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1. Introduction

In 1984, the author of this note published a black-box style rejection algorithm that can be used
for any log-concave density f on the real line for which the location of a mode m is known. Defining
M = f(m), it is based on the inequality

f(z) < M min (l,elf‘mfmlM) .

An extension to discrete distributions on the integers followed in 1987. As the integral over the bounding
curve is precisely 4, this implies that one can develop a simple von Neumann rejection algorithm (von
Neumann, 1951) for generating random variates from f such that the expected time is uniformly bounded
over the entire family of distributions. However, one has to know m and be able to compute f(m). In
some cases, we do not know where m is, but have information in another form, such as the value of the
mean 4 or the variance o2. In other cases, we only know f up to an unknown normalization constant.

The purpose of this note is to fill in the gaps, and provide uniformly fast random variate generation
algorithms when only partial information is available. The primary goal in this work is to develop
simulation algorithms that are uniformly fast over all log-concave densities for which we have access to

one or more parameters such as m, p or o2.

We will introduce a logical nomenclature for our algorithms, as listed in the table below, where
LC refers to “log-concave”.

name f available m known p known o2 known
LC—f—m yes yes
LC—f—-—p—o0o yes no yes yes
LC—f—pu yes no yes
LC—g—m up to normalization constant yes
LC—g—m — o up to normalization constant yes yes
LC—g—pu— 0o  up to normalization constant no yes yes

Table 1: Nomenclature for the algorithms in this note.

For all these cases, we derive appropriate inequalities that will permit to develop simple black
box “off-the-shelf” rejection algorithms that are uniformly fast over the class of all log-concave densities.
The expected number of iterations in von Neumann’s rejection method is equal to the area under the
bounding curve. This enables us to see what price we must pay for having only partial information. All
algorithms can be adapted to discrete log-concave distributions but that will be done elsewhere.

Past work on random variate generation for log-concave densities includes Devroye (1984 and
1986, section 8.2), where the first uniformly fast algorithms were developed. An extension to discrete
log-concave distributions followed in 1987. Hérmann, Leydold and Derflinger (2004) (see also Hérmann
and Leydold, 2000, 2001) designed black-box automated random variate generators. In some of that work,
they assume the availability of the derivative of f in black-box format. For example, they automate the



method of finding a threshold beyond which an exponentially decreasing cap is used, and perform an
optimization along the way. Their methods are fast and efficient, but a uniform performance guarantee
is still missing. Further black box attempts include Devroye (2012). If many random variates are needed
for a fixed distribution, then one could use table methods—adaptive or not—to break the line up into
intervals on which we can to a good job bounding f. See, e.g., the book of Devroye (1986, chapter 8),
Hormann’s table method (Hérmann, 1995), or the articles of Gilks (1992) and Gilks and Wild (1992,
1993), who developed the ARS algorithm, which stands for adaptive rejection sampling. The original
paper of Gilks and Wild (1992) required also the derivative of f at various places (in black-box style),
but Gilks (1992) did not need that. See also an exercise in Devroye (1986, chapter 8.2) about adaptive
rejction sampling. In any case, we are not aware of any uniform performance bounds for any of these
methods.

The paper is organized as follows. We begin in sections 2 and 3 with foundational inequalities
for log-concave densities. In section 4, we deal with densities for which the normalization constant is
known or computable up to a certain explicit margin, and the mode is known. This algorithm is used in
sections 5 through 9 to develop or outline uniformly fast algorithms for all gamma and beta densities, the
Pearson IV density, Losev’s density and Chernoff’s density. In section 11, we deal with rather common
situations in which a mode is not explicitly known, such as is the case for polynomially tilted secant and
cosecant distributions, and Sitenko’s distribution. In section 12, the mode is known, but the normalization
constant is not known. One can still develop a uniformly fast generator when the variance is known. In
section 13, we deal with an unknown mode and unknown normalization constant, provided that both

mean and variance are known.

2. Some useful properties of univariate log-concave desnities

A density is log-concave if log(f) is concave. Log-concave densities are unimodal, but may have
an interval of modes. Examples of log-concave densities include the normal distribution, the gamma (a)
distribution for a > 1, the exponential distribution, the uniform distribution on [0, 1], the logistic distri-
bution, Gumbel’s extreme value distribution, the Laplace distribution, the hyperbolic secant distribution,
the chi-square distribution with n > 2 degrees of freedom, the beta (a,b) distribution for a,b > 1, and
the Weibull (a) distribution with a > 1.

