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� 4ABSTRACT: We study binary search trees constructed from Weyl sequences nu , nG1,
� 4where u is an irrational and ? denotes ‘‘mod 1.’’ We explore various properties of the

structure of these trees, and relate them to the continued fraction expansion of u . If H isn
w xthe height of the tree with n nodes when u is chosen at random and uniformly on 0, 1 , then

Ž 2.we show that in probability, H ; 12rp log n log log n. Q 1998 John Wiley & Sons, Inc.n
Random Struct. Alg., 12, 271]295, 1998
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INTRODUCTION

In this note, we study binary search trees formed by consecutive insertions of
� 4 � 4 � 4 Ž . � 4numbers u , 2u , 3u , . . . , where ug 0, 1 is an irrational number, and ? de-

notes mod 1. The sequence in question is called the Weyl sequence for u , after
Weyl, who showed that for all irrational u the sequence is equidistributed. We
recall that a sequence x , nG1, is equidistributed if for all 0FaFbF1,n

n1
lim I sbya,Ý x gw a , b xinnª` is1
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DEVROYE AND GOUDJIL272

Ž w x w x w x.see Freiberger and Grenander 15 , Hlawka 17 or Kuipers and Niederreiter 23 .
w xMike Steele pointed out that the credit should perhaps go to Bohl 4 , but we will

nevertheless retain the commonly accepted name of Weyl sequence.
The equidistribution property makes Weyl sequences, or suitable generalizations

of them, prime candidates for pseudorandom number generation. Of course,
various regularities in the sequence make them rather unsuitable for most pur-

w x w xposes. Knuth 22 and Sos 43 have interesting accounts of this. Interesting studies´
w x w xof Weyl sequences may be found in 2, 8, 12, 18 . See also 14 for related

Ž .sequences. Let TT u be the binary search tree based upon the first n numbers inn
the Weyl sequence for u . This tree, called the Weyl tree, captures a lot of refined
information regarding the permutation structure of the Weyl sequence, and is a
fundamental tool for the analysis of algorithms involving Weyl sequences in the
input stream. Computer scientists are mostly concerned with the following struc-

Žtural qualities: the average depth of a node the depth is the path distance from a
. Ž . Žnode to the root , the height the maximal depth , and the number of leaves the

.number of nodes with no children .
The discussion in this paper focuses on these quantities. The following notation

Ž . Ž . Ž . Ž .will be used. The height of TT u is H u . The set of leaves of TT u is LL u . Then n n n
Ž .collection of nq1 possible positions for a new node to be added to TT u is calledn

Ž .the set of external nodes, and is denoted by EE u . When u is understood, then
Ž .suffix u will be dropped from the notation. The collection EE may be split inton

EE R and EE L, where EE R has those nodes that are right children, and EE L collects alln n n n
left children in EE .n

In the first half of this paper, we look at the structure of a Weyl tree for fixed u .
Crucial connections are made with the continued fraction for u . Well-known
properties of continued fractions them permit us to deduce results about H andn
< <LL without too much trouble.n

In the second half, we look at random Weyl trees, that is, binary search trees for
w xusU, where U is a uniform 0, 1 random variable. This study allows us to make

statements that are true for almost all u . The probabilistic setting comes in handy
for the purpose of analysis. The main result of the section, for example, shows that

H 12n ª in probability.2log n log log n p

This shows that the random Weyl tree differs greatly from the standard random
w xbinary search tree, RR , obtained by insertion of an i.i.d. uniform 0, 1 sequencen

X , . . . , X . We recall that the height H X of RR satisfies1 n n n

H X
n ª4.31107 . . . almost surely,

log n

Ž w x w x w x.Robson 39, 40 ; Devroye 10, 11 ; Mahmoud 31 .

STRUCTURE OF WEYL TREES

In this section, an irrational u is fixed. Let

1sT -T - ???1 2
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A STUDY OF RANDOM WEYL TREES 273

� 4be the record times, i.e., the times at which x s nu is minimum or maximumn
along x , . . . , x . The times of occurrence of a minimum or maximum are denoted1 n
by L and R , and the indices of these sequences are synchronized with the T s asn n i

L , T if at T there is a maximum;Ž .ny1 n nL , R sŽ .n n ½ T , R if at T there is a minimum.Ž .n ny1 n

Therefore, as it turns out, there is a lot of structure in these sequences. The
fundamental property in this respect is the following.

