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On the Probablistic Worst-Case Time of “Find”?
L. Devroy€

Abstract. We analyze the worst-case number of compariSenf Hoare’s selection algorithminD when
the input is a random permutation, and worst case is measured with respect to tke\kingive a new short
proof thatT, /n tends to a limit distribution, and provide new bounds for the limiting distribution.

Key Words. Binary search tree, Selection problem, Order statistic®, Expected time analysis.

Hoare’s Algorithm FIND. Most textbooks on algorithms and data structures mention
Hoare’s algorithnFIND (Hoare, 1961) for the selection of théh smallest from a set of
n pairwise different elements: one grabs a pivot uniformly at random from the available
elements, and compares the- 1 remaining elements against it. If the rank of the pivot
is ¢, and¢ = k, we return the pivot itself. I < k, we recursively return thieth smallest
of the set of smaller elements.df> k, we return thg?¢ — k)th smallest from the set of
larger elements. The randomization is done by initially randomly permuting the data, and
keeping the elements in that random order throughout. The pivots are the first elements
in the sets searched. Denote the number of comparisoiig pyThis process may be
visualized through a binary search tree that is constructed by consecutive insertions of
the elements of the random permutation. To findktieorder statistic, start at the root
(the first pivot), assign a cost aof— 1, go the appropriate subtree, and recurse, always
assigning a cost equal to the size of the subtree of a node, minus one. The worst-case cost
for this fixed random tree (with respecthd is obtained by taking that path down the
tree that yields the largest sum of individual costs. This way of looking at the problem
is explored in the paper.

Many results are known aboti . In particular, ifk ~ xnasn — co andx € (0, 1)
is fixed, thenE{Tn x}/n — 2—2tlogt — 2(1 —t) log(1 —t) (Gribel and Rsler, 1996).
This can also easily be derived from a formula of Knuth (1972),

E{Taox}=20+3+ N+ DHy — (K+2)Hk — (n+ 3 = K) Hnpak,

whereH, denotes thath harmonic number. Furthermorg, x/n 5 W(X), wherei
denotes convergence in distribution, and where the law ©f) is described in the work
of Gruibel and Rsler (1996). We also know that

sup P{Tox > tn} < Cp'

1<k<n
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foranyp > ;3’1 and some constafi(p) (Devroye, 1984), so thak, k is indeed linear in
n in a very strong uniform sense. This paper will strengthen that belief. We denote the
worst-case time by

Tn = max Tn k-
1<k<n 7

The purpose of this note is to give a short proof of the following.

THEOREM1 (Theorem 12 of Grbel and Rsler (1996)). We have

TnL‘
—
n

S,

where S is a random variable supported[@noo), and whose distribution is uniquely
described by the solgroper random variablesolution of the distributional identity

SE£maxUSs,(1-U)S) + 1.

Here £ means identity in distributigrJ is a uniform[0, 1] random variableand 3
and g are distributed as S and US and $ are independent

The random variabl&is the supremum of a process also studied hybBtand Rsler
(1996), whose work yields Theorem 1 with trivial modifications. The focus of the work
of Griibel and R$ler was the fixed-point method for identifying the limit distribution of
the complexity oFIND when one looks for thexn|th order statistic witkx € (0, 1) fixed.

The fixed-point method of analysis was pioneered bglBr'(1991, 1992), and surveyed

by Résler and Rschendorf (1999), and yielded a characterization of the limit distribution
of the complexities of quicksort @&ler, 1991)FIND (Rdsler, 1997), partial match in k-d
trees (Neininger, 2000), partial match in quadtrees (Neininger asdi®hdorf, 1999b),

the internal path length in quadtrees (Neininger andgdRéndorf, 1999a), and many
other algorithms. Gufiel (1997) provides a Markov chain alternative to the analysis of
FIND. In the present paper we merely point out that by using an embedding technique
for random binary search trees, the limiting process can be obtained rather routinely by
monotone convergence, and that the stud$ (ifut not that ofT, |xn;) and the proof of
Theorem 1 are in fact rather straightforward. This provides an alternative shorter path to
Theorem 12 of Qubel and Rsler (1996). Pruned trees (Lent and Mahmoud, 1996) form
yet a different way of viewing things. In the last section we provide more information
on the distribution ofS and show that it has a density, is Lipschitz continuous, and we
also provide bounds on all moments, as well as explicit exponential and asymptotic
superexponential tail bounds.

