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On the Inequality of Cover and Hart in Nearest
Neighbor Discrimination

LUC DEVROYE

Abstract—When (Xy, 6;), - - -, (Xp, 6,) are independent identically

distributed random vectors from IR? X {0, 1} distributed as (X, 6), and
when 6 is estimated by its nearest neighbor estimate 6(y), then Cover
and Hart have shown that P{o(,) 0} 2222k {n(X) (1 - n(X)} <
2R*(1 - R*) where R* is the Bayes probability of error and n(x) =
P{o=1|X=x}. They have conditions on the distribution of (X, 6).
We give two proofs, one due to Stone and a short original one, of the
same result for all distributions of (X, ).

If ties are carefully taken care of, we also show that P{o(l) #6|Xy,
01, -, Xn» 0,,} converges in probability to a constant for all distribu-
tions of (X, ), thereby strengthening results of Wagner and Fritz.

Index Terms—Bayes’ risk, inequality of Cover and Hart, nearest
neighbor rule, nonparametric discrimination, probability of error.

I. INTRODUCTION

ET (X, 0),(X;,0,)," -, (X, 0,) be independent identi-
Lcally distributed IR? X {0, 1}-valued random vectors and
estimate § from X and the (Xj, 6;)’s by (), the nearest neigh-
bor estimate that is obtained by reordering the (X;, ;) accord-
ing to increasing values for || X; - X|| and taking 6;) from the
nearest neighbor X(;) (ties are broken by comparing original
indexes).

Cover and Hart [1] have shown the following inequality.
When

Lnl =P{0(l) ¢0|X11 613 e anyon}

and

n(x) =P{0 =1|X =x},
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then
E{Lm} =P{6(l) #0}

=3 2E{(n(X) (1 - n(X))}
<2R*(1 - R*®) )
where
R*=E{min (n(X), 1 - n(X))}

is the Bayes probability of error. They require, however, that
X have a density f and that f and n are almost everywhere
continuous. It should be noted, however, that the proof in
Cover and Hart holds for X taking values in a separable metric
space. Stone [4] has implicitly shown that (1) is true for all
distributions of (X, 6). The purpose of this note is to give two
short proofs of (1) and to obtain additional results on the con-
vergence of L.

II. THE BAsic THEOREM
Theorem 1:

E{Lp} = 2E{n(X) (1 - n(X))}
<2R*(1 - R¥).

Proof: Fix a version n of P{6 = 1|X =x}, and let X{}) be
the nearest neighbu: of x while X (X,) is the nearest neighbor of
the random variable X. Further, let

£E(x) =E {n(X{))}

and

ra(x) =£(x) (1 - n(x)) + (1 - &(x)) n(x).
The inequality in Theorem 1 follows from n(x) (1 - n(x)) =

Authorized licensed use limited to: McGlmé%&%Lmémpmg@mgéﬁq l&&@ﬁﬁgﬂom IEEE Xplore. Restrictions apply.



76 IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. PAMI-3, NO. 1, JANUARY 1981

min (p(x), 1 - n(x)) X (1 -~ min (n(x), 1 - n(x))) and Jensen’s
inequality.
Next,

|raGe) - 2n(x) (1 - n(x))|
< | &(x) - n(®)|
<E{|nX{) - nx)|}. )

We will show for almost all x(u) (u is the probability mea-
sure for X), that (2) tends to O as #n >o0. By the dominated
convergence theorem, we may then certainly conclude that
E{|r,(X) - 2n(X) (1 - n(X))|} ==>0. The theorem then
follows because

E{ra(0} = E{EX) (1- n(X0) + (1 - £€X)) n(0}
=E{n(X{) (1 - n(X) + (1 - n(XE)) n(X)}

=E{Ln}. 3

When / is the indicator function and @ >0 is a constant, we
have

E{|n(XE) - n(x)|}

<Pillxg - x| >a)

[In)- 6] ut@y)
Sx, b
@
.“(Sx, b) .

where @ >0 is arbitrary and S, , is the closed sphere centered
at x and radius r. The last term in (4) tends to 0 as @ - O for
almost all x(u) by a theorem on the relative differentiation of
measures (Wheeden and Zygmund [6, pp. 185-190]). The
first term on the right-hand side of (4) tends to O for all
a >0 whenever x € support(r). But u(support(u)) =1 (see
[1]) and the theorem is proved.

