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ABSTRACT: Level-Compressed (in short LC) tries were introduced by Andersson and Nilsson in
1993. They are compacted versions of tries in which, from the top down, maximal height complete
subtrees are level compressed. We show that when the input consists of n independent strings with
independent Bernoulli (p) bits, p # 1/2, then the expected depth of a typical node is in probability
asymptotic to

loglogn
log (1 - 75)

where H — plogp — (1 — p)log(l — p) is the Shannon entropy of the source, and H_, =
log(1/ min(p, 1 — p)). The height is in probability asymptotic to

logn
Ha

>

where H, = log(1/(p* + (1 — p)?)). © 2005 Wiley Periodicals, Inc. Random Struct. Alg., 27, 185-200,
2005
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186 DEVROYE AND SZPANKOWSKI
1. INTRODUCTION

Consider the complete infinite binary tree B in which we associate with each node u € B
the bit string by, ... by that describes the path from the root to u. The length of this path, or
the distance to the root, is denoted by & (#). The number of zeros (left edges) is denoted by
L(u), and the number of ones by R(«) (note that §(u) = R(u) + L(u)). Define the function

) = np* (1 = ).

Note that this is nothing but n times the probability of reaching u if we flip independent
biased coins, and travel from the root down, going left with probability 1 — p and right
with probability p. This simple labeled binary tree will be essential in understanding our
analysis of LC tries.

Tries are efficient data structures that were initially developed and analyzed by Fredkin
[10] and Knuth [17], and intended to store n string X, ..., X,,. The binary expansion of X;
gives rise to an infinite binary string (X;;, Xj, . . .), which in turn defines an infinite path
in a binary tree in the following manner: From the root, follow the X;,-st child, then its
Xi»-nd child, and so forth. The collection of nodes and edges visited by the union of the
n paths is the infinite trie 7, . It is of course embedded in our complete infinite binary
tree B. In this paper, we will assume throughout that X, ..., X, are i.i.d. (independent and
identically distributed), and that (X;;, X5, ...) are independent Bernoulli (p) random bits,
a “1” occurring with probability p € (0, 1/2]. The probability that the path for X visits u is

pR(u)(l _p)L(u)'

The expected number of paths that visit u is w(«). The actual number of paths that visit u
is a binomial (n, u(u)/n) random variable, which we shall denote by N (u).

The trie 7, is the subtree of T, , that consists of all nodes u with N(#) > Oand N(v) > 1,
where v is the parent of u. It is easy to verifythat if the input strings are all different, this
tree is finite and has n leaves. Also, for u € T,,, N (u) is the number of leaves in the subtree
rooted at u. Let us introduce the random variables Z (i), where Z(u) is the largest integer
such that the complete tree of height Z(«) and rooted at u is embedded in 7,,. This means
that all 22® nodes at distance Z(u) from u exist in 7,, but not all 2®*! nodes at distance
Z(u) + 1.

The LC trie is a further compactification of 7, in which the following operation is
repeated recursively from the root down: Denote the 22¢” depth Z(r) descendants of the
root r of the trie T, by u;, and let the subtrees of the u;’s be T/, 1 < i < 2%). In the LC trie,
create a root node that corresponds to , and give this root 22" children, each corresponding
to u;. Apply the level compression process recursively to each 7;. The resulting (usually
nonbinary) tree is called the LC trie. See Fig. 1. Note that, in LC tries, the number of children
of each node is a power of 2. For compact and simple array implementations, we refer to the
work of Andersson and Nilsson. The idea of level compression was proposed by Andersson
and Nilsson [1]. LC tries are first defined there, and an early average case analysis may be
found in that paper and in Andersson and Nilsson [2]. LC tries were suggested by Andersson
and Nilsson [3] for string searching, as improvements of suffix trees. Nilsson and Karlsson
[19, 20] noted their usefulness for fast address look-up for internet routers and IP address
look-up. Experimental comparisons can be found in livonen, Nilsson, and Tikkanen [12]
and Nilsson and Tikkanen [21].