Explanation via Binary Search Trees. We could have solved this probleminanumber

of ways, but the route followed here is perhaps the most intuitive one. From the random
permutation, we construct a random binary search tree by standard insertion. This tree
may be used to explain or visualize the complexityoi. Indeed, if thekth smallest
element is found by following the path, us, ..., uny, starting from the rootip, then the
number of comparisons (& (up) —1)+ (N (ug, Uy) —1)+- - -+(N(Ug, Uy, ..., Um) — 1),
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where N(ug, Uy, ..., Uy) is the size of the subtree rooted at the node whose path is
defined by(ug, Ug, . .., Um). To get a handle on the sum of thug, Uy, ..., Uj)’s, we
represent this random binary search tree in yet another way, following Devroye (1986a).
The sizes of the subtrees of the root are distributed jointly|asJ |, [n(1 — U)])

whereU is uniform [0 1]. We associate this valué with the root of an infinite binary

search tree that describes sizes of subtrees. We recursively associate independent uniform
random variables with all nodes in this infinite binary search tree. If we follow the path

Ug, U1, ..., Uy in this new tree, antly,, Uyy.u,s - - - » Yug.us....u,, are the uniform [01]

random variables associated with the nodes on this path, starting with theraod if

we define

N(UO’ ey Um) = I_ o Ll_nUUOJUUo,U1J oo UUo,Ul,...,Um_lv

then the following property is valid: the infinite collectionidf,’'s (one per node) is jointly
distributed as th&l,’s in the original random binary search tree, with the understanding
in the original tree thalN,, = 0 denotes a nonexistent node or subtree. Clearly, then,

To=  sup Z(N(uo,...,u,—)--nh
m>1;up,Us,...,Un i=
where the supremum is over afland all pathsig, us, ..., u,. Observe the following:
if Uyg.u,.....u 1S the uniform [Q 1] random variable associated with then

m
nl_[Uuoul ..... (m+l)<N(an"'vum)EnHUUO,Ul ..... Uj'
j=0

Thus, if P denotes the collection of all paths, a4, the collection of all paths aofn
edges starting from the root, then taking the supremum over all paths in the previous
inequality shows the following:

o ]
sup)_ [ [V

j=01i=0

ﬂ

Furthermore, for any integen > 1,

T mo (Mm+1(m+2)
7 2 3P [ Vs =

So, if we takem = [n%/4], and letn — oo, then, by monotone convergence, we see that
almost surelyT,/n tends to

1>

S

0 ]
su pZHUuoul ..... uj

j=0i=0

The possibly extended random varial¢an extended random variable is one taking
the valueco with positive probability) does not involve, and may thus be studied
separately, which is what we will do in the next section. Observe that at this point, we
do not know yet whethe® < oo with probability one!
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The Hoare Process and the Proof of Theorem 1. The proof of Theorem 1 proceeds

as follows: first we give another representation$an terms of random functions. This

representation allows us to prove tt&is a proper random variabl&S(< oo almost

surely). We note tha$ satisfies the distributional identity, and recall from the last five

lines in the proof of Gubel and Rsler's Theorem 12 (1996) that the distributional

identity has one and only one random variable as a solution. Therefore, we are done.
For lack of a better name, we now describe the Hoare process, dh, [@efined

by an infinite binary tree in which each node has an independent copy of a uniform

[0, 1] random variable. Lefo(x) = 1, 0 < x < 1. Define the interval partitionl; =

{[0,U),[U, 1} £ {A1.1, A2}, whereU is the uniform random variable associated with
the root. Let

fo(x)U, X € A1,1;
fi(x) =
fo)(1—U),  xe€ A
Each of the sets aofl; is associated with a child of the root, and has in turn a uniform

random variable associated with it. Calling these uniform random variadbkasd W,
we obtain a new partition with?2members,4, = {[0,UV),[UV,U),[U,U + (1 —

U)W), [U + (1 — U)W, D)} £ {Az1, ..., Azs}, and a new function

f]_(X)V, X e A2,1;

f.(0(1-V), X € Ago;
fa(x) =

f1(OW, X € Agg;

fl(X)(l - W), X € A2,4.

