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DISTRIBUTION-FREE PERFORMANCE BOUNDS WITH .-
THE RESUBSTITUTION ERROR ESTIMATE /

Luc P. Devroye and T.J. Wagner*
Department of Electrical Engineering
The University of Texas

Austin, Texas

Probability inequalities are given for the devia-
tion of the resubstitution error estimate from the
unknown conditional probability of error.
ties are distribution-free and can be applied to linear
discrimination rules, to nearest neighbor rules with a
reduced sample size, and to histogram rules.

1. Introduction
The discrimination problem may be formulated as
follows. The statistician collects data (Xl,el),...,
(Xn,en), a sequence of independent identically distri-

buted random vectors drawn from the distribution of
(Xx,8), a random vector independent of the data. For
each 1 < i s n, the observation Xi takes values in

R"™ and its state 8; takes values in {1,...,M}. The

discrimination problem is that of estimating the state
9 from the data and the ubservation X using procedures
which do not require complete knowledge of the distri-

bution of (X,8). If 6 denotes the estimate, that is,
Gi= g(X,Vn) where g is a Borel measurable {1,...,M}-
valued function of X and the data Vn = (Xl’el""'
Xn,en), then a measure of the performance of the pro-
cedure given the data is L = P{g # o[V }, the condi-
tional probability of error.

Since the distribution of (X,8) is unknown, there
is in general no way of computing Ln from the data.
Usi?g the data the statistician may try to estimate Ln
by Ln'

in Toussaint.! One of the oldest estimates is the re-
substitution estimate

A survey of estimation techniques can be found

p 1 ii
L.=n I 2
" f=1 1oy 783}

< n, are the estimates of

the states of Xl""'xn with the given discrimination
procedure, and where I is the indicator function.

where 6, = g(Xi.Vn), 1<i

In this paper we obtain upper-bounds for
P(ILn-Ln[ > e} that do not depend upon the distribution

of (X,8), and that are applicable to three large classes
of discrimination rules,

(1) the Tinear discriminagion rules,

(i1) the nearest-neighborgrules with reduced

sample size, and v

(iii) the histogram decision rules.
The existence of distribution-free bounds with the re-
substitution estimate for linear discrimination rules
was first noticed by Vapnik and Chervonenkis.l? The
bounds for the class (i) improve the bounds given in
Devroye and Wagner?, while the results for the rules
The possible existence of
distribution-free bounds for (ii) was suggested to the
authors by Dr. Penrodl6.

o s work was supported in part by the Air Force
under Grant AFOSR 72-2371.

The inequali-

et ~-ee

Reprinted from the Proceedings
of the IEEE Computer Society
Conference on Pattern
Recognition and Image
Processing, Troy, NY, _
June 6-8, 1977. /

78712
2. Main Results

Let $gr Gy eabp be known measurable mappings

fron R™ to R where m' >1land m> 1, and ¢ = 1

Let wo = (WIO""'wlm')""’ wy = (WMO""'WMH') be

Borel-measurable 5{m +1-valued vector functions of the
data Vn. Then, the rule which assigns the state

6 =3 (1 <j <M toXwhenever j is the first integer
for which

m
Max (2: ki (Vq) ¢;(x)3

ml '
D ow (V) e.(X) = w
L 1<k<M =0

is called a linear discrimination rule (see Duda and
Hart3 for a survey of the literature on linear dis-
crimination). We emphasize that the Wisee. oWy may be

picked in an arbitrary fashion, using any method that
can or cannot be found in the literature. The func-
tions ¢; are picked in advance. The following bound

is proved in the Appendix.

Theorem 1. For every ¢ > 0 and for all linear dis-
crimination rules with given I ERRRRt the re-
substitution estimate Ln satisfies

- | 2o
PUIL L | > €} < aM(2e(2n)™ M1emne /80

For the interesting case that M=2, we see that

5 ! 2
P(“.n-l.n[ > el < 8(14(;_’”)‘“ ) e-nc /32 :

Using the Borel-Cantelli lemma and Theorem 1, we see
that for a given m' and M, and uniformly over all

linear discrimination rules, an'LnI D 0 with proba-

bility one, a result due to Glick!!. Thus, the statis-
tician could pick the Winee sy that minimize the re-

substitution estimate Ln because he knows from Theorem
1 that the corresponding probability of error Ln will
be very close to Ln’ and that for large n, minimizing
in is nearly equivalent to minimizing L (see Wagner!2),
In the literature special attention has been given
to the nearest-neighbor rule with a reduced number of
observations where the reduction is a result of editing

(see for instance Wilson“), condensing (Hart®) or any
other operation (Tomek®). In general, we end up with

R™x{1,... ,M}-valued random vectors (Y].Ll),....(VK.cK)

where K is an integer-valued random variable with
1<Kekp. The (Yi‘Li) and K may depend upon the data

in an arbitrary fashion.
signed the state = cj
index for which

A new observation X is as-
whenever j is the smallest
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Thus, o is the state of the nearest neighbor to X among
Yl""'YK' In the Appendix the following Theorem is
proved.
Theorem 2. For every € >0, and for all the nearest-
neighbor rules with reduced sample size, the resubsti-
tution estimate L satisfies

; kel -ne?/8id

P{ILn-Lnl > e}< 4M(1+(2n)") e

where kn is an upper-bound on the reduced sample size.

We remark that this bound is independent of the
distribution of (X,0). The bound converges to 0 as n
grows large provided that the sequence kl‘kZ"“ is

picked in such a way that kilog n/n ¥ 0. It is clear

that this bound is useless for the well-known nearest
neighbor rule’, that is, the rule with K=kn=n and

(Yi,gi) = (Xi’ei)’ 1<i<n. This was to be expected

because the resubstitution estimate with the nearest-
neighbor rule is overly optimistic. In fact, if the
probability measure u of X is absolutely continuous

with respect to Lebesgue measure, then Ln = 0 with
probability one, no matter what value Ln takes.
Theorem 2 can be useful for reduced, selective,

condensed « - edited nearest-neighbor rules“-6»13=14,
If k. is a prespecified number of (Yi,{i)‘s that are
to be used in the new nearest-neighbor rule, then the
statistician could compute l.n with some selected data
(% 30 Jowoizlle 05
L WL "o Tk

set of {1,...,n}, and decide to use that set of indices
for which the resubstitution estimate is minimal. Using
Theorem 2, we also know how much confidence we can put

in our estimate in regardless of the selection procedure
of the (Yi.si) and without any knowledge of the distri-
bution of (X,6).

) where {i,,...,i, } is a sub-
1 kn

The (Y,,€;), l<ick , partition R™ into k_ disjoint
sets Al""'Ak where the state of X is estimated by
n

o = Ej whenever X takes values in A, (that is, X is
closest to Yj). The partition in this case depends on
the data because the Y1 depend upon the data. For a
given fixed partition of Rm. we can expect to obtain
tighter upper-bounds for P(]Ln-fn[ >c} even if the par-
tition is not generated by a reduced nearest-neighbor
rule.

Let Al""‘Akn be any fixed partition of R™ and
let gl,....gkn be {1,...,M}-valued random variables

where, as before, cj is the state assigned to X when-
whenever X takes values in AJ. Such rules will be

called histogram decision rules. We prove the following
four distribution-free inequalities that are valid no
matter how the Ei depend upon the data. The inequalities

e £ A e P i I LB P I SRRSO S S = - a iy " e s stam b SRR p————

do not imply one another.
Theorem 3. For a given kn-member partition of lzm, for

any way of specifying Epoeeeaby from the data in a
n

histogram decision rule, and for every ¢ > 0, the
resubstitution estimate Ln satisfies

P{ILn-LnI el <g. o+ lcicd,

where
-ne/8k
9. * 4 kn Min (142n,M) e
-2n52/M2k§
92 = 2 kn Me
k k 2
gpz = 4 Min (M ",22" (4n/k ) ") &7 /8
k 2,2k
s n _-2ne"/M°°N
94 = 2M7e .

We note here that 91 and 9,3 are useful even if
M=> (i.e., the Ei and 8 ; can take a countably infi-
nite number of values). Clearly, all the g,; are
independent of the dimension m and the distribution of
(x9), and g . % 0 provided that k /n o Ifk ==,
the bounds are not applicable, and, as wewill see, the

resubstitution estimate does not possess the distribu-
tion-free properties that it has with finite partitions

of R™. Assume that Al'AZ"" is a fixed countably
infinite partitios of RM. If the £; are random
variables that are independent of the data, then

: 2
PUIL L | > ) < 2e72M€ (1)

for any € > 0. However, such rules are impractical.
The closest one can come to the Bayes rule with a
fixed partition is to let ii = j if j is the smallest

integer such that N.. = Max N. where N.. is the
i legeM 1% ij
number of (Xk,ek)'s with ikEAi and 6,=j. But even with

this obvious choice of {1.£2.... we see that for any m
and M > 2, there always exists a distribution of (x,8)
such that ILn-LnI > 15 with probability one. Indeed,

assume that M=2, that 6=2 with probability one, and
that X takes values in each Al""'AZn with equal

probability 1/2n. If the ;i are picked as described,

then the resubstitution estimate l.n equals 0. Further-
more,

2n
L, ® 12':1 P{XeA, ) 1(Ni2=0} > n/2n = 1/2.

This shows that even with the most obvious dependency
of the T, on the data, we will never be able to upper-

bound P(ILn~Lnl > e} by an expression that decreases

to U as n grows large, uniformly over all distributions
of (x,8).

e e U

-

SR B —




R

i g e A

é?

o S RO 5 b S L5 OIS 350 NI GG I b o S 50 S o bl vy 5 bt T em—

3. Appendix

Proof of Theorem 1.