The quantities of interest to us in trie or LC trie are D, the depth of the nth string (which is
thus also the depth of a typical string, as all tries considered here are permutation-invariant),
and H,, the height of the LC trie.
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regular trie

Fig. 1. A standard binary trie and the corresponding LC trie.

Andresson and Nilsson [1] showed that for p # 1/2, p € (0, 1), E{D,} = ©(loglogn).
Devroye [6] showed that for p = 1/2, D, ~ log" n in probability, and provides various
tail bounds. We note below that for asymmetric tries (p # 1/2), D, is of the order of
loglogn in probability. This is due to the fact that in the symmetric case, Z(r) is close
to log, n — O(loglogn), and thus, the 22 subtrees of the root after compaction are of
order log n. After k iterations of compaction, the subtrees drob to about the k-times iterated
logarithm of n. In the asymmetric case, Z(r) is of the order of a constant times log n with
the 2% subtrees having varying sizes. Those that matter, i.e., those that have the bulk of
the string visiting them, are of size about ## for some 8 € (0, 1) depending upon p only.
After k iterations, the typical subtree sizes drop to about nf*, and this is of constant order
when k is roughly loglog n. The idea, then, is to get a good grip on the exponent f.

Itis helpful to introduce the Rényi entropy H,, of order « (see Szpankowski [28], p. 157):

_ logp + (1 =p)*)

l—«

Ha

s

where H,, decreases in «. Important values are
H_oo = —log(min(p, 1 — p)),
Hy = log?2,
Hy =H = —plogp — (1 — p)log(1l — p) (the Shannon entropy),
Hy = —log(@” + (1 - p)*),
Hoo = —log(max(p, 1 — p)).

In this paper, we obtain the following law of large numbers:
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188 DEVROYE AND SZPANKOWSKI

Theorem 1.  For a random LC trie withp € (0,1), p # 1/2,
log1
D, — &n_l = O(logloglogn)
log (1 — —Ht‘oo)

in probability.

The height of the random LC trie was analyzed by Devroye [6] for p = 1/2:

H,
log, n

— 1

in probability. This result will be extended here to the asymmetric Bernoulli model. We note
that the height is much larger than the depth because of a simple probabilistic phenomenon,
the likelihood of a long common prefix among two strings. In fact, it is very likely that
there are two strings that agree in their (2 logn)/H, first bits. Half of these bits get level
compressed to about O(log log n), but the second half “sticks out”, and is not compressed
at all, leading to a height of roughly (logn)/H,.

Theorem 2. For a random LC trie with p € (0, 1),

logn

H, —
H,

= O(loglogn)
in probability.

The main parameters for random tries. The asymptotic behavior of tries under the
uniform model is well known. The height is studied by Régnier [24], Mendelson [18],
Flajolet and Steyaert [9], Flajolet [7], Devroye [5], Pittel [22, 23] and Szpankowski [26,
27]. For the depth of a node, see, e.g., Pittel [23], Jacquet and Régnier [13], Flajolet and
Sedgewick [8], Kirschenhofer and Prodinger [14], Kirschenhofer, Prodinger and
Szpankowski [15, 16] and Szpankowski [26]. For example, it is known that

N 2logn

H, in probability.
Hz p y

This is asymtotically exactly twice the value for the random LC trie, regardless of p. The
limit law of H,, was obtained in Devroye (1984). For other models, we refer to Devroye [4,
5], Régnier [25], Szpankowski [26, 28], and Pittel [22].

2. LC TRIES: ANALYSIS OF THE DEPTH

Assume without loss of generality that 0 < p < 1/2. We obtain upper and lower bounds
for D, separately. In fact, it is convenient to work with D, , as X,,.; is independent of T,.
The proof in this section evolves around the following idea: Associate with each node u in
the infinite trie the expected number w(u) of strings that are expected to visit it. Truncating
this tree to all u with u(u) > clogn yields a deterministic binary subtree. LC compression
applied to this tree yields a tree in which the path of X, is easy to trace, and in which
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PROBABILISTIC BEHAVIOR OF ASYMMETRIC LC TRIES 189

all compression levels are explicitly known, as p(u) > clogn implies that N(x) > 0 with
overwhelming probability. With this argument, the lower bound is somewhat easier to deal
with than the upper bound.

