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The environment is characterized as follows. Consider
the finite set of strategies Z = {zj, *. *,ZM} and the set of prob-
ability measures pi with corresponding distribution function
Fi(C), where Fi(x) = P{C < x Z} is the probability of an

Probabilistic Search as a Strategy Selection Procedure environment's response 4 less than or equal to x, given that

LUC P. DEVROYE strategy zi was applied to the environment. Define

LUC~~~~~~~~~~~~~~~~~~~~(i P.EDEVROYEx F(x
Abstract-An alternative solution to the problem of the selection of Q(Z1) = E{4'|z} = [xdF(x (1)

the best strategy in a random environment is presented by using a prob-
abilistic search procedure. The asymptotic optimality of the technique is and assume, for simplicity, that
proved, and a brief comparison with stochastic automata with variable *< Q = < Q(Z2) . Q(Z3) . ... . Q(ZM)
structures is made. A specific organization of the optimal search procedure
is developed based on continued learning of some statistics of the random = QM* < + cc, Q(Z2) - Q(z1) = D. (2)
environment, and it is shown to be fast-converging, powerful in high noise
random environments, and insensitive to search parameter selection. It is desired to find the strategy with minimal Q(z1) while, at the

same time, the average measured performance should converge
I. INTRODUCTION in a certain fashion to Q(z1). The proposed procedure is iterative

The problem of the selection of the best strategy in a random with iteration counter]. The state of the system (search procedure)
environment has been extensively dealt with by using stochastic is denoted by Xj and the state space by X. This state Xj com-
automata with variable structures (SAVS) [1]-[12]. The SAVS pletely determines the set of selection probabilities 7r(Xj) =
approach, efficient in P-model environments [2], [5], [7], [8], {7rI(Xj),* ,7rM(Xj)}, where
[10], [12] has recently been used also for S-model [3], [9], [11 ]
and general environments [6]. The inconvenience with SAVS iri(Xj) = xcpo, + (1 -xj)p1 (X), i = 1,---,M (3)
is that although the selection probabilities in the automata where po = {Poi, . ,POM } is a set of fixed probabilities:
converge with probability one to zero or one [8], [12], [13], M
they do not always converge to the desired value. Therefore, the 1 . Poi > 0, for all i Po' = 1 (4)
concept of c-optimality had to be introduced [8], [12] which is =1
weaker than convergence in probability. Many experiments have and {aj}j.O is a sequence of numbers from [0,1], pl(Xj) is a
shown that the SAVS looses its attractiveness when the number vector from [0,1 ]M with components pLi(Xj), i = 1, * ,M, that
of strategies M is very large and the -noise on the output ("res- have a unit sum for all Xi:
ponse") of the random environment is large. In SAYS, all the
information concerning past measurements is stored in a set of E~pl(X) = 1. (5)
probabilities, and valuable data are wasted. One can expect =

Thus, bothPo andp1(Xi) are probability distributions on Z, and
Manuscript received July 1, 1975; revised October 27, 1975. This work as a consequence, 7r(Xj) also has all the properties of a prob-
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important when it comes to accelerating the rate of convergence The optimization scheme is said to be optimal if
and making the scheme insensitive to search parameter selection. lim EDj = 1 (13)
The state Xj contains all the information concerning the history j EDj=(

of the search up to the jth iteration that will be needed later on
in the search process. We require, however, that Xj contain wj or equivalently, since Di a [0,1] if
(basepoint or best estimate of the optimal strategy up to the jth Dj -+ 1 in probability as j -* °. (14)
iteration) as a component, where, obviously, wj E Z.
The following procedure is a variant of the well-known III. THEOREM OF CONVERGENCE

random search algorithm [14]-[16]. Environments are usually classified by the range of their

1) X0 is given to start the search process. At the jth iteration, responses. If C E {0,1 }, then the environment is called a P-model
we know Xj and thus wj. environment. It is S-model if C E [0,1]. We would like to classify

2) wj is applied ABJ . 1 times to the environment, and *Bj the environments as follows. An environment is of the L2, type
i.i.d. (independent identically distributed) measurements (where 1 . r . oo), if
are observed and averaged to yield an estimate C4 of Q(wi). t 1/2r

3) w,1+ a zis generated randomly according to the distribution sup M Q(zi)2 dFi(C) = M2r < x, r < xo
r(Xj) on Z. i,

4) w*+1 is applied 1T; . 1 times to the environment, andATJ sup ess sup 4C - Q(zi)l = Mcc < oc, r = m0
i.i.d. requirements 4 are observed and averaged to yield an i= 1,..
estimate C*+ 1 of Q(w*+ l).