We will sketch a second proof that is essentially due to
Stone [4]. Again, we will show that

+ sup
0<b<a

n— oo

E{|n(X{) - n(X)|} == 0. )

For fixed e >0, find g: IR? > [0, 1], g continuous, such that
E{|g(X)- n(X)|} <e (see [6, p. 149]). Estimate (5) from
above by

E{|n&X{) - s}
+E{|g(X{) - g0}
+E{]g(X) - n(X)|}. (6)
Stone [4, p. 613] has shown that for any function f€ L (u),
E{| fF&X) <a@ E{|fX)|} (7)

where a(d)>0 is a constant depending upon d only. Thus,
the first and third terms of (6), summed together, are not
greater than (a(d) + 1)e.

For all x € support(u), we have X{j 223 x as., and thus
g(X{)) > g(x) as., so that the second term of (6) tends
to 0 by the dominated convergence theorem. Since € > 0 was
arbitrary, we may conclude the proof of the theorem.

Remark 1: We have in fact shown that

() > 2n(x) (1 - n(x))

for almost all x(u).
Remark 2: If g and h,, are uniformly bounded Borel mea-
surable functions of their arguments, then it is true that

®

E{|g(X(xl))—g(x)I hn(Xlaan»x)}—n_ﬁ)o (9)
for almost all x(u), and
E{|g(XE) - O] hpy(X1, -+ -, Xy, X} =0, (10)

for all distributions of X.
Remark 3: The proof given above work for IR?, but it is not
clear how they can be generalized to separable metric spaces.

III. THE CONDITIONAL PROBABILITY OF ERROR

For general u, L,; does not converge to a constant in proba-
bility. For example, take u({0}) = 1,7(0) = 1. Clearly,

Lni =5 110,=01 * 3 110,11

and convergence to a constant is thus excluded. Nevertheless,
we have the following.

Theorem 2: If u has no atoms, then

Lny 772 2E {(n(X) (1 - n(X))}

in probability.

Note: Wagner [5] has shown Theorem 2 for the special case
that u has a density f and that n and f are almost everywhere
continuous. For d =1, he has shown that

Ly =5 2E{n(X) (1 - n(X))} as.,
under the same assumptions. Fritz [2] proved the a.s. con-
vergence of L,; to 2E{n(X)(1 - n(X))} when u has no atoms
and 7 is almost everywhere continuous (¢). Our Theorem 2,
in contrast, holds for 2/ nonatomic measures u and all n.

The proof of Theorem 2 will be postponed until Theorem 3.
To take care of the atomic part of u, Stone [4] proposed re-
placing 6;) by 6, where 0 is defined as follows.

Reorder the (X;, 6;)’s to obtain (X(),-(), 0, 1 <i<n. If

[1X% - X[ =+ = | XE& - x]|
<Xy - Xl <o <[ Xy - X]

>

then let § be the integer most frequently occurring among
6(1)> "+ » Oxy (in case of a tie, 0 is taken arbitrarily among the
integers involved in the tie). Define

Ly =P{0#0|X:,0, ", Xy, 00},
A =set of atoms of u
and for general Borel sets B from IR?,
R*(B) =E{l|xe gy min (n(X), 1 - n(X)},
L(B)=E{l1xep) 20(X) (1 - n(X)}.
Thus, Theorem 1 can be rewritten as
E{Ln } == L(R)

and the Bayes probability of error is R* = R*(IR%). In fact,
R*(-) and L(-) can be considered as finite measures on the
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Borel sets of IR?, but this matter will not be pursued any
further.
Theorem 3:

L, 2= R¥(A) + L(A°)
in probability and
E{L,} == R*() + L(4°)

where A€ is the complement of 4.

Remark 4: R*(4) is the portion of the Bayes probability
of error due to the atomic part of u; L(A€) is the portion of
the asymptotic nearest neighbor probability of error due to
the nonatomic part of u. Clearly,

R*(RY) <R*(4) + L(A°) <L(R?) = E{2n(X) (1 - n(X))}

(the asymptotic nearest neighbor probability of error for ;)
so that, in a sense, 6 is always better than 6;y.
Remark 5: If u is nonatomic, then L, =L,, as. because
g = 61y a.s. Therefore, Theorem 2 is a corollary of Theorem 3.
Remark 6: If p is atomic, then L,, > R* as. by Lemma 4
below.