Ž w x.Lemma 1 Ellis and Steele 13 . We ha¨e

L , L qR if at T there is a maximum;Ž .ny1 ny1 ny1 nL , R sŽ .n n ½ L qR , R if at T there is a minimum.Ž .ny1 ny1 ny1 n

Let k be the smallest integer such that n-L qR . Then, if x - ??? -x denotesk k Ž1. Žn.
Ž . Ž .the ordered sequence for x , . . . , x then the indices 1 , . . . , n coincide with1 n

� 4 � 4L , 2 L , 3L , . . . mod L qR l 1, . . . , n .Ž .Ž .k k k k k

Ž .Also, L , R are relatï ely prime for all n.n n

A quick verification: if nsL qR y1, then the index of the maximum isk k
Ž . Ž Ž .. Ž Ž ..L qR y1 L mod LqkqR syL mod L qR sR , as was expected.k k k k k k k k
This lemma says that at nsL qR y1, the shape of the binary search tree fork k
x , . . . , x is entirely determined by the two numbers L and R . In fact, then,1 n k k

Ž 2 .there are only O n possible Weyl search trees with n elements, even though
2n n 3r2Ž .Ž . Ž .there are 1r nq1 sQ 4 rn possible binary search trees on n nodes.n

Therefore, as the simplest, example, of the five binary search trees on 3 nodes, two
Žare impossible to obtain as Weyl trees the ones in which the root has one child

.and the child has one child but of different polarity . This fact was used by Ellis
and Steele to derive a method that would sort any Weyl sequence using compar-

Ž .isons only thus, without being capable of numerically inspecting entries in
Ž .O log n comparisons. We refer to the subsection on sorting later on in the paper.
There is a natural way of looking at the growth of the Weyl search tree in layers.

Ž .The iq1 qst layer consists of all x with T F jFT y1. A special role isj i iq1

played also by the ancestor tree TT . A layer can be considered as a new coat ofT y1i

leaves painted on the ancestor tree. Each layer adds one and just one coat, as the
next lemma explains.

Ž .Lemma 2. All nodes in the iq1 st layer are lea¨es, and all lea¨es of TT are inT y1iq1

Ž . Ž .the iq1 st layer. All nodes in the iq1 st layer are either right children or left
children, but not both. In fact,

< L < < R <EE sR , EE sL ,T y1 i T y1 iiq1 iq1

and

< <TT sT y1sL qR y1.T y1 iq1 i iiq1
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DEVROYE AND GOUDJIL274

Proof. Recall that LL is the collection of leaves of the ancestor tree, and thatT y1i

the left and right external nodes of the ancestor tree are collected in sets EE L
T y1i

R � 4and EE , respectively. Fix jg T , T q1, . . . , T y1 , so that j is an index of aT y1 i i iq1i
Ž . Žpoint in the current iq1 st layer. Without loss of generality, assume T sR thei i

.last record was a maximum . Thus,

R F j-L qR .i i i

To determine the place x occupies in the search tree, it is important to find outj
which points are the immediate predecessors and successors of x .j

� 4Consider first the immediate predecessor of x in x , . . . , x . By Lemma 1,j 1 jy1
the index of this node is

jyL qk R qL ,Ž .i i i

for some integer kG0. However,

jqR ) jqL GR qL ,i i i i

so k must be 0, and thus, the index of the immediate predecessor is jyL , which isi
in the ancestor tree, as j)L and jyL -R .i i i

Similarly, the immediate successor of j has index

jqL yk R qL ,Ž .i i i

for some kG0. It cannot have index jqL asi

jqL GR qL .i i i

Ž .Thus, it must have index jqL y R qL or smaller, i.e., jyR or smaller.i i i i
However,

jyR -L qR yR sL -R ,i i i i i i

Ž . Žso that jyR belongs to the ancestor tree if jyR )0 or is nonexistent ifi i
.jsR .i

Thus, the immediate neighbors in the ordered sequence have indices that put
Ž .them in the ancestor tree the right neighbor may not exist if jsR . Becausei

L -R , it is clear then that j is a right child of its left neighbor. Note also that ati i
Ž .the end of the construction of the iq1 st layer, all nodes in it are leaves, and are

Ž .right children of nodes in the ancestor tree. Thus, the iq1 st layer paints a
collection of leaves on the ancestor tree. In fact, it destroys all existing leaves of
the ancestor tree, as we will now prove.

We prove by induction,

< L < < R <EE sR , EE sL .T y1 i T y1 iiq1 iq1

Because

< <TT sT y1sL qR y1,T y1 iq1 i iiq1
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A STUDY OF RANDOM WEYL TREES 275

we verify that indeed, at all times, the number of external nodes is equal to the tree
size plus one. The statement is quickly verified for is1 as L sR s1, T s2, and1 1 2
T has one left and one right external node. Assuming the hypothesis to be1

Ž .satisfied for j- i, we look at the iy1 st layer. All nodes in this layer are leaves of
ŽTT , and if T sR without loss of generality; a symmetric statement for T sLT y1 i i i iiq1

.is easily obtained as well , then all these leaves fill right-external nodes of the
ancestor tree TT . However, by the induction hypothesis,T y1i

< R <EE sL sL .T y1 iy1 ii

Ž .Also, the iq1 st layer has size

T yT sR qL yR sL ,iq1 i i i i i

so that we can conclude that all right-external nodes of the ancestor tree are filled
in. However then,

< R <EE sL ,T y1 iiq1

which was to be shown. Because all left externals survive from the ancestor tree,

< L < < L <EE sL q EE sL qR sR ,T y1 i T y1 iy1 iy1 iiq1 i

and the proof is complete. B

Lemma 3. We ha¨e

< <LL smin L , R ,Ž .T y1 i iiq1

and

H s i .T y1iq1

Put differently,

ky1FH Fk ,n

if k is the unique integer with T Fn-T .k kq1

Proof. The first statement is an immediate corollary of Lemma 2. Also, as each
layer destroys all the leaves of the ancestor tree, it is clear by induction that the
height of the tree is exactly equal to the number of layers minus one. B

The study of the height and of the number of leaves reduces to the study of the
Ž .sequence L , R . For the height, the growth of T as a function of k is important.i i k

This is closely related to the continued fraction expansion of u . To understand the
rest of the paper, we recall a few basic facts from the theory of continued fractions.