5) Xj is updated through some rule Tj+ : where the ess sup is with respect to Fi(C). Obviously, if an

Xj+l=T,±i(X},WXil,Cj,(J+l,.* ) environment is of the L2r type then it is of the L2S type for all
1 < s < r. P- and S-model environments are special cases of

and we require only that wj be updated as follows: Loo type environments. If all the C - Q(zi) are Gaussian, the
= W*+1, if; +1 < C. --e environment is of the L2r type for all 1 < r < oo but is not of

WJ+ i W otherwise (6) the Lo. type. Because Gaussian environments play such an

important role, we call them G-type environments and define
where {ejl}j, is a nonnegative number sequence.

First note that X0 may be chosen arbitrarily since the convergence sup I- Q(zi)12 dFi(O = MG
z=1,. ,'MJ

of the scheme does not rely on initial conditions. The next section
will be devoted to the study of the asymptotical behavior of some The main result is the following.
functions of Xj (which are, of course, random variables). Of Theorem 1: Let (1) and (2) hold, {aj}j20 be a number sequence
particular interest are from [0,1], {ej}j20 be a number sequence from [0,c], {Bji}jI0

QjA Q(wj) (7)
and {ATj}j0o be integer sequences from {1,2,.-* }, and let the

Q; = Q(Wj) (7) state sequence X = {Xjl}j, be generated through procedure
Vj A Ind {Qj . Q(Z1)} 1)-5) with 7r(Xj) determined by (3)-(5). Further, let

= Ind {wj = Zi} =0, otherwise (8) E ,= cc (16)

M
Rj A 7ri(Xj)Q(Zj) (9) and

lim ej = 0. (17)
Sj A ijQj + ATjRj (10) j_co

ABj +)Tj Then, i) if the environment is of the L2, type (1 c r < cc),

Dj A ) Bj J + XTJ7(1(X) (1 ) E ABi < x E ATi I < °° (18)

Qj, the value of the performance index at the basepoint wj, and = Vj e 1 with probability one as j -+ oc, and
Vj, the indicator function of the event {wj = z1 }, are of interest
in classical optimization where the way of obtaining estimates lim 1 = 0 lim 1 r 0 (19)
of the minimum is less important. State functions (9)-(1 1) j Oc AjBJr j- aLi'ATj
correspond to random variables studied in automata theory.
Rj is the expected value of Q(WJ;1), Sj is the mean of the average Vi - 1 in probability asj cc. ii) If the environment is of the
measured performance, and Di is the relative frequency of La) type or G type
selection of the best strategy z1 in AI +ITi "trials." , ,

In analogy with the definition of expediency in automata lim ~Bi lim 'Ti = cc (20)
theory [1], [2], [5], [10], we say that the search procedure is _ lg BYoi
expedient if =>Vj -+1 with probability one as]j cco, and

M
lim ESj .

E pQiQ(zi) (12) lim __=___ lim ~aJ = cc (21)
i-fcc~ ~ ~ ~ ~ ~ ~ ~ ~~~~~j 1 jc1X:

where lim stands for lim sup. In the absence of any a priori log- log-x
information concerning the environment, it is reasonable to letJJ
P = (1/M), i = 1,. .,M. Vj -+1 in probability as] e~ cc.
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Proof: The proof of Theorem 1 is based upon the theorems If the environment is of the LU, type, we have by Hoeffding's
for the convergence of random processes proved by Braverman inequality [19]:
and Rozonoer [17]. The theorems we will use can be formulated g(u) = 2 - e-2, (DI2)2/(2M, 2 u integer u 2 1. (30)
as follows. If Xj is a sequence of random vectors on some prob- )2
ability space, if U(Xj) is a requence of nonnegative random Let yj A g(BJ) + gQ(l,) and combine (22)-(27) to obtain
variables, and if {aj}lj, and {bjl}jo are number sequences from
[O,Y ) then if EU(Xo) exists and E{(I - Vj+) Xj} < (1 - VJ)(1 - opoI(I + yj)) + yj

