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PREFACE

About three years ago, an idea was discussed among some colleagues in
the Division of Statistics at the University of California, Davis, as to the
possibility of holding an international conference, focusing exclusively on
nonparametric curve estimation. The fruition of this idea came about with the
enthusiastic support of this project by Luc Devroye of McGill University,
Canada, and Peter Robinson of the London School of Economics, UK. The
response of colleagues, contacted to ascertain interest in participation in such a
conference, was gratifying and made the effort involved worthwhile. Devroye
and Robinson, together with this editor and George Metakides of the University
of Patras, Greece and of the European Economic Communities, Brussels, formed
the International Organizing Committee for a two week long Advanced Study
Institute (ASI) sponsored by the Scientific Affairs Division of the North Atlantic
Treaty Organization (NATO). The ASI was held on the Greek Island of Spetses
between July 29 and August 10, 1990.

Nonparametric functional estimation is a central topic in statistics, with
applications in numerous substantive fields in mathematics, natural and social
sciences, engineering and medicine. While there has been interest in
nonparametric functional estimation for many years, this has grown of late, owing
to increasing availability of large data sets and the ability to process them by
means of improved computing facilities, along with the ability to display the
results by means of sophisticated graphical procedures. Nonparametric curve
estimation has become a subfield of statistics in its own right, and has attracted
the interest of many distinguished scholars in probability, theoretical and applied
statistics, economics, several areas of engineering, medicine and other fields.
Probabilists are attracted by nonparametric curve estimation because of its
relation to empirical processes. For theoretical statisticians, the nonparametric
approach poses many fascinating and challenging intellectual problems. For
applied statisticians, it provides a powerful tool for exploratory data analysis. It
is used by control engineers for systems identification, and by modern electrical
engineers for pattern recognition. It is used, in information theory, for
establishing lower bounds on the performance of estimates and for understanding
the limitations of our capabilities. In medicine, it is used for diagnostic purposes,
among other things, by way of discriminatory information extracted from huge
data bases.

Xi



xii

The main objective of the ASI was to provide an opportunity for an
extended interaction among research workers from diverse fields, with a view
toward bringing the participants up to date on past and current research activity,
and to stimulate new research and applications.

The ASI attracted 84 participants, consisting of eminent statisticians,
established scientists and younger researchers. Most of the participants came
from 13 NATO countries and a few came from 3 non-NATO countries. The
scientific activities were organized around a series of two hour lectures delivered
by prominent experts. All of the remaining participants had the opportunity to
present formal lectures of varying duration. The lectures were presented in a
"tutorial" style as advised by the NATO Scientific Affairs Division. Modified
versions of 51 of the presented lectures are assembled here and are grouped in
six distinct subtitles labeled as: Curve and Functional Estimation;  Parameter
Selection, Smoothing;  Regression Models; Dependent Data; Time Series
Analysis, Signal Detection; and Various Topics.

Chapters I and II consist of 14 papers in the general area of curve and
functional estimation. Chapter III comprises 7 papers dealing with the problem
of parameter selection and smoothing procedures. Another 7 papers on
regression are grouped together in Chapter IV. Dealing nonparametrically with
dependent data has received extensive attention the last few years, and 7 papers
on this subject constitute Chapter V. Time series analysis is another area where
the application of nonparametric methods has found fertile ground. Various
aspects of nonparametric time series analysis methodology are discussed in the
6 papers which constitute Chapter VI. Finally, 10 papers are divided equally into
two final chapters, Chapters VII and VIII, under the heading of various topics.
These papers deal with a variety of important issues of theoretical and applied
interest within the framework on nonparametric functional estimation. Their
contents range from complexity regularization to designing prediction bands, to
analysis of observational studies, to cross-validation, to nonparametric function
estimation involving error-in-variables. Other topics include goodness-of-fit tests,
semiparametric estimation, integrable linear statistical models, nonparametric
techniques in image estimation, and regularized deconvolution. It is hoped that
this volume will be a source of useful information, and will be accessible to a
wide spectrum of readers.
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The ASI was held at the Anargyreios and Korgialeneios School of Spetses
where space was rented to us by the Greek Government. The NATO Scientific
Affairs Division was the sole source of financial support for the conference. To this
organization, we owe a debt of gratitude for the generous financial support, the
explicit and helpful guidelines, the materials we were provided with, and the general
assistance and encouragement. All of the above led to a successful meeting for
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REPRODUCING KERNELS AND FINITE ORDER KERNELS

A. BERLINET

Unité de Biométrie

ENSA M, INRA, Montpellier II
9, place Pierre Viala

34 060 Montpellier Cedex 1
France

ABSTRACT. Recent literature on density and regression function estimation has shown
the interest of kernels of order s, i.e. kernels with (s-1) vanishing moments. We define
here a multi-stage procedure to build estimates based on increasing order kernels and
leading to a data-driven choice of both the order and the smoothing parameter. Some
asymptotic as well as non-asymptotic results are provided for the estimates.

1. Introduction

Let (Xj)ic N be a sequence of real-valued independent random variables with
common density f and cumulative distribution function F. Let f;, (respectively, Fp) be an
estimate of f (respectively, F) built from Xj,..., X, and to be specified later on, and let

n
Falt) =% ¥, 1y, 11(X;) be the empirical distribution function associated with the sample.
=1

Following Devroye (1987), let us define D, (f) = lim J})nf J | (f » Mp)® | where M = % M(H)
h

and M is a mollifier; that is a positive symmetric function integrating to one with compact
support [-1, 1] and infinitely many continuous derivatives. Let us suppose that f; is a
standard Parzen-Rosenblatt kernel estimate built from the sample; that is

1 n - X .
fa(0) == > K(" - )
n i=1 i1}
where (hp)ne N is a fixed sequence of positive real numbers tending to zero and K is a

measurable function integrating to one. Let L be the Bretagnolle-Huber kernel associated
with K; that is
-x)r-1
Vx>0  L&x)=(IF J’ *e fyrx—i)' K(y) dy , L(x) = (-1) L(x).
X
Then we have (Devroye, 1987) :

J!Efn-fISh;jlu D, () (1.1)

3

G. Roussas (ed.), Nonparametric Functional Estimation and Related Topics, 3-18.
© 1991 Kiluwer Academic Publishers.
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provided K is of order at least (r+1) (i.e. K has at least (r+1) finite moments and the firstr

moments vanish). The same bound is valid for sup| EFq(t) - F(t) | with Fa®=[* fa(x) dx.
teR -00
This result has been first stated for densities with (r-1) absolutely continuous derivatives.

For these densities D:(t) = j [ £ | and the proof of the property is based on a Taylor

series expansion of f. The introduction of D:(f) and the inequality (1,1) clarified the fact

that the interest of kernels of order r was not restricted to densities with r derivatives.
Attention will be paid to both global errors and bias terms, since reduction of bias terms
entails variance increase, and vice versa. Roughly speaking, if a kernel of order r is used

to estimate a density with r derivatives, the bias is of order h; and the optimal MISE (Mean
Integrated Squared Error) = E( (fa(x) - £(x))2 dx) is of order n-27/(2t+1) (Rosenblatt

(1956), Bosq and Lecoutre (1987)); a uniform bound for L1-errors can be found in
Devroye (1987).

In part two, we construct finite order kernels from reproducing kemnels and show
that estimates of the density based on these kernels are actually derivatives of estimates of
the cumulative distribution function defined as best L2-approximations to the empirical
distribution function. In part three, we focus on products of polynomials and densities and
on the choice of the order and of the smoothing parameter. Computational aspects are also
considered. The selection of the order was first considered by Hall and Marron (1987). By
performing a mean integrated squared error analysis of the problem, they investigated
theoretical properties of kernels with Fourier transform exp (- | t P ) and proposed cross-
validation as a method for choosing the kernel order and the smoothing parameter. We
define a multi-stage procedure to construct estimates based on increasing order kemels and
leading to a data-driven choice of both the order and the window width. Finally, we give a
strong uniform consistency theorem for multivariate density estimates based on these
kernels, extending previous results (Abdous and Berlinet, 1986), and showing how this
theorem applies to different kinds of estimates.

2. Construction of finite order kernels

A measurable function K is said to be a kernel of orderpe N *, if
1 forj=0

j M Kx)dx = 10 forj=1,..., p-1

C#20 forj=p.
A common construction of finite order kernels is obtained through piccewise polynomials
(Singh (1979), Miiller (1984) and Gasser et al (1985)) or by a Fourier transform (Devroye
(1987) and Hall and Marron (1987)). We shall mainly be concerned here with products of
polynomials and densities. With this type of kernels any choice of support, regularity
conditions (such as continuity, differentiability etc) or tail are possible.
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Let Ko be a density function, called the initial kernel. Consider a Reproducing
Kemnel Hilbert Subspace V of L2(Ko) :

V, endowed with the scalar product (@, ) = J ¢(x) y(x) Kg(x) dx, is a Hilbert

space of real functions and there is a function 3((x, y) (the reproducing kernel) such that
Vxe R, K, .)e V

VoeV,VxeR, J’ K(x, u) ¢(u) Ko(u) du = ¢(x).

Such a framework is encountered for instance in density estimation when using the
orthonormal functions method : let p be a positive o-finite measure on (IR, B R) with

d
density Ko = a%t- Let us suppose we are given a sample X7, ..., Xy of ii.d. random

dP
variables with common density —dz(i lying in L2(u) in which a basis (@j)ic i has been
"

dPx, ) i n
chosen. Then f = . can be estimated by fr(x) = 3 by Y 0i(Xj) 9i(x) Ko(x), where
=1 1 =1
q(n) has to be suitably chosen.

qn)
The function ‘K,q(n)(x,y) = iE'I @;(x) 9;(y) is the reproducing kernel of the subspace V()
of Lz(u) generated by 91,92 ,..., Pq(n) and fp(x) can be rewritten as :

fo(x) = %ng Kaqm*:Xj) Kox).

For details see Bosq and Lecoutre (1987), and Gyorfi (1974) for the sequential case.

When f ¢ L2(K), the estimate exhibits an erratic behavior. From the robustness point of
view the kernels under consideration below will provide much better estimates.

Theorem 1.
Let K(x) = 3(x, 0) Ko(x) and V; be the space of polynomials of degree at most r.
(a) If the constants belongto V,then Vy e R, K(., y) Ko(.) integrates to 1.
(b) If the monomial (xj) (j = 1) belongs to V, then J’ xi K(x) dx = 0.

(©) If | x*1 K(x) dx is finite and different from zero and if V; c V, then K is a
kernel of order (r+1).

Proof :
By the reproduction property, for any constant function C(x) = C and any mono-

mial (xJ) (j 2 1), we have : J‘ C K(x, y) Ko(x) dx = C =C

x=y
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and J’ x K(x, 0) Ko(x) dx = (xi)
x=0

Conversely, under very mild assumptions, satisfied by all reasonable kernel, a kernel of
order r can be written in the form 3 (x, 0) Ko(x) (Berlinet, 1990).

=0.

Theorem 2.

n - . - .
Let fa(x) = ﬁlﬁ K (’%1, 0) Ko(x—hzl) be the standard kernel estimate of f
=1

defined by means of the kernel K(x) = ¥ (x, 0) Kg(x). Let Fy(t) = J‘t fa(x)dx be the
natural estimate of F obtained by integration. Then Fy(t) = I (t) where

1~ arg min (n(‘T‘l) an(u))zKo(‘ - “) du

Fp(t) = % E‘, 1), 1y (Xj + hv) K(v, 0) Ko(v) dv. 2,1

Proof :

The integral in (2,1) is the value at 0 of the projection of Il] -, ] (Xj +h .) on the subspace
V and Fy(t) is the avcragc of this values. Therefore Fy(t) is the value at 0 of the projection

on V of the funcuon—z 1}.0, g (Xj +h.); i.e. the solution to the following problem :
J._

find 7 in V minimizing the norm of ((.) - FF n(t - h .)) and set Fn(t) = [1(0).

The conclusion follows.

Corollary.

Under the hypothesis of Theorem 2, if the mapping n(.) o = L il — |is one-to-

one in V (as it is the case when V = Vy, the space of polynomials of degree at most 1), then

Fr(®) =11 (t) where
= arg min J' (n(u) IFn(u)) Ko(‘ )du

This last property has been pomtcd out by Lejeune and Sarda (1989) in particular cases.

Comments : Theorem 2 shows that estimating a density with a kernel like K amounts to
simply deriving the best L2-approximation to the empirical distribution function IF, by a

function i - (m lying in V) with weight -—B—— Such an interpretation tends to

indicate that the cumulative distribution function should be more widely used in the
determination of the smoothing parameter or of the dimension of models. This is all the
more true since the empirical distribution function appears as an intrinsic reference whereas
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no equivalent reference exists for the density. Sarda (1990) and Abdous (1990) have done
some work in this direction recently.

Many familiar estimates of the density function are actually derivatives of least squares
estimates of the cumulative distribution function. As an example, let us consider again the
orthonormal functions method mentioned in part 2 and use the same notation.

q@)
Set Fy(t) = I fa(x) dx = % §1 Do, g6) 3, QiCX)) 9100 Ko(x) dx. 2.2)
J= 1=

The integral in (2,2) is the value at X;j of the projection of 1}, ¢} (.) on the subspace Vg(n)
and Fy(t) is the average of these values.
Theorem 3.