Lemma 1. There exists a constant M > 0 such that

logl — loglogl -M
lim P Dn+1 - oglogn ogloglogn
1
10g<1 Hl)
logl—,

Proof.  Letuy,u,, ...be the nodes on the path of X, in the original trie. We will require
the quantities N (u;), u(u;)R(u;), L(u;), and Z(u;). The index i refers throughout this proof
to the path distance: i = §(i;). By the law of large numbers, we have R(u;)/i — p in
probability and L(u;)/i — 1 — p in probability. By Hoeffding’s inequality (Hoeffding [11])
for a sequence of positive numbers ¢; tending to O with i, and for 0 < € < 1, using the event

b= ]

i=1

=0.

we have

P{AT) <) 2e7% <

i=1

if we take a; = \/log(2i(i + 1)/€)/2i. Thus, on A, we have for all i, if 6 denotes an arbitrary
number with absolute value less than or equal to 2log(1/p),

log w(u;) = logn + R(u;) logp + L(u;) log(1 — p)

logn+l[< (ll)) ogp + < ()>log(1—p):|

=logn+i[plogp + (1 — p)log(l — p)] + Ba;
=logn —iH + fa,.

Consider integers a,t > 0 and observe that if v is the rightmost descendant of u, a levels
below u then, for any u,

P{Zw) = a+1INw)} < P{N(©) = 2'|N(w)} < P {binomial (N (u),p*) = 2'IN(w)} .

Thus, for any u on the path for X, at distance i = §(u) from the root, N (u) is clearly
binomially distributed for any u, and this remains true if we condition on A, as X, is
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190 DEVROYE AND SZPANKOWSKI

independent of X, ... X,. Therefore,

P{Z(u) = a+1|A} = PINw) = 2u@)|A} + P{N(v) = 2'IN(u) < 2u(u),A}

< P{binomial(n, u(x)/n) > 2u(u)|A} + P{binomial (2 (u)], p*) > 2'|A}

<E{e A} +E { (Lzég"”> ") |A}
g
g
A} ,

where C > 0 is a universal constant (Hoeffding [11] ), C' = log2 + 2a, log(1/p), and
C' = Ce—Z log(1/p)a; .

@t

_; t
< Ol {(2ne Heldla 2

@

/i t
- e—C”ne*"H E (neC sza)Z
- @t

a t
< g el | { QuGup*?

to get the bound

—C"neM 1
P{Z(u) > a(u) +t|A} <e + m
With
, logn —iH + C’
aluy) = ———
1
log (;)
we have
P{Z(u) > d 114} < =€/ L
{Zuw) = dw) +t+1|A} <e o
And from this, with C > 1, and
B= (] [Zw)<d@w)+t+1],
0<i< logn—%oglogn
we note that
L log ;z—c7-ltog logn J .
¢ _ ' pe—iM l logn 7C//(10gn)6 1 + Ofln
PEU s Y e s (14 e g e

i=0

Denote the depths of the nodes on the path of X, | at which compaction takes place by
dy =0 <d; <d, < ...See Fig. 2. We stress that these are depths in the original trie,
measured as path distances from the root. We have

div1 = dj + Z(ug)
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U
o __ _ _ Level d,
udl
______ Level d;
u
o N Level d,
__________ Level d;
___________ Level d,
] ]

Fig. 2. The depths of the nodes on the path of X,,,; at which compaction takes place are denoted by
d0=0<d1 <d2 < sl

for all j. Assume that both events A and B occur. Then, for j such that d; < (logn —
cloglogn)/H,