E{U(Xj+1)IXj} < U(Xj)(1 - aj) + bj, for all j 0O (22) S (1 - VA)(1 - aPO1) + yi (31)

and if so that, by Poi > 0, we need to ask that
00 b X0

E a, = oo and lim ° = O, j = oo.
j=1 j-co aj j=

then U(Xj) -e 0 in probability as j -+ oc. If Furthermore, if yjlaj - 0, then Vj -e 1 in probability as j xso.
If

Y, a,= oo and E bj < oo, ,
j=l j=l 1, yj < cc,

j=1
then U(Xj) e+ 0 with probability one as]j~ co. Suppose that
E= 0. We have, then Vj -+ 1 with probability one as j -+ oo. With the proper

substitution of yj (see (28)-(30)), conditions (18)-(21) are derived.

E{Vj+l Xj} > Vj P{wj+l = W = Zi fZi,
lim rj = 0

Wj = Z1 }7ri(Xj)
+ (1 - Vj) min then cj < D/2, for all j large enough. Clearly, (31) still holds for

i=2, -,M all such j if in the definition of yj, D is replaced by D/2. This

* P{wj+l =wJ+l = =lw; - z1, completes the proof.
=1 zl}7r,(Xj) (23)

Remark 1: If aJ .
a > 0 for all j, conditions (19) and (21)

Wj+l = zl}l(xj) (23) are very weak. In particular, for all L2-type environments, (19)
However, for all Xj, 7i(Xj) . ajpoi and implies that ABj and 2Tj should diverge at any rate, however low.

The condition that an environment is of the L2 type is, in practice,
P{Wj+l = Wj= Zi +1= Z i Wj = Z1} always fulfilled because most types of noise on responses from

(ir* - Q(z1)I ~ D real systems have bounded variance.
>2 \i*+l -Q(Zi) 2 F W,*+ = Zi For L:t- or G-type environments, if the rate of increase of A2B

and 2Tj iS faster than logarithmic, Vj converges to 1 with prob-
P -Q(z1< wj = (24) abilityone(by(20)),evenifxj -+ Oasj c>o.

2 ) Remark 2: It is easy to see that convergence in probability to

={ =* w_ = z *,_y,= Q0* and convergence of the mean to Q0* are equivalent for Qj,
wj+1 =-wj+1 = Zi |Wj - Zi, wj+ l=- Z1 Rj, and Sj, all of which take values in [QO*,QM* ]. Convergence
2 P |ci- Q(Zi)I < D wj = zi} in probability and of the mean to 1 are equivalent for the random

t2 J variables Vj and Dj, both of which take values in [0,1]. Also,
D * V, e 1 in probability (with probability one) => Qj -+ Q0* in

P-ll -Q(z1)j .<-|w = z1 (25) probability (with probability one) since Qj < Q0* - Vj +
j14'i+i 2 QM* (1 - VU).

by virtue of (2), (6), and ej = 0. Finally, Vj -* 1 in probability (with probability one) and
Next, there exists a positive function g(.) such that, for all i, i=(

lim Tj = ° (32)
P (I i - Q(zd) 2 wi = zi g(ABj) (26) j 2

0

Bi + ATi
and together imply that Dj - 1 and Si -+ QO* in probability (with

probability one) since

P -lc)+i Q(z0)f >
2 |w+ = Zi < g(ATj) (27) AB,>2BJ *V

A~Bi + Ti
where, if the environment is of the L2. type (1 < r < oo), by and
Markov's inequality [18 ] and Garsia's inequality for the expected
value of the 2rth moment of the sum of i.i.d. random variables 5 ABi + QM* (ii ; + ; /)