If d(.) = f(x - h. ) (respectively, D(.) = F(t - h . )) € L2(Kg), then the expectation
of fn(x) (respectively, Fy(t)) is the projection of d (respectively, D) on V.

Proof :

Efy(x) = (ﬁ K (T) . f)(x) - J’ £(x - hv)}(v, 0) Ko(v) dv.

The proof is similar for Fy(t).
In part 4, we give a strong uniform consistency result.

3. The polynomial case

In this part, we investigate the case where V = Vy, the space of polynomials of
degree at most r. No additional work is needed to deal with kemels of order (m,p) used to
estimate derivatives of regression or density functions (Singh (1979), Gasser and Miiller
(1979), Gasser et al (1985), Gasser (1989)) and defined as follows :

a measurable function K is said to be a kernel of order (m, p), me N,pe N *,
m<p-2,if

0 forje {0,...,p-1}andj#m
j WKx)dx = 4 (1)m m! forj =
C=z0 forj=p

(the last condition is removed when p = +o0).

A superkernel is a kernel of order (m, +e0). Miintz's theorem implies that such a
kernel cannot have a compact support.
K is a density with finite moments up to order 2s (s 2 1). We have the inclusion :

Vs C L2(K0). All the conditions of orthogonality will refer to L2(K0). For simplicity, we
identify functions and their classes in L2(Ko).

Let Py = 1, Py, Py, ...,Pg be the sequence of orthonormal polynomials of Vg and
fet ¥ be its reproducing kernel ;

S
Ks(x.y) = Z Pi(x)Pi(y).
i=0
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Theorem 4.

Let K be a kernel of order (m, p), p 2 2, vanishing with K¢ and belonging to

L Kl—o Then the function KK'(;HK 0%0 has, in L2(Kg), a projection on Vi

(r < min(p - 1, s)) which is independent of K and which represents in V; the operator

d
D" o

x=0

Proof :
The functlon Ko nK()#O is obviously in L2(K0) Its projection on V. is the

polynomial I1 given by
N = onm o) TN KDy = i Picx) [ Pity) K(y) dy
M) = z Pi(x) >: PR Y k(y) ay
0 ifr<m
Nx) = iim(-l)m PM™OP (x) if r2m.

This proves the first part of the assertion.
Now letj € {0, ..., r} and Otj , a’ . a’- be the coordinates of x in the basis Py, ..., Pr.

(-1ym j xJ z P{™(y)P (0Ko(x) dx = (-1)m z ol P™(y) = (- 1ym ()
x=y

Theorem 5.
Among the kernels satisfying the assumptions of Theorem 4 withp =r+1 (r> 1)
and m <r <, only one is the product of a polynomial and Ky :

K" () = (-1)m zP‘""w)P (x) Ko(x) .

i=m

Proof :
A B
Forje (0, .. p-1},let xI= Y aJk Pk(x). From Theorem 4
k=0
0 ifj<m

J'ij'r"(X)dX= Seom POy ol ifje (m, .., p1)

=m



and therefore Krm is a kernel of order (m, p).
3.1. DETERMINANTAL EXPRESSIONS

To give an explicit formula for Krm, we introduce some notation : for k 2 1 and any

sequence [ = (f1;) of real numbers, let us denote by Mg the Hankel matrix of order k built

from Hg Hg+1-Hqe2k-2> and by HE its determinant :

Hg Hq+1 - Hg+k-1
1

: ol s Hi= det(ME ).

Hg+k-1 - Hg+2k-2

Finally, let Hﬂ m(x), xe R,me {1, .., k} be the determinant of the matrix obtained
from ME by replacing the mth line by 1, x, x2, ..., xk-1,

Theorem 6.
Let 1 = (1)o<i<s be the sequence of (2s + 1) first moments of Ko.

0 0
ThenV xe R, K'(x)=(-DMm!H, . () Ko(x)/H,, .

Proof :

Writing K:n(x) in the basis 1, x, x2, ..., xT and applying the definition of a kernel
of order (m,p), one gets a linear system in the coefficients of K;n(x) with matrix Mﬁ.
Straightforward algebra gives the result.

REMARK : The determinantal form of K:n(x) can be used either in practical computations
with small values of r, or in theoretical considerations.

In most cases the integration by parts formula shows that kernels of order (m,p) can be
obtained as derivatives of kernels of order p. From now on, we will focus on such
kernels.

3.2. EXAMPLES

Any choice of Kg, with finite moments up to order 2s (s > 1), provides a sequence

of kernels K(x) = 3C(x, 0) Ko(x). This choice, possibly made from the observations, has
to be further investigated, especially when information is available on the support of f.
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(a) Ko(x) = % 1.1, 1j(x) leads to piecewise polynomial kernels : Legendre kernels.

A1 x2ky .
(b) Ko(x) = (21+1/2k I‘(1+1/2k)) exp(— —2—) gives rise to Gram-Charlier kernels

when k = 1. The derivatives of the orthonormal polynomials are in this case linear
combinations of a bounded number of polynomials of the same system.

-1
©) Ko(x) = (% F(a—gl—)] Ix[o cxp(- I x Iﬁ) gives rise to Laguerre kernels when

o=0and B =1.

(@) Kox) = A exp(— G opy-1 (x-B)Z) (@2 0; y> 0 if o = 0). This family of

distributions is characterized by the same property as in (b) with a number of poly-
nomials less than or equal to two.
Some of these kernels have been discussed in detail in the literature (Deheuvels, 1977a).
Numerous results concerning orthogonal polynomials with weights, such as those given
above and many others, can be found in Freud(1973), Nevai (1973a, 1973b, 1979),
Brézinski(1980).

N s

Figure 1. The three first Gram-Charlier kernels represented on [-4, +4].



3.3. COMPUTATIONAL ASPECTS

Only straightforward methods of numerical analysis are needed to calculate our
estimates. The orthonormal polynomials can be computed by means of the following
relationships :

Pn(x)=%(f)ﬂ,‘v’ne N;
Qx) =1 Qi(x)=x- I x Ko(x) dx;  Qn(x) = (x - op) Qn-1(x) - Bn Qn-2(x), n 22

J’ x Q2 ,(x) Ko(x) dx J Q2 (%) Ko(x) dx
and Bn=

With an = 2 2 .
Q2 ,(x) Ko(x) dx j Q% ,(x) Ko(x) dx

The kernel can be computed either iteratively or by means of the Christoffel-Darboux
formulas, when the Qj's are known explicitely :

= 3 PAx)PH0) = — (*)Q(0) - Qr+1(0)Qr(x)
Vx#0, Kr(x,O)—i:;OPl(x)Pl(O)_”QIHZ(QHI ~Qus )

1
Il Q112

3.4. THE MULTIPLE KERNEL ESTIMATION PROCEDURE FOR THE DENSITY

¥(0,0) = Zr‘.o [Pi(0))2 = [;—x (Qr+1(x)Qr(0) - Qr+1(0)Q:(x))]

x=0

Above, we argued in favour of the use of the empirical distribution function in the
determination of the smoothing parameter, whereas in this subsection, we choose any
cross-validation criterion, CV, which preferably would be consistent. For relevant
discussion and references, see Berlinet and Devroye (1989). CV is a score function of the
sample and of the smoothing parameter h estimating either the likelihood of the sample or
some measure of deviation between the estimate and the true unknown density. This
includes double (Devroye, 1989) or multiple (Berlinet, 1990) kernel methods.

We start with an estimate fj, ¢ based on Ko with smoothing parameter hg optimizing
CV(Ko, h). Then we compute fy, ; based on K; with smoothing parameter h} optimizing
CV(Kj, h), and so on. We decide to stop the procedure or not according to the behavior of
the sequence CV (K, hj). The order ip of the kernel is chosen so as to optimize CV(Kj, hy).
The smoothing parameter corresponding to Kj, is h;, .

It seems possible to mimick the paper by Hall and Marron (1987) to show that for the
minimum MISE = E O’ (fa(x) - £(x))2 dx):

(1) if f is not too "smooth", then there is a finite optimal order, whereas if f is very
"smooth", then, at least asymptotically, the optimal order is infinite;

(2) choosing the smoothing parameter and kernel order by cross-validation is,
asymptotically, as good as using the optimal values.
However, in order to implement the procedure on the basis of a fixed sample size, one
rather needs theoretical results on the non-asymptotic behavior of CV(K;, h;),such as, for
instance, convexity properties. Our choice of the order is still empirical : we stop the
procedure when no "significant” decrease of CV has occured in the last estimation.
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The proposed algorithm is as follows : the quantities n and Xj, ..., Xy, are given.

Start out with fo po(x) = ho 2‘, Ko(x ho ) where hg optimizes CV(Kg, h).

Then go from step k to step k+1 by means of the following relationship

Pk+l(0) - Xj - Xj
fi f] Px . 3,1
ket 100 = fin®) + =G 2 +1(’ - )Ko(x - ) 3.1)

Note that the second term of the sum in (3,1) which appears as the correction at step (k+1)
integrates to zero.
Much computing time is saved by optimizing CV(K;, h;) only over a grid G and storing

the values fx h(x) and Ky ﬂl for h € G. In most cases, to evaluate CV(Kj, h), only

the values of fi 4(Xj), 1<1 < n, will be used. The Fourier Transform of K is easily derived
from that of Kg; this is interesting when using the Fast Fourier Transform, especially in
case of large sample sizes (Silverman, 1986).

All this is easily transposed to the cumulative distribution function.

Further developments and numerical results will appear in a forthcoming paper.

4. Strong uniform consistency of random kernel-type density estimates

In this section, we study the asymptotic behavior of density estimators based on
kernels K(x) = K.(x, 0) Kg(x) but with more general dependence with respect to the
estimation point x and the observation Xj than through the ratiox;l—xi, where h = hy is

deterministic. Indeed we consider a wide class of multivariate density estimates for which
we give sufficient conditions for strong uniform consistency. This class contains all usual
kernel estimators and allows non affine random dependence with respect to the
observations or the estimation point. Theorem 7 is an extension to nonpositive kernels of
the result given in Abdous and Berlinet (1986).

The independent identically distributed random variables (Xj)ic [N are supposed to be
defined on a probability space (Q, €, P) and to take their values in RX. Their common

density f is supposed to be continuous and bounded. For x € Rkand € Q, f(x) is
estimated by

n
fa(x@) = 3. K(0n(o. x Xi()) la. x, Xi@))| @1)
1=

where

(i) Oy, is a real valued mapping defined on Q x Rk x Rk satisfying the following
conditions :
(c1) For almost all ®, 85(, X, . ) is, for all x, a diffeomorphism in Rk
with Jacobian Jn(®, x, . ) and inverse 6 (@, X, . );

(c2) V (x,1) On(. , x, Xj(. )) and Jn( . , X, Xj( . )) are measurable.
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(ii) K is a linear combination of bounded real-valued functions (Kj)1<j<q defined on

Rk, such that
(c3) K integrates to one;

(c4) Vje {1,..,q} IKjl is Riemann integrable;
(c5) Vije {1, .., 4}, f ootk i(t)dt < +oo where V t 20, Lj(t) is the
0

essential supremum of Kj on [t, +oo[;
The following properties of (8n) and (Jn) will be needed in the sequel :

(c6) Almost surely (a.s.), for all (x,y), Lim 9,—,1(0), X, y) =X;
n—seo

€7) a5,V 8> 0, sup{R | AK(B(O, R) N Ep 5(0))=0} — +o
where

End(@) = U Eng(x, ®), Ens(x, m)={ yl e k@, x, y) - x1l 2 s}
xeA

A is a non-empty subset of Rk, Ak is the Lebesgue measure and B(O, R) is the ball
of radius R centered at the origin;

(c8) a.s, VR>0, sup ||9;1(m,x,y)—xl| -0;
XxXe A
Hyllsr

(c9) There is a sequence of real numbers (Bp)qn>1 tending to infinity such

’ n
that a.s. sup [ J (o, x, y)| CAl—— .
x,ye Rk " BnLogn

REMARKS (i) (c7) is entailed by (c8), which is often easier to check.

(ii) (c5) is satisfied, if V 8>0, Iim |lx!K*¥ k) =0.

Hx |leo

Theorem 7 : strong uniform consistency.

Assume (c1) to (c5). If On and Jn satisfy respectively (c7) and (c9), and if f is
uniformly continuous on IR¥ then

sup | f,(x, @) - f(x) |- 0as.
XxX€e A
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The proof is based on the inequality :
| fa(x, @) - £x) | < | fa(x, ©) - ga(x, ©) |+ gnlx, ®) - fx) |

where gn(x, ) =j K(Gn(m, X, y)) | In(@, x, y) | f(y) dy.
Under our hypothesis, the existence of gy is a consequence of a change of variable. As a
by-product, we get gn(x, ®) = J' K(y) f(e;l(m, X, y)) dy and the property that

(K(Gn(m, X, y)) | Jn(o, x, y) ‘)ne N is a random delta sequence (Prakasa Rao, 1983).