Saumard and Wellner (2014) survey the main properties of log-concave distributions. Of partic-
ular utility to us is the distance between p and m, starting with the Johnson-Rogers inequality (1951)

|m_M| < \/go',

which is valid for all unimodal distributions, which implies that it is valid for log-concave distributions. See
also Dharmadhikari and Joag-Dev (1988) and Bottomley (2004). Bobkov and Ledoux (2019, proposition

B2) give the following inequalities, valid for all log-concave densities with mode m, mean u and variance
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The left-hand side of the second inequality is valid for all densities, not just the log-concave densities (see
Statulevicius (1965) and Hensley (1980)). The right-hand-side of the second inequality is due to Fradelizi
(1999; see also Bobkov and Chistyakov, 2015). Other inequalities of this type include

f(@) = 2f(m) min(F(z),1 - F(z)),

where F is the distribution function for f (Bobkov and Ledoux, 2019). The above inequalities imply for
example that f(u) < f(m) < evV3f(p).

3. When the density can be computed exactly and its mode is known

When f can be computed in a black box format, and we know the position of a mode m, we are
back in the situation dealt with in Devroye (1984, 1986). For completeness, we briefly recall the main
inequality:

THEOREM 1. If f is log-concave with a mode at m, then
f(@) < Mmin (1, ¢! -le=mM) (1)

where M = f(m). The area under the upper bound (1) is 4. There is an infinite sequence of better
bounds, the first one being

f(x) S M min (17 e_x—mlM‘Fx—mlMel_lm_mM) . (2)

PRrOOF. Without loss of generality, assume that m = 0 and M = 1. Then we only need to show that
for all z > 1, f(x) < e!™®. For such an x, the value of f(z) is maximized if f(y) = 0 for y ¢ [0,z] and
f(y) =e'=%, y € [0,z]. Since we must have a density, Joet W =(1-e")/a=1,so0

flz) <em®®

where 1 — a = e™% (note that a = a(x) is a function of z, and is related to the Lambert W function
(see, e.g., Lehtonen and Rees, 2016), a multivalued function that represents the branches of the converse
relation of the function f(w) = we", where w is any complex number. If b(z) is any function with
1—b(z) > e @)% then b(z) < a(z), and therefore,

f(z) < eb@2,

We first try b(z) =1 — 1/, recalling that z > 1. Then

leads to the sought inequality,

But using this as a starting point, we can generate an infinite sequence of better lower bounds b(z) =
bo(x) < bi(x) < ---, just by setting

bpsr(z) =1 — e P07 | >0,
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For example, with

we obtain the bound

REMARK: MONOTONE LOG-CONCAVE FUNCTIONS If f is log-concave with mode at m, 0 to the left of m

and nonincreasing to the right of m, then the areas under the upper bounds in Theorem 1 get halved, to
2 for (1) and e/(e — 1) for (2).

The rejection algorithm implied by (1) can be implemented as follows:

algorithm LC—f —m

let m be the location of a mode of log-concave density f
set M = f(m)
repeat let B be Bernoulli (1/2)
let S be a random sign
let U be uniform on [0,1]
if B=1, then let V be uniform on [0,1]
set X «m+ SV/M
Accept « [UM < f(X)]
else let E be exponential
set X —m+S(Q1+E)/M
Accept « [UMe™F < f(X))
until Accept
return X
(note that X has density f)

When f is monotone decreasing log-concave with support on [m, c0), one can just set S =1 in
the above algorithm. In that case, the expected number of iterations is 2.

Conversely, we may apply the rejection method by an inversion trick, using the fact that
f(z) <min(1,e' %),z > 0,

if and only if

o< 1o (55)

™ (y) < 1+ log (—) :

or

< | =



where £V denotes the inverse of f. The rejection method is based on the fact that if (X,Y) is uniformly
distributed on A % {(z,y) : y < f(x)}, then X has density f. But for monotonically decreasing f on
[0, 00), we also have A = {(z,y) : © < f™(y)}. As 1+ log(1/x) is the density of UjUL, where Uy, Us
are i.i.d. uniform random variables, and B is Bernoulli (1/2), the following rejection method works for
all decreasing log-concave densities on [0, c0) with mode at 0 and M = 1:

algorithm LC—f — m, restated
Note: This assumes f is a decreasing log-concave density on [0, 00)
with mode f(0)=M =1 at 0

repeat let U; be uniform on [0,1], and set Z <« U
with probability 1/2, set Z «— ZUjy, where Us is uniform on [0, 1]
(note that Z has density 1+log(1/z) on [0,1])
set YV «— 1+41log(1/2)
let Us be uniform on [0,1]
let X « UsY
(note: (X,Y) is uniform in A defined above)
until Z < f(X)
return X
(note that X has density f)

The expected number of iterations of this algorithm is equal to the area of A, which is precisely two.
If f is log-concave and is supported on R with mode at 0, and f(0) = 1, then the above algorithm
is easily modified by treating the positive and negative axes separately by replacing Us by a uniform
random variable on [—1,1]. In that case, the expected number of iterations is 4. If X has a decreasing
density on [m, c0) and is log-concave on that interval, then use the former algorithm with f(z) replaced
by M f(Jx — m|M), where M = f(m). If f is log-concave and is supported on R with mode at m, then
use the latter algorithm with f(z) replaced by M f(|x — m|M), where M = f(m).