2'(2)! 2r' u integer, u
. 1. (28) Remark 3: The reader may wonder why one does not let gj E

0
r! {D.2r for all]j. Experience with random search algorithms has led

\2 J ~~~~~~~~~severalauthors [14], [15] to believe that a nonzero ej keeps the
Alsof°rG tPe nvirnmets sin Chenofs bund[20] for algorithm from changing the basepoint too frequently and tooAlo fo G-yp eniomns'sngCenf'on carelessly. Only when 2BJ and TiT are large enough so that GiGaussian random variables:** and C7+1 are good estimates of Q(w2) and Q(w7+ i) can we let Zi

g(u) - 2e7U(D/2)2/2MG, a integer, u . 1. (29) be small without having to fear a wrong decision in (6).
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IV. EPSILON-OPTIMALITY which can be made smaller than i by choosing AB and AT large

In nonstationary environments, the same procedure with enough and AT/(AB + AT) small enough.
constant parameters aj = a, e - X, ABi = AB and 'Tj = AT iS of V. ORGANIZATION OF THE SEARCH
definite interest. Without pretending that this constant parameter
procedure will be powerful in nonstationary environments, we It is still an open problem whether optimal number sequences
will just show that the so-obtained algorithm is c-optimal in can be found for the search parameters or not (as in stochastic
stationary environments. approximation algorithms). Besides this, there is the organiza-

* . ~~~~~~~~~~~~~tionalaspect of the search parameter selection, which usuallyWe will say that the search procedure is c-optimal if, for all t
>0, we can choose the search parameters (here: a, e AB, AT) involves heuristics based upon the experience of the designer.

in
>

awean cha Some a priori information can always help in selecting suitable
sequences {ABj}, {ATj}, {aj} and {£j}. Notice also that it is

lim EDj > 1 - 1, -optimality for Dj (33) possible to adapt the search parameters within boundaries that

or are number sequences satisfying the conditions of Theorem 1.
Jim EVj . 1 - il, e-optimality for V (34) Furthermore, there is the still undiscussed distribution pl(Xj)

- J (3)-(5) which is very important because 7r(Xj) is very nearly
where lim stands for lim infj,O. It has been proven by Sawaragi equal to pl(Xj) for large j if aj -+ 0 as j -* oo. The following
and Baba [12] that the LR-I (linear reward-inaction) SAVS is distribution is proposed: a record is kept of all the observations
c-optimal (for a definition, see [8], [12]) for 7r,(Xj). However, made in the past with each strategy. For zi, let vi,j denote the
in order to account for the AB and AT measurements made at each number of measurements observed up to iteration j after zi was
iteration, we needed this broader definition. applied to the environment. Let cl,j be the mean over these vi,

Theorem 2: If (1) and (2) hold, a e [0,1], e 2 0, AT . 1, measurements and let T,j be the quadratic mean of these measure-
AB 2 1, and if the state sequence X* is generated through pro- ments. ,Uj, rj and vj are M-dimensional vectors grouping pj,
cedure 1)-5) with r(Xj) determined by (3)-(5) and if the environ- Ti,j, and vi,j for i = 1, - *,M. The state Xj now contains quite
ment is at least of the L2 type, then the presented search procedure a lot of information about the random environment and the
is e-optimal both for Dj and Vj. history of the search because Xj = {WoU * * }. Luckily, we

Proof: Using (31) and (28) with r = 1 and M22 = MG and know that ,ju, rj, and v. can be recursively updated as new
letting e = 0: measurements come in so that the observed environment

responses need not be stored.
E{(1 - Vj+K) Xj} < (I - Vj)(l - xpoi) + (D/2)2 Let

s2(zi) = E{2 IZ} = C2 dFi(C)

AB AT so that
Let

4MG I4 -Q(Zi)12 dF(O) = S2(Zi) - Q2(Zi).
C A M
= (D/2)2 Since

Taking expectations at both sides gives 0

E axj = 00,

Ell - Vj+11 < (I - a po1)*E{1 - Vj} + C -+-. =
EAB AT vij E- c with probability one, for all i = 1,.- ,M. Con-

Recursive computation yields sequently, pij will approximate Q(zi) and T',j will approximate
s2(Zi) if the environment is at least of the L2 type (so that

El1 - Vj+1J < E{l - Vo}(1 - apol)) s2(zi) < oo, for all i = 1,-*.M).
I 1 Suppose that Q(zi) and s2(zi) were known and that one would

(1 - apoi + C ±- + - take vij i.i.d. measurements with zi and denote the average by
\AB AT'j. Using Chebyshev's inequality:

+ IB T) ( Po ) ) P{Cj < QO } s (Q(Zi) Q2*)2 (35)
aPOi1 AB ATl o)

Because E {1 - VO } > 0 and (1 - cp01)i e 0 as j -o0, The right side of (35) is not known but can be estimated using the

C1 data available in Xj. The estimate is denoted by fi,j:lim Ell - Vj+l} l +_ 2
j-+ 00 aXPO \AB AT! fij A i,J - 2' if Hi,j > min pi%j

The right side can be made smaller than '7 by taking AB and AT { v1,j * (H,- mm Ai,)i
large enough. From definition (11) and 2r1(Xj) . 0: (oo, otherwise. (36)

E{1- D~} . + E{1 - lBiij is larger if a) vi is smaller (z1 is not very frequently used up
AB + AT AB + AT to the jth iteration), b) ai13 is smaller relative to the pi ,j, i' . i.

so that (zi is a promising strategy with high probability that the corres-
ponding Q(zi) is small), c) -j - ,2 is larger (which would

1im F {1 - D~<. AT C 1+1i indicate that s2(zi) is large and that more sampling with z- is
eso i~~B +AT a* Pol ~AB AT! needed to obtain a low variance on the estimate 1-i,,j of Q(z1)).
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This shows that fh.j is, in fact, proportional to the need of selecting - _ _ _
strategy zi. Define p1(Xj) by 1.0 EstimateofED.

p((X1) = -1 = + i/ i1jM PROBABILISTIC SEARCH

(37) / SAVS OF SHAPIRO

, AND NARENDRA [61-

where y > 0 is to be chosen by the designer. It was mentioned / /
that ui,j -* Q(zi) and Tij -e s2(zi) at least in probability so that 0.8 'SAVS OF VA SWANATHAN

fll j cc and 8ij -E 0 for i > 2 in probability. Therefore,

1, i= 1 ,' ,
p1i(Xi) - tol i .2 0.7 /

in probability as j -* oo. The exact result is the following theorem. /
Theorem 3: Let (1) and (2) hold, {aj}j>0 be a number sequence -

from [0,1 ] and {?iTJ}j0 be an integer sequence from [1,oo), and 0.6 ,
let 7r(Xj) be determined by (3)-(5) and pl(Xj) be determined by //
(35)-(37). Let the environment be at least of the L2 type, let /,

X0 0.5/,
EL'Xi ATiT = °c, (38) 0 ,

an letXthereexist a B ,,' NUMBER OF MEASUREMENTSand let there exist a B < oo) such that - ,,III
11000 2000 4000 8000 116000

E k * Tk2 Fig. 1. Estimate of EDj versus number of measurements for test problem
SUp k < B < oo. (39) of Shapiro and Narendra [6].jpj(2-

I Xk * Tk
k=l T The environment is of the Loo type since Fi(C) is the uniform

Let the state sequence XA be determined either by procedure distribution function in [Q(z') - 2, Q(z1) + 2].
One measure of the difficulty of a problem is the ratio M-

1-)-5) (in which case we need to ask that {4j} ia ne (MID2) and environments with ratios below five can be con-sequence from [1,oo) and {c}jlO is a nonnegative number vironments
sequence) or by step 4) alone (in which case one needs not store sidered a welvely " en

r
In Nrna'Test

wj, and the algorithm consists of updating p1(X) through loblemberseune ) used:
(35)-(37)). Then lowing number sequences were used:

