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ABSTRACT: Let 7, be a b-ary tree of height n, which has independent, non-negative,
identically distributed random variables associated with each of its edges, a model previously
considered by Karp, Pearl, McDiarmid, and Provan. The value of a node is the sum of all
the edge values on its path to the root. Consider the problem of finding the minimum leaf
value of T,. Assume that the edge random variable X is nondegenerate, has E{X %} < o for
some 6> 2, and satisfies bP{X = c} <1 where ¢ is the leftmost point of the support of X.
We analyze the performance of the standard branch-and-bound algorithm for this problem
and prove that the number of nodes visited is in probability ( 8 + 0o(1))", where B (1,b) is a
constant depending only on the distribution of the edge random variables. Explicit expres-
sions for B are derived. We also show that any search algorithm must visit ( 8 + 0(1))" nodes
with probability tending to 1, so branch-and-bound is asymptotically optimal where first-order
asymptotics are concerned. © 1999 John Wiley & Sons, Inc. Random Struct. Alg., 14, 309-327,
1999
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1. INTRODUCTION

Optimization of rooted trees is a routine problem in computer science, operations
research, and the study of efficient algorithms for finding the best leaf in a rooted
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tree is the subject of many projects and papers in the artificial intelligence
community. If leaves have values associated with them and a minimum must be
found, one may do exhaustive search, branch-and-bound search (which is a depth-
first search with on-line pruning of useless subtrees), backtracking, backtracking
with bounded lookahead, and variations of these methods [9, 14]. To compare
various methods, toy models have been proposed, of which the model of Karp and
Pearl [7] is perhaps the most interesting. Karp and Pearl consider a complete
binary tree with n levels of edges and associate with each edge an independent
Bernoulli ( p) random variable. Each node v has a value V, equal to the sum of the
edge values on the path to the root. Each value V, is available upon request, but
each request costs 1 time unit. The objective is to find the leaf of minimal value.
Karp and Pearl noted that if 2p > 1, any algorithm must necessarily take exponen-
tial time in n, while for 2p =1 and 2p <1, ordinary uniform cost breadth-first
search takes on the average ®(n*) and @(n) time. In this algorithm, one first visits
all nodes of value 0, then all nodes of value 1, and so forth.

In 1990, McDiarmid and Provan [11] and McDiarmid [10] generalized the work
of Karp and Pearl to b-ary trees and more general non-negative edge distributions.
If X is a typical edge random variable, and p = P{X = 0}, where 0 is the leftmost
point of the support of X, they show that if bp <1, any exact search algorithm
must take exponential time. It is this situation that interests us. We assume
throughout that X is nondegenerate, that is, X has no atom of mass 1. Also, a
non-negative nondegenerate random variable X is said to be regular if bp <1,
where p = P{X =c} and c is the leftmost point of the support of X. As the tree 7,
has b”" leaves, it is important to ask what fraction of the nodes is revealed before
the minimal leaf is found. In branch-and-bound search, we visit the nodes as in
depth-first search, and visit v if and only if its parent’s value is less than the
minimal leaf value seen thus far (if any have been visited; otherwise, the node is
visited unconditionally). The algorithm is of course guaranteed to find the overall
minimum. If N is the number of nodes visited by the branch-and-bound algorithm
(the number of values V, revealed), we will show the following.

Theorem 1. Let X be a regular random variable.
A. If N is the number of nodes visited by branch-and-bound search, and E{X°} <
for some 0> 2, then there exists a number B < (1,b) such that

lim P{IN'/" — B|> €} = 0. (1)

n— o

B. The number N' of nodes visited by any algorithm that is guaranteed to find the
optimum must be such that

lim P{N""/" < B —¢€} =0

n— o

for all e> 0.

Sometimes it is instructive to see how N compares with the size of 7,. The
theorem above states that in probability,

N = |T |p+0(1)
n
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as n — o, where |T,|=X"_,b" and p=1log, B. The closer p is to 0, the more
pruning is achieved. Interestingly, the pruning parameter p differs from distribu-
tion to distribution and may take any value in (0,1). As p> 0, we see that an
exponential explosion (in n) is unavoidable. The proofs are based upon results
from branching random walks due to Biggins [3]. Part B of Theorem 1 especially is
an embarrassingly straightforward corollary of Biggins’ results. The contribution of
this paper is twofold. First, we give an explicit form for 8 and p for all regular
distributions. Second, Theorem 1 shows that up to first-order asymptotics, ordinary
depth-first search is as good as any search strategy for all regular random variables.
This is remarkable, as depth-first search can be implemented using only O(n)
storage. For example, the fewest nodes are visited if one explores nodes in order of
their values until depth n is reached. This algorithm, however, requires storage
growing exponentially quickly with 7.

