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On the Inequality of Cover and Hart in Nearest
Neighbor Discrimination

LUC DEVROYE

Abstract-When (X, 0), --. , (Xn, On) are independent identically
distributed random vectors from IRd X {0, 1 } distributed as (X, 0), and
when 0 is estimated by its nearest neighbor estimate 0(1), then Cover
and Hart have shown that P{0o() * 0} n- '- 2E{1(X) (1 - r(X))} <
2R*(1 - R*) where R* is the Bayes probability of error and n(x) =
P {O = II X = x}. They have conditions on the distribution of (X, 0).
We give two proofs, one due to Stone and a short original one, of the
same result for all distributions of (X, 8).

If ties are carefully taken care of, we also show that P{0(l) * O1XI,
01, * - * , On} converges in probability to a constant for all distribu-
tions of (X, 0), thereby strengthening results of Wagner and Fritz.

Index Terms-Bayes' risk, inequality of Cover and Hart, nearest
neighbor rule, nonparametric discrimination, probability of error.

I. INTRODUCTION
L ET (X, 0), (XI i 1 ), - - , (Xn,,On) be independent identi-

cally distributed IRd X {O, I}-valued random vectors and
estimate 0 from X and the (Xi, Of)'S by 0(1), the nearest neigh-
bor estimate that is obtained by reordering the (Xi, 00) accord-
ing to increasing values for |Xi - XII and taking 0(1) from the
nearest neighbor X(,) (ties are broken by comparing original
indexes).
Cover and Hart [1] have shown the following inequality.

When

Lni =PfO(i) * 01Xi, 01 **, Xn, on}
and

rl(x)=P{0 = lXIx},
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then

E{Ln i} =P{0(1) a0}

n 2E{77(X) (1 - 7l(X))}
6 2R *(1 - R *) (1)

where

R * = E {min (71(X), 1 - i?(X))}
is the Bayes probability of error. They require, however, that
X have a density f and that f and 77 are almost everywhere
continuous. It should be noted, however, that the proof in
Cover and Hart holds for X taking values in a separable metric
space. Stone [4] has implicitly shown that (1) is true for all
distributions of (X, 6). The purpose of this note is to give two
short proofs of (I) and to obtain additional results on the con-
vergence of L,,,.

II. THE BASIC THEOREM
Theorem 1:

E {L,, } 22E {7(X) (1 - r7(X))}

2R *(1 - R*).
Proof: Fix a version 71 of P {O = 1 IX = x}, and let Xx) be

the nearest neighbor of x while XX) is the nearest neighbor of
the random variable X. Further, let

t(x) =E {7 (X(1))}
and

rn (x) = t(x) (1 - 77(X)) + (1 - 7(x))n(X).
The inequality in Theorem 1 follows from 7?(x) (1 - 71(x)) =
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min (7?(x), 1 - (x)) X (1 - min (72(x), 1 - 71(x))) and Jens
inequality.
Next,

rn(x) - 217 (x) (1 - ?7 (x))|
< &() - ?(X)
SE{1| 7(X()) - q (x)I}.

We will show for almost all x(,u) (, is the probability n
sure for X), that (2) tends to 0 as n -+ oo. By the domina
convergence theorem, we may then certainly conclude 1
E{frn(X) - 217(X) (1 - 07(X))l} n 0. The theorem t:
follows because

E{rn(X)} =E{t(X) (1 - 17(X)) + (1 - t(X)) r7(X)}

=E{f(X(x) (1 - q(X)) + (l - X(X(1))) 7(X)}

= E {Lnl}-

When 1 is the indicator function and a > 0 is a constant,
have

E{|71(X(1) - 17(x)|}

<P{!Xll) - x|| >a}

Sx, b fin(y) - q (x)I (dy)
+ sup

o <Kba 1(Sx,b)

where a >0 is arbitrary and Sx,r is the closed sphere cente
at x and radius r. The last term in (4) tends to 0 as a 00
almost all x(g) by a theorem on the relative differentiatioi
measures (Wheeden and Zygmund [6, pp. 185-1901). '

first term on the right-hand side of (4) tends to 0 for
a > 0 whenever x E support(,). But ,u(support(,u)) = 1
[1 ] ) and the theorem is proved.
We will sketch a second proof that is essentially due

Stone [4]. Again, we will show that

Ef{ | (Xx1) - ?7(X)II} '

0 .