This construction, duly iterated, yields functioffig that are staircase-shaped with 2
supporting intervals. At eack, f,(x) is the product oh random variables. Define

Z, = supfh(x),
X

the size of the largest of thé ttervals in the collectiotd,,. By taking logarithms, and
noting that wheru is uniform [0, 1], then—logU is exponentially distributed, we see
that — log Z, is distributed as the minimum of'4ddependent) sums af independent
exponential random variables, and is in fact the minimum value in a branching random
walk in which we have two children per node and all displacements are exponentially
distributed. The properties of such minima were studied at length by Biggins (1976,
1977) after initial work by Kingman (1975) and Hammersley (1974), and, in fact,

—log Z,
n

Y

almost surely, whereg is the solution of 2el™" = 1.
The partial sums

n
;OO =) fi0, 0<x<1,
=0



On the Probablistic Worst-Case Time of “Find” 295

define thenth Hoare process, argix) = Zfio fj (x) is the Hoare process. Note that by
positivity of the f's, g(x) is well-defined (but possibly infinite) for atl [0, 1). We note
here that this process goes back takBl'and Rsler (1996), who use it mainly to analyze
the complexity ofFIND when searching for thexn|th order statistic, wherg € (0, 1)
is fixed. In fact, the complexity afiND in this case is roughly distributed ag(x).

We define the Hoare supremum (Figure 1)

S=supg(x) = lim supgn(X)
X n—oo X

and introduce the sequence of random variales= sup gn(x). Note thatS, <
Z?:o Z; so that by Biggins’ result cited abovg, = O(1) almost surely. Furthermore,

S < > 20 Z; so thatS < oo almost surely. AsSis a limit of a monotone supremum

of a staircase function, it is easy to see tRais a proper random variable. By the
recursive nature of the definition of the Hoare process, we seéstisadlistributed as
1+ max SU, S'(1 - U)), whereS, S’, U are independen§ andS” are distributed
asS, andU is uniform [0, 1]. As Gnibel and Rsler (1996, Theorem 12) showed, there
is only one proper random variable that is a solution of this distributional identity. This
concludes the proof of Theorem 1.

Additional Properties of S. We first show that for our random variable, using only
the original definitionE{S} < co. This will be needed later for crucial higher moment
bounds.

LEMMA 1. E{S—1} <5/+/27 + 12e/5 < 8.5185.

PrROOF  Note that if theU;'s are independent uniform [Q] random variables an@,
is a gamman) random variable, then, fdare (0, 1),

n
P{Z, >t} < Z"IP’{HUi > t} = 2"P{G, < —logt}
i=1

—logt yyn—1,—Xx n-1
2”/ x"~te dx < 2(2log(1/t)) .
0 (n—1n! (n— 1!

Thus, forc > 0,

! 1 n-1
E{Zn} = / ]P’{Zn>t}dt§/ min(mJ) dt
0 0

(n—1)!
(o) n—1

= / min<2(2u7)’1) e Ydu
0 (n—1!

cn 2(2u)n—l en
< fo D du+e

2 n
(2cn) g
n!

n
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Fig. 1. The functiongy, and the limit functiorg are shown. Note that the Hoare supremsim the supremum
of g.

Usingn! > +/27n(n/e)", we have
1 2ce

> > (2cn)n 1 (2co" 1
E{Z,} < -
n; (Zah =D Z/— €1 (1-209v2r ¢

n=1

Recall thatS— 1 < Y 7, Z,,. Therefore, taking = 5/(12e), we see thak{S— 1} <
5/+/27 + 12e/5 < 8.5185. O
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Introducey, = E{(S—1)'}.
LEMMA 2. S is supported of2, co).

Prook Clearly,S > 1. From the distributional identity,

S>1+maxuU,1-U) >3
However, then

S>1+3maxyU,1-U)> 71
By induction,S > 2. O
LEMMA 3. Forintegerr> 1,

E{(S—D 14y <3 U E{S— 1) < .
PrROOF The inequality is valid for = 1. We prove by induction on that
v <3r!C, r>1,

whereC = E{S—1}/3. Assume& > 2 and assume that the inequality is true up to1l.
By applying rather crude bounding (a maximum is less than a sum), we note that

Vr

2
E{(S- D'} = 2E{S"}E{U"} = m]E{((S— D+

()
— > vi|.]-
r+14  \j

Thus,

2 < ) 2 =Locsijirr 2c3rt L 3
v < C3r!
Vr 1]2:1 r_llzoll(r_J)l_ r—1 JX(;(T'—J)I_

provided that

r—1

2123 ‘(r—J)' =r-t

However, the left-hand side is not more thge'?® — 1) < 2e/3/3 <1 <r — 1. Thus,
we showed that

v < 3 UIE{S-1}. O

REMARK. From Lemma 3, for some finite constaby

v <C3rl!, r>1
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Thus, (v, )Y@ = O(/I), which implies

This is Carleman’s condition (see, e.g., Stoyanov, 1987) for the moments of a positive
random variable so that they uniquely define the distribution. Thus, we showed that any
solution of the distributional identity having{S} < oo is uniquely determined by its
moments.