The same tree model was also considered by Zhang and Korf [18], who analyzed
other search strategies, such as iterative-deepening-A* and recursive best-first
search. Branch-and-bound was also analyzed by Smith [15] on a different random
tree model. Wah and Yu [17] considered branch-and-bound with best-first search,
and Stone and Sipala [16] looked at backtracking. Of course, backtracking was
analyzed on a host of other models, and we refer to Purdom [13] and Brown and
Purdom [4] for just two examples. Pearl [12] is the basic reference for the
probabilistic analysis of various search strategies.

2. THEORY OF BRANCHING RANDOM WALKS

We will use some results adapted from the theory of branching random walks to
prove our results. For background information see, for example, [1, 2, 5, 6]. For any
random variable X, we define m(6) = E{e %}, 6> 0.

Definition. Let X >0 be a nondegenerate random variable. For any a € R, the
u-function is defined by

p(a) =b inf {e?m(60)} = b inf E{e?“ "},
6>0 0=>0
For each > 0, and n > 0, we define

ZMW(t) =#{w: wisaleafin T, and V, <1},

where ﬁA denotes the cardinality of set A.
The following results are from Kingman [8] and Biggins [3].

Theorem 2. If u(a) < 1, then with probability 1

Z™(na) =0  for all but finitely many n.
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If a eint{a: w(a) > 1}, then
(Z(”)(na))l/n - u(a)  almost surely.

Theorem 3. Let T be the infinite b-ary random tree having edge values distributed as
X > 0, where X is nondegenerate. Let B, = min{V,: v is a leaf of T,}. Then,
B, def

lim — =a = inf{a: u(a) > 1},

n—o« N

almost surely.

To prove Theorem 1, we will relate the time complexity of the backtrack search
procedure and the distribution of the edge random variables by means of the
p-function. We now will prove some rather obvious properties of the u-function.

Theorem 4. Let X >0 be a nondegenerate random variable. Then its u-function
satisfies the following properties:

(1) w is an increasing function [0, ).

(2) w is continuous on int{a: u(a) > 0}.

(3) log( w) is concave.

(4) sup, g mla) <b.

(5) If E{X} <o, then u(a)=b, on int{t: u(t) > 0}, for a > E{X}.

6) lim, . u(a)=b.

7D If X=c>0, then ula) =0 fora<c.

(8) Let s =supft: P(X <t} =0}, and define p = P{X =s}. Then u is continuous
on (s,»), u(s)=bp, and uw(a) =0 fora <s.

Proof. For proofs of (1)-(3), we refer to Biggins [3] or Kingman [8].
Proof of (4). Clearly inf, . , E{e?“~ %)} <1 by evaluation at §=0.

Proof of (5). For a > E{X}, we have

(@) =b inf (e« )
>b ;Efo e~ EXD (by Jensen’s inequality)
>b _ (as the infimum is attained at 6 = 0).
Proof of (6). 1f E{X} < , this follows from (4) and (5). If E{X} = , then let g, _ »

be the (1 —p)-th quantile of X, i.e., q-,= sup{t: P{X <t} <1 —p}. Clearly, as
P10, q,_, 1, since E{X} = . Now, for a >qy_ps

p(a) = b( inf e"=-)(1 = p)

>b(1-p).
We conclude that proof by letting p | 0.
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Proof of (7). For a <c,

w(a) =b inf E{e’“" )} <b inf "~ <b inf " =0.
6>0 6>0 09—

Proof of (8). 'We only need to show that u(s) = bp, as the other statements follow
from (2) and (7). Define p + 8 = P{s < X <s + &}. Then for all &> 0 small enough

s
&z inf E{ee(s—X)}
0>0
< inf (" (p+8)+(1—p—8)e’t )
>0
=inf{p+8+(1—p—38)e ’}.
0=>0

But the last expression goes to p as & — 0, by taking 6=1/&* (notice that § > 0
as & — 0). Thus, u(s) < bp. Also, observe that

u(s
() > inf pe?¢~9 =p. [
00

We conclude that p must always follow the pattern as described in Figure 1.
Additional properties that may be needed are described below.
For regular distributions we define

a=inf{a: p(a) > 1},

B= sup MX(E),

x€(0,1) X
a

y=inf{y: /,Ly(—) =[3}
y

Clearly « is well-defined, finite, and positive. Also (as we will see below), the
solution y of w"(a/y) = B is unique, and 0 < B < b, strictly.