{1i in probability as]j o c, i = 1 2BJ = max {5;(o0 *j)1-3}
PXj0, in probability asj e oo, i 2 2. ATj = max {5;(2A j)0 9}

The proof is given in the Appendix. with 2A = 4, ej = 0.08 < D (which is, in fact, sufficient to make
Corollary: If, in addition to the requirements of the theorem, Theorem 1 work. If D is unknown, however, it is necessary to

limj ,, cj = 0, then 7r,(Xj) 1 in probability as j -+ oo and require that limjk j = 0), aj = (0.21j)a(a E [0,1]), andpl (Xj)
R- Q0* in probability as j oo. is defined by (35)-(37) with y = 1. To start the search, no = 100
Remark 1: There are no restrictions on ABj and ej if procedure measurements are made with each strategy zi c Z (thus let

4) is followed. One can thus as well let )Tj be constant, for in- vi = no, i = I ,M and wo = zi* where i* is defined by
stance 1, for all j, in which case the procedure looks very much =i*,O mini ,io).
like an automaton where one observation is made per iteration. The curves of Fig. 1 give 50-run averages of Dj as a function
Remark 2: Condition (39) is, for instance, fulfilled if B < cc of Lj, the number of measurements up to iteration j, i.e.,

is such that

SPir I (ABi + ATd) + M ' 110sup < B i=o

ak * ATk 25 runs of which were with a = 0.8 and 25 runs with a = 1.0.
The dotted lines are the results obtained by Shapiro and Narendra

and does not allow the sequence {vTa}itoce oo oscsllatorypwlt [6] and Viswanathan and Narendra [9] for the same test problem

helaig "es thusincrease ing
t a e h o with SAVS schemes that are adapted for use in general environ-
relative to the increase in Ev,,1. ments. For the SAVS, where )Bi= 0, ATi = 1, and the algorithm

VI. EXPERIMENTS reduces to updating 7r(X3) after each observation, D1 clearly

The reseted lgorthm ith ivenchoie ofp(X)(35)(37 equl ir(XJ).Theprseteagoith wthgienchiceofp5X~ (5)37 Considering that the abscis scale iS logarithmic, a comfort-
iS used in the test problem of Shapiro and Narendra [6] where abeipomntnthrtefcnvgneisbandass
M = 10 and {Q(z1),. * ,Q(z50)} = {-5.6,-5.5,-5.3,-5.3, seen from Fig. 1.

-51, '.,5l-. 49-.} Thu D = 0.,adi To demonstrate the relative insensitivity with respect to the
Po = {0-,*1-,0.1}, selection of gain factors such as 20 the same experiment is

M repeated, and Dj is averaged ~over 50 rn,25 with a=0.8 and
Poi * Q(Zi)= -5.18. 25 with a = 1.0. These averages are depicted as a function of
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APPENDIX
Estimate of ED.

1.0- Proof of Theorem 3

LJ=2OOOO Clearly, it suffices to show that pli(Xj) -+ 0 in probability as
] -= oofor all i . 2. By (37):

0.9 =8000o p1i(XA) < + 1/ < + 1 (40)
1' + lIIfi,j

/8 \We show that 61,j - oo in probability and 6j,j -+ 0 in prob-
0.8- / \ability asj -+ oo.

First, let Pmin A min {Poo ,** ,POM } > O, and let 1 > 0 be given.
We shall first show that for allj large enough,

=2000

First, choose L E (0,oo) so large that (L - 1)2 2 [2M(2 + B)]/q
W ~~~~~~~~anddefine

0.6- j

Nj = L * E ak * ATk.
k=1

xo Notice that (38) implies that limj_0 Nj = oo. Define further the
., event

0.5 1.0 2.0 4.0 8.0 Aj={ min vij > Nj}. (41)

Fig. 2. Estimate of EDj versus search parameter AO for test problem of i=1,. ..,M
Shapiro and Narendra [6]. Thus P{fl1,j = 00 }

. P{Aj}.
P{,il,j = min #j,j Aj)