For fixed e > 0, find g: IRd -_ [0, 11, g continuous, such 1
E{|g(X)- 17(X)j} <e (see [6, p. 149]). Estimate (5) fi
above by

E+{fg(Xx)- g(XX)j}
+ Ef {g(xx) AX)| }
+E{|g(X)--(x)l}.

Stone [4, p. 613] has shown that for any function fEL 1 (,

E{f (Xx)l} Sa(d) E{! f(X)|}

where a(d) >0 is a constant depending upon d only. TI
the first and third ternms of (6), summed together, are
greater than (a(d) + 1) e.
For all x E support(,), we have X() n > x a.s., and 1

g(X))) n g(x) a.s., so that the second term of (6) te
to 0 by the dominated convergence theorem. Since e> 0
arbitrary, we may conclude the proof of the theorem.

Remark 1: We have in fact shown that

rn(x) -+ 217(x) (1 - 17(x)) (8)
for almost all x(,u).
Remark 2: If g and hn are uniformly bounded Borel mea-

surable functions of their arguments, then it is true that

(2) E{lg(X(j)) -g(x)l hn(X1,* ** ,Xn, x)} n. O (9)
nea- for almost all x(,), and
ited

E g(X( g(X)I hn(Xl, * Xn, X)} n -0, (10)
hen for all distributions of X.

Remark 3: The proof given above work for rRd, but it is not
clear how they can be generalized to separable metric spaces.

III. THE CONDITIONAL PROBABILITY OF ERROR

For general ,u, Ln1 does not converge to a constant in proba-
(3) bility. For example, take ,({0}) = 1, 7(0) = 3. Clearly,
we L I=I4 01[o + 3[ol=

and convergence to a constant is thus excluded. Nevertheless,
we have the following.
Theorem 2: If uihas no atoms, then

L I n -' 2EE{(X) (1 - -q (X))}
in probability.

(4) Note: Wagner [5] has shown Theorem 2 for the special case
that ,u has a density f and that 17 and f are almost everywhere
continuous. For d = 1, he has shown that

zred
for Ln1 n 2E{17(X) (1 - 1(X))} a.s.,

,n of under the same assumptions. Fritz [2] proved the a.s. con-

all vergence of Ln1 to 2E{ 1(X) (1 - q1(X))} when p has no atoms
a and 17 is almost everywhere continuous (g). Our Theorem 2,

in contrast, holds for all nonatomic measures ,u and all ??.
to The proof of Theorem 2 will be postponed until Theorem 3.

To take care of the atomic part of g, Stone [4] proposed re-
placing O(j) by 0, where 0 is defined as follows.

(5) Reorder the (Xi, 01)'s to obtain (X(X), O(i)), 1 < i < n. If

that 11X(1)- XI . XX) XII
rom ~~<| |X(*+01 - X| | < ***< |1 X(x - X| |,

then let & be the integer most frequently occurring among
0(i),*** 0(k) (in case of a tie, 0 is taken arbitrarily among the
integers involved in the tie). Define

(6) Ln =PO * 0| X, 01, Xn, Onb
A = set of atoms of,

and for general Borel sets B from RRd,
(7) R *(B) = E {I[xE BI min (17(X), 1 - q (X))},
hus, LL(B)=E{I[xEgB 2-7(X)(I- q(X))}.
not

Thus, Theorem 1 can be rewritten as
thus E{Lni } n LL(,d)
was and the Bayes probability of error is R* R*(Rd). In fact,