1 —dH+C
Z(ud]) < u+,+1,
1
log (1—7)

and thus

H logn

b =dy | 1— —— | + =224,
log (;) log (;)

where t' = log(cﬁ + t 4 1. It is easy to prove then by induction on j that

J J

1_<1_ H ) ) (l) logn(l— H)
d < logn e« tog(4) - logn tlog|, B tog(}) .
log (i) H/ log (}7) H H H

We choose & such thatds < (logn—cloglogn)/H (the range for which the above induction
argument is valid) and B* = [N (uq,) > 2] occurs with high probability. The inequality on
dg holds if we have

3

1 H
t'log <—> —logn|1-— < —cloglogn,
)
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192 DEVROYE AND SZPANKOWSKI

which is satisfied if

loglogn — log (c loglogn + t'log (:;))

S:

log 1 g

1og(5)

In that case, we can conclude that D,,; > &. We see that on A and B with C” =
exp(—2log(1/p)ay),

M(udg) > C///ne—dEH

—"log(1/p)n(1—H / log(1/p)§

2 C///e

> C//rec loglogn
= C"(logn)‘.
Thus, Ug for n large enough, the falls in the tree S, defined in Lemma 5 below, and thus,

by that lemma
lim P{N(uds) < 2} = 0.

Summarizing, we have

P{D,, < §} = P{A°} + P{B|A} + P{(B")‘|A, B}

logn

logn _c" c 1
< 1 (logn) - M 1
_e+(+ H)e + ! +o(1)

=ec+o(l)

provided that ¢ > 1 and (2')!/logn — oo. A simple choice like t ~ loglog n will do. This
implies that # = o(loglogn), and thus, as € was arbitrary, we showed that there exists a
constant M > 0 such that

loglog n — logloglog n — M
lim P {D,,, < 208"~ 0808 081 —0.

n—0Q

log -

For the upper bound, we argue in two steps.

Lemma 2. [fa > 0, b > 1 and the integer n are fixed, then

7a/b”

—a/bl
Ze = 1 = g—a-D/p""
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PROBABILISTIC BEHAVIOR OF ASYMMETRIC LC TRIES 193

Proof. Rewrite the sum as

n n

_ n _ i_ n _ n i n

e a/b E e a(b'—1)/b <e a/b § e ai(b—1)/b
i=0 i=0

from which the inequality follows immediately. .

In the first step, we establish an upper bound of O(loglogn).

Lemma 3. There exists a constant K > 0 such that.

lim P{D,,, > Kloglogn} =0

Proof. 'We use the notation of the proof of Lemma 1. Consider integers a,# > 0 and
observe thatif v;, 1 <j < 2441 gre the descendants of u, a + 1 levels below u, then, for any
u,

pa+l

P{Z(u) < alNw)} < ZP{N(V_;) = 0IN(w)}
j=1
a+1

= ( o )P{binomial(N(uxpk(l — Py = 0N )
k=0

a+1

=) (“; 1) (1 =p“d =P IN @)

k=0

< Za-%—le—N(u)p‘H'1
Thus, for any u on the path for X,,,; at distances i = é(u) from the root,

P(Z(u) < alA} < PN () < u(w)/2IA} + E{e N N @) > () /2,A)

IA

P {binomial (n, ;2 (u)/n) < w@)/2| A} + E {e““*”('w"“/z |A}

IA

E {efCu(u) |A} +E {ea+1—u(u)pa+l/2|A}

< e—CmfiHefle‘”i +eu-%—l—ne*'.Hef‘gla"PaJrl/Z

_Cpe—iH a+1—C" e~ M patl1
<e +e R,

where C > 0 is a universal constant (different from that in Lemma 2) and C” and C” are
defined and above.
Define

logn — iH — 2loglogn

log (%) ’

H L log’(% s =C" (92 /2) log n)?

a(u) =

and note that

i

P{Z(u) < a(u)|A} < e €™
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194 DEVROYE AND SZPANKOWSKI

Finally, set
B= (] [Zw) >aw))

