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Probability i nequalities are given for the devia- 2. Main Resu lts

00 Austin , Texas 78712

tion of the resubstitution error estimate from the
~~~~ unknown conditional probability of error. The i nequali - Let 

~~~~
, 

~~~~~~~~
• •  be known measurable mappings

ties are distribution-free and can be applied to linear
discrimination ules , to nearest neighbor rules with a from IR m to ~R where rn 1 and fT
reduced sample size , and to histogram rules - ~ 1~ and •o 1.

Let w0 
= (w10 WM (wMO,...,w~~

,) be
1. Introduction Borel-measurable ~ m +1 valued vector functions of the

~~~ The discrimination problem may be formulated as data Vn~ 
Then , the rule which assi gns the state

follows . The statistician collects data (X1,01) = 3 (1 < j < M) to X whenever j is the first integer

~~~ (X~,e~), a sequence of independent ident ically di str i- for which

buted random vectors drawn from the distribution of rn rn
(X,e), a random vector independent of the data. For ~~ w31 (V,~) p 1

(x ) Max (E wki (v n) &~(X)}each 1 ~ i ~ n , the observation X 1 takes values in 1=0 1< k<M i~ O
and its state e~ takes values in 4:1 M}. The is called a linear discrimination rule (see Duda and

discrimination problem is that of estimating the state Hart 3 for a survey of the literature on linear dis-
~ from the data and the ~bservation X using procedures crimina tion). We emphasize that the w1,... ,WM may bewhich do not require complete knowledge of the distri- picked in an arbitrary fashion , using any method that
bution of (X,e). If ~ denotes the estimate , that is , can or cannot be found in the literature. The func-

= g (X,V~) where g is a Borel measurable U,... ,M}- tions are picked in advance. The following bound

valued function of X and the data Vn (X1,e 
is proved in the append ix.

Xn~
O n)~ 

then a measure of the performance of the pro- Theorem 1. For every £ ‘ 0 and for all linea r dis-
cedure given the data is L~ = P(~ ~ o~V}, the condi- 

crimination rules with given 
~~~~~~~~~~ 

the re-
substitution estimate L satisfiestional probability Of error . n

Since the distribution of (X,e) is unknown , there
is in general no way of computing Ln from the data. 

P{IL n
_L

n I ~ c }  4M(l+(2n)m )
M_ l

e
_ t

~~

Using the data the statistician may try to estimate Ln For the interesting case that M=2 , we see that
by Ln~ 

A survey of estimation techniques can be found
in Toussaint. ’ One of the oldest estimates is the re- 2,32rn -n~substitution estimate P{tL ~-L~ I > } 8(1+(~ n) ) e

n Using the Borel-Cantelli l ema and Theorem 1, we see
L~ n 1 

~~ 1 4: that for a given rn and TI , and uniformly over all
i= 1 # e~~} -

linear discrimination rules , Ln
_L

n I ~ 0 with proba-

where = g(X 1 .V~), 1 ~ I < n , are the estimates of bi li ty one , a result due to Gli ck T1 . Thus , the statis-
tician could pick the w 1, .  . . ,w~ that minimize the re-the states of X1,... ,X~ with the given discrimination
substitution estimate L because he knows from Theorem

procedure, and where I is the Indicator function. n
1 that the corresponding probability of error 1n will

4 In this paper we obtain upper-bounds for be very close to ~~ and that for large n , minimizing
P{ IL n

_L
n I > c} that do not depend upon the distribution L

of (X,e), and that are applicable to three large classes n is nearl y equivalent to minimizing Ln (see Wagner ’2).

• of discrimination rules , In the literature special attention has been given
(I) the linear dlscr1mina~1on rules , to the nearest-neighbor rule with a reduced number of

> (11) the nearest-ne1ghbor~ ’.ules wi th reduced observations where the reduction is a result of ed iting
• I 0..... sample size, and v: (see for instance W ilson 5), condensing (Hart5) or any

(ii i) the histogram decision rules . other operation (Tome k~). In general , we end up with
The existence of distribution-free bounds with the re- 

~
mX{l M}-valued random vectors (Y 1,~~) substitution estimate for linear discrimination rules

was first noticed by Vapn ik and Chervonenk ls. ’° The where K is an integer-valued random variable with
bounds for the class (I) improve the bounds given in 1 K kn~ 

The (Y 1 .~ 1 ) and K may depend upon the data
—~ Devroye and Wagner

2, while the results for the rules in an arbitrary fashion. A new observation X is as-
~ (ii) and (111) are new. The possible existence of

distribution-free bounds for (II) was suggested to the signed the state ~ whenever 3 Is the smallest
authors by Dr. Penrod’6 . Index for which
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IIX— Y 3 11 = Mm IIX-Y 1 11 . do not imply one another .
I<l<K