Theorem 8.

(a) Assume (c6). Then V x € Rk, gy(x,) - f(x) a.s.
(b) Under (c7), if f is uniformly continuous then

sup | g,(x, @) - f(x) | > 0as.
xe A

From Theorem 8, it follows that (c1)-(c6) and (c9) entail the a.s. pointwise convergence of
the estimate fy.
We quote a lemma of Devroye and Wagner (1980) in order to fix the notation.

Lemma 1.
Let K be a positive, bounded and Riemann integrable function defined on Rk,
For every M, 9, p > 0, there exists a function

* N k
Kx=3% o lEi(x), Vxe R
i=1
such that :
(1) ay,.,0ung are positive real numbers ;
(2) Eys....Ey; are open disjoint rectangles of [—p,p]k ;
HK'x)< sup K(y)=M,,Vxe Rk;
GX'®S sup Ki)=My
@)1 K'(x) - K(x) | <n on [-p,p]k N D¢;
M
B)DcCcBC 'Ul B; where the B;'s,i€ {1, ..., M} are disjoint rectangles of [-p, p]k and
1=

AX®) < 8.
Lemma 2 below sums up the conclusions of the different steps of the proof which
follows those in Devroye and Wagner (1980).

Let
I p(@x) = jmk 1T (@x,y) | 1K@ (@x) - K*©@,(@xy) | dE(y) ,



I p(0x) = Iij 17,(0,x,y)! K*(Gn(m,x,y)) dF(y) -

J]Rk |Jn(0),x,y)| K*(en((ﬂ,xa)’)) an(Y) l ’
I (@) = JRk 1 Tp@.x,9) | I K*©(@.x,y)) - K@ @x.y)) | dE,(y) ,

Cl’n(m9x) = {y : en(“),X,Y) € ['p)p]k},
M, = sup f(x),
xe Rk
n
Hn denotes the empirical measure % Y, 8x; and p denotes the measure with
i=1

density f.

3
We have sup | f,(x,0) - g, (x,0) I< ¥ sup Ii,n((n,x).
xeA =l xeA

Lemma 2. Let q = 1 and let K be a probability density. Letn, 8, p > 0 be fixed quantities
as those employed in Lemma 1. Then we have the following bounds :

a) sup [, ((x) <26MM, + 1“|M1(2p)k +
xeA '

sup Hy(@.x,y)l KO, (w,x,y)) dF(y) ;
xe AYCy (@)

b) sup I, ((0,x) SNM, sup Iu,(Ej) - u(E;)l ;
xeA 1gjsN

c) sup Iy (@,x) SM;(2p)¥ + 2M;M,5
x€A

+2MMy sup Iy - w)(B +1 Iy, - RY(-p, pIOI
1<i<M
+ sup J I (@,x,y) | K, (0,x,y)) d F(y) ;
xe A YCp p(@.x)
Under condition (c5), the sum of the integrals in a) and ¢) is bounded by means of Vapnik-
Chervonenkis-Devroye inequality for classes of rectangles. To get the conclusion of
Theorem 7 when q = 1 and K is a probability density, it is sufficient to let 8 and 1} tend to

0 and p tend to +eo. Theorem 7 follows in a straightforward manner.

5. Applications

The class of estimates described above contains many standard kernel estimates, as
is, for example the so-called automatic kernel estimates with smoothing parameter
depending on x. Many applications could be given for density, regression and hazard
function estimation. We will limit ourselves to five examples concerning the density.
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(i) Deheuvels's estimate (1977) is obtained for 8,(®, X, y) = Ap(x-y) where A; is

an automorphism. In this case, (c8) is satisfied if || A;l |I*~ 0, and (c9) is satisfied if

(n/Logn) | det Ap 2 — +ee.

(ii) The automatic estimate of Devroye and Wagner (1980) is obtained for
0,(0,x,y) = (x-y)/hy(0), V X,y € Rk Voe Q; (hy(®)),>; is a sequence of positive
real numbers depending on the observations X;,i € {1, ..., n}. A sufficient condition for

(c8) is that h (@) — 0 ass. ; if there exists a sequence (B),>1 such that B, —> + oo and
n—yoo

nh2* (@) / Log n 2 B, a.5., then (c9) is satisfied because | J,(0,x,y) | = 1/h(w) .

(iii) Chai Genxiang (1984) reexamined this last estimate assuming that K has
compact support [—p,p]k, p > 0, and that hy depends both on the observations and on the
estimation point x. We have 6,(0,x,y) = ap.(x-y)/h (x,0), V X,y € Rk Voe Q;ais
a constant (& > 1). Condition (c8) is fullfilled whenever sup h, (x,0) —> Oas.; (c9)is

xeA n—yoo
satisfied if there exists a sequence (B,),»; such that
By —> +eeand inf (Z¥(x,0)(/Logn)2 B, as.
RN—yoo xeRK
The nearest neighbour estimate is a particular case.

(iv) Bierens 's estimate (1983) is defined by

2 2\ ¥
1 %K S_1/2 x-'\/l-hn Xi-(l-'\/l—hn)x

K : n
nh_ |Det S, |12 i=1

f(x,0) =
h

n
—_ n n — —
where X =(1/n) 3 X;, S, =(I/n) ¥ (X - X) X - X)t and (hy),, is a sequence of real
i=1 i=1

numbers in ]0,1] ; this estimate can be written, up to a muitiplicative constant, as the
estimate in (1); by Theorem 1,

ifh, — Oand ni’™*/Logn —> +eo,then sup lf,(x,0)-f)l —> 0 as.

n—eo n—>oo xe A n—oo

(v) A transformed kernel estimate, close to the one of Devroye and Gyorfi (1985),
introduced to estimate heavy-tailed densities :
_ 13 (x) - T(Xi) )
B0 =1 2 K(r . )I x|,
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where T : Rk — ]-1, 1[k is a diffeomorphism and J7 its Jacobian. Theorem 7 applies with
Tx)-T
en(w,x,}') = (X)h ( )'

Acknowledgement

Research of the author was sponsored by NSERC Grant A3456 during a stay at McGill
University on invitation of Professor Luc Devroye.

References

Abdous, B. (1990) Least squares cross-validation in kernel estimation of distribution
function. Preprint.

Abdous, B. and Berlinet, A. (1986) Convergence uniforme presque siire d'une
classe d'estimateurs A noyau, pour la densité. Comptes Rendus de I'’Académie des
Sciences de Paris, 303, pp. 761-764.

Berlinet, A. (1990) The multiple kernel method in nonparametric estimation. Preprint.

Berlinet, A. and Devroye, L. (1989) Estimation d'une densité : un point sur la
méthode du noyau. Statistique et Analyse des Données, 14, 1, pp. 1-32.

Bierens, H.J. (1983) Sample moments integrating normal kernel estimators of
multivariate density and regression functions. Sankhya. The Indian Journal of
Statistics, 45, series B, pt 2, pp. 160-192.

Bosq, D. and Lecoutre, J.P. (1987) Théorie de I'Estimation Fonctionnelle. Econo-
mica, Paris.

Brézinski, C. (1980) Padé-Type Approximation and General Orthogonal Polynomials.
Birkhauser, Basel.

Chai Genxiang, (1984) Consistent estimation of random window-width kernel of
density function. Scientia Sinica, series A, XXVII, 11, pp. 1155-1163.

Deheuvels, P. (1977a) Estimation non-paramétrique de la densité par histogrammes
généralisés. Revue de Statistique Appliquée, 25, pp. 5-42.

Deheuvels, P. (1977b) Estimation non-paramétrique de la densité par histogrammes
généralisés (II). Publications de I'Institut de Statistique des Universités de Paris,
22, pp. 1-23.

Devroye, L. (1987) A Course in Density Estimation. Birkhauser, Boston.

Devroye, L. (1989) The double kernel method in density estimation. Annales de
Ulnstitut Henri Poincaré, 25, 4, pp. 553-580.

Devroye, L. and Gyoérfi, L.(1985) Nonparametric Density Estimation : The L; View.
John Wiley, New York.

Devroye, L. and Penrod, C.S. (1984) The consistency of automatic kernel density
estimates. Annals of Statistics, 12, 4, pp. 1231-1249.

Devroye, L. and Wagner, T.J. (1980) The strong uniform consistency of kernel
density estimates. Journal of Multivariate Analysis, V. North Holland,
Amsterdam, pp. 59-77.

Freud, G. (1973) On polynomial approximation with the weight exp(- x2k/2). Acta
Mathematica Academiae Scientiarum Hungaricae, 24, pp. 363-371.

Gasser, T. (1989) The analysis of biomedical signals by nonparametric methods.
Statistique et Analyse des Données, 14, 1, pp. 85-101.



18

Gasser, T. and Miiller, H.G. (1979) Optimal convergence properties of kernel
estimates of derivatives of a density. In T. Gasser and M. Rosenblatt (eds.),
Smoothing techniques for curve estimation, Lecture Notes in Mathematics 757,
Springer Verlag, pp. 144-154.

Gasser, T., Miiller, H.G. and Mammitzsch, V. (1985) Kernels for nonparametric
curve estimation. Journal of the Royal Statistical Society , series B, 47, pp. 238-
252.

Gyorfi, L. (1974) Estimation of probability density and optimal decision function in
RKHS, in Progress in Statistics, J. Gani, K. Sarkadi and I. Vincze editors, North-
Holland, Amsterdam, pp. 281-301.

Hall, P. and Marron, J.S. (1987) Choice of kernel order in density estimation.
Annals of Statistics, 16,pp. 161-173.

Lejeune, M. and Sarda, P. (1989) Smooth estimators of distribution and density
functions. Preprint.

Miiiler, H.G. (1984) Smooth optimum kernel estimators of densities, regression curves
and modes. Annals of Statistics, 12,pp. 766-774.

Nevai, P. (1973a) Some properties of orthogonal polynomials corresponding to the
weight (1 + xZk)® exp(- x2K) and their application in approximation theory. Soviet
Math. Dokl., 14, pp. 1116-1119.

Nevai, P. (1973b) Orthogonal polynomials on the real line associated with the weight
Ixi® exp(- leﬁ), I. Acta Mathematica Academiae Scientiarum Hungaricae, 24,
pp. 335-342.

Nevai, P. (1979) Orthogonal polynomials. Memoirs of the American Mathematical
Society, 219.

Prakasa Rao, B.L.S. (1983) Nonparametric Functional Estimation. Academic Press.

Rosenblatt, M. (1956) Remarks on some nonparametric estimates of a density function.
Annals of Mathematical Statistics, 27, pp. 832-837.

Sarda, P. (1990) Smoothing parameter selection for smooth distribution functions.
Preprint.

Silverman, B.W. (1986) Density Estimdtion for Statistics and Data Analysis.
Chapman and Hall, London.

Singh,R.S. (1979)Mean squared errors of estimates of a density and its derivatives.
Biometrika, 66, pp. 177-180.



LAWS OF THE ITERATED LOGARITHM FOR DENSITY ESTIMATORS
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ABSTRACT. We obtain laws of the iterated logarithm for density
estimates. Our results are based on functional laws of the iterated
logarithm for the increments of empirical processes due to Deheuvels
and Mason (1990).

1. INTRODUCTION

Let U;,U;,... be a sequence of independent random ,variables with a
uniform distribution on (0,1), and let U,(t) = n #{Ulst 1<i<n}
denote the empirical distribution function basedlon U, ., Up.
Consider the uniform empirical process anp(t) = n (Un(t) -t), and,
for 0<a<l, 0st<l-a, and Osss<l, set £, (a,t;s) = ap(t+as) -an(t).