4. When the density can be computed up to a normalization constant

The log-concave target density with mode at m can be written as

where M = f(m) is defined to be the normalization constant. Assume that the function h is easy
to compute but the normalization constant, which in many cases involves transcendental functions or
cumbersome integrals, is not. It is understood that the user has access to the function h afdjusted such
that h(m) = 1. Assume that we know that

M_ <M< M,.



Then from (1), we have
h(.’E) < min (1’ el_‘x—m|M) < min (1’ el—|x—m‘M_) )

This leads straightforwardly to the following rejection algorithm:

algorithm LC—g — m: version I

Let m be the location of a mode of log-concave density f
Note: We have access to a function h such that f(z) = f(m)h(z)
and know a constant M_ such that M = f(m) > M_

repeat let B be a fair coin flip
let S be a random sign
let U be uniform on [0,1]
if B=1, then let V be uniform on [0,1]
set X «—m+ SV/M_
Accept «— [U < h(X)]
else let E be exponential
set X —m+SQ+E)/M_
Accept « [Ue™F < n(X)]
until Accept
return X
(note that X has density f)

The expected number of iterations is

M 9,
and thus depends only upon the relative accuracy of the inequality M > M_. Two examples, shown in
the next two sections, illustrate this procedure.

5. Example 1: the log-gamma distribution.

There is no shortage of algorithms for efficiently generating gamma random variates G, with
parameter a > 0. However, the cases a < 1 and @ > 1 are usually dealt with separately because of
the different physionomies of the density—for a > 1, the density is log-concave, while for a < 1, it is
monotone with an infinite peak at zero. However, log(G,) has a log-concave density for all a > 0:

Its mode is m = log(a). We define




Thus, f(z) = Mh(x), with h(z) = exp (a(x — m) + a — ). Assume now that we do not wish to rely on
a program that computes the gamma function. We can get a good and easy-to-compute lower bound for
M via an upper bound on I'(a). Among the myriad of bounds on the gamma function, we could use one
developed by Batir (2008):

4/9 ! V2r(a+1/2) — 1
e (2)“ 27r(a—&—1/2)e S < T(a) < (a)a 27r(a—&—1/2)e 53378

€ a a

N3
Using /7/e*/? < 1.136462649, this leads to the bounds

e

1
M= ——2%  8@+3/s)
2n(a+ 1/2)

a
NETESE)
The expected number of iterations in the algorithm that avoids computing I'(a) is
AN _ 4,
M_ — M_
The algorithm for the log-gamma distribution is given below. In the acceptance condition, it is convenient
to replace [U < h(X)] (where U is uniform on [0,1]) by —E’ < log(h(X)), where E’ is exponential.

1
M =1.136462649 e6(a+3/8)

=4%1.136462649 < 4.55.

universal log-gamma generator

set m =log(a) /a mode of f/

1
set M_ = —% ____¢6(a+3/8)
27 (a+1/2)
repeat let B be a fair coin flip

let S be a random sign
let E' be exponential
if B=1, then let V be uniform on [0,1]
set X «m+ SV/M_
Accept « [—E' < a(X —m) +a — e¥]
else let E be exponential
set X —m+S(1+E)/M-
Accept « [-E — E' < a(X —m) +a — e~]
until Accept
return X
(note that X £ log(Gqa))
(note that e¥X £ Gq)

If one has access to the gamma function, one can replace M_ in the above algorithm by M throughout,
and reduce the expected number of iterations to 4. We make no claims regarding the actual efficiency of
this method when implemented. Luengo (2022) offers a recent survey and comparative timing. The fact



that the log-gamma is log-concave for all parameters was already noted in Devroye (2012) and Xi, Tan
and Liu (2013). The rejection method of Schmeiser and Lal (1980) remains a robust standard.