0<i< Iogn—f;}[ng logn

and observe that for n > 3

lo logn g2 2
P{BIA) < <2+ 51) § (e_cﬁ(“g"ﬁ el ) -0

Denote the depths of the nodes on the path X, .| of at which compaction takes place by
dy=0<d, <d, < .... We have

dipy = d; +Z (”d,)
for all j. Assume that both events A and B occur . Then, for j such that d; < (logn —

3loglogn)/H,
logn —d;H — 2loglogn

log (117) ,

H logn — 2loglogn

log (1) log(t)

It is easy to prove then by induction on j that

Z(ug) =

and thus

dipy = di | 1—

J
1— =M 1 1— H
- logn — 2loglogn (log(;)j> - logn — 2loglogn ogn< lng(}))
j = X =z - .
L 1 H H
log (p) ‘H/ log (p)
Define the semidepth D}, | of X,,,, as the largest integer j such that

logn — 3loglogn
dj < .
H

Note the necessarily, replacing j by D;_, above, if A and B happen,

1
10gn—310glognzlogn—2loglogn—logn(1—1—1> ,
Ogl_’
and thus loel loslogl
D, < oglogn — logloglogn

1

log — 7(1>
logﬁ

if A occurs, then

*dDZ H 3
) _ne +1 - (logn) .

K <udl +D* c" — cm

n+1
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PROBABILISTIC BEHAVIOR OF ASYMMETRIC LC TRIES 195

Thus, conditional on A A B,N ( ) is stochastically less than a binomial
+1

(n, (logn)3/(C"n)) random variable, which we call R. [We say that X is stochastically
greater than Y if for all x, P{X > x} > P{Y > x}.] Observer that D,,; — (1 + D;,_)) is
bounded from above by a random variable distributed as Dy, because subtrees of tries be
have as tries. Note that Dgy; < Hy, where H, denotes the height of the uncompacted trie
with n nodes. From the results cited in the introduction, and the weak law of large numbers
for the binomial, we have

Ua, +D¥

7logl
P{DR+1 -~ Ogo‘c’”}

1
1og (i)

logm?) 2 7logl
< P{4°} + P | binomial | », (log > —(logn)* t +P 3 Hoyemaogns > _fosloen
cn c lo (%)
e\ maom

=¢e+o(l).

Thus,

log 1 — loglogl
piD,. > oglogn — loglog 0gn+1+

1
log | -~ log (pz+<1,p)2)

()

= P{A} + P{BA} + o(1) < €+ o(D).

7loglogn

Thus, as € was arbitrary, we showed that there exists a constant K > 0 such that

lim P{D,,, > Kloglogn} =0

n—00 -

Finally, we obtain a more refined upper bound.
Lemma 4. There exists a constant M > 0 such that
loglogn + M logloglogn

limP{D,, > =0.

n—oo

log g

()

Proof. 'We use the notation of the proof of lemma 3, and the following corollary of it:

2(logn)?
P DR+1 > KlOglOg T A

2(1 3
<o(1)+P {Dzaogm+1 > K loglog (%)} = o(1).
C///
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196 DEVROYE AND SZPANKOWSKI

From the distributional inequality
Dyyi — (1 +Dj,,) < Dgy1,

we conclude the following:

loglogn — loglog1 2 (logn)®
plp,,, - loglogn—logloglogn | +K10g10g< (((j)f:n) )
log | —5
()
2(log n)?
This completes the proof of Lemma 4. .

3. THE HEIGHT OF THE ASYMMETRIC LC TRIE

Consider the deterministic binary tree S, consisting of all nodes u with pu(u) > clogn. We
show that very likely T, contains S,,.

Lemma 5. Fixc > 1. Then
2n(1 + clogn)

PSS, cT}>1— ———F——F
{ } (clogn) (%)

as n — oo In fact,

lim P {minN(u) < 2} =0.

n—o00 ueSy

Proof. Observe that N (u) is binomial n, (1) /n and is thus stochastically larger than a
binomial (n, c log n/n) random variable for all u € S, For any such u, we have

P{N(u) < 2} < P{binomial(n, c log n/n) < 2}

clogn\”" clogn clogn\""'
=(-5) () (-5)
n n n
clogn\""
< +clogn)|1-
n

c(n—1)logn

< (1 +clogn)e =
- (1 +(i)1?gn)'

Now note that |S,| < 2rn/(clogn) and conclude by the union bound. .