A sequence of constants {aj,n>1} will be said to satisfy the M.
Csorgo -Révész-Stute ([CRS]) conditions if

0<ap<l for nxl, ap 4 0 and na, t @« as n > «; (s.1)
(log(l/ap))/loglog n > © as n » «; (5.2)
nap/logn » @ as n > w, (S.3)

Recently, Deheuvels and Mason (1990) obtained the following functional
law of the iterated logarithm [LIL] for the sets of functions
fén(ap,t; ), Ostsl-a}. In order to describe this law, we need to
introduce some notation. To this end, denote by B(0,1l) the set of all
bounded functions on [0,1], and, for any feB(0,1), set

”f"=supo< |[£(s)|. Endow B(0,1) with the topology defined by the
sup-norm ﬁ, and, for any £>0 and ACB(0,1), set A% = {feB(0,1),
|£-gll<e for some geA}. Furthermore, demote by S the set of all
absolutely continuous functions f on {0,1] having Lebesgue derivative
f such that f; fz(s)ds<1 The definition of S is due to Strassen
(1964). The aforementioned result of Deheuvels and Mason (1990) may
now be stated in the following Theorem A.
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Theorem A. Let {a,,n>1} be a sequence satisfying the [CRS] conditions.
Then, for any £>0, there exists a.s. an n.<v such that for all

n>n,, £&n(ap,t;-)/(2aplog(l/ay))t’/? :0st=<l-a,}cS%. Moreover, for any
€>0 and heS, there exists a.s. an N <o such that there exists for all

nzN, a 0stp = tp . psl-ap such that [€n(ap,ty; )/ (2aglog(l/ap))t/2-h|<e.
Proof. See Deheuvels and Mason (1990), §3. 1

As a consequence of Theorem A, Deheuvels and Mason (1990) gave new
proofs and extensions of the laws of the iterated logarithm due to
Stute (1982) and Mack (1983). The corresponding results are stated
in Theorems B and C below. Before stating these theorems, we will
introduce some further notation. In the sequel, X,,X,,... will be a
sequence of independent and identically distributed random variables
on (-«,»), having common distribution function F(x) = P(X;=<x) and
density f(x) = F’(x) assumed to be continuous and positive on a given
bounded non-void interval [A,B]. Let Fp(X) = (1/n)#{Xisx :1<i<n},
and consider the following estimators of f. Let

-1 n - -
£,(%) = (nip) ‘izlx((x-xi)/xn) - [: AR (x-€)) aFg (6) (1.1)

be the kernel estimate of f (Rosenblatt (1956), Parzen (1962)) based
on a sequence {i,,n>1} of positive smoothing parameters (bandwidth)
satisfying suitable assumptions specified below. The kernel K(-)
satisfies the following conditions:

K(-) is of bounded variation on (-«.=); (K.D)
2 K(wydu = 1; (K.2)
For some O<M<w», K(u) = 0 for all [u|=M. (K.3)

Another estimate of f is as follows. Let
Fn(x) = pn/inf{h>0 :Fy(x+h/2)-Fp(x-h/2)zp} (1.2)

be the nearest neighbor density estimator (Fix and Hodges (1951),
Loftsgaarden and Quesenberry (1965)), where {u,,n21} is another
sequence of positive smoothing parameters. Furthermore, set

Efn(x) = [° A7 'K (x-£))dFp(t), (1.3)
and g

MEn(x) = pp/inf(h>0 :F(x+h/2)-F(x-h/2)>u,}. (1.4)

In the sequel, we will assume at times that A, is random and depends
on X;,...,X,. In this case, it is noteworthy that Ef,(x) is not
equal to the expectation E(f,(x)) of f,(xX). On the other hand, if
Ap is non-random, we have Ef,(x) = E(f,(x)).
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We have the following LIL's for f, and %n.

Theorem B. Let {),,n>1} be a non-random sequence satisfying the [CRS]
conditions. Then, under (K.1)-(K.2), and for any A<C<D<B, we have

fn(x)-Efn(x)]( ni,

lim sup 21og(l/An))1/2 _ ({:Kz(u)du]llz a.s. (1.5)

+ —
noo C<x<D JE(R)

Theorem C. Let {u,,n>1} be a non-random sequence satisfying the [CRS]
conditions. Then, for any A<C<D<B, we have

£ (x) -ME (%)
£(x)

) ) % =1 aus. (1.6)

lim sup 2 | 2log(1/pp)

n>o C<x<D

Proofs. See §4 in Deheuvels and Mason (1990). See also Stute (1983),
Mack (1983) and Hall (1990). =m

The motivation for this paper is that, in the recent literature, there
has been a considerable interest in kernel estimators where the
bandwidth )\, depends on the data Xy,...,X,, and eventually, also on

X. A typical example of such data-driven bandwidth selections is as
follows. Consider the Mean Inegrated Square Error defined by

MISE()\,) = EfI(fn(x)-f(x))zdx, 1.7

where I is a specified sub-interval of (-«,«), Assuming some
further regularity conditions (such as the existence of a square
integrable second derivative f" of f), it may be proved (see, e.g.,
Devroye and Gyorfi (1984)) that any choice of )\, which minimizes
MISE()\,) satisfies

176

X = (1+0(1))En” as n-ow, (1.8)
where E is a constant depending on I and £. Many authors have
proposed techniques enabling to choose A, = A(n;X;,...,X,) in such a
way t:hat_:“5

An/ (En ) > 1 as n> (in probability or almost surely). (1.9

We do not offer here a discussion of such methods (for such a
discussion, see, for instance, Park and Marron (1988) and the
references therein), and limit ourselves to the observation that
theorems such as Theorem B or Theorem C cannot be applied in the
case of such data-driven bandwidths. In the sequel, we will adapt
the methodology of Deheuvels and Mason (1990) to show that versions
of Theorems B and C still hold in this case.

In Section 2, we will present LIL's of this type. In Section 3,
we will review further functional LIL's for increments which are
actually available.



22
2. LAWS OF THE ITERATED LOGARITHM FOR DATA DRIVEN KERNEL ESTIMATORS

In this section, we will assume that f,(*) is as in (1.1) with a

bandwidth A, = AX(n;x;X,,...,X,) satisfying the following general
conditions. Below, assume that [C,D] is an arbitrary (but fixed)
non-void sub-interval of [A,B]. We will make the following

assumptions on JAn.

There exists a function H(-) which is positive and (L.1D)
continuous on [A,B], and a sequence f{a,,n>1} of

(possibly dependent upon X,,...,X,) positive random
variables such that

sup  |a_ H(X) AMiX;Xy, ... X1l 20 a.s. (2.1)
C<x=<D
Let fa,,n>1} be as in (2.1). There exists a sequence (L.2)

{b,.n>1} of positive constants such that the complement of

{1/p < ap/bp < pl holds a.s. finitely often for all p>1 (2.2)
sufficiently large.

We will denote likewise by (L.3) and (L.4) the assumptions obtained
by replacing formally in (L.1), (2.1) and (L.2), (2.2), respectively,
almost sure convergence by convergence in probability (for (2.2),
this amounts to assume that both ap/bp and bp/ap are Op(l) as now).

The following examples illustrate (L.1)-(L.2) and (L.3)-(L.4).
Example 2.1. Moore and Yackel (1977) and Mack and Rosenblatt (1979)
consider the choice of A(n;x;X,,...,X,) taken equal to the distance

of x to its k-th nearest neighbor in the sample X,,...,X,. By
choosing u, = k/n, we see that this choice amounts to taking

Ap = AMx;X,, .. Xy = (2up)/En(x), (2.3)

where %n(x) is as in (1.2). Assume that k=k, satisfies the
conditions:

kp/logn » « and kp/n * 0 as nw. (2.4)
Then, Devroye and Wagner (1977) have proved that

sup |E,(x)-£(x)] » 0 a.s. (2.5)
C=<x<D

It follows that for A, as given in (2.3), assumptions (L.1) and
(L.2) hold with ap = by = u, = nkp and H(x) = 2/f(x) for Csx<D.

Example 2.2. Let I = [A,B], and set R(g) = f g2(x)dx. For j=1,...,n,
denote by fj:n the leave-one-out kernel estimator constructed from the
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data X,,...,X with X3 deleted, as in (1.1). Next, choose O<E,<E<E,<w,
where E is as in (1.8), and let A = X(n;X,,...,X,) to be the

largest minimizer, over the interval [E;n"!'/®, E,n"1/%], of the cross-
validated score function

- n
CV(Ap) = R(fy) - 2n ljzlfj:n(xj). (2.6)

Assuming some appropriate smoothness conditions on K(‘') and f(-),
Hall and Marron (1987) showed that )y, as defined above, satisfies

0GR - 1 —> N(0,02), (2.7)

where "——>" denotes convergence in distribution, Xn is as in (1.8),
and 02 is a constant depending on f.

From, (1.14), it follows that Kn = X(n;X,;,...,X,) satisfies (L.3)-
(L.4) with ap = A, by = Ay and H(-) = 1.

The main results of this section are stated in the following two
theorems.

Theorem 2.1. Assume that (K.1)-(K.3) hold, together with (L.1)-
(L.2). Furthermore, assume that {b,,n>1}, as specified in (L.2),
satisfies the CRS conditions. Then, we have

. fh(x)-Ef (%) ni, 172 172
%iz CéggD + ( JETEY )(210g(1/kn)] = (I:Kz(u)du) a.s. (2.8)

Theorem 2.2. Assume that (K.1)-(K.3) hold, together with
(L.3)-(L.4). Furthermore, assume that {bj,,n>1} as specified in
(L.2), satisfies the [CRS] conditions. Then, we have

lim sup * (
no C<x<D

£,(x) -E£, (x)
JE(®)

-0

Mg 1/2 1/2
- 2
)(210g(1/*n)] (/7k2 (uw)au) (2.9)
in probability.
Proof. We follow the argument of the proof of Theorem 4.1 of Deheuvels

and Mason (1990) with simple modifications. In the first place, assume,
without loss of generality, that M = 1/2 in (K.3), and set

- 1 an
En(x) = £r(x + 5 Ag) = (ip) lizlx((xi-x)/xn), (2.10)
where K(u): = K(% -u]. Since f is continuous and A\;?0 a.s., all we

need for (2.8) to hold is to show that, for any A<C<D<B, we have

. £ (x)-EE, (%)
lim sup

A
now C<x<D JE&x) ) ( - ) - (f:KZ(U)du)llz a.s. (2.11)

2Tog(1/xn)
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For later use, note that (K.3) implies that Ku) =0 for u ¢ [0,1].
Without loss of generality, set F,(x) = U,(F(x)), where U,(:) is as
in Section 1. Following Deheuvels and Mason (1990) (see their §4),
it can be verified that

0P AR (Bn () -EEq (%)) = -f} (o (F(x#Aqu)) -an (F(x))) dR(u) . (2.12)

Next, we assume that x varies in a small sub-interval (c,d) of [C,D].
Here, we choose d-c>0 so small that supggy<i |F(x+Apqu) -F(x)-ypu|=yné,
where 6>0 is an arbitrary constant and yp: = apsup{f(x)H(x) :c=<x<d}.
Now comsider {,(yn,F(x);u) = an(F(x)+ypqu)-ap(F(x)) for xe(c,d) and
0<u<l. Under the assumptions of Theorem 2.1, there exists almost
surely a p>1 such that, for all n sufficiently large, bp/p<y,<pbp.
Since {b,,n>1} satisfies the [CRS] conditions, so does {pb,,nz1}.
Applying Theorem A to this case, we see that, for any given £>0, we
have, almost surely for all large n, §n(pbn,F(x);-)/(.’Zpbnlog(l/pbn))1/2
€ Ss/AP. Now we make the obvious remark that if h € S, then the

-I/Zh(us) for O<s<l and O<v<l satisfies

function defined by h,(s) = v
h, € §. Thus, by choosing v=y,/(pby) € [1/p2%,1], it follows that,
a.s., for all large n and xe€(c,d), we have £,(vyn,F(R); )/
(2vplog(1/pbp)) 172 € se/e, Finally, a simple argument based on the
fact that (log(l/Ap))/log(l/pby) + 1 shows that €,(v,,F(x);-)/
(2—ynlog(1/)‘n))1/2 S SE/Q a.s. for all large n and x€(c,d). In other
words, there exists a function h € S such that for all O<v<l,

F (en(F(x)+ypv) -an(F(x)))/(2ynlog(1/An)) ' -h(v) |<e/2. This, in turn,
implies, by choosing 6§ < £2/4p, that for all O=ux<l

| (an(F(xeAqu)) - an(F(x)))/(21log(1/An)) "’ - h(u)|<e/2
+ supf|g(u)-g(v)| :0=u, v<l, |u-v| < p§, g€ S} < /2 + Jré < €.
This last inequality, combined with (2.12), shows that

ligaiup 0! (Fp(x) -EEn (%)) / (2yplog(1/ap)) 72

< sup{-f) £(WdR(u) :£eS} + ef jdaR(w)], (2.13)
where f;]dﬁ(u)| denotes the total variation of K. By Schwarz's
inequality, we see that |f;f<u)dk(u)| - |f;f(u)k(u)du|s[f;|ﬁ2(u)du]"2.

Recalling the definition of vy, and using the fact that £>0 can be
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chosen as small as desired, we see that, given any 6>0, we may choose

an >0 such that, whenever 0<d-c<n, we have

J . fn(x)-Efn(x) n, 172\
Lin supy sup, * V) ) Grosanm)
<8 + U:’R?(u)du]”2 a.s. (2.14)

By (2.14), it follows readily that, almost surely,

I £ (x)-Ef (x) ni 1 -
o R HI LT IO LR

For the second half of (2.8), we will make use of the observation
that, for any ¢>0 and heS, there exists a finite sequence

h() ) h(N) of functlons belonging to S such t at, for any
l/p2<u<1 there_exists a j=j(v) such that |h- h( | < ¢/4 (recall that
gy(u) = g(uu)//u for O<u<l). Following the safe steps as those used
in the proof of (2.13), we see from Theorem A that there exists an N,
< « such that for any j=1,...,N, there exists an xn:je(c,d) such that

l€nCobn, F(xn: )5 )/ (2obplog(L/pby)) /2037 |<e st
By choosing v = v,/(pbn)€[1/p2,1] and j=j(v), it follows that

l€n(tn: F(xn: 305 )/ (21nlog(1/pbn)) '/ * -h|<e/2. (2.16)
Finally, by imposing the condition that 0<d-c<§ sufficiently small,

we see that the same arguments as those used in (2.13), in
combination with (2.16), show that

lin inf 22 (B2 :n) ) -EEn(x :n) / (21nlog(1/A0)) **
-[in(wdR(u) - ef R | a.s. (2.17)
Recalling that our assumptions imply that sup{|yn,/(Apf(x))-1| :c<x<d}

may be rendered arbitrarily small, by imposing the condition that
0=<d-c<§ is small enough, we see that (2.17) implies that

+( n(x)‘Efn(X))( g ]1/2\

1im 1nff sup
el ¥ 2log(1/Ap)’

<x_D JE(x)

-fihwak(w = -[lh(w)dK(v) a.s. (2.18)

Since the choice of h € S is arbitrary, we may choose

]1/2

h(u) = K(u)/(f:Kz(s)ds
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For such a choice of h, the right-hand side of (2.18) is equal to
Lf;Kz(u)du)llz. This, in combination with (2.15), completes the proof
of Theorem 2.1. The proof of Theorem 2.2 is very similar and will
therefore be omitted. 1

Remark 2.1. A close examination of the proof of Theorems 2.1-2.2 just
given shows that Assumptions (L.1)-(L.2) may be replaced by the
assumption that Ay(n;x;X;,...,Xn)/by is almost surely bounded away

from zero and infinity, uniformly over the interval C=<x<D, and
satisfies a uniform Lipschitz condition in this interval.

