, pp. 319–327.

[27] E. M. McCreight, A space-economical suffix tree construction algorithm, J ACM 23 (1976),
262–272.

[28] Z. Rudnick and A. Zaharescu, The distribution of spacings between fractional parts of lacunary
sequences, Forum Math 14 (2002), 691–712.

[29] S. C. Sahinalp and U. Vishkin, Symmetry breaking for suffix tree construction, Proc 26th
Symp Theory of Computing, Montreal, Canada, 1994, pp. 300–309.

[30] G. A. Stephen, String searching algorithms, World Scientific, Singapore, 1994.

[31] W. Szpankowski, A generalized suffix tree and its (un)expected asymptotic behaviors, SIAM
J Comput 22 (1993), 1176–1198.

[32] W. Szpankowski, Average-case analysis of algorithms on sequences, Wiley, New York, 2001.

[33] E. Ukkonen, On-line construction of suffix trees, Algorithmica 14 (1995), 249–260.

[34] P. Weiner, Linear pattern matching algorithms, Proc 14th Annu Symp Switching and Autom-
ata Theory, IEEE Press, New York, 1973, pp. 1–11.

396 DEVROYE AND NEININGER

 10982418, 2003, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/rsa.10103 by M

cgill U
niversity, W

iley O
nline L

ibrary on [13/08/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense


