
PAPER NO, WA2,2 

ON  THE  PROPERTIES OF CONVERGENCE OF STATISTICAL SEARCH 

Luc  P.  Devroye 

Department of Electrical  Engineering 
The University of Texas a t  Austin 

Austin, Texas 78712 

ABSTRACT :The convergence of s t a t i s t i c a l  (random) 
search  for  the  minimization of an  arbi t rary 
function Q ( w )  i s   t r e a t e d . I t   i s  shown t h a t  random 
search can be regarded  as a gradient  algorithm  in 
the q-domain.Using this  gradient  to  define  the 
minimum of the  function,the convergence i s   d i s -  
cussed a t  length-including convergence WP1 ,con- 
vergence in  the mean and E-optimality.The proof 
of  convergence i s  based upon the theorems of con- 
vergence  of random processes of Braverman and Ro- 
zonoer.The relationship between random search and 
o rde r   s t a t i s t i c s   i s  explained.Finally,emphasis i s  
p u t  on the  applicabili ty of the'theorems  for  the 
design of hierarchical  search systems and s t a t i s -  
tical  search with a mixture. 
INTRODIJ-TION :The problem of the  minimization of 
a n  Inknown  and perhaps  multimodal function Q ( w ) ,  
wcR (n-dimensional  Euclidean  space), has been gi-  
ven Considerable  attention  until now.Usually,mul- 
timodal functions  are minimized by means of  ran- 
dom search or stochastic automata or a combinati- 
on of  b o t h  eventually  with  other  direct  search 
techniques  [l-61. 
The properties of convergence of pure random 
search  given by Matyas [8] are  strengthened  to 
convergence WP1 .While in [7-91 the convergence of 
the  value of Q ( w )  a t   the   best   es t imate  of the mi- 
nimum is   s tudied, the convergence  of several  other 
random variables  (such  as  the  average measured 
performance e t c . )  can  sometimes be  more  impor - 
tant.The  asymptotical  properties of the discussed 
class o f  procedures are  studied bo th  frwnthestatis- 
t ical  viewpoint ( i  .e.  ,by using  the  asymptotical 
properties  of  order  statist ics  [I l-131) and thema- 
chine  learning  viewpoint  (i.e.by  using  the  theo- 
rems of  convergence of random processes  in machi- 
ne learning [14-151) concrete  conditions of 
convergence are  obtained and discussed. 
I t  i s  emphasized that  even the  class o f  "anoma- 
lous"  performance  indices fa l ls   wi thin  the domain 
of application of the theorems  proved in   this  pa- 
per  (an anomalous function  is  such t h a t  the  value 
of  Q ( w )  does n o t  convey  any information regarding 
the  value a t  any other p o i n t  w*#w).This generali- 
zation  is  possible through the complete res ta te-  
ment of the problem in  the Q ( w )  domain. 
The presented  procedure  includes random search 
[7-91 as a special  case b u t  has the  additional 
a t t r ac t ion  of  asymptotically minimizing the  a- 
verage measured performance  in  analogy  with  pro- 
bab i l i s t i c  automata with a variable  structure 
[10,17]. 
Though WCRn(W i s   t he  range  of w),the pr esen- 

ted theorems also apply for   arbi t rary  sets  W i n  
which a dis t r ibut ion can be defined.W may eventu- 
a l l y  be a f i n i t e   s e t .  
The organization  of  the  search i s   l e f t  t o  the ima 
gination of the  designer  within  the  limits  dicta- 
ted by the  conditions of  convergence and depen- 
dent upon a priori  available  data  about  the pro- 
b1em.A brief survey i s  given of where  and how the 
theorems  can be applied  ranging from pure random 
search,creeping random search  for  local  hhll-clim- 
bing,and mixed  random search t o  very  complicated 
hierarchical  search programs. 

DESCRIPTION OF THE ALGORITW : Let W<Rn e i ther  be 
bounded by constraints or unbounded.It i s  suppo- 
sed t h a t  no procedure can lead  to  points  outside 
w.Further,let j denote  the  iteration  counter and 
X. denote  the  state of the  search system a t  time 
j? The best  estimate  of  the minimum a t   i t e r a t ion  
j ,denoted by w .  , is  usually  called  basepoint. The 
Corresponding  vdlue  of the performance  index is 
denoted by q.=Q(w.).The s t a t e  X. includes w . , q .  
and eventually  Jother random Jelements orJ 
adaptive  parameters t o  be specified by the  desig- 
ner  (they  are of no theoretical importance in  the 
sequel and are,therefore,not  explicitly  given).)( 
denotes  the s t a t e  space:X.GX.Notice that  X .  i s  a 
random element on some (usually growing91 p ~ o -  
bability  space and as  such,functions of X. :X+R 
are  random variables on this  probability  Jspace. 
Let the  ini t ia l   d is t r ibut ion of X. be such tha t  
w i s  a random vector of W with pdf go(w).The 
ppocedure consists of iterating  the  fol-lowing o- 
perations : 
1")A tr ia l   point  w? i s  generated (computed) by 
means of a procedJ$&e t h a t  i s  completely  deter- 
mined by the   s ta te  X For example,w;+l may be 
randomly generated  jaccording  to a known pdf 
or w* can be the  resul t  of a heuris t ic   rule  or 
otheJ+'  direct  search  operation.In any case,there 
exis ts  a pdf g ( w / X . )  on W which i s   t he  pdf of 
w * + ~  conditioned 04 X.. If {p . I  i s  a sequence  of 
p$o bab i l i t i e s , i t   i s   $equ i r eSJd  t h a t  w* = w .  a t  
l ea s t  with probability p s j . I n  mathema-j+' J t i ca l  
terms,this means that  there  exists a pdf  on 
W,say go(w/X.)  , such t h a t  : 

J 
( 1 )  g(w/Xj)=Psj.gO(w/X.)+(l-P J S J  .).6(w-w.) J 

~" )Q(W;+~  ) i s  observed (computed ,measured,etc .). 
3")The new s t a t e  X j + l  i s  computed.Since we are  on. 
ly  interested  in  the  couple  (w.,q.),the way of  
a lpda t ing  other  adapt6ve  elements  Sontained  in X .  
i s  not expl ic i t ly  given  here : J 
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This  algorithm  reduces to  the random search scheme 
of Matyas [8],Gurin [9] ,e tc .   for  p =1 and special 
forms of go(w/X.). sj 

STATE FUNCTIONS : y ( w / X j )  induces  in  the performan- 
ce  index domain R a search pdf p(q /Xj)  defined 
by : 
(3)  P ( q / X j )  J S ( q - Q ( w ) )  .g(w/X .)  .dw 

J J  

J 

W J 
with  corresponding  search cdf (cumulative d i s t r i -  
bution  function) : 

( 4 )  P ( q / X j )  = A J 4 Q ( w ) , q ) . g ( w / X j ) . d w  
ql W 

= J p(u/X .) .du =Prob{Q(w?tl )<q/Xjl 
-m J J 

P ( q / X . )  i s  thus  the  distribution  function of 

a threshold  function? 
Q (w;+; 1 conditioned on X..The function  w(a,b) i s  

Notice tha t   i f  W i s  an a rb i t ra ry   se t ,a  pdf g(w/X.) 
can n o t  always be found b u t  the  search pdf 
corrects  this  discomfort and permits  the  theo- 
retical  study of optimization schemes in  arbitrary 
se t s .  
Let there  also be given a fixed pdf in W,g ( w ) ,  
the domain of concentration of which d e f i n k  W.For 
instance,if a minimum i s  looked for  i n  a  hypercu- 
beythen gB(w) might be the uniform pdf in   this  hy- 
percube. If g ( w )  i s  purely atomic with a counta- 
bl e number of $toms , W  i s  a countable  set of points 
i n  the n-dimensional  Euclidean space.If  the mini- 
mum can not be restrdcted a pr ior i   to  a certain 
bounded region of R , b u t  i f , a t   t he  same time,the- 
re  areOstrong  suspicions  that  the minimum is   c lose 
too  w tW,then g ( w )  may be gaussian  centered a t  

w with fixed  pkit ive  definite  covariance mat- 
rix.In  general,gB(w) i s  thus a pdf covering W ac- 
cording t o  which a point w* i s  generated 'in the 
absence of  any information.The pdf and cdf  induced 
by g ( w )  in  the q-domain are  referred  to  as  basic 
seargh pdf and basic  search  cdf: 

( 6 )  P B ( q )  = J" S ( q - Q ( w ) )  .gg(W) .dw 

( 7 )  p B ( q )  = J u(Q(w) 3 4 )  .gB(W) .dw = J P B ( u )  .du 

W 
S I  

W -m 

Thus,p ( 4 )  counts  in a certain  sense  the  portion 
of  poifits  in W for which Q(w)=q.The existence of 
this  basic  search  distribution  is   essential   for 
the  discussed  class of procedures.In  addition, 
P B ( q )  will be used to  define  the minimum qmin of 
Q ( w )  i n  W .  
I t  i s   the  purpose t o  study  the  asymptotical beha- 
viour of state  functions such as (8-10):  

(8)  q j = Q ( W j  1 

where 00 ; (9)  represents  the  indicator  function 
of the  event (q  .sq . +E) .The properties of (10) 
are  discussed  Jinm'nthe  next  section.In  general , 
(8-10)  are random variables of interest   in   c lass i -  
cal  optimization.For some problems however (such 
as  the problem of learning  in a random environ- 
ment [3,6,10,17],etc.) i t   i s   a l s o  desirable to  mini- 
mize the  average measured performance  (11 ) or to  
maximize the  degree of concentration on ( - m y q m i n +  
E ] defined by (12).Both (11) and (12)  are  
c lear ly  random variables t h a t  f a l l  under the  cate- 
gory  of "state  functions". 

(11) "Xj) 4 - / q .P (q /Xj ) .dq  = EEQ(w*,1) J / X j )  

( 12 )  D ( X j y ~ )  4 P ( q m i n + E / X j )  = 

ProbIQ(w*tl J )<qmin+E / X  J . I  
Finally,torelieve  the  notational  burdenythe bar 
operator a will sometimes be  used t o  denote 
Max{a .qmi 

DEFINITION OF ME MINI" :A1 though the minimum i s  
well defined  in  optimization problems for continu- 
ous performance indices , i t  must  be redefined  here 
in view of the broad class  of  performance indices 
and se t s  W t o  be  a1 lowed. 
Consider the goal function  (13): 

41 X I  
(13)  I(q) 4 J J P,(u) .du 

-m -m 

whose gradien t   I ' (q )   i s  given in ( 1 4 )  i f  u .P , (u)+  
0 for  u+-m. 41 ql 
(14)  I ' ( q ) = /  PB(U) .du  =/ ( q - u ) . p B ( u ) . d u  

-m -m 

The goal function  I(q)  is convex s ince   i t s  second 
derivative  equals  PB(q)>O.Further,the  gradient i s  
zero  only i f   e i t he r  P B ( q ) = O  ( i n  which case one 
can say t h a t  there  is  probability  zero  that  the 
random variable Q ( w )  with  search pdf ( 6 )  i s   l e s s  
t h a n  or equal t o  ) or  the mean of the  conditional 
random variable Q?w)/Q(w)sq equals q .  
The  minimal value (minimum) q . of Q ( w )  with res- 
pect t o  gB(w) is   the  greatestmlnq  for which gra- 
dient (14 ) is   zero: 

1 
(15) /qmin  P B ( u ) . d u  = 0 

-m 

(16)  E>O, 6(~)>0 : 1 PB(u) .dub6(E)>0 

Notice here  that P ( q  ) i s  n o t  necessarily O.One 
can easi ly  imagineBa "instaircase  function Q ( W )  
with a s e t  of points w t W : Q ( w ) = q  , t h i s   s e t  hav-  
i n g  nonzero measure w i t h  respec!!into gB(w).In t h a t  
case  howeverythe second factor  in  the  right-hand 
term  of (14)  is  zero.Conversely,it can be proved 
t h a t  t o  each e 0 , t h e r e   e x i s t s  a number O(E)>O 
such t h a t  P ( q  +E)>e(E)>O .Otherwise,a contra- 
diction m i n w i t h  relations (15-16) would  be 
obtained. 
I n  the sequel i t  will be proved t h a t  the  presen- 
ted  procedure can be organized  in such a way t h a t  

qmi n + E 1  

-m 
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__ 
q .  a n d  even $(X.) converye to  q . i n  the approp- 
J r i a t e  way,i .e?WPl ,in  probabil%J,in  the mean, 

e t c . .  

( 1 )  1s such t h a t   a t   l e a s t  w i t h  probability LY 
( a .  60,1] )  ,w*+ i s  a  random variable w i t h  jpdf 
gi(w),then t h h e   e x i s t s  a  pdf  g1 ( w / X . )  such thaf 

R4NY SEARCH AS A GRADIENT .ALGORITW If go(W/Xj 

J 
(17) g O ( w / x j )  = a j * g B ( w )  + ( l -a j )   *g l (w/x j )  
Llsing definitions  (3-7),the  following  inequalities 
are  obtained: 
(18) pg(q/xj)%j  *pB(q) ; p,(q/xj)>aj mPB(q) 

where p (q /X ) and P (q /X  ) are  the  density,res- 
pectivesy d i l t r i b u t i h  fuiction induced i n  the q-  
domain by g,(w/X,) (see  (3-4)).  
Theorem 1: I f  ECq I ex i s t s , i f  I q m i n l < m  and  i f  p s j t  

U J  

a,t[O,?l a re  numbers only depen- 
~~ 

t en t  upon jJ: 
m 

then the s t a t e  sequence { X . )  generated t h r o u g h  
the  described  procedure j" i s  such tha t  

(20) q j  -f qmin UP1 as j- 

( 2 1 )  w(qj,qmin+') +l WP1 as  j- ( for   everyo0)  

( 2 2 )  iqjl  P B ( u ) . d u  + 0 WPl as j- 

- 

- 

-03 

Proof:Introduce  the  nonnegative  state  functions !iv and V ( X j )  : 

(23) U ( X . )  = q.  - q 
J -J min qjl 
J J m l n  -m 

(24) V ( x . 1  = ( q . - q  . ).PB(qmin) + i P B ( U ) . d u  

I t  w i l l   f i r s t  be proved tha t :  

lrom the  description of the  process  1")-3"),it 
:allows tha t :  

qj,1 = q j  W.P. 1 - P s j . P  (q4X.I  
O J J  

u W . P .  Psj.w(uy~j).Po(u/xj) 
and thus: 

( 2 6 )  E{q. /X.}=q. -p  1 (qj-U).Po(U/X.).dU 
9 .1  - - 

J+1 J J J 
Since i n  the  integration  interval ( - m , q . ] , q j > u  , 
inequality  (18) may be applied t o  yield? 

- -  

it1 vie!. C: Tropr ty  ( I t )  (1, ! ; ic i> I;cIds i f  ) q m i n j < m )  
and definit ion (24).Combining the l a s t  ex- 
pression  with  (27) gives (25). 
By definit ion (15-16)  of qmin and by definit ion of 
the  bar  operator,there-  follows  that U(Xj)>O, 
V ( X . ) ) O  and only f o r  q . = q  :U(Xj)=V(X.)=O. 
- FurJther,both  are  contiJnu8&  functJions  of 
q..Then,if { X . }  i s  such tha t  V ( X . ) 4  (determi- 
nJistica71y, '"in prob.,WPl), Jthen also: 
U(X.)+O i n  the same  way (deterministically,in pro- 
bab.!  ,WP1) and vice  versa.  (for  instance,see lemma 1 
of Braverman  and  Rozonoer [15]). 
This l a t t e r  property  plus  the  existence  of E { q  - 
qmin~he 'Psj th~orems  of  convergence  of random pro- 
cesses  of Braverman  and  Rozonoer ([14],th.3,th.5) 
to  be applicable  to the described  process  for 
which inequality  (25) holds.Thus,U(X.)-.O WP1 as  
j- and  V(X.)+O WP1 as  j-Ko .This  impjies  (20) and 

The meaning of  (20) i s   t h a t :  
(28) 1 i m  ProbIMax{q.l&qmin+EI = 1 fo r  every e 0  

Thus,for  every E>O: 

.a.>O and (19) i s  suff ic ient   fop 

(22) .  J 

J- j > J  

(29)  lim ProbiMin w(~j.qmin+E)=l I = 1 
J- .i >J 

whLch correspon& w i t h  property (21 ).Notice  that 
w(q q + E ) = w ( q . , q  +E) .(21) can a l so  be direct-  
ly  jirjdgd. minFrom the  description  of  the 
process,  there  fol 1 ows : 

- 
(30) E {(1-w(qj,,,qmin+~j)/XjI=(1- w ( q j y q m i n + E ) ) .  

Since E{l-w(q , q m i n + E ) )  always ex is t s  and-since 
€6) P ( q  miq +E)@(!) 1 WP1 as  > j-Ko 0 and . C p s j . a j = m  : W ( q j J I m i n +  
Since th i s  holds f o r  every ~ > 0 , ( 2 1 )   i s   v a l i d .  

Corol1ary:The convergence in  probability  of  the 
state  functions (8-10) follows from (20-22).IfYin 
addition : 

(31) Q ( w ) i q m a x < m  f o r   a l l  W E W  
then : 
(32)  .lim E(7.I = qmin 

which implies convergence in  the mean of q. to  
since q > qmin .  J 

qmi n j' 
?emark:Mote tha t  proving the convergence in  pro- 
babi l i ty   for   s ta te   funct ions (8)  and (9 )  is  equi- 
valent  since 
(33)  ProbI~j<qmin+d=ECw(q j' q m i n  . + E ) ) =  

j-Ko J 

Prob{w(qj , q m i n + E ) = l  I 
''ELATED PROPERTIES OF CONVERGENCE :Not  e tha t  
from (1),(3), there  holds:  

(34) p ( q / x j ) ' p s j . ( " j ~ p B ( q ) + ( l - a j ) . P ~ ( q / x j ) )  

+ (l-Psj).fdq-qj) 
,there p (c,/>{, \ i s  -:{;e n,,.'f j y  +"n 

1 ' ,7 
_. , -  o-domsi n induced 
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by   g l (w /X . )   (17 ) .Exp ress ion   (34 )   l i nks   q .   d i rec t -  
l y  w i t h J t h e   s t a t i s t i c s   o f  Q(w* ) J through 
the  search  pdf  p(q/X.) .This  J+lenables us t o  
prove  theorem 2 :  

Theorem 2 : I f   t h e   c o n d i t i o n s   o f  Theorem 1 a r e   f u l -  
f i l l e d  and  (36)  holds, then: 

(35)  D ( X ~  ,E) + 1 WP1 as j- ( f o r   e v e r y  E>O) 

(36)  lim p = 0 

I f , i n   a d d i t i o n , ( 3 1 )   h o l d s , t h e n   a l s o :  

(37)  v(xj)+ qmin  WP1 as j- 

Proo f :Le t  uB denote   the  mean o f   t h e   b a s i c   s e a r c h  

!%- pB = /q.pB(q).dq 

M u l t i p l y i n g   ( 3 4 )   b y  q a n d   t a k i n g   e x p e c t a t i o n s   a t  
b o t h   s i d e s   l e a d s   t o   i n e q u a l i t y   ( 3 9 )   b y   d e f i n i t i o n  
o f   t h e   a v e r a g e  measured  performance  (11 ) and 
Q ( w ) s q m a x < ~  : 

j- s j  

(39)  qmin~S(X j )~ps j ' (a j 'uB+( l -n j ) .qmax)  

+ ( l - p  .).t 
SJ j 

i i o t e   t h a t   t h e   u p p e r   l i m i t - t e n d s   t o  qmin  WP1 as 
J- . Indeed,p .+O (36)  and q .+q WP1 as  pro- 
ved i n   t h e o r e h J l  ( 2 0 )  .Thus , - 
as j- (37 ) .  

I n t e g r a t i n g   b o t h   s i d e s   o f   ( 3 4 )   f r o m  -m t o  qmin+& 
a n d   u s i n g   d e f i n i t i o n s  (7),(12) and  assuming  the 
worst   case ( P 1  (qmin+E/X.)=O) g i v e s   t h e   f o l l o w i n g  
i nequal i ty  : J 

(40)  l>D(Xj,~)~pSj.(~j.PB(qmin+~)+(l-~.).O) 

$(xj)+qmin WP1. 

J 
+( l -Ps j )   .w (q j  sqminfE) 

(35)   ho lds  s ince  w(q. ,q  . +E) + 1 WP1 (Th.1)  and 
p .+O (36)  .This compJ 1 e?@? t h e   p r o o f .  g 
Remark 1 :The  convergence i n  p r o b a b i l i t y   o f  D(X. ,E)  

the  convergence i n   p r o b a b i l i t y   o f   q .   t o  qminypro- 
pe r t y   (33 ) , cond i t i on   (36 )   and   i neqKd l i t y  (40).  
The  convergence i n  p r o b a b i l  i t y  of $ ( X  .) t o  qmin 

SJ 

t o  1 f o l  l o w s   d i r e c t l y   f r o m   L 3 5 )   o r   f r o m J  

f o l  l o w s   d i r e c t l y   f r o m   ( 3 7 )   o r   J f r o m   t h e  
convergence i n   p r o b a b i i  i ty o f  '9.. t o  qmi , (31 ) , (33) , 
(36 )   and   i nequa l i t y   (39 ) .  J 

Remark 2:From  Q(w)<q <m (31)  and v(X.)+qmin i n  
p r o b a b i l i t y , i t  follo!!!Xthat: J 

(41)  lim E { T ( X j ) }  =qmin 

$(Xj)+qmin and  by   app ly ing   Markov 's   inequa l i t y .  
Revark  3:Sometimes,one i s   i n t e r e s t e d   i n   t h e   b e h a v i -  
o u r   o f   t h e  random v a r i a b l e   Q ( W *  ) which i s   d e f i n e d  
on a b i g g e r   p r o b a b i l i t y   s p a c e   J + l t h a n   t h e   s t a t e  X .  
and  themforenot a s t a t e   f u n c t i o n . T a k i n g   t h e  expecJ 
t a t i o n   o v e r   a l l   t h e   r e a l i z a t i o n s  X . t X  i n   i n e q u a l i -  
t y  ( 4 0 )   y i e l d s ,   f o r   e v e r y  E>O: 

(42)  l?E{D(Xj,E)}=Prob{Q(w*+, )Cqmin+E) 3 

j- 
- Convergence i n   t h e  mean f o l l o w s   b y   n o t i n g   t h a t  

J 
Ps j .   " j ePB(qmin  +E)+( 1 -p . )  .Prob{q < 
q m i  .. n + &}>,(1-p . )  .Prob{qjiqmintE} 

-S J j' 
S J  

From (go)* i t  f o l l o w s   t h a t   P r o b i q . g q  + ~ b l  .If 
p .+O,Q(wg+,) i s  a random v a r i a b l e  
i i\J 

J 'convergi ny 
p r o b a b i l  i ty  t o  qmin as j- . However 

convergence WP1 can  not   be  proved ,due t o  
cp ..a.=m ,an i n f i n i t e  number o f   p o i n t s  will be  ge- 
ne?dted  accord ing  to   gB(w).But  ,if t h e  sequen- 
c e   { Q ( w . ? ) I   c o n t a i n s   a n   i n f i n i t e   s u b s e t   o f   i i d  
random  j> 'var iables  wi th  pdf   pB(q),convergence 
WP1 i s  exc luded. Indeed, th is   would mean t h a t   t h e  
sequence {Q(W*)I~,~ c a n   o n l y   f i n i t e l y   o f t e n  be  abo- 
ve  every  leve'l qmin+EyE>O. 

R A N m  SEARCH  AND ORDER STATIST ICS :The s t a t e  func- 
t i o n   q .   c a n   a l s o   b e   s t u d i e d   t h r o u g h   t h e   p r o p e r t i e s  
o f   o r d e r   s t a t i s t i c s   [ 1 1 - 1 3 ] . I n d e e d , n o t i c e   t h a t  

q J .=Min(qo,Q(w;) ,Q(w;) ,.. . ,Q(w'j)} 
where   t he   pd f   p (q /X . )   o f  Q(w*+,) i s  such  that , inde-  
pendent o f  X .  and f o r   a l l J  j = 1  , 2 , . .  . .: 
(43)  ProbiQ(wj+l  ),<qmin+E}>aj - P s j  -PB(qmin+E) 

which i s   o b t a i n e d   b y   i n t e g r a t i n g   ( 3 4 )   . A c c o r d i n g l y ,  

(44)  Prob{qj&qmin+E}> 1-  II (l-psi.ai.PB(qmin+~)) 

which, in  v iew o f  PB(qmin+E)>8(E)>O and Cp ..a.=m 
t e n d s   t o  1 as j-. 
Some p r o p e r t i e s   o f   t h e   i n d i c a t o r   f u n c t i o n   w ( q  .,q . 
+E) ( 9 )   a r e   a l s o   o b t a i n a b l e   f r o m   g e n e r a l i z a t i t h s m ' r '  
o f   t h e  lemma o f  Bore1  [18,24] b u t   t h e  same cond i -  
t i o n   ( 1 9 )   i n e v i t a b l y   a p p e a r s  as t h e   c o n d i t i o n   o f  
convergence. 

D(AMPLES :Theorems  1,2 do s t i l l   h o l d  i f  p . ,a .  a r e  
adapted  between  upper  and  lower  boundar ie$J  Jthat 
a r e  number  sequences s a t i s f y i n g   ( 1 9 )   a n d   ( 3 6 ) , i n  
which  case p and a. are  "components" o f   t h e   s t a t e  
x .  .If the  s jconverdence  o f   the  average  measured 
p&formance i s   n o t  needed,there i s  no r e a s o n   f o r  
n o t   t a k i n g  p .=1. 
I f  psj+O  (365; t h e   s e a r c h   v i r t u a l l y   s t o p s   a f t e r  so 
me t i m e . I n   s l i g h t l y   n o n s t a t i o n a r y   e n v i r o n m e n t s  
however  - i .e.Q(w) i s   s u b j e c t e d   t o   s m a l l  changes as 
time  passes-,a  minimal  amount o f   b a s i c   s e a r c h   i s  
d e s i r e d   a t  any moment t o  make up f o r   t h e   " a g i n g "  o f  
t h e   b a s e p o i n t . I t   i s   t h e r e f o r e   o f   d e f i n i t e   i n t e r e s t  
to   s tudy  constant   search  parameter   a1gor i thms:p - 
Cp;aj=C, f o r   a l l   j > O . I t   c a n   b e   p r o v e d   t h a t  s j- 

(45)  lim lim E { D ( X  E ) }  = 1 f o r   e v e r y  E>O 

i f  C >O and C >O.Indeed,theorem 1 holds  and  exten- 
d ingP(42)   y ieyds :  

(46)  E{D(Xj,~)l&Cp.Ca.PB(qmin+~)+(l-C P ) .  

(45)  fo l lows  f rom  (21)  and  (33).Expression  (45) i s  
i n  comp le te   ag reemen t   w i th   t he   de f i n i t i on   o f   E -op -  
t i m a l i t y   f o r m u l a t e d   i n   c o n n e c t i o n   w i t h   f i n i t e   s e t  
s tochas t ic   au tomata  [6,17]  where t h e r e   a l s o   e x i s t s  
a p o s i t i v e   f u n c t i o n   o f   t h e   s e a r c h   p a r a m e t e r s   ( h e r e :  
C ) whose convergence  to   zero   imp l ies   asympto t ica l  

'concentrat ion  o f   the  search  pdf   on  the minimum 
( 3 , 1 2 , 4 5 ) . I f   t h e   d e s i r e d   a s y m p t o t i c a l   f a u l t   i s   g i -  
ven,say E' ,then,?? C = E '  , 

J 

j 

i = l  , 
SJ J 

cP+o j- j ' 

E{w(qj "j,,in+E)} 

P 
lim E { D ( X j , ~ ) I  3 1 - E' f o r   e v e r y  E>O 
j- 
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For such constant  search  parameter  algorithms i t  
i s  also  possible  to  extend the idea of  expediency 
f i r s t  defined by Tsetl in [22] fo r   f i n i t e   s e t   au to -  
mata.In terms  of the  average measured  performance 
( 1  1) and the mean of the  basic  search pdf uB (38) ,  
the  definition of  expediency  reads : 

( 4 7 )  lim EIT(Xj)I< pB a Jq .pB(q) .dq  

For the  presented  technique,if C >O, Ca>O ,theo- 
rem 1 holds.If  (31)  holds,inequahity  (39) can 
be written.Replace p and a. in (39) by C and 
C ,take  the  expectasitions J a t  b o t h  sidesPof  (39) 
afid subst i tute  E(q . I  by q m i n  for  j- .Then,the 
condition  of  expedjency (47)  reduces to:  

j- 

r.hich i s  always fu l f i l l ed   fo r  C small enough or 
for  C-,=l. P 

u 
The spec i f ic   f ie ld  of  application of random 

search and probabilist ic automata i s   t he  optimiza- 
tion of "d i f f i cu l t "  performance indices   [ l ] , i   .e .  
nul timodal  ,non-continuous  ,non-di fferentiabl  e  ,etc. 
performance indices.In  the  l imit  such probabilis- 
t i c  procedures can be used for  anomalous Q ( w )  for 
which,by definition,no  hypothesis  concerning  the 
behaviour  of Q ( w )  holds.Hence,no other  search  stra- 
tegy can be followed t h a n  to  take gQw/Xj)=gB(w) 

=1 . Such procedures are   cal   le  
robabilistic  search" procedures.To i l l u s t r a -  

te   the slowness  of these  procedures  in high-dimen- 
sional  Euclidean  spaces fo r  non-anomalous,functions 
Q(w),consider  the  following example. W C - R  i s  a hy- 
persphere  with  radius 1 centered  in the origin and 
Q ( w ) =  I w (  ,B>O.Let g B ( w )  denote  the uniform pdf in 
N and a = p  =l.Notic  ing  that q m i n = O  and P, (q)=  
qn" , ( 4 4 )  reads: 

B 

j s j  

Prob{ Q(wj)"q l  = 1 - (1-q n/B ) j+l  
This resul t  was f i r s t  obtained by Brooks [7]. 

In reality,most Q ( w )  are non-anomalous and 
pure probabilistic  search  procedures  are seldom 
used.The option  that a. might tend t o  0 fo r  j- and 
t h a t  nothing i s   requided  concerning g l ( w / X . )  per- 
mits a gradual  switch t o  non-random Jd i r ec t  
search  techniques  as  the  search  proceeds.It was 
mentioned in [19] t h a t  "random search"  is  n o t  par- 
t i cu la r ly   fas t ly  converging  near the minimum and 
therefore,other  direct  search  techniques  (gradient, 
stochastic  gradient,conjugate  gradient,simplex, 
e t c . )  seem desirable   a t   the  end of the  optimizati- 
on.Condition  (19)  concerns the r a t e  with which 
such a gradual  switch can be made.This class o f  
methods ,very  popular for multimodal functions  , is  
called "mixed search"  class  of  procedures. 

Recentlydnore sophisticated 100% probabilist ic 
techniques are  being studied for use in multimodal 
optimization  [2,5,21].g ( w / X . )  i s  a mixture  of d i f -  
ferent pdfs  with adaptige  Jweights and adaptive 
parameters  in each mixture component  pdf.Commonly, 
one  component i s   t he  uniform distribution  in W and 
the  other components either  gaussian with adaptive 
s ta t i s t ics   [2 ,8]  or uniform i n  subdomains of  W.The 
parameters are  adapted  in  order  to  concentrate  the 
search e f fo r t  on promising  regions [2,5] or in or- 

der t o  avoid  sampling in  high-loss  regions [21]. 
If  g ( w )  is the uniform pdf in W and a. i s   the  
weigat of gB(w)  in  the  mixture,the aboae given dis-  
cussion of the  asymptotical  properties  of  statis- 
t ical   search procedures can be applied  to  this 
group of  procedures,sometimes  referred  to  as "ran- 
dom search with  a  mixture". 
The presented  procedure has even applications  in 

on "defects"  of Q(w).Assume tha t  p =1 and 
g. ( w / X . )  represents  the pdf in W 'Jused for  local 
h?ll-  Jclimbing.As  a  rule,g ( w / X . )  i s  a pdf cente- 
red a t  w.  and uniformly c o n h t r d a t e d  on a hyper- 
sphere,  Jhypercube,etc.  or  concentrated on the  cor- 
ners of a hypercube or uniformly  in  a  hypercone, 
hypersphere e t c .  [5,8,16,19,23] (for  a  survey,see 
[l]).Expression  (26)  evolves  in: 

- local  hill-climbing i n  order  to  avoid  absorption 

( 4 9 )  i s  a kind  of inequality  dealt  with in Theorem 
5 of  Braverman  and  Rozonoer [14] and,accordingly, 

9 * I  
J Po(q/Xj).dq -+ 0 WP1 as j- 
--m 

Thus,stationary  points w* of the  search  are  satis- 
fyi ng : 

(50) J J w(Q(w),u).g,(w/X*).dw.du = 0 

where X* i s  a stationary  state  for  the  process.  
I t   i s  n o t  necessarily  true  that   al l   the 

s ta tes   for  which (50) holds are  stationary  points 
of the  search  process.For  instance,if w / X .  i s  
uniformly distributed on a hypersphere  withJradi- 
us R centered a t  w .  ,then (50)  holds for  a1 1 w* for  
which there  are  noJpoints on the hypersphere  with 
Q(w)<Q(w*).Thus,w* i s   e i t he r  on a f l a t  level or 
near a local minimum ( i f  Q ( w )  i s  continuous) or 
near  the boundary  of a constraint  region.In  the  se- 
cond case,the  local minimum cannot be further away 
from w* than 2R,with which value  the  asymptotical 
accuracy of the  solution can be controlled.0n  the 
contrary,if  go(w/X. )  i s   t he  uniform pdf in  the 2y- 
persbhere or a  Jgaussian  density N(w . , o . I )  
exact  local  minimization  will be achieved 
by the same reasoning.The s i tua t ion   i s  worse i f  
g ( w / X  .)  does  not "enclose" w .  ,such as  ,for  instan- 
cg forJpurely atomic densit ied.The  stabil i ty condi- 
tion (50) might be sa t i s f ied   for  many points  inclu- 
d i n g  some t h a t  are  not even close  to any local 
minimurn.It i s   c lear   tha t  i n  creeping random search 
i t   i s  preferable  to  search w i t h  densit ies go(w/X ) 
t h a t  are  dense f o r   a l l  small \,w-w I .Flat   le-velsj  
and boundaries can be  viewed as j traps  for  the ba- 
sepoint even i f  Q ( w )  i s  unimodal and continuous.If 
g (w/X.)  depends upon "second levell'adaptive  para- 
m&tersJ(such  as  the  variance of a gaussian  pdf), 
the   se t  of s ta t ionary  s ta tes  X* can only grow and 
extra  preventions  should be made against a toomid 
contraction  of g ( w / x . )  on w. . I n  gaussian  creeping 
random search  'withJadaptide  variance  (/5,8] 
etc.)  absorption on one o f  the  "traps" can usually 
not  be avoided unless  the  variance  is  prohibited 
t o  decrease too  rapidly.If W i s  bounded,d i s  the 
maximum distance between two points of W,g ( w )  de- 
fining q . (15-16) i s  uniform i n  W then Ba.=Min 
go(w/Xj)m'nover a71  weW.Condition (19) readsJ: 

Q(w*) +oo 

-03 -m 
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S1 i gh t l y   super io r   expe r imen ta l   resu l t s   have   been  
ob ta ined  by   combin ing   c reep ing   random  search   w i th  
l i n e a r   s e a r c h   i n   a n a l o g y   w i t h   d i r e c t   s e a r c h   a l g o -  
r i t hms   o f   Rosenbrock ' s   t ype   [ 20 ]   ( see  [l] for   a  
s u r v e y ) . E a c h   i t e r a t i o n   w i t h  random  search i s   f o l l o -  
wed by  some number  (say,M) o f   i t e r a t i o n s , c o n s i s t i n g  
o f  l i n e a r   s e a r c h   i n  a   s p e c i a l l y   d e t e r m i n e d   d i r e c t i -  
o n . N o t i c e   t h a t   d u r i n g   t h e s e   l i n e a r   s e a r c h   s t e p s  
c1 .=O and  consequently,the  value o f  p . i s  i r r e l e -  
vdnt  (19)  whenever  such  l inear  searchJ  steps  are 
made. 