Gorollary 2.1. Assume that A = (an)/%n(x) is as in (2.3), where
fn is as in (1.2), and {p,,n>1} satisfies the [CRS] conditions. Then

. (fn(x)-Efn(x)) ( nyp
JE®) 2log(1/pgp)

lim sup &
n2o C<x<D

1% = (PR2wau)'’? als. (2.19)

Proof. It follows readily from Theorem 2.1 combined with the results
of Example 2.1. R

Remark 2.2. Corollary 2.1 describes the limiting oscillation behavior
of the plug-in estimator discussed by Moore and Yackel (1977) and
Mack and Rosenblatt (1979). Similar results could be obtained by
choosing for A, a function of a preliminary estimate of the density f
and of n.

Corollary 2.2. Assume that A, = in is as in Example 2.2, and
satisfies (2.7). Then

. (%) -Efp(x) g 172 1/2
b2z, O O ) - (o)

in probability. Moreover, in (2.20) we may replace A, by Xn-

Proof. It follows readily from Theorem 2.2 combined with the results
of Example 2.2. Recall that A, is defined in (1.8). N

Remark 2.3, Corollary 2.2 describes the limiting oscillation behavior
of the classical MISE cross-validated data-driven estimator.
Interestingly enough, this behavior is (up to the order given in
(2.20)) asymptotically identical to that of the exact optimum MISE
estimator obtained when A\, = Xn» and Xn is as in (1.8),.

Remark 2.4. We may use the argument of Hall (1990) to show that the
assumption (K.3) is not necessary for the validity of the conclusion
of Theorems 2.1 and 2.2. We omit the details of this argument.
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3. CONCLUSION

The preceding examples show the power of the methods based on

functional LIL's for increments of empirical processes for obtain-

ing LIL's for density estimators. In this section, we review some

of the results due to Deheuvels and Mason (1990) and Deheuvels

(1990) for ranges not covered by the [CRS] conditions. In the first

place, we consider the case where the sequence of constants {a,,

n>1} satisfies *
nap/log n > v € (0,»). (S.4)

The following Theorem D is due to Deheuvels and Mason (1990).
Theorem D. Let {a,,n21} be a sequence satisfying (S.4). Denote by

Ay the set of all absolutely continuous non-decreasing functions g
on [0,1], having Lebesgue derivative g such that

Sy (8w Llog(g(w) /¥)-g(w+vydu =< 1, (3.1)

with the convention that 0log0 = 0. Then, for any &>0, there
exists almost surely an n, < « such that for all nzn,,

{(n/logn) (F(t+a, ) -Fur(t)) :0=<t<l-a,} C Aé . (3.2)

Moreover, for any g € Ay, there exists, almost surely an N, < « such
that for all n =z N, there exists, a 0 =< t=t, e,g = l-ap such that

[ (n/logn) (Fp(t+ay ) - Fp(t))-gl < e. (3.3)
Proof. See Deheuvels and Mason (1990), §2. ®
Theorem E below is due to Deheuvels (1990) and covers the case where
(log(l/ap))/loglogn > we(0,x). (5.5)
Theorem E. Let {a,,n>1} be a sequence satisfying (5.1)-(S.5). Then,
for any £>0, there exists almost surely an n, < « such that, for all
n > n,,
en(ap, t;-)/(2(w+l)agloglogn)'’? :0st<l-a,} c st . (3.4)
Moreover, we have infinitely often in n with probability one
5 c {én(ap,t; )/ (2waploglogn)’’? :0st<l-a 3¢ . (3.5)
Proof. See Deheuvels (1990). =&
The range covered by Theorem D corresponds typically to bandwidths
for which the density estimators are not uniformly consistent. On

the other hand, Theorem E corresponds to very large bandwidths (of
the order of a negative power of logn), which are not likely to be
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used in statistical practice. Therefore, both theorems correspond to
boundary situations outside the range of interest which is covered by
the [CRS] conditions. For this reason, we will not state here the
versions of Theorems 2.1 and 2.2 which correspond to these theorems.
They have, however, the advantage of giving a complete description of
the increment of the uniform empirical process when combined with
Theorem A.

Similar results, to be published in the near future, enable us to
treat the almost sure pointwise behavior of density estimators.
Also, extensions of these results to higher dimensions will be
provided in forthcoming publications.
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EXPONENTIAL INEQUALITIES IN NONPARAMETRIC ESTIMATION

Luc DEVROYE
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ABSTRACT. We derive exponential inequalities for the oscillation of functions of ran-
dom variables about their mean. This is illustrated on the Kolmogorov-Smirnov statistic,
the total variation distance for empirical measures, the Vapnik-Chervonenkis distance,
and various performance criteria in nonparametric density estimation. We also derive
bounds for the variances of these quantities.

1. Introduction.

Hoeffding (1963) showed that for independent random variables X;, X;,..., X, with
a; <X; <,
P {

Perhaps the best known form of this inequality is obtained when the X;’s are i.i.d.
Bernoulli (p) random variables. In that case, we obtain Chernoff’s bound (1952) for the
binomial distribution: if X is binomial (n,p), then

(X, — EX)

i=1

> t} < 2 Ty 0-0? g

P{|X —np| >t} <272'/* ¢t >0.

Various extensions of these inequalities have been developed over the years. The gener-
alization to martingales due to Hoeffding (1963) and Azuma (1967) has led to interesting
applications in combinatorics and the theory of random graphs (for a survey, see McDi-
armid, 1989). We have used it in density estimation (Devroye, 1988, 1989).

In this paper, we collect various extensions of Hoeffding’s inequality and highlight
their applications in the nonparametric estimation of densities and distribution functions.
For completeness, the proofs of the inequalities are sketched as well. In the last section,
we present new bounds for the variance of functions of independent random variables.
The inequalities are illustrated on examples in nonparametric estimation, and are shown
to be sharper than those obtained from the Efron-Stein inequality.
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2. Inequalities for martingale difference sequences.

Hoeffding (1963) mentioned that his inequalities would also be valid when applied to
martingale difference sequences. To make things a bit more precise, let us consider a
probability space (2, F,P), and a nested sequence Fo = {8,Q} C F, C --- C F of sub-
o-fields of F. A sequence of integrable random variables X, X1, X5, ... is a martingale
if
E{X.41|Fu} =X, as., each n>0.

A sequence of integrable random variables Y;,Y;, ... is a martingale difference sequence
if for every n > 0,

E{Yo1 1| Fu}=0 as..
Note that any martingale X, X1, X5, . . .leads to a natural martingale difference sequence
by defining

Yn = X.,. - X"__l, n Z 1.
And any martingale difference sequence Y;,Y5, ... in turn yields a natural martingale by
defining X, in an arbitrary fashion and setting

X, = iy,- + Xo.
i=1

For any nested sequence of sub-o-fileds o = {#,Q} C F, C F,--- C F and any
integrable random variable X, we can define Doob martingale by setting

X,=E{X|F.}, n2>0.
Thus, X, = EX, and if X is F,-measurable, then X, = X, and
X-EX=)(Xi-Xiy) .
. i=1

We begin with an inequality along the lines suggested by Hoeffding (1963) and
Azuma (1967) (see McDiarmid, 1989):

THEOREM 1. Let Fo = {0,Q} C F; C F;--+ C F, be a nested sequence of o-fields. Let
the integrable random variable X be F,-measurable, and define the Doob martingale
X = E{X | #}. Assume that for k = 1,...n, there exist random variables Z;, F;_,-
measurable, and constants ¢, such that

Zy £ X < Z) + .
Then fort > 0,
P{X -EX >t} <22 /X | ¢50,
P{X —-EX < -t} <2 */Ea [ ¢>0.

This Theorem uses a simple Lemmma due to Hoeffding (1963):
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LemMa 1. Let X be a random variable with EX = 0,a < X < b. Then for A > 0,

E{CAX} < e,\z(b-a)z/s‘

Proor. Note that by convexity,
e o 28y bz
< — F— a
~“b—a b_a- %=
Ee*X < b e a ey

“b-a b—a

=(1-p+ Pek(b—a))e—Pz\(b—a) , where p = a_az € [0, 1]

def
() ,

where u = A(b — a), p(u) = —pu + log(1 ~ p + pe*). But it is easy to see that

P
U - —_—
Sa(u)_ p+p+(1_p)6_u’
p(1-ple ™ 1
)= ——"——5 <,
(p+(1-pe)’ ~ 4
p(0)=¢'(0)=0,
and by Taylor’s series expansion with remainder,
2 AZ b — 2
p(u) < 1;— = —(S—G) ..

PROOF. Set Y; = X — Xj_y, Sy = ¥r_, ¥ = X, — X,. Note that 5, = X, - EX =
X -~ EX. Also,

P{X -EX >t} =P{S, >}
<eME{e*"} forA>0 (by Chernoff’s bounding method)
= e ME {**~-1E {1 F,_,}}
< e ME {*¥-1} eAlelie (Lemma 1)
< e MO, (iterate previous argument)
= iy (take X = 4¢/ Zn:cf) .
=

The second inequality in Theorem 1 is obtained when we replace X by —X. »

3. McDiarmid’s extension of Hoeffding’s inequality.

The following extension of Hoeffding’s inequality is useful for random variables that are
complicated functions of independent random variables, and that are relatively robust
to individual changes in the values of the random variables.
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THEOREM 2. (McDiarmid, 1989) Let X, ..., X, be independent random variables tak-
ing values in a set A, and assume that f : A* — R satisfies

sup  |f(21,-- 1 Za) — F(Z1re e Bin1 B Big1y e 2)| <6, 1<E< .

ProOF. Define Y = Y, = f(Xy,...,X,), and let F, be the o-field generated by
Xi,...,Xa. Define

Yk = E{Ylfk} N Zk = essin.f{Yk|fk_1} y Wk = ess sup {Yk'}-k—l} )

so that Z; < Y; < W;. We can apply Theorem 1 directly to Y, if we can show that
Wi — Z: < c. But this follows from

Wy = esssup {E{f(X1, ..., Xa)|Fi} | Fir}
S sug E{f(Xl, . .,Xk_l,Z,Xk+1, .. '7Xn)|]:k}
z€

sgg E{f(Xl’ . ~’Xk—11 z’Xk-i-lv o "Xn)lj:k—l}
}:IELEE{f(XI’ LR 7Xk—1)zy Xk+11 . "Xn)|-7'-k—1} + Cr

essinf {E {f(Xy,..., Xu)}|Fe} |1 Fs-1} + &
Zr+c.m

I IA A

4. Applications.

4.1. CHERNOFF’S BOUND.

Let X,,...,X, be Bernoulli (p) ,..., Bernoulli (p,) random variables, and consider
r 1 X; . Clearly, the conditions of Theorem 2 are fulfilled with ¢; = 1. Thus,

"

As a special case, p; = p for all i, we obtain Chernoff’s bound (1952) for a binomial
(n, p) random variable X

i(xe -m)

i=1

> t} < 2¢-3/m

P{|X - EX|>t} < 2e~#'I" .
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4.2. Toe KOLMOGOROV-SMIRNOV STATISTIC.

Let F, be the standard empirical distribution function based upon an i.i.d. sample
X1,...,X, drawn from a distribution function F on the real line. The Kolmogorov-
Smirnov distance is

sup |[Fo(2) - F(z)] -

Note that changing one point X; can increase or decrease F, by at most 1/n over a
certain interval. Thus the condition of Theorem 2 is fulfilled with ¢; = 1/n. We have

g 7)

In this respect, we note that Dvoretzky, Kiefer and Wolfowitz (1956) showed that

< 26—2:2

sup |Fa(2) — F(z)| - Esup | Fa(2) - F(2)|

>

F {s‘ip |Fa(2) - F(2)] 2 %} < ce

for some C' > 0, while Massart (1990) proved that one can take C = 2. Massart’s bound
and the inequality derived from Theorem 2 do not imply each other.