We now prove two additional properties of the u-function for regular distribu-
tions.

Lemma 1. Let X >0 be regular. Then:

(9) Forall >0, there is £€> 0 such that

a+ & 1o
sup {,u( )—[.L(_)}SS.
x<€(0,1) X X
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Fig. 1. General form of the u-function.
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(10) For all 7> 0, there is £> 0 such that for all 0 < v < ¢,

a+ v o
sup ,uf( )s sup ,ux(—)+n.
xe(0,1) X xe(0,1) X

Proof.

Proof of (9). As u is continuous, bounded, and log-concave on [a,), it is
uniformly continuous there, and thus for &> 0 there is §,> 0 such that for all
&> 0, small enough,

at+é «a

X

X X

implies that w(*:%) — w(¢) <e. If /x> 6, then a/x > (a/&)8,, and by choice

X

of £=52, we see that a/x > a/8,, so that

oo ()Gl ol el

which is small enough by the choice of 6,.

Proof of (10). By the triangle inequality, we need only to show that

)l o

for ¢> 0 small enough. By (a + b)? —a” <pba?~!, for all a,b>0, p[0,1], we

sup {p«"
x<€(,1)

have
a+ €& o'
sup {M( )—u*(—)}
xe(0,1) X X
a+ a (@
S e R | 6
x€(0,1) X X X
a+ & o' 1o
< sup {M( )—,u(—)} sup {x,uf‘l(—)}
xe(,1) X X7) xe@,1 X
a+ €& o'
= sup {M( )_M(—)},
x€,1) X X
as 1 < u(a/x), for x € (0,1). []

Lemma 2. Let s =sup{t: P{X <t} =0}. Assume that s < a. Then

o
B= sup ,u.x(—)<b.
x€(0,1) X
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Proof. By continuity of u, there is &> 0, such that u(a/(1 —¢&)) <vVb. Then,
because s < a,

B=max{ sup M*(%), sup ,uf‘(g)}

O<x<l-e¢ 1—e<x<1 X

@
Smax{bl_g,,u( N )}
—&

the result follows. |

Notice that as backtrack search visits about b"” nodes, the previous result tells
us that, indeed, backtrack search visits only a fraction of the nodes in the tree, as
p=1log, B < 1. We finish this section by making the following interesting observa-
tion:

E{Z™(na)} =b"P{X, + --- +X, <na}

< inf b"E{efe~ 051~ 0%} (for 6> 0, by Markov’s inequality)
6>0

= inf (bE{e"*~ %X} )n (by independence)
0=0

(p(a))" (by choice of 6).

3. NOTATION AND PRELIMINARY RESULTS

Let us first set the notation. Let u,,...,u, be the nodes in the left roof of T, let
Ug.15-+-»Ug,p— De the siblings of u,, and thus the children of u, , (see Fig. 2). Let
V, . denote the sum of all edge values on the path from u to v. Notice that
V,,=V,—V, if v is a descendant of u. We will be particularly interested in
|4 for descendants w of u,_,. Let us define the following random variables

Up—1pW?

that will appear in our analysis:

M, = min{VuH . U is a leaf descendant of u,, where v and u, are nodes in T, };

Z, = 4 {w: descendants of v, (including vy, itself), such that V, < Mn’k}.
We now present some preliminary results to prove part A of Theorem 1.
Proposition 1. Assume E{(X’} < for some 0> 2. Consider T,, and define N, =

max{V: w is a descendant of u, at distance k from u,}, where k = |d log,(n — 1)|, for
0<d<6-2 fixed. Then, for every £> 0 there exists { > 0, ny, > 0, such that

P{Nk>(n—1)§}S%,forallnz%.
(n—1)



317

BRANCH-AND-BOUND SEARCH FOR RANDOM TREES

'S9913 10J UOTIBION T “S4

t {10 Jo yuepusdsap Jesp e st a @ MY Jumm = Tepy

{ 7y > ™74 Teqs yons ‘n Jo sjuepusdsep 1 mip =Mz




318 DEVROYE AND ZAMORA-CURA

Proof. Clearly, if N, > (n — 1)¢, there must be at least one node descendant of u,
at depth k + 1 having value greater than (n — 1)&. Therefore, P{N, > (n — )¢} <

kp(yk+1 _ < C_ . )
b*P{Ei ) X, > (n — D&Y, where X; = X, for i =1,...,k, and the X;s are indepen

i=1
dent. Then by Markov’s and Jensen’s inequalities, for all n large enough,

k+1 bkE{(Zf:f X,-)0>
b*pP X, n—1 <
{Z ! )f} = (-2’

b*(k+1)"E{X*)
R
pldlossn=D(| dlog,(n — 1)| + 1) "E{X")
((n=1)¢)"

_ QO)E(X") (log,(n —1))"
B ¢’ (n—1)""1

Q2d)’E{x°} 1
< .
¢’ (n—1)°

Proposition 2. Let T, N,, k, 0, and d be as in the previous proposition. Then, for
all £€>0, there is ¢ €(0,1), such that

P{M, > (n—1)(a+¢&),N, < (n—1)&/2} < o=V,
for all n large enough.
Proof. Denote by vy,...,v,« all nodes in T, at depth k. Define B!_, to be the
minimum of all V, ,, such that w is a leaf descendant of v;. Then, by independence
of the B! _,s,
P{M, ,>(n—1)(a+¢),N.<(n—1)¢/2}
<P(B)  +(n—1)&2>(n—-1)(a+£),...,
BY 4+ (n—=1)¢/2> (n—1)(a+¢))
= (P(B, > (1= D(a+¢/2))"
< (P(B, > (n—k)(a+&/2)))",

where B,_, is the random variable defined in Theorem 3. Substituting k by
[d log,(n — 1)] and using Theorem 3 we get that

P{an[dlogb(nfl)J > (n—|dlog,(n—1)])(a+ 5/2)} —0,as n— .
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Thus, we can find ¢ € (0,1) such that

P{anldlog,,(nf ke (” - ld log,(n — 1)])( a+ 5/2)} <o,
for all n large enough. Hence,
P{M, > (n—1)(a+¢),N.<(n—-1)¢/2}

< (P{B-ta1og,in-1y > (n = [ dlog,(n = D) |)(a+ 5/2)})@71)4

< (p(n—n",

for all n large enough. ]
The following corollary is immediate from the two previous propositions.

Corollary 1. Assume E{X°} < for some 6> 2. Pick d €(0,0— 2). For all £>0,
there are { >0, ¢ €(0,1), and n, such that
P{M, > (n—1)(a+¢)}< W + o=V for all n > n,.
n—

4. PROOF OF MAIN THEOREM

We first prove one half of part A of Theorem 1. The second half of part A follows
from part B and will be proved in Theorem 6 below.

Theorem 5. Let X be a regular random variable with E{X%} <~ for some 6> 2.
Then for every &> 0

lim P{N'/"> B+ ¢} =0.

n— o
Proof. Let T, be the random b-ary tree as defined in Section 1. It is clear that the
number of descendants of v,; visited by the algorithm is smaller than or equal to

bZ,,+ 1, because if the value of a node is less than the minimal leaf value seen
thus far, all its b children will be visited. It follows that

n
Nsb(Z Zy+n|+1.

Thus,

n b-1
<P{b ) sz,+bn+1>(ﬂ+s)}

P{bZ,, > —
M b-Dn+1]’

(B+e)" }
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if (B+&)"/((b—1n+1)>=bn+ 1, which is true for all n large enough. Now,
notice that Z,; <1+b+ - +b" % <b" **1 50 that for k >[(1 — 8)n],