858017 SUOWILIOD 3A1e81D) 3|qeotjdde 8y} Aq pausenob ke Sapiie O ‘88N JO Sa|Nn 10} ArIq1T aUl|UO AB|IA UO (SUORIPUOD-PUR-SLLLBIWI0D" A8 | IMARRIq 1 BU1IUO//SCNY) SUORIPUOD PUe WIS 1 8L 88S *[9202/80/ET] U0 AriqiTauluo AB|im ‘AuseAln (1150 Aq 29002 €S!/200T OT/I0p/W00" A8 1M ARIq U1 |UO//:SANY WoI) papeoumod ‘Z ‘S002 ‘8TyZ860T



PROBABILISTIC BEHAVIOR OF ASYMMETRIC LC TRIES 197

Lemma 6. Assumep < 1/2 and [S, C T,). Let *(u) denote the LC trie depth of a node
u € S, that is present in the LC trie after compaction (recalling that the LC trie has fewer
nodes than T,). Then

loglogn

1
oe() | e 3) |
o )

ﬁ:]—w.

Proof. Note that Z(u) defined on S, is necessarily smaller than Z(u) for T, so to prove
Lemma 6, it suffices to consider S,. Note that a node u € S, has Z(u) = d if the nearest
descendant outside S, is at distance d + 1. Thus, we must have

Alu) <

where

d+1

w@)p® = clogn, pw)p’™ < clogn.

Therefore,

amﬂzm.

Consider any sequence of nodes in S, with u, the root, and u;, | a Z(u;)-level descendant of
u;. Then

)
102’( clogn |

wuipr) < p(u) (1 —p)?“) < p(u)(1 — p) Toe@p

<a(unw))’,

where o = (clogn)'~# /(1 — p), and we note that 8 € (0, 1). By repeating this, we have

i
! l+ﬁ+<~+ﬂl < 1/(1-B) ﬂl g

(A =pa-p-
) loglogn
l=—7F1,
log 5

the upper bound is not more than celogn. Let k be the smallest integer such that e(1 —
p)* < 1. All k-level descendants of such u; (in the original trie) have p-value less than
(1 — p)*celogn < clogn and fall thus outside S,. The lemma has been proved. .

m(u;) < n?

For

Theorem 2 is implied by Lemmas 7 and 8 below.
Lemma 7. Letw, 1 oo aritrarily slowly. Then

logn — w,

IimP{H, < =0

n—00 1
log (p2+<17p>2>
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198 DEVROYE AND SZPANKOWSKI

Proof.  Assume without loss of generally that p < 1/2. Let U be the collection of all nodes
u with u(u) € [1, 1/p] such that no child vof u has u(v) € [1,1/p]. Let N be the number
of nodes u € U with N(u) = 2. Note that no two nodes in U are ancestors of each other,
so that clearly, |U| > np. Furthermore, the vector V = (N(u) : u € U) is multinomially
distributed with probabilities all between 1/n and 1/(np). Therefore, each individual N (u)
is asymtotically stochastically bounded by a Poisson (1) random variable from below and
a Poisson (1/p) random varable from above. It is easy to show that there exists a constant
¢ > 0 such that P{N > ¢n} — 1. If we condition on the vector V, then the subtrees rooted
at u € U are independent. Consider a particular subtree with N(u) = 2. Let W(u) denote
the number of consecutive bits, starting at #, in which the two strings in the subtree of u
agree. Observe that
P{Ww =L} = (@ + (1 - p))-.