6. Example 2: the beta distribution.

A beta (a,b) random variate By with a,b > 0 can be generated quite efficiently in a variety of
direct ways, and also as a ratio of independent gamma random variables, Go/(Ga + G3). If Y is By,
and X is related to Y by the logistic transform

1
Y =——,
1+eX
1-Y
X =1 —_—
e (55).
then X has the log-concave density
ebz

fz) =

,x €R,
B(a,b) (1 + e)**?

where B(a,b) =T'(a)I'(b)/T'(a + b) is the beta function. The mode is

m=1log|—|.
a

Once again, we have the possibility of getting a simple uniformly fast algorithm over the entire parameter
range. Here we note that
a%bb
M = f(m) = .
fm) (a +b)*tb B(a,b)

Using Batir’s inequalities given above, setting

___ab a+b+1/2 e()'(a+13/s) + 5(51378) ~ 6(@aTHTIE)
a+b\ 2m(a+1/2)(b+1/2) ’

we get
-,
B 1.136462649°

Finally, we have f(z) = f(m)h(z), with

M, = 1.136462649°%p.

eT™+1 atb
e~ M 4 ex—m) :

h(:l?) _ eb(:nfm) <
The algorithm below uses an expected number of iterations not exceeding

4M

= 4% 1.136462649° = 5.87.. ..



universal beta generator

set m =log(b/a) /a mode of f/

1 1 1
_ 1 ab | a+bt1/2 6(at3/8) T 6(613/8)  6(atb13/8
set M_ = 1135169629 a+b 2n(at1/2)(b+1/2) € (a+3/8) 7 6(b+5/8)  6a 78

repeat let B be a fair coin flip

let S be a random sign
let E' be exponential
if B=1, then let V be uniform on [0,1]
set X —m+ SV/M_
Accept [—E/ < b(X —m)+ (a+b)log ((H_;e%)}
else let E be exponential
set X —m+SQ+E)/M_
Accept [—E — E' <b(X —m)+ (a+0b)log (%)}
until Accept
return X
(note that X £ log((1/Bgp) — 1))

(note that 1/(1+ eX) £ Bay)

If one has access to the gamma function, one can replace M_ in the algorithm above by M throughout, and
reduce the expected number of iterations to 4. The early beta random variate algorithms were surveyed
by Devroye (1986). The most recent comparative survey and study is by Luengo and Gragera (2023),
who recommend Derflinger, Hormann and Leydold’s NINIGL method (2010), Schmeiser and Babu’s B4PE
or B2PE algorithms (1980, 1983), the switching method by Atkinson and Whittaker (1976, 1979) and
Cheng’s BA algorithm (1978). We do not claim that the algorithm given above is practically competitive.

7. Example 3: Chernoff’s density

Chernoff’s density is that of the symmetric random variable
X =sup{t € R: W(t) — t? is maximal},

where W (t) denotes the standard two-sided Brownian motion starting from zero. An important density
in the study of Grenander’s estimate of a monotone density, it was shown by Balabdaoui and Wellner
(2012, 2014) to be log-concave, as it can be written as a product of two log-concave functions, each having
a Laplace transform that is inversely proportional to the Airy function. We know that Chernoff’s density
is symmetric about zero, but the value of the density at any point can only be obtained by iterative
computation. Halting that numerical computation at any point can give bounds. In particular, the value
of the mode at zero can be bounded from above and below. When developing a sampling method for
Chernoff’s density, which will be done elsewhere, a good starting point is the algorithm LC—g —m, which
can do with bounds on the value at a mode.
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8. Example 4: The log-Pearson IV density

Undoubtedly, the most enigmatic member of Pearson’s family of distributions (Pearson, 1895) is
the Pearson IV distribution, which is characterized by two shape parameters, a > 1/2 and s € R. Its

density on the real line is given by
sarctan(z)

_ pre
f(:l?) - (1 4 Iz)a I
where, by Legendre’s duplication formula,
def  [Cla—is/2))> 4% '|D(a —is/2)]
- I(a)(a—1/2)(1/2)  al(2a—1)

and I' is the complex gamma function. We write P, s to denote a Pearson type IV random variable with
the given parameters. As Py g £ —P, s, we can assume without loss of generality that s > 0. As noted
in Exercise 1 on page 308 in Devroye (1986), when a > 1, arctan(P, s) has a log-concave density on
[—7/2,7/2] given by
esY(cos?(y))* L if |y| < Z,
fly) = {P ( (v)) lyl <
0 else.
The mode of h occurs at m = arctan((), where we set 5 = s/(2(a — 1)). Also,

a—1 28 arctan(3) a-1
_ osarctan(3) 1 — € ]
f(m) = pe <1+ﬂ2> p( T 5 ) :

If we have constant time access to the value of p—which requires the complex gamma function—, then
we may proceed by the standard log-concave method given by algorithm LC—f — m. However, tight
upper and lower bounds exist for the norms of the complex gamma function, requiring only standard
mathematical operations such as the exponential, logarithm and arc tangent. See, e.g., Boyd’s inequality
(Boyd, 1994; see also (5.11.11) in Olver et al., 2023). These bounds can be used in algorithm based on
LC—g — m. See Devroye and Hill (2024) for more details.