(B+e)"

bZ <bn k+1<b5n+l<—
K (b—1)n+1’

where § is taken

log,((b—1)n+1)+1

0<é<log,(B+e)-—
n

Observe that the previous can be done for all n large enough. The previous
observation implies that

n b-1 (B+€)”
Y Y Plbz,> o
k=11=1 Kl (b—l)n+1
[A=8)nlb-1 (34‘8)”
< Y Y PbZ,>—— *
k=1 -1 “ (b_l)”+1} ()
for all n large enough. Next, for all £> 0,
(B+e)
P{bZ,> —
M7 (b-1)n+1
(B+e)
P{Mn’k>(l’l—k)(a+§)}+P bZkl(a+§)>m ,

where the random variable Z,,(a + &) represents the number of descendants w of
Ugp» such that V, . is not larger than (a+ &)n — k). Corollary 1 implies that
there are ¢ >0, (p €(0,1), and n,, such that P{M, , > (n—k)Xa+ ¢£)}is smaller
than or equal to £/(n —k)? + ¢~ ¥’ for n > n,, uniformly over 1 <k < (1 — 8)n.
Thus, for n > n,,

[A=8)nlb-1
Y LPM, > (n—k)(até))
k=1 1=1
n—1 é"
< L el
k=n—|(1-8)n] k2

bn{
T (n—1(1-8)n])

bl ()
Sm-ﬁ-b(l—ﬁ)@ n

+ b¢(n*l(1*5)nJ)dl(1 — S)I/LJ

-0 as n — o,
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Now, for the other part of the sum in (*), note that
(B+e)" - E{bZ, (a+£))

(b—Dn+1[~ (B+e)"

E{bY!Z kZ’,(a+§)}((b—1)n+l)
(B+e)

P{bZ (a+&)> (b—=1)n+1)

where Z/(a+¢) is the number of descendants w of vy, such that V, . is
smaller than or equal to (@ + &)(n — k), and the distance from w to v,, is j. Now,
for 6> 0,

E{Z](a+ &)} <b/P{X,+ X, +X,,, <(n—k)(a+ &)}

<bHIE{efn—FNat )= X=X )y (by Markov’s inequality)
j+1

— bletn ket O T Bf e )
i-1

(by the independence of the X;s)
_ bjee(n—k)(a+g)(E{e—Xe})f+1

(because the X;s are identically distributed)

(ol )

where for the last equality to hold we took 6= 6* such that

(n—k)(at$)
j+1

bE{ee*(w—k)(wg) 7X)> =M( (n—k)(a+é&) ‘

A i+1

Thus, since u(a) is an increasing function of a > 0,

plbz (ase)> P }

(b—-Dn+1
b((b—1)n+1) n-k

(i o) El E{Z],(a+ &)}

b((b—1)n+1) "= "( ((n—k)(a+§)
= (B+e) j=1 j+1

)j+1
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ek j+1 n+1
_ b((b—1)n+1) e (n+D)(a+§)
(B+e) -1 j+1
b((b—1)n+1) n—k( (a+§) e
< ; sup
(B+e) i=1 \xe,1 x
nb((b—1)n+1) a+§) e
; sup  u*
(B+e) 1,1 *
We now sum all the terms and get
[(1=8)nlb-1 (B+€)"
P{bZ +&)> —
R (b—1>n+1}
n2b(b—1)((b—1)n+1) a+ e\
7 sup u'
(B+e) xe(0,1) x
b*n? [ (a+§) e
< ———| sup u’
(B+e) [reo x

Notice that if £ were equal to 0, then the quantity in the square brackets would be
B"*!. Lemma 1 implies that for &> 0, there exists ¢* > 0 such that

a+ EF a e &
sup m( )s sup ,uf‘(—)+5=/3+5.

xe(0,1) X x€(0,1) X
Therefore,
b at e )"
2y (25
(B+8)n(xe(o,1) x
. a+E* "
SUPye,1) M P a+ ¢
<b’n? sup u* )
B+e xe@©,1) X
B+e/2\"
<b3n}| ——— +e/2
rs | (e
- 0. [ |
n— o

To finish the proof of Theorem 1, we show the universal lower bound of part B.
Note that any algorithm must visit all nodes v in 7, with value strictly less than B,,
the minimal leaf value in 7,. Thus, it suffices to prove the following.

Theorem 6. Let X > 0 be a regular random variable. Let N' be the number of nodes
vin T, with value V, <B,. Then, for every € > 0,

lim P{N'/" < B— €} =0.

n— o
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Proof. We use the notation from Theorem 2, and note that
i .
N'> Y ZU(B,-1).
j=0
Define «, B, and vy as in section 2, and set k =[yn]. Thus, for any £ (0, o),
N’z Z(k)(( o= 5)”)1[3,,—1>(a—§)n]-

By Theorem 3, with probability 1, B, — 1 > (a — £)n for all n large enough. Thus,
we are done if we can show that given e > 0, we can find &> 0 such that

Tim P{(Z®((a~£)n)) " <p-e}=0.