IV. LEMMAS NEEDED TO PROVE THEOREM 3

In this section, we give some lemmas, all of a measure-
theoretical nature, that will be used further on. The proofs
can be found in the Appendix.

Lemma 1 is an extension of the dominated convergence
theorem.

Lemma 1 [3]: Let |f,|<c<o be a sequence of Borel
measurable functions of x, X;, 8, - -, X,,, 0,,, and let

now

fa(x, X1, 00,0+, Xp, 0p) = f(x) as.
for almost all x(u), then
E{|fa(X, X1, 01, , Xy, 0,) - f(X))|
| X1, 61, X, 0p} 2= 0as.

The sample X, - - - , X,, partitions R¢ up into at most # sets
Ay, * ", Aun, wWhere A;, is the collection of all x € R? for
which X; is the nearest neighbor among X, * -, X,,. Lemma
2 below states that for all nonatomic measures, the y-measure
of these sets tends to O a.s. uniformly in i as n —> oo,

Lemma 2 [5] : If uis a nonatomic finite measure, then

sup  u(d;) == 0a.s.

1<i<n
and
E{sup u(A;)} 0.
1<i<n

Remark 7: For any finite measure u we thus have

sup  u(A;, NA°) 2==50 as.

1<i<n
and
E{

sup (A N A} =2 0.
1<i<n

We will also need some result on the ‘“‘separation” of the
atomic and the nonatomic parts of 4. Lemma 3 below to
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some degree qualifies the statement that almost all “non-
atomic” x’s have “nonatomic” nearest neighbors X{j) with
probability tending to 1 as n —> o,

Lemma 3:

n— oo

P{|| X&) - X|| = 1|X3) - X]|, X€4} == 0.
Lemma 4:

P{+0,X€A|X,,0,,

n— oo

“ Xn,0p} ¥ R*(A4) as.
Lemma 5:
P{O+#0,XEA®| X, 01, , Xy, 0} 225> L(4°)

in probability when ‘
P{6uy#0, XEA®|X,,0,, ", Xp, 0,} 25> L(A°)

in probability.

We can now handle the atomic and nonatomic parts of the
probability of error separately. The basic results are that for
X €A, § is asymptotically Bayes (Lemma 4), and that for
X¢A,0 and (9\(1) are asymptotically equivalent (Lemma 5).

APPENDIX
Proof of Lemma 2: We first recall that for any compact
set K CRY,
Va(K) =

n-— oo
—> 0 as.

wp gy -] 51

K N support ()

Let W,, =sup; <;<n #(A;,). Arguing again as in [5], we have
for arbitrary e >0, for all n > 1 and for arbitrary compact K,

[Va(K) <e] S [Wp <u(K)+ sup #(Sx,e)]

where Sy . is a closed sphere centered at x with radius e.
Choose K such that u(K¢)<§/2 where § >0 is given. Since
supg u(Sy, ) >0 as e >0, it is clear that by choosing e suffi-
ciently small we can ensure

[Va(K)<e] C[W, <8].

Hence, W, “—=>0 a.s. and £ {W,} == 0.

Proof of Lemma 3: We will show that for almost all x € A€,
P{||x& - x|| =|| X - x||} =0, and Lemma 3 then
follows by the dominated convergence theorem.

Without loss of generality we can assume that x € support(u)
because u(support(u)) =1. Let v be the measure on [0, )
corresponding to “X 1 - x| , and let A* be the set of atoms of

v. Clearly,

PLIXG - x| = 1% - xll} <PL| Xy x| €4%
<p{||xg - x| >a)

v(4 N [0,b])/v([0,b])

+ sup

o<b<a

for arbitrary a. The last term in this expression is arbitrarily

small by choice of a [6, Corollary 10.50] and the first term

tends to O as n —> o because x € support(u). This concludes
the proof of Lemma 3.