REMARK. By carefully checking the last part of the proof of Lemma 3, we see that
if we defineD = 1/W(%) = 2.843059872.., whereW(.) is Lambert’'s W-function
(defined as the solution dW(x) exp(W(x)) = x), then

rME{S—1)

E{(S—-1'} < ————.
(G- = (W(3)r 1

REMARK. Note that the solutioiX of X = 1 + Xmax(U, 1 — U) is a minorant ofS
in stochastic order, and may thus be used to obtain lower bounds for moments and tails
for S.

THEOREM2. The density of the limit random variable S is supported2ino), has
bounded variation not exceediigis bounded by, and is in fact Lipschitz with Lipschitz
constant not exceedirgjFinally, 3.3862< 2+2log2 < E{S} < 1+5/+/27+12e/5 <
9.5185.

PrOOF We first prove that there is a density and that it is bounded by 1. To see this,
we look at the density o6 — 1 = maxSU, S'(1 — U)) in the notation of Theo-

rem 1. Condition on§ = a, S’ = b], wherea, b > 2 are arbitrary numbers. Then
maxaU, b(1 — U)) has the following density:

1 1
fap(X) = al[ab/(a+b),a] (x) + 5 I{ab/a+b).6) (X).

The density is bounded by/a + 1/b < 1. As the unconditional density is obtained by
replacinga andb by S andS’ and taking expectations, we see that it too must be bounded
by 1. Furthermore, the conditional density is unimodal and of bounded variation equal
to 2(1/a + 1/b) < 2. While this does not guarantee that the unconditional density is
unimodal, it suffices to conclude that the unconditional density is of bounded variation
not exceeding 2. By symmetrii{ fs s/ (X)} = E{(2/S)lss/(s+5)<x<s}, and thus we
need only look aga b (X) = (2/@) ljabya+h),a (X). Now, forx <y,

2/a if ab/a+b)y<x=<ax<y;
Gab(X) — Gan(y) = 1—2/a if x<ab/(a+b)<y<a;
0 otherwise
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Thus,|gab(X) — Gab(Y)| < (2/@)Ix<a<y + (2/8) Ix<aby@atb<y- Unconditioning, we see
that

E{fs.s®} —E{fss(W}I = [E{gs.s ¥} —E{gs,s (N}

E{lgs,s (%) — 9s,s (M}

P{S e [x,yJU[SS'/(S+S") € [x, y]I}
= 2y—-x

IA

IA

as the density ofS is bounded by 1, and thus also the densityS®8’/(S + S).
Therefore, the density 08 — 1 is Lipschitz with constant not exceeding 2. The
last statement follows from Lemma 1 and the following simple argumBg®} >
sup, E{g(x)}. From classical results (see, e.g.uGel'and Rsler, 1996), supE{g(x)} =
2+ 2log 2. O

Tail Bounds for S. In this section we derive useful exponential tail boundsSand
Tn (Theorem 3). In Theorem 4, we give nonexplicit superexponential tail bound for

THEOREM3. Fort > 4,

E{(S— D}t — 1)e t-4/3
SUpP{T, > tn} < P{S>1t} < {s )}(tg )e |
n>1

PROOF ForO< A < 1, by Lemma 3,

S ANE{(S-1D) E{(S—-1} & E{(S—-1
B ) = 3° {(rl )} _ {(3 )}Z@Mr: {3(_%)}.
) r=0

r=0
Therefore, by Chernoff’s bounding method, for 3,
e ME{(S—-1)} - e IBE((S— D}t
3—9x - 9 ’
where we took. = (t — 3)/3t in the last step. Theorem 3 then follows by noting that
T, <nS O

P{S—1>t) < e ME{ESP) <

Considering the second remark following Lemma 3, we note that this bound may
be slightly tightened. The bound of Theorem 3 is very useful for comparisons with the
standard linear worst-case algorithms that, depending upon the implementation, have
time bounds only guaranteed to be abouh.Z0he version of Blum et al. (1973) has
complexity not exceeding 15— 163 forn > 32. The much more involved algorithm of
Schonhage et al. (1976) has complexity 3 O((nlogn)¥4).