Therefore,

P{H, <L} <P ﬂ [W(u)<L]}

ueU:N(u)=2

=E{ [] PWw <LINw = 2}}

ueU:N(u)=2

=E{ [[ a-¢’+a —m%}

ueU:N (u)=2
=E {(1 — (p2 + (1 _p)Z)L)N}
<E [enoteaontt )

< PIN < en) 4 e-nP+0-7)
-0

if we set L = (logn — w,)/log(1/(p* + (1 — p)?)), where w, — oo artibitrarily slowy. =
Lemma8. Lerw, 1 oo arbitrarily slowly. Then

logn + 2loglogn + w,

lim P { H, >
n—o00 1
log (p2+<17p>2)

Proof.  Assume without loss of generality thatp < 1/2. Let U be the collection of all nodes
uwith u(u) € [2logn, (2/p) log n] such thatno child v of u has u(v) € [2logn, (2/p) logn].
Note that no two nodes in U are ancestors of each other, so that clearly, |U| < n. Further-

=0.

more, the vector V & (N(u) : u € U) is multinomaially distributed with probabilities all
between (2/n) logn and (2/(np)) log n. If we condition on the vector V, then the subtrees
rooted at # € U are independent. Consider a particular subtree rooted a u. Let H (1) denote
the height of the subtree (with LC compaction) rooted at . Observe that

P(H(0) = LIN@)) < (N ;“>) 0+ (1 = p)"
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Therefore, if D(u) denotes the LC-depth of node u, using H,, < max,cy(D(u) + H(u)), for
C >0,

P{H, > L + Cloglogn}
< P{U,.y[H@w) > L]} + P {m%xD(u) > Clog logn}
< nmax E{(Nw)*}@*+ (1 —p)H-+P {mabe(u) > Clog logn}
ue ue

1 1
< nﬂ (1 + ﬂ) (p2 + —p)z)l‘ —}—P{mz}}xD(u) > Cloglogn}.
p p ue

The first term tends to O with 2 if we choose L = (logn+2loglogn+w,)/log(1/(p*+ (1 —
p)?)), where w, — oo arbitarily slowly. If U C S, C T,, then max,.y D(u#) < Cloglogn
for some constant C, by Lemma 6. Thus, the last term in the upper bound is further

bounded by

P{S, ¢ T,}
Taking ¢ = 3/2 in the definition of S, insures that U C S, and that P{S, ¢ 7,} — O
(Lemma 5). .
REFERENCES

(1]

(2]

(3]

(4]
(5]

(6]

(7]

(8]

(9]

(10]

(11]

[12]

A. Andersson and S. Nilsson, Improved behaviour of tries by adaptive branching, Inform
Process Lett 46 (1993), 295-300.

A. Andersson and S. Nilsson, Faster searching in tries and quadtrees—an analysis of level
compression, Proc Second Annu European Symp Algorithms, (1994), 82-93.

A. Andersson and N. Nilsson, Efficient implementation of suffix trees, Software Practice
Experience 25(2) (1995), 129-141.

L. Devroye, A note on the average depth of tries, Computing 28 (1982), 367-371.

L. Devroye, A probabilistic analysis of the height of tries and of the complexity of triesort,
Acta Inform 21 (1984), 229-237.

L. Devroye, An analysis of random LC tries, Random Structures Algorithms 15 (2001), 359—
375.

P. Flajolet, On the performance evaluation of extendible hashing and trie search, Acta Inform
20 (1983), 345-369.

P. Flajolet and R. Sedgewick, Digital search trees revisited, SIAM J Comput 15 (1986),
748-767.

P. Flajolet and J. M. Steyaert, A branching process arising in dynamic hashing, trie searching
and polynomial factorization, Lecture notes in computer science, Vol. 140, M. Nielsen and
E. M. Schmidt (Editors), Springer, New York, 1982, pp. 239-251.

E. H. Fredkin, Trie memory, Commun ACM 3 (1960), 490-500.

W. Hoeffding, Probability inequalities for sums of bounded random variables, J Amer Statist
Assoc 58 (1963), 13-30.

J.-P. livonen, S. Nilsson, and M. Tikkanen, An experimental study of compression methods
for functional tries, Workshop Algorithmic Aspects of Advanced Programming Languages
(WAAAPL’99), 1999, pp. 101-116.