R*(.) and L(-) can be considered as finite measures on the
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Borel sets of IRd, but this matter will not be pursued any
further.
Theorem 3:

Ln n >-~ R*(A) +L(Ac)

in probability and

E{Ln} n- >-' R*(A) +L(Ac)

where Ac is the complement of A.
Remark 4: R *(A) is the portion of the Bayes probability

of error due to the atomic part of,; L(AC) is the portion of
the asymptotic nearest neighbor probability of error due to
the nonatomic part of p. Clearly,

R *(Rd) <R *(A) + L(A c) L(IRd ) = E {2n (X) (1 - n (X))}

(the asymptotic nearest neighbor probability of error for 0(i))
so that, in a sense, 6 is always better than 0(0).
Remark 5: If p is nonatomic, then Ln = Ln, a.s. because

O = 0(i) a.s. Therefore, Theorem 2 is a corollary of Theorem 3.
Remark 6: If p is atomic, then Ln -->R* a.s. by Lemma 4

below.

IV. LEMMAS NEEDED TO PROVE THEOREM 3
In this section, we give some lemmas, all of a measure-

theoretical nature, that will be used further on. The proofs
can be found in the Appendix.
Lemma is an extension of the dominated convergence

theorem.
Lemma 1 [31: Let fn c <0o0 be a sequence of Borel

measurable functions of x, X1, 01, Xn On, and let

fn(x, X1, 1Oi *..., Xn5Xon) f(x) a.s.

for almost all x(p), then

E{|fn(X, X1, 01, - * , Xn, on) - f(X)l

|xi, Oi, - - Xn5 on} n-->, O a.s.

The sample X1, * * , Xn partitions Rd up into at most n sets
Ain, * * *, Ann, where Ain is the collection of all x E Ed for
which Xi is the nearest neighbor among X1, *- *, Xn. Lemma
2 below states that for all nonatomic measures, the p-measure
of these sets tends to 0 a.s. uniformly in i as n -+ oo.
Lemma 2 [5]: If p is a nonatomic finite measure, then

sup P(Ain) -n Oa.s.
1 .i.n

and

Et sup P(Ain)}-n > 0.
I 6iSn

Remark 7: For any finite measure p we thus have

sup Mi(An nAC) n p-oo0 a.s.
1 ~i.n

and

E{ sup Min nA )} n O.
1Si Sn

We will also need some result on the "separation" of the
atomic and the nonatomic parts of p. Lemma 3 below to

some degree qualifies the statement that almost all "non-
atomic" x's have "nonatomic" nearest neighbors Xx) with
probability tending to 1 as n -* oo.
Lemma 3:

P{ilX() - X|| = ||XX - XIf, XCAC} n O.
Lemma 4:

Pf6 k 0, XCA X1, 01, * ,Xn , On } n >0 R*(A) a.s.

Lemma S:

P{O #0,XX 1AcIXi, 01, * * Xn, Onl} n L(AC)

in probability when

P{O(j) =/ 0, XEEAclXi, 01, ** Xn, On}I n co> L(Ac)
in probability.
We can now handle the atomic and nonatomic parts of the

probability of error separately. The basic results are that for
Xe A, 8 is asymptotically Bayes (Lemma 4), and that for
X OA, 0 and 0(1) are asymptotically equivalent (Lemma 5).

APPENDIX
Proof of Lemma 2: We first recall that for any compact

set K C IRd,

Vn(K)= sup |JXx) - xHl > 0 a.s. [5].
K n support(A)

Let Wn = sup1 < is n p(Ain). Arguing again as in [5], we have
for arbitrary e > 0, for all n > 1 and for arbitrary compact K,

[Vn(K)< c] _C [Wn <p(K')+sup p(Sx,,) J
K

where Sx, e is a closed sphere centered at x with radius e.
Choose K such that u(K") < 6/2 where 6 >0 is given. Since
supK /I(Sx,E) -* 0 as e -+ 0, it is clear that by choosing e suffi-
ciently small we can ensure

[Vn(K)< e] _C [Wn < 6].
Hence,W n n}a.s. andE{W n .