Regarding the stability ofiND, Gribel and Rsler (1996) showed that the tails of
Th.xn/N decrease faster than exponentially Xo€ (0, 1), but no such superexponential
behavior of the tail off,,/n has been established to date. For related work on superex-
ponential tails, see Mahmoud et al. (1995). We show precisely that:
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THEOREM4. For any A> 0, there exist constants s and C such that
E{(S— 1"} < Ce A" rl,
for all integer r > s. For integer t > s,

SUpP{T, > (t + hn} < P{S— 1>t} < Ce A9,

n>1

PrOOF The second statement follows from the first one by taking t, and using
Markov's inequality, ift > s:

E{(S-1') _ Ce Ao

P{S—1>t} < T i

< CeAt-9)

Introducey, = E{(S— 1)"}. In Lemma 3 we showed that, for integer 1,

v <3 U1 E(S— 1}

and
2 =2
= 250 (0)
r—14 i
Define
S = {4(9eA — 1)—‘ .
Set
B=E{(S—1)3?
and note that, by Lemma 3, max, v1/1!, ..., vs/s!) < B. Take
c — max( B, 22¢ 7286(2/6)2@“9“1’1) :
’ ’ s
We show by induction on that
Br! < Crl, r <s;
"=lceAr-or,  rss

The former inequality is obvious by definitions BfandC. Fixr > s and assume the
claim abouty, is valid up to index — 1. Then, ifr —s+ 1> e+,

2 1 r 2 =Xy
r—1-0"i<1>+r—12""<1>

j= j=s

Vr

IA

2Br! & 1 2Cr! e Al
< — > =+ .
r—1 j! l‘—ljzs(l‘—j)!

j=r—s+1
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2Ber! 2Cr! e A—9) 1= Al
< + —
- =D —-s+1! r—1 = j!
2Ber! e r=stl  2CrieAC-9
< e (o )
- S r—s+1 r—1
CrleAl—sth)  2Crl g Al-9g
= 2 R T
< Crle Al—9),

If s <r <s— 14 e 7, then, using the fact that

> 289(2/8)2 eA(eA+171) ’

C
S
we have
1 r—s+1
2Ber! e <crl e_A(eA+1_1) <Crl e—A(r—S)
s(e/22 \r —s+1 - -
so that we can conclude the induction. O

Inverting any Staircase Function. The following problem is important in a number
of fields: given are unsorted numbexs ..., x,, together with a number of positive

weightswy, ..., wy. Determine the unique indéxsuch that
D owi<ys ) w
JiX <X J1xj <X

wherey is a given number. We return 0 if no such index exists. It takes just a moment
to verify that this problem can be solved by a trivial adjustment of the two-split version
of FIND: assume that théx, w;)'s are already randomly permuted. Then taeand
computev =3 ;. _ wj- If v <y <v-+wy, thenreturn 1;ib +wy <y, thenrecurse,
using only thosexj’'s whose value is> X3, and replacey by y — v — wy. If y < v,

then recurse using only the valuesx;. The complexity of this algorithm (in terms of
numbers of comparisons) is a random variablg, w1, ..., wy). However, note that

L
sup T(Y,wy,...,wy) =Ty

so that our analysis applies to this situation. In particular, uniformly over all values of the
vector(ws, ..., wy), the complexity is bounded b§n whereSis the supremum of the
Hoare process. The adversary may even pick the weight vector after having inspected
the permutation! Finding ™ (y) where

FOO =Y wilpg.0(X)
i1
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with positive weightaw;, and thex;’s unsorted, can thus be done in time bounded above
by a random variable distributed &g.

A situation where this arises is the generation of random numbers{ftgm. ., x,}
with given probability weight9s, . .., pn. If we preprocess and sort tixgs and com-
pute the cumulative weights, that is, the cumulative distribution function, and if we
let y be a uniform [01] random variable, then the returngdhas indeed the correct
distribution: this is known as the inversion method in random variate generation (De-
vroye, 1986b). By keeping two arrays, the expected time can be shown @(be
uniformly over alln and all weight vectors—this is known as the alias method (Walker,
1977). However, without preprocessing, inversion may be organized bsiNbdike
algorithm in O(n) expected time, uniformly over all weight vectors, as we showed
above.

Generalizations ofIND in the hope of obtaining better performance are relatively
easy to obtain. For example, if we use the random permutation model, and pick the
median of the first th 4 1 for splitting, then with some minor work, one can show that

Tn/n has a limit distributed a$§, whereS £1 + maxSX, S’'(1 — X)), andX is beta

(m+ 1, m+ 1) distributed. For related work, see Kirschenhofer et al. (1997, 1998).
Finally, to search for several order statistics, one may turn to multiple quickselect,

a generalization of Hoare’s method. It was analyzed by Mahmoud and Smythe (1998),

Panholzer and Prodinger (1998), and Prodinger (1995). Its worst-case properties (over

all combinations ofn order statistics) should be studied.

Acknowledgments. | thank both referees for a thorough reading of the paper, and for
pointing out some interesting references. Thanks are also due to Ralph Neininger for
valuable comments.
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