To this effect, observe that

" \n o[ (@a—=&)n o
(ZO((a=¢&)n)) " = (Z”(Tk)) }

\%
—_——
N

=
—_——
Q

< | |
e

=
—_—
N—
<
I
s |

by Theorem 2. By the continuity of w, the lower bound tends to 8 as ¢ |0, since
B=n(a/y). ]

5. SOME EXAMPLES

In this section we will present some examples of w-functions and B-values for
some well-known distributions.

Example: Exponential distribution. 1f X is exponentially distributed, m(6) =
1/(6+ 1), and

eﬁa

0+1

E{ee(an)} —

b

for 6 > 0. Also,

e@a -
. bae a<l;
=b inf = ’ =4
w(a) ;go{ 0+1 } {b, otherwise,
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because log(%) is minimum for §=1 — 1. The value « is defined to be the
unique solution of

abe' =1, (2)

Observe that as b — ©, @ ~1/2b. Note that

o « *
sup ,u"(—)= sup {—bel’(“/)‘)} V sup b*
xe(0,1) X xe(a, ) \ X x€0, )
eO(X
= sup {—xe“}Vb“,
xe€(a, D\ X

because ab =e* !. The value of x which maximizes the first quantity is e® !

[which is in (a, 1)]. By manipulating (2) we get

eaeufl
B= {e_a a—1 a—1 Vba
eae —e

e

= max{e®" "%, b}

—pa(b—1)

because e® ! = ab. Note that e*®~V <e for any value of b, and B— Ve as
b — . Also, p=1log, B~1/Qlogb), as b — .

Example: Bernoulli distribution with parameter p € (0, 1). Let X be a Bernoulli (p)
distributed random variable, then

E{e ™"} =p+(1-p)e”’,
and
w(a) =b inf E{e?“~)}
6>0

=b int{“)e"“(p +(1—=p)e?)
0>

l—a(1— a
b( P ) ( p)’ 0<ax<l-p,
1—a a

b, a>1-p.

So as to define «, we must assume that bp < 1. Thus, « is defined as the solution

of the equation
-« 1— @
() ()
1-« o'
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Example: Gamma distribution with parameter r. We first compute

wox!™ le—xee(a—x)
=pinf | ———dx
w(a) ozofo r(r)
e(ia

inf ———
0>0 (1 + 0)
UG /@=1)
=b—————Vb

()

because 6a —rlog(l + 6) is minimal when a = ;1. Thus, « is defined as the
solution to the equation:

Finally,

o o rx
B= sup [.Lx(—)= sup bxe”“‘"(—) .
xe(0,1) X x€(0,1) X

Note that u*(a/x) is maximal at x =b'/"/r and therefore

bb]/’a/rea(bl/’—l)
_ _ La(b/"—1)
B= =e
bbl/"a/r :

TABLE 1 Values of b vs. p for the Exponential Distribution

b p b p
2 0.334648 3 0.257101
4 0.220361 5 0.198027
6 0.182672 7 0.171302
8 0.162452 9 0.155311
10 0.149393 11 0.144383
12 0.140071 13 0.136306
14 0.132983 15 0.130019
16 0.127354 17 0.124941
18 0.122741 19 0.120725

20 0.118868 21 0.117149
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TABLE 2 Values of b vs. p for the Bernoulli (0.05) Distribution

b p b p
2 0.590941 3 0.455860
4 0.372014 5 0.311999
6 0.265677 7 0.228184
8 0.196821 9 0.169940
10 0.146465 11 0.125653
12 0.106973 13 0.090028
14 0.074516 15 0.061973
16 0.046876 17 0.034384
18 0.022566 19 0.011245

TABLE 3 Values of b vs. p for the Gamma (3) Distribution

b p b p
2 0.522782 3 0.445452
4 0.405182 5 0.379173
6 0.360477 7 0.346137
8 0.334648 9 0.325150
10 0.317110 11 0.310176
12 0.304107 13 0.298731
14 0.293919 15 0.289575
16 0.285625 17 0.282010
18 0.278682 19 0.275604
20 0.272745 21 0.270078
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