9. Example 5: Losev’s density

Losev (1989) introduced the density
f(@) = —r—m e € R,

X
e—aT | ebz’

where a,b > 0 and the normalization constant is

a—l—bs, b
e 11 .
p s a+b

As this density is log-concave and its mode is located at

m—Llo (2)
Tatb B\p)

we can apply algorithm LC—f — m for uniformly fast performance. Losev also considered densities

proportional to (f(z))" for » > 0. Here the normalization constant becomes unwieldy, yet we know a
mode, which still is m. As f” too is log-concave, we are in a situation in which we can hope to compute
upper or lower bounds on the normalization constant. This is precisely the case dealt with in the algorithm

— 11 —



LC—g — m. To be precise, the value of the normalized function h with h(m) =1 for simulating from f"

am m\ "
e " +e
h(I) - ( e—aT | ebz )
What matters for computing bounds on the normalization constant is the behavior of h near m. Since
e~ 9% is close to e~ ¥(1 — a(z —m) + a®(z —m)?/2) and € is close to €™ (14 b(x —m) + b2(x — m)2/2),

e—am 4 ebm r
e=am 4 ebm 4 (pebm — ge=am)(z —m) + (z — m)2(b2eb™ 4 a2e—am) /2

(=)

is given by

h(z) ~

where

Since 1 = M [ h, we see that if [h < H, then M > 1/H, and thus we can set M_ = 1/H in our
algorithm. Setting &(x — m)? = 1/r would yield a value h(z) ~ 1/e for r large enough. Thus, by lower
bounding the area under h by that of a rectangle, we obtain

/h > \/% < max (h(m + 1/V/78), h(m — 1/v/75)) .

The upper bound should be of the same order of magnitude. This suggests the choice

Vré

M_ = .
max (h(m +1/78), h(m — 1/\/3))

This is all that is needed to apply algorithm LC—g — m.

10. Example 6: Symmetric log-concave densities.

The mode of any symmetric log-concave density is zero. Yet, we often do not explicitly know the
normalization constant, as is the case of a density proportional to

K
h(z) = exp (- > azﬂ”) ;
i=0

where ag,...,ax > 0. Noting that h(0) = 0, we can compute an appropriate value for M_, mimicking
the argument presented above for Losev’s density so that algorithm LC—g — m can be applied. More
specifically, borrowing an example from Gradshteyn and Ryzhik (2015, formula 3.324), we can consider

h(z) = exp (—a2x2 - 2x4) .
Its mode is at the origin, and the integral is

1
e2a? Ky ,4(1/(2a%))
2a\/ﬁ ’

— 12 —



where K denotes the Bessel function of imaginary argument. Those wishing to avoid the computation
of the latter function can still generate random variables from this log-concave density via algorithm
LC—g — m (version I) provided that simple inequalities for this function are known.

11. An unknown mode

Sometimes, we have a log-concave density f in a black box setting, but do not know the location
of a mode m. This happens for example when the analytic form of f is unwieldy. As we will see in this
section, it suffices to have a location parameter to anchor the density. For example, knowledge of the
mean p will do. We begin with a few examples, which illustrate the point that it is quite often the case
that one has easier access to the mean than to a mode.

EXAMPLE 7: SUMS OF LOG-CONCAVE RANDOM VARIABLES. As the convolution of two log concave
functions is log concave, the sum X +Y of two independent log-concave random variables is a log-concave
random variable. The mean is the sum of the means, but often, a mode of X + Y is not readily available.
That would be the case if we add a gaussian random variable with a beta random variable, for example,
when both beta parameters are at least one. If we have the sum of k£ independent log-concave random
variables, then generating them independently and summing them would incur a time complexity at least
equal to k. So, it is advantageous to generate that sum directly, but then a mode is unknown, while the

mean and variance are. [ ]

EXAMPLE 8: POLYNOMIALLY-TILTED HYPERBOLIC SECANT AND COSECANT DISTRIBUTIONS. In what
follows, ¢ denotes Riemnann’s zeta function. The following polynomially-tilted hyperbolic secant distri-
butions are all log-concave on [0, 00):

pa—1 2a—1
pl(G)M7 where pl(a) = F(a) Zzo 0(_1)](; <%)a7a >1,
= +
xa—l 2a—1
pZ(G)M’ where p2(a) = (20, — 1) F(CL)C(CL) 0 > 2,
xa—l 2(1—2
p3(a M7 where p3(a) = (1 — 22—(1) I‘(a)((a — 1) ya > 1,
Iafl 20,72
P4(a)mv where py(a) = Ma)ca=1)" >3,

In the third example, we have p3(a) = 1/log(2) when a = 2. To verify that these are indeed proper
distributions, see Gradshteyn and Ryzhik (2015, formulas 3.523 and 3.527). In the four examples, the
mode can only be computed by binary search or another numerical method. On the other hand, the
means are explicitly available: we have

pi(a) ,
=l _1<i<4
SRR A

In the same vein, we even have simple explicit expressions for the variances. []
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EXAMPLE 9: POLYNOMIALLY AND EXPONENTIALLY TILTED HYPERBOLIC SECANT DISTRIBUTIONS. Con-
sider the log-concave density
f(a) = pla,b)a* Le ™ sinh(z), z > 0,
with parameters b > a > 1, and normalization constant (see Gradshteyn and Ryzhik, 2105, 3.501)
1 I'(a)

p(a,b) 2
Its mode can only be acomputed by an iterative algorithm. Yet, we know the mean, p(a+1,b)/p(a,b). (]

((b-1)""— (b+1)79).