Let v be the probability measure of (X,0) where X
takes values in R™ and o takes values in )oeo oM.
It is clear that if vn is the empirical measure for

(xl,el),...,(xn,en). and if Al""’AM is the partition
of R™ that is generated by the linear discrimination
rule (that is, A; is the set on which we estimate the

state of X by i), then

—
"

8 c
n 2: V(Aix {i1")
1=1

and

-
"

M (=
- 2% v (Ax{i)T) .
1=

L|= f& (v(Ax (1)) - v (Ax{1)))]
L |i=1 Lt Un\Rj

M
I;E% (vp(AgxLi}) = v (Agx{i})|

A

M sup [v,(Ax{i}) - v(Ax{i})|

Ac

15{1'~'-’M)
where «7 is the class of all sets that are intersections
of (M-1) linear halfspaces of R™ . We recall that a
linear halfspace of R™ is a set of x = (xl,...,xm.)
for which xla1 ¥owen TR a2 3g0r xa; +...4 X an
<ag for some (ao.al....,am.)cRm un Thus, every
(ao.al.....am.) defines two linear halfspaces.

By an inequality of Vapnik and Chervonenkis?,

PULL | 2 €

< P{sup Ivn(Ax(i}) - v(Ax{i})| > e/M}
Ac o/
1<i<M

< 4s¢ﬂh2n)e'"(e/")2/8

where & =fx{{1},...,{M}} and s(#B,n) is the maximum
over all (xl,yl),....(xn,yn) in R"“X{l,...,M) of the
number of different sets in {{{x;,y;)U...Ulx .y }}
NB[Be#B}. 1f.is the class of all linear halfspaces

of R™ and M=1, then s(@,n) < 1+n" by a theorem of
Cover8® (see also Vapnik and Chervonenkis®). It is
rlear that if «Zis the class of all intersections of
M*-1 or less linear halfspaces and M=1, then

s(#B,n) < (1+nm')"*'1. If M>1, then s(®B,n) < M(14n™
Indeed, if s, is the number of different sets in

{((xl)U...U(xn)M1A|Ag04}. then the number of different
sets in {{{x .y .. Ulx ,y JIB [Beak{(1},..., (M1}
is at most Ms,. Thus we have shown that

" M.
)M l.

g g

e e Sitee

a ' @ roael
Pilty ~ L4 2 el < aM(1+(2n)™ M1 gmneT/BMT
Q.E.D.

Proof of Theorem 2.

Let us use the notation of Theorem 1 where we let
Al""’AK be the partition of R'“ that is generated by
the nearest-neighbor rule with (Yl.gl),...,(VK,zk)
(e Ai is the set on which we estimate the state of
X by g and for which Yi is the nearest neighbor to X
among Yl"“'yK)’ then

5

K
0 C
and

L

K
C
n X 1;_1 Vn(A.IX{C‘) ) .

Thus, arguing as in Theorem 1, we have
ILp-Lols K :ggllvn(l\x{i)) - v(Ax{i})|
l<i<M
where .7 is the class of all sets that are intersections
of (kn-l) or less linear halfspaces of R". Since
K < kn, we have by the argument of Theorem 1 that

) I R
PUIL L l2ed < aM(14(20)T) e

Q.E.D.
Proof of Theorem 3.
It is clear that
= Kn kn
ILartal = I U (Axie))) - ol Y (Ryxte D)
kn kn
l“(lgl(Az'{Cn))) "“n(lﬂl(Az“‘z‘))l

k
n
< 2 sup |u(A x{i}) = v (A x{i})]| .
2=1 l<ic ! 2 il

Thus, if %1 is the class of sets of the form Alx{i).

1<i<M, then we know by an inequality of Vapnik and
Chervonenkis® that

PUIL,L,l 2 )

< ky sup P{sup Iv(C)-vn(C)l > e/k.)
laack  Ce®,

-n(e/k,)%/8

A

4k ( sup s(i?.Zn))e

2 2
-ne /8kn

A

4kn Min(1+2n,M) e
Also,
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PUIL-Lyl 2 €}
| 2" . ; |
\ s [v(A,x{i}) - v _(A x{i})| > e}
1= 1=1 k Lo R f
< kM sup P{|v(Ax{i}) - v (A x{i})] > e/k M}
1<i<M
l<e<k
-2ne/M2k 2
< anMe
by an inequality of Hoeffdingi5. Furthermore,
Lty
: Iv( t?(A 0,1)-v ( k"(A o,
- sup v x{A -V U x{A
all (Apseu0hy gy =& sy
n
Kn
from {1,...,M}

| so that

- 2
@ PUIL,-Lyl2e} < ds@*,2n) e /8

where @* is the class of all sets of the form

kn k

U (A,x{x,}) where (Ays...5A, )eD = {1,...,M} ".
Mol g 1 K,

Clearly, s(@*,2n) < 22" for all kn. However, if

k k
have that s(@*,2n) < 2 n(Zn/kn) " This proves the

inequality with 993
Finally, notice that
PUL L, | > €}

ky ky

52 P(|v( u (A x(, 1) =, ( u (A (M) > e/Mk )
deD

. e-2ne2/n

Q.E.D.

Proof of (1).

Inequality (1) is a corollary of Hoeffding's
inequality!S if we note that an'Ln| = |v(C)-vn(C)l
where

C= U (Ax{g,)°) .
0

Q.E.D.

O 14 ey it et 4 — .

k
kn < 2n, then s(@*,2n) <M " and, in general, we must

1.

10.

12,

13.

14.
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