4.3. NONPARAMETRIC DENSITY ESTIMATION: THE L, NORM.

Let f, be the Parzen-Rosenblatt kernel estimate of a density f based upon an i.i.d.
sample X,..., X, drawn from f (Rosenblatt, 1956; Parzen, 1962):

fu(il?) = fn(z;Xla'“;Xn) = ;];‘EK;.(Z - X,) .

i=1
Here K is a given function (the kernel) integrating to one, Ky(u) = +K(%), and h > 0 is
a smoothing factor. An important criterion for evaluating the performance of a density
estimate is f|f, — f|. This random variable satisfies the conditions of Theorem 2 with

¢ = 2[|K|/n as we will now see. Take any numbers z,,...,2, and z},...,z., with

z! = z; except for ¢ = j. Then,

|/|fn(z;zl,...,zn)—f(:c)| dz_/|f,.(z;z;,...,z;)_f(z)| dz|
< /|f"(z;zl,...,zn)— Jalzi 2y, ... 20)| de

1
;/|K,.(z —2;) - Ku(z —2})| de

2/1K|

IN

IN

Thus, dropping the (.) and dz, we have

P{|[1f-71-B 15~ 1

This inequality improves over one first published in Devroye (1988), where the exponent
had the constant 32 instead of 2. The present improvement was independently pointed
out to me by Pinelis (1990).

> t} < 2e™ 3K
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REMARK 1. We recall that /nE { |f, — f| — oo for the kernel estimate when one of
these conditions holds:

(1) lim, . b = 0;
(2) The characteristic function for f has unbounded support;

() JVFi=

See e.g. Devroye and Gyérfi (1985) or Devroye (1988). When this is the case, a simple
application of Chebyshev’s inequality shows that

f |fn -
E f |fn - f |
In other words, the L, eror behaves asymptotically like a deterministic sequence, Just as
averages do when the weak law of large numbers applies.

— 1 in probability.

REMARK 2. For the standard histogram estimate, regardless of the bin width, we have

P{|[1f-11-B [ 11| >t} s2e.

Thus, just as for the kernel estimate, we have an inequality that is valid for all f and
n, and for all choices of the bin widths and the smoothing factors. The non-asymptotic
character of the inequalities will undoubtedly make them useful tools for further appli-
cations.

REMARK 3. By the boundedness of [ |f, — f|, we note that f|f, — f| — 0 in probabil-
ity if and only if E [ |f, — f| — 0. But if these quantities tend to zero in the indicated
senses, by the results of this section, for every ¢ > 0 and ¢ > 0, it is possible to find n,

such that for n > ng,
P {/‘fﬂ - fl > t} < 2e—n(1_e)¢2/2f2|K| .

Thus, weak convergence of the L; error implies complete convergence. This observation
is at the basis of the equivalence results of Devroye (1983), but the present proof is
much shorter. We note that a sufficient condition for the weak (and thus complete)
convergence for the kernel estimate is that 2 — 0 and nh — oo as n — oo (see Devroye,
1987, where a proof is given based upon results of Scheffé (1947) and Glick (1974)).
When the kernel K has at least one non-vanishing moment, then these conditions are
necessary as well.

REMARK 4. The condition in Theorem 2 demands that each individual sample point
have a limited influence on f|f, — f|. This may not be the case for some data-based
methods of choosing h.
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4.4. L, NORMS.

Define the L, norm of g by ||gl, = (f |g|P)1/", where p > 1 is fixed. If £, is shorthand for
fa(z521, .., 20), gn = fu(z;2),...,2,) and if 2,,...,2, and 2}, ...,z are sequences of
numbers with z; = z; except for i = j, then

|10 = £ll, = llgn = £ll,| < Ufa = all,

1 1 ,
HﬁKh(z - ZJ') - ;;}—LK},(Z: - zj) )

IA

2
 —_——
~ nhi-Vr| K|,

by Minkowski’s inequality. From Theorem 2, we then deduce the following inequality:
P{|Ifa — fll, ~ Ellfa - fll,| > t} < 2e7* v

The inequality remains formally valid even if p = oo, in which case we obtain the
supremuimn norm.

Assume for the sake of simplicity that K is a bona fide density. We claim that
the relative stability result, i.e.,

M = Al
E|f. - fll,

holds whenever b — 0, nh — oo and 1 < p < 2. Of course, for the norms to make sense,
we have to additionally assume that K, f € L,. Assume for simplicity that K > 0. To

prove the claim, we first havve to establish that for any density f, there exists a constant
¢ > 0 such that

— 1 in probability,

E|fu - fll, > cmax (h?,1/v/nh) .

Under smoothness and tail conditions on f, this result is rather standard. The gen-
eralization to all f requires some work. Back to the statement. It clearly suffices to
show that the variance of ||f. — f||, is o(E?||f, — f||,) by Chebyshev’s inequality. The
variance is O(1/(y/nh'~*/P)) — this follows from the exponential bound shown above.
If h < n~%/% then the statement is easily verified since it L . It A > n~Y% then
we need only verify that /nh®>~ Y — oo.

Interestingly, the first p for which the relative stability result fails is p = 2. We
can only obtain it from the inequality shown above when nh® — oo, a condition that
is known to yield suboptimal values for h for all densities (not just all smooth ones!).
However, this does not mean that the relative stability result is not valid in L, for
h ~ n=1/5 Indeed, Hall (1982) proved that

”fn f”z
E||fa - fll;

under certain conditions on f, h and K.

— 1 in probability,
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4.5. UNIFORM DEVIATION OF EMPIRICAL MEASURES.
An ii.d. sampleX,,..., X, with common probability measure y on the Borel sets B of
R? induces an empirical probability measure u, by

m(B)= 23 15(X),

where I is the indicator function, and B € B. The total variation distance between u,,
and p is

T, & sup |ua(B) - w(B)| .
BeB

Clearly, T, = 1 if u is nonatomic, so the total variation distance is rather restrictive.
Vapnik and Chervonenkis (1971) considered instead

Vo = sup |ua(B) — u(B)|
AcA

where A is a suitable subclass of the Borel sets. For example, if A = {(—o00,z] : z € R}
and d = 1, then V, is the standard Kolmogorov-Smirnov distance discussed above. They
showed in particular that

P{V, >t} < 4s(A, Zn)e""z/8 , nt? > 1,

where
s(A,n) = zl,...I,Izl?)%R‘" Na(z1,.. ., 20)
and N4(z,,...,2,) is the number of different sets in

{{z1,.-,za} N A Ac A} .

For many families A that are not too rich, such as all halfspaces, all intersections of a
finite number of halfspaces, all balls, etc., s(A,n) < nP for a finite D (the ”Vapnik-
Chervonenkis dimension”), so that the Vapnik-Chervonenkis bound decreases exponen-
tially with n. For extensions and discussions, see Devroye (1982), Gaenssler (1983),
Pollard (1984) and Alexander (1984).

If we replace X; in the sample by X while holding all the other elements fixed,
V. changes by at most 1/n, so that from Theorem 2,

P{|V, - EV,| >t} < 2e72*" .

This implies that +/n(V,, —EV,) = O(1) in probability. For the limit law theory of \/nV,,
we refer to Dudley (1978).
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4.6. VARIABLE KERNEL ESTIMATES.

Breiman, Meisel and Purcell (1977) introduced the variable kernel estimate

F(e) = 23 Kule - X,

where H; is a function of X; and the data, X;,...,X,,. If H; is a function of X; and n
only, then the inequality of section 4.3 applies unaltered.

A more interesting choice of H; is that in which it becomes a function of the
distance between X; and its k-th nearest neighbor among the data. Replacing X; by X]
affects at most ck of the H;’s, where ¢ is some universal constant depending upon the
dimension only. This is seen by noting that X; can be among the k nearest neighbors
of at most c'k of the X;’s, where ¢’ depends upon d only (Devroye and Penrod, 1986).
Thus, [|f. — f| changes by at most ck/n. Hence,

p{|[ifo-11-E 1t 11> t} < et

Thus, Var {f |f. — f|} = O(k*/n). Depending upon the choice of k, this can be used to
establish the relative stability of the estimate.

4.7. RECURSIVE KERNEL DENSITY ESTIMATES.

The bound of section 4.2 remains valid for density estimates of the form
1 n
fa(z) = n Z Ky (z - Xi) ,
=1

where h; depends upon i only; this is an estimate attributed to Wolverton and Wag-
ner (1969). Consider estimates of the form

fa(2) = ZP&KM(?: -Xi),

where (p;,...,Pa) is a probability weight vector, and both p; and k; depend upon i and
possibly n. This general form of estimate goes back to Deheuvels (1973). The condition
of Theorem 2 holds with ¢; = 2p; [ | K|. Clearly,

n n 2 2
2 _ 2 )
;ﬂ:ce -4?:1:?.' (/IKI) <4 maxp (/IKI) .

This in turn can be used in the upper bound of Theorem 2.

Deheuvels (1973) proposed the latter estimate, based upon a fixed sequence
hi,ha,..., with p; = h;/ ¥, hi. Assume furthermore that h, oscillates so slightly
that 31, A < Anhk? and Y .-, h; > Bnh, for some positive constants A, B. Then we
see that upon proper substitution of the various bounds,

P{ /'f» - fl- E/Ifn - fl| > t} < 2e-Bor/aa fH1KD
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Deheuvels’ estimate is relatively stable for all f, whenever A — 0, nh — oo, K has
at least one non-vanishing moment, and h satisfies the regularity condition mentioned
above.

5. Inequalities for the variance.

In many applications, one would like to obtain information about the variance, or the
oscillation, of a random variable of the form f(X,,...,X,) where X,,..., X, are i.i.d.
random vectors. Often, f(-) is a rather complicated function of the data (see the ex-
amples in the previous section). One of the first general tools in this respect is the
Efron-Stein inequality (Efron and Stein, 1981; see also Vitale, 1984).

THE EFRON-STEIN INEQUALITY. Let f be a symmetric function of its n arguments,
and let X,,...,X,,1 be ii.d. random vectors. Define

S,' = f(Xl,...,X,'_l,X,'+1,...,X,.+1) 3
S = Sn+1 = f(Xl"'an) )

and
_ 1 n+1
S = S,' .
n+1 ;
Then
n+1

Var{S} < gE{(s _E)z} - (n+1)E{(S—§)2} .

When the right-hand-side of the inequality is worked out, and some further
bounding is used, we obtain the following resuit:

2 [nt1 2
Var(S} < (n + 1)E{ () (Z(S— s,.)) }

i=1
n+1

< ;l-i—TE{(n 1SS - Si)z}

i=1

a4l

= Z:E{(S— s:’}
= iE{(s - 5-')2}

= nE {(Sz — 51)2} .
Assume next that a condition similar to that of Theorem 2 holds:

zlsupx [f(Z1,- -y 2a) — f(21, 00 2in1y B, Big1y - 0 20)| <€, 1<i<n . (%)
iTn
&) A

Then |S; — 54| < ¢, and thus, Var{S} < nc?.
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The derivation given here is that of Devroye (1987), where it was used to show
that for the kernel estimate, regardless of the choice of A or the nature of f,

w{ﬂn—nk@.

In 1986, Steele obtained a related inequality:

STEELE’S INEQUALITY. Let f be an arbitrary function of its n arguments, and let
X1,..., X0, X1, ..., X, be iid. random vectors. Define

Si = .f(Xl,- '-7X|'—11Xi’in+11~"7Xn) Y
and

S = f(Xy,.. ., Xn) .
Then

Var{S} < %gE{(S’ -5y}

Note that the symmetry of f is no longer a requirement. Also, under condition
(*), Var{S} < nc?/2. This yields an improvement by a factor of 2 over the Efron-Stein
based bound. It is possible to improve these results even further, as in Theorem 3 below.

THEOREM 3. Let X,,..., X, be independent random variables taking values in a set A,
and assume that f: A" — R satisfies

sup lf(zly"'vzn)‘f(zlv'")zi—lyzzazi-l-l)'-'vwn)l S Ci 1 S”S n.

Var{f(X4,..., Xa)} < i‘;cf .

ProoF. Let F; be the o-algebra generated by X;,..., X;. LetY =Y, = f(Xy,...,X,).
Then Y; = E{Y | %} forms a Doob martingale process. We formally set, as usual,
Fo = {0,9}, so that ¥, = EY. Thus,

Var{Y'} = E{(Y - Yo)’}

=E{(g(n-x_l))z}

=E{ ) (K—Y.-_l)z}+2 Y E{(¥i- Y )(Y; - Y1)}

1<i<j<n

i=

E{i(Yi -}’6—1)2} )

i=1

i



4
where we used the martingale property to show that the cross product terms are zero:
for i < j, we have
E{(Y: - Yoi)(Y; - Y;1) | Fioa}
= (Y; = Y1) (B{Y;|F;-1} = Y;_1) = 0 almost surely.
Theorem 3 follows from the above result if we can show that
E{(Y: - Yi1)’|Fica} < €}/4.
To see this, we observe that if
Z; = essinf {Y; ~ Y;_4|Fi_1} , Wi =esssup{Y; - Y;_4|Fi_1} ,

then, as shown in the proof of Theorem 2, W; < Z;+c¢;, and thus, given F;_;,Y;-Y;_;isa
zero mean random variable taking values in the set [Z;, Z; + ¢;]. But an arbitary random
variable X taking values in a set [a, ] has variance not exceeding E(X — (a + b)/2)? <
(b — a)?/4, so that

E {(Y- - Y-’-1)2|-7:'-1} < 53/4 .
This concludes the proof of Theorem 3. =

REMARK 1. For the kernel estimate, we obtain

Var{/|fn—f|}S f:IlKl )

which is an improvement by a factor of 4 over the inequality shown in Devroye (1987),
which was based upon the Efron-Stein bound. This improvement was suggested to me by
Pinelis (1990), who mentions a range of inequalities in a much more general framework.