EXAMPLE 10: SITENKO’S AND RELATED DISTRIBUTIONS. The error function

b(z) = % /090 e " dz

is of crucial importance in electromagnetics, and appears in many distributions in that literature. It is
the distribution function of |[N|/+/2, where N is a standard normal random variable. The following are
some densities on the positive halfline, drawn from Gradshteyn and Ryzhik (2015, 8.28):

1a)z? 1 — &(x)),a > 1/2,

fi(@) = p1(a)
fo() = pa(a)(1 — B(x))e ™™ a >0,
f3(@) = pa(@)®(@)e ™ ,a > 0,
fa(z) = p4(a)x<1>(x)e_ax2,a > 0.

Density f4 is called Sitenko’s function (1982). The log-concavity of all densities can be verified using
Mills’ ratio. The normalization constants are relatively simple functions:
2 /ma
I'(2a—1)’
VTa
p2(a) = ———=,
arctan(/a)
Vma
p3(a) = )
/2 — arctan(y/a)
pa(a) = 2ava + 1.

Unfortunately, the modes are not explicitly computable. Yet, the means are readily available. To wit, the

p1(a) =

mean of f3 is p3(a)/ps(a), and that of f1 is p1(a+ 1/2)/p1(a). Again, we are in the situation dealt with
in this section. To apply the rejection methods of this paper, one would need to integrate the alternating
series method to make the correct acceptance conditions (see Devroye, 1981, 1986). For this, it suffices
to have convergent series for ®(z) or for Mills’ ratio (1 — @(x))exz. Explicit algorithms will be dealt with
elsewhere. []
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THEOREM 3. For any log-concave density with mean p and variance o2, for which we know functions
M and M_ of i and/or o2 such that

M_ <M= f(m)< M,

we have
My if|o—pl < 525,
1+v3
f@ <\ 5

e 1 3 1 3
it 4P < o —pl < 5

M_exp(1+V3— |z —plM_) if|z—pl> % :
The area under the bounding curve is

)

44 2v3+2(1++3)log (%)

0
f T [ | | | | | | |
-35 30 -25 -20 -15 -10 -05 O 0.5

| [ T 1
1.0 1.5 2.0 2.5 3.0 3.5
Figure 1.

Five bounding envelopes are shown, for the values M = 1 ++/3, u = 0, My = aM,
M_ =M/a, and a € {1,1.5,2,2.5,3}.

— 15—



PROOF. Using inequality (1), we have
f(z) £ M min (1,617|Z7m‘M)
< M min (1,@1+MU\/§_|$_“|M) (since |m — pu| < ov/3)
< M min (1,6”\/5*‘:”*#“”) (since Mo < 1)

< max tmin (1, elJ”/g*lx*“lt)

= M_<t<M,
. 1+/3
My if |z — pf < ]\JZI—‘[ ;
_ ) 13 e 144/3 _ 1+/3
) Jz—ul if My <le—pl <5722

M_exp (1+3 — |z — p|M-) if|x—u|2%.

The area under the bounding function is

201+ v3) +2(1 + V3) log <%> +2.0

Examples for the choices of M_ and M include the following:
(i) When only p is known, we can use the choices as suggested by these inequalities:
M- f(u) < M = f(m) < f(u)eV3E M.
As My /M_ = e/3, we obtain an area under the bounding curve equal to
64+ 4v3 + (1 +v3)log(3) = 15.92... ..

(ii) When both p and o2 are known, we could opt for these choices:

def 1 1 def
oy =M= =g = A

As My /M_ = +/12, we obtain an area under the bounding curve equal to
44+ 2V3+ (1+V3)log(12) = 14.25. ...

(iii) When both y and ¢ are known, and one does not mind computing f (), we could combine the
inequalities given above as follows:

M_ = max (f(u), %\/ﬁ) ,

My = min (f(u)e\/g, %) .

This yields an area bound that is better than both (i) and (ii):

min(1, f(u)oev/3)
4+2vV3+2(1+V3)log (x/ﬁmax(l’ f(u)ox/ﬁ)> .