Thus , 0 is the state of the nearest nei ghbor to X among 1heore~n 3. For a given kn
_ni
~
Iflber partition of ~ m for

~~~~~~~~ 
~~ 

In the Appendix the following Theorem is any way of specify ing ~~~ ,
~~~~ 

from the data in a
• proved . n

histogram decision rule , and for every £ > 0, the
Theorem 2. For every >0, and for all the nearest- resubstitution estimate I satisfiesghbor rules with reduced sampl e size , the resubsti—
tution estimate L~ satisfies P {IL n

_L
n l > c) g~~ , 1 < i < 4 ,

m kn
_l -nc 2/8k~ wherePII Ln

_L
n I ~~ 4M(1+(2n) ) e

where kn is an upper-bound on the reduced sampl e size. g
~1 

= 4 kn Mm (1+2n ,M) e

We remark that this bound is independent of the
distribution of (X,e). The bound converges to 0 as n -2n~

2/M2k~
grows large provided that the sequence k1,k2,... is 9n2 = 2 k~ M e

picked in such a way that k~log fl/n -~ 0. It is clear 
4 Mm (M fl ,22h1 ,(4n/k~)~~) e

_
~~

2/8
that this bound is useless for the well-known nearest 9n3 =

neighbor rule7 , that is, the rule with K=k~=n and 

M~ e 2
~~

2/M 2
~(Ym ,~~

) = (X
~.

e1 ), 1<i <n. This was to be expected g
~4 

= 2

• because the resubstitution estimate with the nearest- We note here that gnei ghbor rule is overly optimistic. In fact , if the ru and g
~3 

are useful even if
probability measure u of X is absolutely continuous M =~~ (i.e., the and can take a countably infi-

with respect to Lehesgue measure , then L~ = 0 wit h nite number of values). Clearly, all the 
~~ 

are
probability one , no matter what value L~ takes . independent of the dimension m and the distributi on of

Theorem 2 can be useful for reduced , selective , (X ,0 ), and 9~3 
!~. 0 provided that km/n !~ o. If k =Ii

• condensed edited nearest-neighbor rules 5 6’’3 ’5. the bounds are not applicable , and , as we will see , the
If k~ is a prespecified number of (‘(1,t~

)’s that are resub stitution estimate does not possess the distribu-
to be used in the new nearest-nei ghbor rule, then the tion-free properties that it has with finite partitions
statistician could compute L~ with some selected data of p~ Assume that A 1,A 2,. .. is a fixed countably
(Xm , e

~~
),...,(X

~~~
,oj ) where 

~ i’” ‘1 k is a sub- infini te part itiofl of ~ m If the are random
n variables that are independent of the data , then

set of (I ni, and decide to use that set of indices
for which the resubstitution estimate is minimal. Using -
Theorem 2, we also know how much confidence we can put P{IL~-I~I ‘ c) 2e 2

~ (1)
in our estimate L~ regardless of the selection procedure for any c > 0. However , such rules are impractical.
of the (V 1 ,t~) and without any knowl edge of the distri- The closest one can come to the Bayes rule with a
bution of (x ,e). fixed partition is to let = j  if j  is the smallest

integer such that N
~3 

= Max N. where N. is the
The (V 1,~1 ), 1<i< k~. partition 

pm Into k~ disjoint 1< Q..cM
number of (Xk,ek)s with ~k

iA I and But even withsets A ,Ak where the state of X is estimated by 
this obvious choice of 

~1’~2’~~
• we see that for any m

o = whenever X takes values In A
3 
(that is, X is and N > 2, there always exists a distribution of (X,e)

closest to V
3
). The partition In this case depends on such that L~-L~ ‘ ~ wit h probability one. Indeed ,

the data because the V 1 depend upon the data . For a assume that M=2 , that e=2 with probability one , and
given fixed partition of pm , we can expect to obtain that X takes values in each A 1,... .A2~ with equal
tighter upper—bounds for P (tL~-L~I >c} even If the par- probability 1/2n. If the are picked as described ,
titlon Is not generated by a reduced nearest-nei ghbor then the resubstitution estimate I~ equals 0. Further-
rule. more,

Ln 
2nLet A1,... ,Ak be 

~~ 
fixed partition of p m and E P(XcA 1 } ‘{N

~2
.O} > n/2n 1/2.n 1=1let h,.. ‘~k 

be (1 ,... ,M)-valued random variables
n This shows that even with the most obvious dependencywhere, as before, Is the state assigned to X when- of the on the data , we will never be able to upper-

whenever X takes values In A3. Such rules will be 
bound P {IL~-L~ ) € )  by an expression that decreases

called histogram decision rules . We prove the following
four distrIbuti on-free Inequalit ies that are valid ~ to 0 as n grows large , uniformly over all distributions

of (x ,a).matter how the 
~ 

depend upon the data . The Inequal ities

324
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3. Appendix
P {IL n - > c}  4M(l+(2fl)m )M-i e~~

t2/8M2

Proof of Theorem 1.
Q.E.D.

Let v be the probability measure of (X,o) where X
takes values in pm and 0 takes values in {i ,.. .,M}. Proof of i heorem 2.

It is clear that if v~, is the empirical measure for Let us use the notation of Theorem 1 where we let (
(x1,e 1),... ,(Xn~On)~ and if A 1,... ,A,~ is the partition A 1,... ,AK be the partition of ~

m that is generated by
of ~ 

m that is generated by the linear discriminatio n the nearest-neighbor rule with (V 1,~1),... ‘~~K’~K~rule (that is , A 1 is the set on which we estimate the (i.e., A
~ 

is the set on which we estimate the state of
state of X by 1), then X by ~ and for which is the nearest neighbor to X

N among V 1 “K~’ 
then

L
fl 

= ~~ v (A 1x { i} C )
1= 1 K

and 
L~ = 