Proof of Lemma 4: When n(x) <1 - n(x), u({x}) >0, we

have P{§=O,X=x|X1, 01, ", Xp, 0, 2> u({x}) as.
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by the strong law of large numbers. If n(x)>1 - n(x), then Clearly, E {U,(1)} *— 0 by Remark 2. If 4;, is defined

it tends to O a.s. as in Lemma 2, and
Thus,
P{B+0, XGAle, 01, ", Xn,On} v(B) =£n,4¢ n(x) u(dx), for B aBorelset of R?,
= Y @) P{H=0,X=x|X,0;, ", Xp, 00}
xEA %6, neon then
+(1-n@)P{O=1,X=x|X,,0,, " ,X,,0 2
(1 -G | X301, X, On) U@)= | 35 oo - 1K) v(Ain)
A== 3 p({x}) min (n(x), 1 - n(x)) as. =
xXEA
and
by Lemma 1. 2 - 2 s
PrOOfOfLemma5.' E{Un(z)} E{E{Un (2)|X1>X2y ,Xn}}
~ n
|P{0#6, X €A°| X1, 61, "+, Xn, 0n) - {.Z n(X;) (1 - n(X)) VZ(Ai")}
- P{8y # 0, X EA®| Xy, 01, , Xy, On}| =
X —lvX <E{ sup v(4;
<P{||x% - x]|=[|x% - Il Lo,
XEA®|Xy,01,, Xp, 00} 2250 (Lemma2).
n— oo
0 Thus, L,(2) 2==> L(A°) in probability, thereby completing
in probability (Lemma 3). the proof of Theorem 3.
Proof of Theorem 3: Let us define L,(1), L,(2), L}(2) as o
follows: REFERENCES
A [1] T. M. Cover and P. E. Hart, “Nearest neighbor pattern classifica-
Ly =P{9 #0,X€A |X1, By, %+ ’Xna 0,,} tion,” IEEE Trans. Inform. Theory, vol. IT-13, pp. 21-27, 1967.
A [2] J. Fritz, “Distribution-free exponential error bound for nearest
+P {0 #0,X EAchl, 01, Xn, Bn} neighbor pattern classification,” IEEE Trans. Inform. Theory,
vol. IT-21, pp. 552-557, 1975.
=L,(1) +L:(2) @an [3] N. Glick, “Consistency conditions for probability estimators and
integrals of density estimators,” Utilitas Mathematica, vol. 6,
and L,(2) =P{0q) #0,X €A°|X,,0,, -, X,,0,}. We have pp. 61-74, 1974.

seen that L,(1) > R*(4) as. (Lemma 4). L,(2) can be re- [4] C.J. Stone, “Consistent nonparametric regression,” Ann. Statist.,
vol. 5, pp. 595-645, 1977.

Wiitten a8 [5] T. J. Wagner, “Convergence of the nearest neighbor rule,” IEEE
. Trans. Inform. Theory, vol. IT-17, pp. 566-571.1971.
E{I[XGA"]n(X) [[6(1)=°] le’ol’ s X O} [6] R. L. Wheeden and A. Zygmund, Measure and Integral. New
York: Marcel Dekker, 1977.
+E{I (1- (X)) Ito =11 | X101, * * , X, O} ’
[xXE 4] [ (l)—I] 1,91, snsYn

(12)

and each term of (12) converges in probability to 1/2 L(A€) as
we will see below. Because |L,(2) - L7(2)| = 0 in proba-
bility (Lemma 5), we will have shown Theorem 3.

Consider the first term of (12):

|E{I[X6Ac] n(X)I[0(1)=0] IXI’ 0y, ;Xn,an}
= E{I[XEAc] n(X) (1 - n(X))}|
<E{|n(X{) - n(X)| | X1, 01, +, Xy, 0}

- ﬂ(X (1)))|X 1,01, , Xn, 9n}| parametric estimation, probabilistic algorithms,
; the computer generation of random numbers,
= Un(l) + Uy (2) (1 3) and the strong convergence of random processes.

Luc Devroye was born in Tienen, Belgium, on
August 6, 1948. He received the Ph.D. degree
from the University of Texas at Austin in 1976.

In 1977 he became an Assistant Professor at
the School of Computer Science, McGill Uni-
versity, Montreal, P.Q., Canada. He is inter-
ested in various applications of probability
theory and mathematical statistics such as non-

Authorized licensed use limited to: McGill University. Downloaded on August 06,2026 at 10:43:49 UTC from IEEE Xplore. Restrictions apply.