o f  a  combi.nation o f   s e v e r a l   d i r e c t   s e a r c h   t e c h n i -  
ques. Complex sys- 
tems i n  w h i c h   s e v e r a l   " l e v e l s "   c a n   b e   d i s t i n g u i s -  
hed (0r :h ierarch ica l   search  systems)   were  the  ob-  
j e c t   o f   s e v e r a l   e x p e r i m e n t a l   r e s e a r c h   p r o j e c t s   [ 2 -  
61   and  hopefu l   resu l ts   have  been  ob ta ined 

by  combin ing  s tochast ic   automata ,random search 
and o t h e r   d i r e c t   s e a r c h   t e c h n i q u e s  i n  mul t imodal  
opt imizat ion  problems.Most   o f   the  programs  are  heu-  
r i s t i c a l l y  der ived,however,   and  the  proof  of   con- 
vergence i s   u s u a l l y   l a c k i n g   . F o r  a   la rge   g roup  o f  
h ie rarch ica l   search   sys tems ,an e l ' e g a n t   p r o o f   o f  
convergence  can  be  given  using  the  theorems  develo- 
ped i n   t h i s  paper.As  an  example,let W b e   p a r t i t i o -  
ned i n t o  S domains  andleteachdomain  be p a r t i t i o n e d  
i n t o  S subdomains e t c . . I f   t h e r e M a r e  M such   l eve l s ,  
t h e  number o f   b l o c k s   e q u a l s  'S . In   each  b lock  
search  can  be  performed  according t o  a   s imp le   un i -  
form random  1aw.The s e l e c t i o n   o f  one  b lock i s  done 
throuqh M p r o b a b i l i s t i c   a u t o m a t a   e a c h   w i t h  S proba- 
b i l i t i e s  .If gB(w) i s   u n i f o r m   i n  W,then c o n d i t i o n  
(1  9 )  can  be   t rans la ted  i n  terms o f   t h e  maximal 
r a t e  o f  decrease o f   t h e  S.M s e l e c t i o n   p r o b a b i l i t i e s  
o f   t h e   a u t o m a t a . I n   v i e w   o f   i t s   i m p o r t a n c e   t h i s   t o -  
p ic   deserves   spec ia l   separa te   t rea tment .  

CONCLUSION :There i s  a   l a c k   o f   t h e o r e t i c a l   s t u d y  o f  
t h e   p r o p e r t i e s   o f   s t a t i s t i c a l   s e a r c h   p r o c e d u r e s  
when compared t o   o t h e r   s e a r c h   t e c h n i q u e s . I n   t h i s  
paper, important  concepts f o r   t h e   a n a l y t i c a l   t r e a t -  
ment o f  random search  systems  are  brought   together ,  
rede f ined   o r   new ly   i n t roduced .The   asympto t i ca l   f ea -  
t u r e s  o f  t h e   t e c h n i q u e   a r e   d e a l t   w i t h  i n  the  q-do- 
main.Based  upon the  connect ion  between random 
s e a r c h   a n d   p r o b a b i l i s t i c   a u t o m a t a , t h e   d e f i n i t i o n s  
o f   e x p e d i e n c y , o p t i m a l i t y   a n d   E - o p t i m a l i t y   a r e   e x t e n -  
ded f o r  use i n  random  searck.Convergence o f   t h e   a v -  
erage  measured  performance i s  p r o v e d   f o r   t h e   c l a s s  
o f   p r e s e n t e d   a l g o r i t h m s .  
I n  a s i m i l a r   b u t  somewhat more  complicated  way,sto- 
chas t i c   pe r fo rmance   i nd i ces   can   be   dea l t   w i th .  
The bas ic   theorems  fo r   p rov ing   the   convergence  a re  
the  theorems o f  Braverman  and  Rozonoer  [14-151 t h a t  
a r e  more  general   than  the  theorem o f  Dvoretzky.As 
t h i s  way o f  d e a l i n g   w i t h  random  search i s  new,fur- 
t he r   research  seems necessary  to   develop 
d i r e c t   s e a r c h   t e c h n i q u e s   f o r   u s e   i n   s t o c h a s t i c   o p t i -  
m i z a t i o n   p r o b l e m s   t h a t   a r e   c o n s t r u c t e d   s i m i l a r l y  
t o  t h e i r   c o u n t e r p a r t s   f o r   u s e   i n   d e t e r m i n i s t i c  op- 
t i m z a t i o n . F i n a l l y , i t   i s  shown how the  approach  pre-  
sented  here  can  be  used  as  a  framework f o r   d e v i s i n g  
and  p rov ing   convergence  fo r   h ie rarch ica l   search   sys-  
tcms  and  random  search w i t h  a   m i x t u r e .  

La rge   sca le   op t im iza t i on   p rog rams   usua l l y   cons i s t  
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