REMARK 2. For the histogram estimate, we obtain

1
- < =
Var{/lf,. fl}_n,
REMARK 3. Without further work, we also have
1
Vi w(z) — < —
ar{sgp|F (=) F(:c)|} *m

for the Kolmogorov-Smirnov distance. Similarly, borrowing the notation of section 4.5,
we have

Var {jtelg |t (4) - u(A)I} < i :
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ABSTRACT

In this paper conservative confidence bands for the regression function , closely related to
those proposed by Hall and Titterington (1988) are considered. However we allow to appear
dependence between the local averages which will lead to more efficent confidence bands.
Confidence bands based on local medians are also considered and for both cases we find optimal
choices of the number of observations to use at each cell and the number of subintervals to be
considered. A comparison between both methods is given and some examples are considered.
The proposal is very simple and gives confidence bands for which calculation of widths is very
easy.

1. Introduction.

In a very nice paper Hall and Titterington (1988) propose conservative confidence bands
for the regression function related to those of Knafl, Sacks and Ylvisaker (1988), in that they are
based on linear (in the data) estimates of the regression function at any given point. However
their proposal is much simpler and gives confidence bands for which calculation of widths are very
easy. Some related work have also be done by Wahba (1983) and by Silverman (1985) from a
Bayesian point of view, that leads to splines methods to construct confidence bands. See also
Hérdle and Bowman (1988) for an asymptotic approach based on bootstrapping techniques.

Basically the idea is to divide the interval where we are working, let say the interval [0,1] into
r subintervals [(i-1)h, ihj , 1< i <r, h=m3 for m an integer that satisfy n=mr, where n is the sample
size and & is the distance between points at which observations are taken. At each of these cells
using a local average of the response variables in the subinterval, Vi = m1 (Y@i-1)m + - + Yim-1)
construct a confidence interval for the average of the regression function g on the cell, and obtain
from it a confidence band for the function g(x), x €[(i-1)h, ih] using some constraint in the local
behaviour of the function g. Since the observations that are used at each cell are independent,
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the confidence band at the whole interval is just obtained by working with the product of those
probabilities.

Following the same idea we will consider two extensions:

(i) allowing to appear dependence between the local averages Yj by using more observations than
those who are in the corresponding cell to construct the confidence band at each cell.

(i) using local medians instead of local means in order to obtain robust confidence bands. In this
last case we will also allow to appear the kind of dependence described on (i).

In both cases we will not require to the distribution of the errors to be gaussian. However for
(i) we will need to calculate percentiles of averages of variables with the error's distribution.

We will show that for a fixed m, conservative confidence bands using k observations, k>m,
at each local average can be obtained that, in general, lead to more efficient confidence bands.
Optimal k values can be found for a fixed m, and also an optimal pair (k,m) can be obtained under
mild assumptions. Since n=mr we will refer in what follows to the pairs (k, r).

Some examples are given for (i) and (ii) together with tables that compares the lenght of
different confidence bands. Also optimal k and (k, r) values are given. They can be easily
computed at each problem since the bandwidth lenght does not depend on the data except on
the error's distribution, the distance between points and a bound for the derivative of the
regression function. The case of unknown variance is also considered for local means under
normality assumptions.

2. Conservative Confidence Bands Based on Local Averages.

Let us consider the following regression model: Y(x) = g(x) + e(x), where g is a continuous
function and e(x) a white noise. We will give some conservative confidence bands for g(x) when
observations are avalaible at the points x; =5, i.e. , when we have

Yj=9(®) +¢ j=0,1,..n (2.1)

where 8 is a positive number, {ej: j>0} is a sequence of i.i.d. random variables with E(ej)=0 or
symmetric around 0. We may assume without loss of generality that we are dealing with the interval
{0,1]. In this case én=1.

As in Hall and Titterington (1988) we divide the interval [0,1] into r subintervals [(i-1)h,ih]
1<isr, h=m3 for m an integer that satisfies n=mr. Each j5 will belong to some cell [(i-1)h,ih]. At
each cell we consider a local average of k data points

ik (Vo4 Vi 1) (2.2)

where pj = (i-1)m -{(k-m)/2] , and [x] denotes the greatest integer less or equal than x.

Note that if k=m these are the local averages considered by Hall and Titterington (1988),
while if k>m the variables Vj, Vi1 will be correlated. For instance if k=2m the sequence {Vj, ix1} is
3-dependent.

Throughout this section we will only assume:

H1. g(x) is a continuous function that verifies a Lipschitz condition on each subinterval
li=[pid,(pi+k)3] with constant ¢j i=1, ..., .

_ We will consider the case when k<m, k=m and k>m. For the first two cases the variables
{Yi :i=1,..., r} are independent while in the last case, as noted above, they are dependent.
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However we will show that for a fixed m, conservative confidence bands using k>m can be
obtained that, in general, leads to more efficient confidence bands (shorter ones) depending on
the relationship between c=max{c; : i=1,...,n} and F. For this case optimal k values can be found
relative to some bounds given in Lemma 2.1. On the other hand also an optimal pair (k, r) can be
found when cj=c for i=1,..., r. In both cases optimal values can be obtained from the distribution F
and the values of n, ¢ and the confidence level. (In the normal case it will depend on o2, n,c and
the confidence level).
The results on this section are based on the following two Lemmas.

Lemma 2.1, Assume H1 and let xj=pid, z=xj+ykd for [(k-m)/2)/k<y<[(k+m)/2)/k and
_ k-1
gi=k'1 ¥ g(xi+h8) . Then we have that
h=0

lo(2)-Gil <Ak

where Ak j=Gi8(k€ +m2 +2m)/4k if k>m and k-m is even; Ak j=Cid(k2 +m2 -1)/4k if km and k-m is
odd; Ak i=(m+1)/2 if kem and m-k is even and Ak j=m/2 if kem and m-k is odd.
The proof can be found in the Appendix.

Lemma 2.2. a) Let U1,U2,...,U(r-1)p+k be i.i.d. random variables with common continuous
distribution function F, p>1, p+1<k<2p+1 and consider the following sums of random variables:

Us = U(s-1)p+1 + U(s-1)p+2 +...+ U(s-1)p+k fors=1,...r

each of which have distribution function Fk' , the k-convolution of F with itself.
Let V1, V2,....Vr be independent random variables with the same distribution function Fk'
as Ui (i.e. independent copies of U4, U2,....Ur) . Then we have that

P(U1sty, Upsto, .. Ut y) 2PV 1<y, Dasty, .. Dt r )
and

P(Uq>t1, Uasto, ... Ut ) 2P(V1>t1, Vasto, ... Pty ), for all point (t1,..t pE R

b) Moreover, the same result holds for Ip+1<k<(l+1)p+1 and I21.

The proof can be found in the Appendix.

BRemark 2.1, Note that in (a), the sequence {Uk k>1} is 2-dependent, and in the general case
considered in (b) the same sequence is (+1)-dependent.

Bemark 2.2, For the gaussian case, Lemma 2.2 can be derived directly from Slepian Lemma (see
for instance Leadbetter, Lindgren and Rootzén (1983), Normal comparison Lemma on page 81).
Conversely Siepian inequality can be derived from Lemma 2.2.

Bemark 2.3, L.emma 2.2 will allow us to obtain conservative confidence bands when we use k>m.
In particular if F is symmetric we have that

P(lu1|<u,... [Ursu)> 2P(V1<u,... Vi<u) - 1

as can be easily seen from the well known inequality P(AnB)2P(A)+P(B) - 1 with
A={V1<u,...,V<u} and B={V1>-u,...,V;>-u}.
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Corollary 2.1, Let U4,....Ur and V1,....D, be as in Lemma 2.2 and normally distributed, and 6 a
positive random variable independent of {U4,...,U; ,V1,...,Vr }. Then we have that
PUicu,. Yra) PPy, Pray. (23)
0 0 0 (]

In particular we can apply this result to the case 0=(v/s)}/2 where v has a chi-square
distribution with s degrees of freedom.

The conclusion follows inmediately from

E[E(1 18]

{ max u <eu}’°)IZE[E(1{ max ¥, < 6u}
h=1....r hetor 1

where 1 A is the indicator function of the set A.

Moreover when 6=(v/s)1”2 and v has a chi-square distribution with s degrees of freedom (2. 3) is
just
oo o0

Jp(hm Un<u(vis) 2v=Di(DdC 2 J P( max Vheu(vis)! =00
h=1

=1..., =1...,

where fy(.) is the chi-square density for s degrees of freedom.

2.1 CONFIDENCE BANDS FOR THE REGRESSION FUNCTION WHEN o2 1S KNOWN.
For the lack of simplicity let us consider the case when {ej ;j>1} is a gaussian white noise.
From (2.1) we have that
pi+k-1
Vigi=k' Yej=¢
i=p;
where Y; is defined in (2.2) , gj is defined in Lemma 2.1 and &j is a gaussian random variable with
zero mean and variance o2/k. Theretore by Lemma 2.2 and Remark 2.3, given O<a<1 we can find
a>0 such that
1-a<P(-a<ej<afori=1,.n=P(Yi-a<gi<V +a fori=1,..10). (24)

More precisely the value a in (2.4) is obtained from the relationship

P(. max ]e. |<a) = P20 1.

max |e, I<ak2¢-1) > 20¥(ak12071) -1
i=1...1r i=1...

where & stands for the standard normal distribution function, choosing a=ck 12 1[(1-/2)1/].
On the other hand from the proof of Lemma 2.1 it is easy to see that

lo(2)-gil <ci8 [k+6y-1+2yk(y-1))2 = Ay it(y) fory20

and
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l0(2)-Gil <cid(k-1-2yK)/2 = Ay i (y) fory<O. 25)

(We recall that k>m implies y=0.)
Then the confidence bands are given by

1-asP(Yia-Agi(y)<g@@) <Yi+a+agily) Vzel,i=1,...1)

where Ak (y) is Ak it(y) or Ak,i(y) respectively. However in practice if m3 is small enough we
will use the uniform bounds Ay j given in Lemma 2.1 instead of Ay j (y), (which corresponds to a
minimax situation) to obtain the confidence bands.

With straightforward modifications we can obtain an analogous result for the non-gaussian
case in terms of the percentiles of the distribution function of the error's average.
2.2 WIDTHS OF CONFIDENCE BANDS FOR FIXED R AND DIFFERENT VALUES OF K.

In this Section we will compare the efficiency of the conservative confidence bands for

ditferent values of r and k at the gaussian case using the uniform bounds Ak j =Ak. From the last

Section we have that the width of a conservative confidence band with level 1-a at each
subinterval lj is given by

Lk = Lk = 2 o k120 1[(1-0/2) 17 ] + 2.
The difference between Ly and L is given by
Lmlk =2 0@ [(1-/2)1r ] (m 172 - k12) 4 20am - Ak ]

In this case it is easy to see that if kem, then A>Am.1 and Ay-1 is essentially equal to Am

(the difference is ¢j6/2). Therefore the case k<m will lead to widther confidence bands. However if
we use A(y) instead of Ak and k<m, it will happens that  Ak(Y) > Am-1(Y) for some y
values and Ak(Y) <Am-1(¥) for other y values. For instance if 2=0, k=1 will be an optimal
selection for some values of y but not for all the possible values at the subinterval. If k=m we have
that

2[Am - Ak ] = cid(m+1 - (k2+m2+2m)/2K) = - cidk-m)(k-m-2)/2k (2.6)
if k-m+1 is even, and

2[Am - Ak ] = CiB(M+1-(k+m2-1)/2K) = - cid[(k-m)2-2k-1y2k @7

otherwise.

Then

0slm-Lk & ofcid 2 p(ky/2 & 1[(1-w2)Vr ) (m 172 - K1/2)
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with p(k) being the right hand member of (2.6 ) or (2.7 ) respectively divided by -C;3.
This relationship does not depend on the data except on the values of o, ¢j and 8.

Then, we can also find an optimal pair (k,r). In Table | we give the bandwiths lenght for
different values of k and r and the optimal selection for a real example of radiocarbon age and tree-
ring age already considered by Hall and Titterington (1988, Example 5.2 pag. 245 ) using the
estimated variance given there, 6=2400/180 and cij=c=1. We recall that the bandwidth lenght
does not depend on the data except on those values,so for each problem an optimal solution , in
this sense, can be found easily. The best value for m=k is obtained at m=6. However the pair
(m,k)=(6,11) gives a smaller band and at the pair (4,9) we obtain the minimal value, with a relative

efficency increased on 22.7% ({(Lm-Lk)/ Lk))-

In Table [l we give the bandwidth lenght for different values of o, n, 8, o, ¢j, r and k for

normal errors, which shows the optimal k value for each r (or m) and its relative efficiency.