Proof ofLemma 3: We will show that for almost all x eAc,
P{|lXx) - X|H = IIX() - XIH|} n- , 0, and Lemma 3 then
follows by the dominated convergence theorem.
Without loss of generality we can assume that x E support (p)

because p(support(p)) 1. Let v be the measure on [0, oo)
corresponding to -x||, and let A * be the set of atoms of
v. Clearly,

P{!JX(x) - x|| =IX(2)-xII} <P{fJX(x)-xIJ eA*}
<P{||Xx2) - x|l >a}
+ sup v(A n [0, b])/v([O, b])

o < b 6 a

for arbitrary a. The last term in this expression is arbitrarily
small by choice of a [6, Corollary 10.50] and the first term
tends to 0 as n -- oo because x E support((p). This concludes
the proof of Lemma 3.
Proof of Lemma 4: When i1(x) < 1 - r (x), p,({x}) >0, we

havea 1{O=0,X=x~X1,01,. is an.extension ofomt n chave P{O' = O, X =xX,X ,Oi *..

9 Xn5 On} n (,u{x}1) a.s.
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by the strong law of large numbers. If 71(x) > 1 - 7 (x), then
it tends to 0 a.s.
Thus,

P{f*0,XeAjX,,O,, ..**Xn- n}
= E (a (x)P{ =O, X = X iX, 01,-* * Xn On}
xEA

n
-+ oo) E p({x}) min ( (x), 1 - q(x)) a.s.

xEA

by Lemma 1.
ProofofLemma 5:

|P{0 =/ 0 X C-Ac I xi, *O*i, Xn, on}
- P{O(j) # 0, XGEAcX, 01,Xi O * Xn On}

<P{fIX(X) - xli = IIXX - xill
XEACjXl, 01, * Xn, On
nf -oo0
-*0

in probability (Lemma 3).
Proof of Theorem 3: Let us define Ln(l), Ln(2), L *(2) as

follows:

Ln =P{O#0,XEAIXi,Oj, .. Xn,0n}
+P{400,XEAcIXi, 0i, **Xn On}
=Ln(1) +L*(2) (1

andLn(2)=P{0(1)#0,XEAclXl, 01,* ,Xn,On}. Wehave
seen that Ln(l)-+R*(A) a.s. (Lemma 4). Ln(2) can be re-
written as

E{I[XeAc ?(X) 1[0(1)=Ol jX1, 01,X*** , Ofln}
+E{I[X ACJ(1 (X)) I[0(l)=1 IXl, 01, Xn on}

(12)

and each term of (12) converges in probability to 1/2 L(AC) as
we will see below. Because ILn(2) - L*(2)I n GOin proba-
bility (Lemma 5), we will have shown Theorem 3.
Consider the first term of (12):

EI[XEE AC] 71(X) I[0(1)= ol Xi, Oi **, Xn,XOn}
- E{I[XeAcAci(X) (1 -(X))}|

<E{|77(Xx1) - 71(X)l |X1) 01, ***Xn, Onl
+ iE{I[XCAc] 17) (I[o(,)= 11
- 77 (X(l)))IXi, 01 , - * * ,Xn, On}

Clearly, E{Un(l)} n-+-'->- 0 by Remark 2. If Ain is defined
as in Lemma 2, and

z(B) = f r (x) p(dx), for B a Borel setof d,
Bn AC

then

n

Un(2) =|E(I[ ei = 11 - 71 (Xi)) >(A in)

and

E{ U2 (2)} =E{E{U2 (2)1 X1, X2,', Xnl}

= Eo{ L7?(Xi) (1 - 7(Xi)) v (Ain)}

.E{ sup v(Ajn)}
1 .i6n

n-~> 0 (Lemma 2).

Thus, Ln(2) n-* >4 L(AC) in probability, thereby completing
the proof of Theorem 3.
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