Depending upon the value of f(u)o, a quantity sandwiched between 1/(ev/3) and 1, the upper
bound can be as good as 4 4+ 2v/3 = 7.46. .., and as bad as the bound given in (i), 4 + 2v/3 +
(14 +/3)log(12) = 14.25. . ..
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LEMMA 1. A random variate with density proportional to 1/x on [a,b] with 0 < a < b can be obtained

as aV b~V where U is uniform on [0, 1].

The generic rejection algorithm based on the bound of Theorem 3 is as follows:

algorithms LC—f — 4 and LC—f — u — o, version I

let p and 02 be the mean and variance of a log-concave density f
let M4+ and M_ be functions of p and o
as in Theorem 3 and the examples given above
set p1 =1+V3, p2 = (1+V3)log(My/M-), p3=1, ¢=p1+p2+p3
repeat let S be a random sign
let U and V be uniform on [0, 1]
if Vg <p; then let W be uniform [0,1]
set X « pu+ SW(1++/3)/M4
Accept «— [UM; < f(X)]
else if Vg <pj+p2 let W be uniform on [0,1]
set YV« (1+ \/g)/(ML’VMl*W)
set X «— u+SY
Accept « [U(1++/3)/Y < f(X)]
else let E be exponential
set X « pu+S(1++V3+E)/M_
Accept « [UM_e P < f(X)]
until Accept
return X
(note that X has density f)

One can slightly improve matters with a more careful analysis, at the expense of an algorithm that takes
fewer iterations on average, but requires a few more computations in each iteration. This is based on the
following Theorem.

— 17—



THEOREM 4. For any log-concave density with mean p and variance o2 > 0, we have

s if |z —pl < (1+V3)a,
fe) < — if (V3+V12)0 > |z —p| > (1+V3)o ,
- 3_ |lz—pl

1 2 & 1 —
pveTid V12 if |l —pl > (V3 4+ V12)o .

The area under the bounding curve is 2(2 + v/3) + log(12) = 9.94900. . ..

ProOOF. We begin with the inequality
f(z) < M min (1, el_‘x_m“\/[) ,x €R.
By the Johnson-Rogers inequality (1951), |z —m| > |z — p| — |u — m| > |z — pu| — 0+/3. Thus,
f(z) < M min (1, el+\/§UM_‘x_“‘M)

< ) max ) t min (1, el+\/§at_|x_“|t)
s =M_<t<M -1
M, if|x—u|§\/§J+Mi+,
1 . 1 1
_) —1r LS p— ol > 1
Rk T if V3o + 51— > |z — p| > V3o + My

M_el+V3oM_—lz—p|M_ |z — p| > V30 + ﬁ .

if o —p| < (1+V3)o,
_ m if (V3+V12)o > |z —pu| > (1++3)o,

al=

3_|z—pl

——e? V2 if |z — | 2 (V3 + V12)o.

The area under the bounding curve is

2(1 4 v/3) + 2log(V12) + % = 2(2+ V3) +log(12) = 9.94900. ... []

The rejection method based on the bound of Theorem 4 requires the weights (areas) of each of the three
parts of the bounding curve, namely, p; = 1 + /3, pa = log(v/12), and p3 = 1.
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algorithm LC—f — y — o, version II

2 be the mean and variance of a log-concave density f

let p and o
set p1=1+v3, pp=log(v12), p3 =1, ¢=p1 +p2+p3
repeat let S be a random sign
let U and V be uniform on [0,1]
if V¢ <p; then let W be uniform [0,1]
set X « u+SW(1++3)o
Accept — [U/o < f(X)]
else if Vg<p;+p2 let W be uniform [0,1]
set ¥ — (vV12)W
set X « pu+So(v/3+Y)
Accept — [U/(0Y) < f(X)]
else let E be exponential
set X « pu+S(V3+V12(1+ E))o
Accept — [Ue P /(oy/T3) < f(X)]
until Accept
return X
(note that X has density f)

The penalty for not knowing a mode m is at worst less than 150%. In any case, the expected complexity of
the algorithm is uniformly bounded over all choices of 1 and o2, so the algorithm given above can be used
“off the shelf”. One can imagine that there are situations in which one knows about the log-concavity
of f and is given p but not 6. Thanks to the inequality in Theorem 5, a uniformly fast sampler is still
available.

THEOREM 5. For any log-concave density with mean p, we have

f(pev3 if o — ) < BB
fay<{d —1 i 2 > | — p| > HY(eV3)
=\ ==ul—1/7 () Fwy =M= T

Fwyesp (2 8 if|o - > 725

The area under the bounding curve is 6 + 2ev/3 + log(3) = 16.51... ..
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ProOOF. We begin with the inequality
f(z) < M min (1, el_‘x_m“\/[) ,x €R.