RADIOCARBON AGE AND TREE-RING AGE EXAMPLE
CONFIDENCE LEYEL=0.95,n=180,C=1

m| s 5 4 39 15
t | 3.0 3 45 s0 20 12

optimal

kvalue | 11 10 9 8 4 20
t

ok | 1963 1914 188.32 188.33 2185 2756

[Lenght

forlm | 2312 233.9 2425 2657 242  292.95

Tablel

CONFIDENCE LEVEL=.9,r=10, 8=.01,C=1] CONFIDENCE LEVEL=.95,r=50, $=.0005,C=1
v 1 8 01 v 1 8 4 2 .oo0!

optimal optimal

" alue 65 57 11| o ale 559 481 305 195 41

Lklength | o9 g37 536 .115| Lklength | 447 36 227 144 .020°

Lmiength | 173 141 .759 .12¢ | Lmlength | 1.06 85 434 227 .0206

TABLEI
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In Table Il we find the optimal pair (k,r)=(66,4) for a=0.1, n=100 §=0.01 o=c=1.

CONFIDENCE LEYEL=0.9,n=100, §=0.01,0=C=1
1 2 4 5 10 20 25 50 100

100 71 66 65 65 68 69 73 75

1.338 .992 927 93 969 1.02 1.037 1.086 1.133

==l PR T
B |
*

1.338 1.66 1.153 1.216 1.734 2563 2.92 4.389 6.586

TABLE i

In Figure 2.1 a scatterplot of generated data points (Yj, j5) j=0,...,2000 for normal errors with
‘ero mean and variance 0.04, §=0.0005 verifying the model

Yj=0.5 - [j6-0.5] + €]
5 given. In Figure 2.2 a graph of the step function which takes values B+i and B_i ,i=1,...,r, where

l+; and B-i denotes the upper and lower bounds of a 95% confidence band, which are plotted by
sining succesive values by straight lines together with the graph of the true function is given.
We consider additional 77 data points at each extreme of the [0,1] interval). We use for r=50 the
ptimal k value of 195 which gives a bandwidth lenght of 0.1446. In this case the confidence band
orresponding to k=m=40 has a length of 0.2276.

2000 DATA FROM Y=0.5—ABS(X—0.5)+ERROR

FOR NORMAL ERAORS WITH VARmOD.04

1.2 -
1,1 :{ +
1 + +

bhbbbbbt epeseese

Figure 2.1
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95% UNIFORM CONFIDENCE BANDS

WITH LOCAL MEANS (N80, K=198)

2000 DATA FROM N(D.1)/5
t

[ ] 0. 6.2 o3 o4 o5 o.s o7 os as
Cm1 DELTA=O.0008

Figure 2.2

Figure 2.3 shows a similar scatterplot of 400 double-exponential generated data points
with variance 1/16, verifying the model

Yj=0.5 - |j5-0.5] + ¢
{cj=Co=1). A conservative 90% uniform confidence band based on local means is plotted (r=10,
k=131) together with the true function. A conservative method based on a Berry-Esséen type
bound was considered to obtain the critical values. Details are given in the Appendix.

90% UNIFORM CONFIDENCE BANDS

WITH LOCALS MEANS(Rw10Kw131)

400 DOUBLE EXPONENTIAL DATA (WAR=1/18)

o o.1 o2 0.3 o4 [-X .6 (%4 os 0.9
Cou1 (DELTA 0028

Figure 2.3
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2.3 CONFIDENCE BANDS FOR THE REGRESSION FUNCTION WHEN o? IS UNKNOWN AT THE
GAUSSIAN CASE.

If & is unknown we may construct a slight overestimate of it,as in Hall and Titterington
(1988). Since the difference of two i.i.d. normal variables is independent of their sum the set of
differences Y2j-Y2j-1 will be independent of the estimates used to construct the confidence
bands if we consider only those differences for which the corresponding sums appears in the
error's average. If k=m it is just to exclude those differences for which 2j or 2j-1 is of the form im for
some integer i. We denote this set by 8. Then if

02y 3 (vapvzin? -
jes i

(Y25 Y2i1) 2 }
j (>3

where s is the number of elements in 8§, we have that (s-1)/(}2/02 has a chi-square distribution with
s-1 degrees of freedom and a noncentrality parameter which depends on the function g.
Therefore using now Corollary 2.1 we obtain conservative confidence bands now related to the
Student's distribution function with s-1 degrees of freedom instead of the normal distribution.

A_remark on the asymptotic behaviour, We have seen that for normal data
Lm,i<2 om 1207 1[(1-0/2) 17} + cid(m+1). (28)

Let us suppose that r—ee, m—xo (therefore n=mr—x<) and ci=co. Then since

(2|ogr)'1/ 2a-1[(1-0/2) 1/ 11 (see for instance, Leadbetter, Lindgren and Rootzén (1983)) we
will have that Lm i—0 provided that logr/m—0. Actually, the first term in the right hand of (2.8)
converges to zero, as well as co(m+1)8=Co(m-+1)/mr converges to zero.

If we choose k>m in such a way that k/n—0, and k/logr—eo, for r—eo, we arrive to
the same conclusion for L.

Similar results can be obtained in the non gaussian case, which will depend on the tail
behaviour of the distribution F.

3. Conservative confidence bands based on local medians.

In this Section we will obtain conservative confidence bands based on local medians, that
will have natural robustness properties with high breakdown point. These results can be applied
to nonparametric regression models without any requirement to the distribution of the errors F
(even without any moment condition or symmetry assumptions). Moreover, the confidence bands
based on local medians will also be conservative in the sense that their level, obtained for a given
F, will be larger for any other distribution funcion G which is stochastically smaller than F. From a
robust point of view the confidence bands obtained for a given F can be applied when the true
distribution G lies in a whole neigborhood that is controlled by F in the sense that F is more heavy
tailed than G.

As before, we will also consider the case when k>m when the bands are constructed from
local medians of groups of observations with some overlapping, which will introduce dependence
between the local medians, in order to attain more efficiency.
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When the regression function g is monotonic, we will also be able to reduce the bandwidth
lenght of the conservative band.

The results are based on two Lemmas, similar to those on the preceeding Section, one
who deals with the "interpolation” error and the other one who deals with the stochastic error, that
has some interest by itself.

Let Y(x) = g{x) + e(x) where g is a continuous function and e(x) is a white noise with
distribution function F, median(F) = 0. Observations are avalaible as before at the points xj=j i.e.

Yi=0(0) +€j EO,...n (3.0)

where § is a positive number and {ej: j20} is a sequence of i.i.d. random variables with distribution
F.

As before we divide the interval [0,1] into r subintevals [(i-1)h,ih] 1<i<r, h=m3 for m an
integer , n=mr. Each j3 will belong to some cell [(i-1)h,ih]. At each cell we consider a local median
of lenght k Vi=median(Ypi,...,Ypi+k-1) for pi=(i-1)m-[(k-m)/2] and

Bi=median(g(xi), g(Xj+3).....9(xj+(k-1)8)) = median(g(xj+s3), $=0,....k-1)
for xj=pid. Then we have that

¥i=median((g(xj+s5) + ep.+s) » 5=0,...k1) =

Gi + median{{g(xj+s8)-Gj + ep+s)  5=0,...k1) . (3.1)

Lemma 3.1. Let z€[(i-1)h,ih] and assume that g verifies a Lipschitz condition of order one with
constant ¢j in the subinterval [pi3, (pj+k-1)8]. Then

a)  |9(2)-Gil <ci® max( (k+1)/4 ; (m+1)/2).

b) I in addition g is monotonic, then |g(2)-Gi| <¢id (m+1)/2.
The proof can be found in the Appendix.

Lemma 3.2. a) Let U{,U2,...,U(r-1)p+k be i.id. random variables with common continuous
distribution function F, p>1, p+1<k<2p+1 and consider the following random vectors:
Us = (U(s-1)p+1, U(s-1)p+2,---U(s-1)p+k) Tors=1,..r.
Let V1, V2,....Vr be independent copies of U4, U2,.,Ur (ie.{V1, V2,.,Vr}isa
independent set of random vectors, each of them with the same distribution function as U1).
Denote by Ug (M) the h-order statistics of the vector Ug , (h=1,2,....k) and Vs (N the h-order
statistics of the vector Vg, s=1,2,....,r. Then we have that

P Mt upMa, . uMat) Py Ma, v, . M)
and

Pt Mst, uaMst, . udMsty 2p Mot voMst, . Mty
for all real t.

b) Moreover, the same result holds for Ip+1<k<(l+1)p+1 and I21.
The proof can be found in the Appendix.
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3.1 CONFIDENCE BANDS BASED ON LOCAL MEDIANS.

We will now construct conservative confidence bands based on local medians by using
Lemma 3.1 and Lemma 3.2. Let x€[(i-1)h,ih] and suppose that g verifies the condition given in
Lemma 3.1. Then we have that

l9(xi+s8)-Gi | < Ci6 (k+1)/2.

Therefore
-Cid (k+1)/2 + median(UpiJ,s , §=0,... k-1)<median(g(xi+s5)-Gi +Upi+s , 8=0,...k-1)<
Cid (k+1)/2 + median(Upi+s , §=0,....k-1).
On the other hand by Lemma 3.1
lg(x)-Gil <ci6 max( (k+1)/4 ; (M+1)/2).
Putting things together we have
¥i. median(Upi+s ,8=0,...k-1) - Cid (k+1)/2 - j& max( (k+1)/4 ; (m+1)/2) < g{x) <
¥i- median(Upi+s ,8=0,...k-1) + Cid (k+1)/2 + ¢jb max( (k+1)/4 ; (m+1)/2)

and so if A and B are such that ASmedian(Upi+s , §=0,..., k-1)<B we have that

¥i.B.ciS[ (k+1)/2 + max( (k+1)/4 ; (m+1)/2)] <g(x)<
¥i- A-ciS [ (k+1)/2 + max( (k+1)/4 ; (M+1)/2)]
for x€[(i-1)h, ih].
Finally if a and b are such that
(1 =P(asmedian(Up,s, $=0...k-1)<b) (3.2)
we get our robust uniform confidence bands by using Lemma 3.2. Effectively,
P{Vi -b - i [ (k+1)/2 + max( (k+1)/4 ; (M+1)/2)] <g(x)<

Ti-a+co [ (ke1)/2 + max( (k+1)/4 ; (M+1)/2)] } 2
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P{asmedian(Upi+s , §=0,....k-1)<bi=1 ,‘..,r}zP f {asmedian(Upi+s , s=0,...,k-1)sb}=(1-a)

(3.3)
We summarize this result in the following Theorem.

Theorem 3.1, Let Y4, ..., Yn be observations verifying (3.0) and assume that for a fixed k=m at
each subinterval [pid, (pj+k)d] i=1,...,r the function g satisfy a Lipchitz condition of order one with
constant ¢j. Then a 1-o. conservative confidence band is given by the left hand side of (3.3) with a
and b verifying (3.2).

In the symmetric case we take a=-b.

Corollary 3.1. In the monotone case, max({(k+1)/4;(m+1)/2) can be replaced by (m+1)/2 in (3.3).
Moreover, if we know that the function g is nondecreasing, then each cell can be divided into two
subintervals. At the left one we just need to add the interpolation term (m+1)/2 to the lower
bound, while in the right one we only need to add it to the upper bound. If g is nonincreasing the
same result holds changing left by right subintervals.

Bemark 3.1. As in the case of local means it can be shown that if 'k 50 as r—»o¢ and k/n -0,
the bandwidth lenght Lk converges to zero for all F symmetric around zero with density f(x).
Efectively, under these assumptions it can be proved that

F(bk)=1/2+1/2[(logr)/k]1/2 + o([(logr)/k]?/2)

where by is such that
P(median(1,....E2k+1) € (-bk,bi)=(1-a) /7

and {&;, i=1,...,.2k+1} are i.i.d. random variables with common symmetric distribution F. On the
other hand the condition k/n -0, ensures that the "interpolation error" converges also to zero,
which entails the desired result.

3.2 SOME EXAMPLES OF CONSERVATIVE BANDS.

Some artificial examples are considered in what follows. In Figure 3.1 a 90% confidence
band based on local means is constructed from 200 data verifying the model

Yj=0.25 - |xj-0.5| + ¢ fori=1,...,200

for ej with distribution function F1(./4), where F1 is the standard Cauchy distribution, while using
percentiles from a normal distribution with variance 1/16. Figure 3.1 shows clearly how bad can be
the bands constructed from local means when the error's distribution have heavy tails. Note that
not only the real function has nothing to do with the constructed interval but also there is no
possible continuous function in this band. The bandwidth !ength of 90% conservative bands
constructed from local means with Cauchy percentiles is also given in Figure 3.9.