AO for L3 = 2000, Lj = 8000, and Lj = 20 000. AO varies from
0.5 to 8.0. The curves of Fig. 2 level off as the number of observa- where, if fj,i is the average of n i.i.d. random variables with
tions (Lj) increases. This seems to indicate that it is not so im- cumulative distribution function (cdf) Fi(C and mean Q(zi),
portant if a few iterations are made with high sampling rates M
ABj and ATj or if many iterations are made with low sampling P{jt1, > min pi,j Aj} < E P 10 - Q(zi)l > -j Aj
rates. We indicated already that 7h(Xj) -e 1 in probability and i __ 2
that Rj -e Q0* in probability as j -+ oo. For large j, w* I has M
high probability to be equal to z,, and since most of the time < E p suP TA,n- Q(Zi)J >

either Wj = zl or w,*+ = z1 or both, it becomes less relevant (=n.Nj2N
whether the decision (6) is based upon large or small Bij, ATj.
It is thus the special choice of pl(Xj) which is the predominant 2 (42)
factor for insuring a high rate of convergence and low sensitivity
with respect to the search parameter selection. Notice finally for all ] large enough by the strong law of large numbers [18]
that as for most probabilistic global search procedures [15]- [16], and the fact that Nj -+ oo as] -+ oo. Let vQj denote the fraction
there is no sensitivity regarding initial conditions. of the vij observations made with zi when zi was generated in

Although all these properties make the proposed method very step 3) and with probability poi * ak in (3).
attractive, further research is still desired to make the scheme M M Ev* 2
completely self-organizing. This involves the development of P{A_C} < P{v < Nj vij
higher-level learning or adaptation of ABj, TiT, Aj, and ej without i= 1 ' i= (N - j

losing the nice convergence properties obtained in this paper. Noting that

VII. CONCLUSION Ev"j < E XkTk2+ 2 (L k ATk

It is shown that the problem of the selection of the best k=l k=l
strategy in L2-type random environments can also be solved and
through probabilistic search procedures. The asymptotic i
optimality of the method, proved in Theorem 1, is often of more Nk -

=
. (L - 1) E ak *

theoretical than practical value, however. This practical barrier
has been overcome by the proposed almost completely self- (2
organizing probabilistic search scheme featuring insensitivity P{AC. } < M . 2 + k= 1
regarding initial conditions and search parameter selection. J-(L - 1)2 ,
The first experimental comparisons between probabilistic \ k=1}

search and SAVS seem to indicate that, at least in stationary and
high-noise environments, probabilistic search has a superior rate < M(2 + B)
of convergence. In nonstationary environments, the proposed - (L - 1)2
fixed-parameter version of the algorithm, proved to be e-optimal
in Theorem 2, should be compared with some of the SAVS that <'7
are powerful in such environments. 2
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and note that for all j large enough:

P{Cj [Aj B.} = P{CjBj AJ} <P{Cj AJ}P{BP} P{BjAj} Hierarchical Internal Migration Regions of France

< P{Cj Aj} PAUL B. SLATER

(i - 8)(1 - Abstract-Internal migration tables can be employed to ascertain
\2J \ 4J functional migration regions-collections of geographic units with

relatively large intraregional flows and relatively small interregional
and if '2,n is the average of n i.i.d. random variables distributed movements. A two-stage algorithm that has been utilized to study tables
as Y2 where Y has distribution Fi(0) and y2 has mean s2(z2), for various nations is applied here to a 21 x 21 French matrix. In th

first step, the square table is adjusted to possess uniform marginal (rom

P{CJ|AJ}<tsup |2n - 2(z) J- and column) sums. The doubly standardized table obtained can be
snuNj 12J regarded as an asymmetric similarity matrix. It serves, in the seconi

stage, as input to a hierarchical clustering procedure, based on the concep
Obviously, since s2(z2) < cc, the strong law of large numbers of the strong components of a directed graph. Region Parisienne anz
applies to the sequence {C2,,n}2,~ and since Nj -* oo asj <-+c, Centre are shown to have the broadest migration bases. Well-defilne
P{I A)} < (q1/4)(l - (q12))(l - (a~/4)) for all j large enough. southern and northwestern regions are found.

Thus, for all j large enough,
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