858017 SUOWILIOD 3A1e81D) 3|qeotjdde 8y} Aq pausenob ke Sapiie O ‘88N JO Sa|Nn 10} ArIq1T aUl|UO AB|IA UO (SUORIPUOD-PUR-SLLLBIWI0D" A8 | IMARRIq 1 BU1IUO//SCNY) SUORIPUOD PUe WIS 1 8L 88S *[9202/80/ET] U0 AriqiTauluo AB|im ‘AuseAln (1150 Aq 29002 €S!/200T OT/I0p/W00" A8 1M ARIq U1 |UO//:SANY WoI) papeoumod ‘Z ‘S002 ‘8TyZ860T



200

[13]

(14]

[15]

(16]

(17]

(18]
[19]

(20]

(21]

(22]
(23]

[24]

[25]

[26]
(27]

(28]

DEVROYE AND SZPANKOWSKI

P. Jacquet and M. Régnier, Trie partitioning process: Limiting distributions, Lecture notes in
computer science, Vol. 214, Springer, Berlin, 1986, pp. 196-210.

P. Kirschenhofer and H. Prodinger, Some further results on digital trees, Lecture notes in
computer science, Vol. 226, Springer Berlin, 1986, pp. 177-185.

P. Kirschenhofer, H. Prodinger, and W. Szpankowski, On the balance property of PATRICIA
tries: External path length viewpoint, Theoret Comput Sci, 68 (1989), 1-17.

P. Kirschenhofer, H. Prodinger, and W. Szpankowski, On the variance of the external path
length in a symmetric digital trie, Discrete Appl Math 25 (1989), 129-143.

D. E. Knuth, The art of computer programming, Volume 3: Sorting and searching, Addison-
Wesley, Reading, MA, 1973.

H. Mendelson, Analysis of extendible hashing, IEEE Trans Software Eng 8 (1982), 611-619.
A. Nilsson and G. Karlsson, Fast address look-up for Internet routers, Proc IFIP 4th Int Conf
Broadband Communications, 1998, pp. 11-22.

S. Nilsson and G. Karlsson, IP-address lookup using LC-tries, IEEE J Selected Areas Commun
17(6) (1999), 1083-1092.

S. Nilsson and M. Tikkanen, An experimental study of compression methods for dynamic tries,
Algorithmica, submitted.

B. Pittel, Asymptotical growth of a class of random trees, Ann Probab 13 (1985), 414-427.
B. Pittel, Path in a random digital tree: Limiting distributions, Adv Appl Probab 18 (1986),
139-155.

M. Régnier, On the average height of trees in digital searching and dynamic hashing, Inform
Process Lett 13 (1981), 64-66.

M. Régnier, Trie hasing analysis, Proc Fourth Int Conf Data Engineering, IEEE, Los Angeles,
1988, pp. 337-381.

W. Szpankowski, Some results on V-ary asymmetric tries, J Algorithms 9 (1988), 224-244.
W. Szpankowski, On the height of digital trees and related problems, Algorithmica 6 (1991)
256-277.

W. Szpankowski, Average case analysis of algorithms on sequences, Springer, New York,
2001.

858017 SUOWILIOD 3A1e81D) 3|qeotjdde 8y} Aq pausenob ke Sapiie O ‘88N JO Sa|Nn 10} ArIq1T aUl|UO AB|IA UO (SUORIPUOD-PUR-SLLLBIWI0D" A8 | IMARRIq 1 BU1IUO//SCNY) SUORIPUOD PUe WIS 1 8L 88S *[9202/80/ET] U0 AriqiTauluo AB|im ‘AuseAln (1150 Aq 29002 €S!/200T OT/I0p/W00" A8 1M ARIq U1 |UO//:SANY WoI) papeoumod ‘Z ‘S002 ‘8TyZ860T