By a simple argument and the unimodality of f, |u — m|f(x) < 1. Thus, using the inequality f(u) <

M < f(p)ev3,

o )<Mm1n< +AL - x—uM)

A PO
< max t min <1,el+f(ﬂ) = Mt)
F(w)=M_<t<My=f(n)ev3
. the— 1l < 7y + 7
1 e 1 1 1 1
= 17T gty Sle—ul < gy
I aasin] —l|z—p|M— iflx—ulZﬁ‘F%
141
fwevd  iflr—pl < % ,
1
— 1 : <1+e\/§> 2
- T if < |$ - /1'| < s
\:nju\fm f(w) f(w)
o 2
flwye T if o — p| > 575

The area under the bounding function is

2| flp )6\/—< (;\)/—) + log(eV/3) + ) =64 2eV3 +1og(3) = 16.51. ...
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algorithm LC—f — u, version II

let pu be the mean of a log-concave density f
set p1=1+eV3, pp=1+1og(V3), p3=1, ¢=p1 +p2+p3
let My = f(p)ev3 and M_ = f(un)
repeat let S be a random sign
let U and V be uniform on [0,1]
if Vg <p; then let W be uniform on [0,1]
set X — p+S(1+1/(e/3))W/M-_
Accept « [UMy < f(X)]
else if Vg <p;+p2 let W be uniform on [0,1]
set YV « 1/(MKVM17W)
set X —pu+S(1/M_+Y)
Accept <« [U/Y < f(X)]
else let E be exponential
set X —pu+S2+FE)/M-
Accept « [UM_e P < f(X))
until Accept
return X
(note that X has density f)

12. The mode is known but not the normalization constant

Assume that we can compute h, a function proportional to the target density f. Then h(z) =
f(x)/M, where M = f(m) and m is a mode of f. Thus, we have h(m) = 1 and h(z) < exp(l— |z —m|M).
As we need an upper bound that does not depend upon the computation of f at any point, it is necessary
to obtain a lower bound for M to proceed, such as

1
M > Fﬁ.
This yields the bound
h(x) < min (1,exp(1 = (o = ml/(7V12))) ),

which leads directly to a rejection algorithm with bounding area constant

4012
Jh

As f(m)o > 1/4/12, the upper bound above can be as good as 4.

= 8V3f(m)o < 8/3=1385.....
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algorithm LC—g — m — o: version II

let m be the location of a mode of log-concave density f
let h be a function proportional to f scaled so that h(m)=1
let 02 be the variance of f
repeat let B be a fair coin flip
let S be a random sign
let U be uniform on [0,1]
if B=1, then let V be uniform on [0,1]
set X « m+ SVov/12
Accept « [U < h(X)]
else let E be exponential
set X «—m+ S(1+ E)ov12
Accept « [Ue™F < h(X))
until Accept
return X
(note that X has density f)

13. Neither a mode nor the normalization constant is known

In some applications, we do not know the location of a mode, and do not have access to the
values f(z) but only to those of a function h proportional to f. Assume however that we know the mean
p and variance o2. We calibrate h such that h(p) = 1. Combining the bound of the previous section with

x ev3 = e\/— we obtain

- o5

)

i

mm@,exp( )
puin (reso (3 255 ) )

< ev/3 min <1,exp (g _ '(f;g'))

The ratio of the areas under the bounding curve and [h = 1/f(u) is

the Johnson-Rogers inequality, and h(m) < h(u

as f(m)o < 1.
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algorithm LC—g —pu—o

let h be a function proportional to f calibrated so that h(u) =1
let p and 02 be the mean and variance of f
repeat let B be Bernoulli (3/5)
let S be a random sign
let U be uniform on [0,1]
if B=1, then let V be uniform on [0,1]
set X « pu+ SVoy27
Accept « [Uev/3 < h(X))]
else let E be exponential
set X « pu+S(1+ E)ov12
Accept — [Uv3el™F < h(X)]
until Accept
return X
(note that X has density f)

14. Conclusion

We developed ”off-the-shelf” algorithms that are uniformly efficient across the entire family of
univariate log-concave densities. These generators are versatile and operate under a variety of conditions.
For instance, if the density f is provided in a black-box format, knowing just a mode or the mean is suffi-
cient. When f is available in analytic form, even more options become accessible, and the normalization
constant is not required. For example, knowledge of the mean and variance alone suffices. Furthermore,
by extending the methods presented in this paper, generators can be developed even when the mode,
mean, or variance are only known within certain bounds.

Extending these results to log-concave densities in R? introduces new challenges. Avoiding an
exponential explosion in computational complexity with respect to dimension appears nearly inevitable.
Of particular interest are uniform densities on compact convex sets in R, which present both theoretical
and practical opportunities for further exploration.
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