~~~
M and

1 n = ~~ v n(A ix{ i} C ) . 
- K

Thus , 1n ~ v n(A ix{
~~i

} )

M Thus , argu ing as in Theorem 1, we haveIL~—L~I = IE (V(A1X{~ }
c) — vn (A i x{i}

c ) ) j  
IL —1 < K sup IV n x { i } )  — v (Ax ( i }f l
‘ ~ Ac.4’

M
= 

~~~~ n i ”
~~~ 

- u
~

(A m x{i)))Ii=1 where ,dis the class of all sets that are intersections
< N sup Iv~(Ax{ i}) 

— v(Ax{i})I of (kn
_ 1 ) or less linear halfspaces of pm~ Since

- Ac,d
lc{i,... ,M} K < kn~ 

we have by the argument of Theorem I that

1 -nc 2/8k 2where .4’ is the class of all sets that are intersections P()Ln
_L

n )>~~ 
< 4M +(Z~)

m
~~

n e
of (N-i) linear halfspaces of p m~ We recall that a Q.E.D.

• linear halfspace of pm ’ i s a se t of x = (x 1,. ..,xm )
for which x1a1 ÷ ... + xm am , > a0 or x

1a1 +. . .+ ~~~~ 
Proof of Theorem 3.

< a0 for some (aO,al,...,am )cPm~~~. Thus , every 
It is clear that

(a0,a1,... ,am .) defines two linear halfspaces. - 
- 

k~
IL n4n I - Iv( U

By an inequality of Vapnik and Chervonenkis9, 
- vn ( U

i
(A

t
x

t)
C))I

P{IL~-L~ I ~ 
} k~ k~

= 
~

( U (A
t ~~~~~~

< P{sup !v~(A ’ ( i } )  — v (Ax{i)fl > c/NJ
Ac.d
1<1cM sup (~ (A~..{i}) -

t 1  1<I<M
c 4s~~,2n)e tM) /8 

Thus, If Is the class of sets of the form

where .~~“,4’x{{1),...,{M1} and s~~,n) Is the maxImum 1<1cM , then we know by an inequality of Vapnlk and
Che~vonenkis

9 that
over all (x1,y1),... ,(x~,y~

) In Pm ’X{l ,... ,M} of the

number of different sets In 1{{x1,Y1JU. ..U(x~,Y~
}) P{IL~—~~I c}

fl B IBc~~
. If.dls the class of all linear halfspaces

of pm ’ and M1 , then s~~,n) < 1+n~ by a theorem of < k~ sup P{sup 1v (C)-v~(C)I > c/k~J

Cover8 (see also Vapnlk and Chervonenkis 9). It Is 1~t~k CcWL
clear that lf.dls the class of all Intersections of 2/8M~.i or less linear halfspaces and 

Mgi , then -n(c/k

s~~,n) < (1+~m )~~—l . If M>1, then s~~,n) < Mu+flm )M*
_i
. ~ 4k~( 

sui s((ç,2n))e ED t:~ CIndeed , 1f Is the number of different sits in 1~L~k~

sets In
Is at most Ms1. Thus we have shown that Al so, ~ S 15— ~{{x1,y1}U.. .U{x~,y~

})f IB c~x{{ IJ ,. .. ,{M}}~ 4k~ Mln(i+2n ,M) e
lux i JU. . .U{x~)W~ IAc.4’I~ 

then the number of different -nc2/8k~
2

~tL1JD
A
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