CONTINUED FRACTIONS

� 4Let u be irrational, and define the Weyl sequence with nth term x s nu , nG1,n
� 4 � 4 ? @where ? denotes the ‘‘modulo 1’’ operator: u suy u . Denote the continued
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DEVROYE AND GOUDJIL276

fraction expansion of u by

w xus a ; a , a , . . . ,0 1 2

Ž w xwhere the a s are the partial quotients, a G1 for iG1 see Lang 27 or LeVequei i
w x.28 . Thus, we have

1
usa q ,0 1

a q1 a q ???2

? @with a s u . The ith con¨ergent of u is0

w xr s a ; a , . . . , a .i 0 1 i

It can be computed recursively as

pi
r s ,i qi

Ž .where gcd p , q s1, andi i

p s0, p s1, p sa p qp , iG0,y2 y1 i i iy1 iy2

and

q s1, q s0, q sa q qq , iG0.y2 y1 i i iy1 iy2

Note that r sa and r sa q1ra . The r s alternatively underestimate and0 0 1 0 1 i
overestimate u . The denominators q of the convergents play a special role asi

1sq Fq Fq F ??? ,0 1 2

and

p 1i
uy F , i)0.

q q qi i iq1

To study the number of records and the evolution of the layers, the following
w xresult is essential. It extends a theorem of Lang 27 .

Ž w x.Lemma 4 Boyd and Steele 5 . In a Weyl sequence for an irrational u with partial
quotients a , and con¨ergents p rq , the right extrema occur when n is in the followingn n n
list,

q qq , q q2 q , . . . , q qa q sq ;y1 0 y1 0 y1 1 0 1

q qq , q q2 q , . . . , q qa q sq ;1 2 1 2 1 3 2 3

q qq , q q2 q , . . . , q qa q sq ;3 4 3 4 3 5 4 5

. . .
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A STUDY OF RANDOM WEYL TREES 277

and the left extrema occur when n is in the list,

q qq , q q2 q , . . . , q qa q sq ;0 1 0 1 0 2 1 2

q qq , q q2 q , . . . , q qa q sq ;2 3 2 3 2 4 3 4

q qq , q q2 q , . . . , q qa q sq ;4 5 4 5 4 6 5 6

. . . .

Lemma 4 shows that we start with a right extremes, followed by a left1 2
extremes, then a right extremes, and so forth. This description, together with3

ŽLemmas 1 and 2 should suffice to completely construct the shape of the tree see
.Fig. 1 .

HEIGHT OF RANDOM WEYL TREES

From Lemmas 3 and 4, we easily determine the relationship between height and
partial quotients.

Proposition 5. Let u be irrational. Let kG2. If nsq y1, then there are exactlyk

k

a y1Ý i
is1

full layers, and the Weyl tree TT has height,n

k

H s a y2.Ýn i
is1

In general, if
q Fn-q ,k kq1

then
k kq1

a FH q2F a .Ý Ýi n i
is1 is1

Discrepancy. There is another field in which the behavior of the partial sums
S sÝn a matters. In quasirandom number generation, the notion of discrepancyn is1 i
is important. In general, the discrepancy for a sequence x , . . . , x is1 n

nÝ Iis1 x g AiD s sup yl A ,Ž .n nAg AA

Ž .where l ? denotes Lebesgue measure, and AA is a suitable subclass of the Borel
Ž w x w x.sets. For example, if we take the intervals, then Schmidt 41 ; Bejian 6 ,´

0.12 log n
D Gn n

Žw x.infinitely often. From Niederreiter 36, p. 24 , we note that for a Weyl sequence
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DEVROYE AND GOUDJIL278

' w xFig. 1. This figure shows the Weyl tree for us 77 s 8; 1, 3, 2, 3, . . . . Note that q s1,0
q s1, q s4, q s9, q s31. Layers are separated by wiggly lines. Thicker lines separate1 2 3 4
layers of different polarity. Note that there are first a layers of right polarity, followed by a1 2
layers of left polarity, and so forth. Also note that just before an extremum, all leaves may
be found in the last layer. The x-coordinates of the points are geometrically exact, to
facilitate interpretation. Using Lemma 1, can the reader guess who the parent is of point 41?

for irrational u ,

Ž .l n1 S l nŽ .Ž .
D F a s ,Ýn in nis1

Ž .where l n is the unique integer with the property that

q FnFq .lŽn. lŽn.q1
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A STUDY OF RANDOM WEYL TREES 279

m Ž . ŽFor example, Niederreiter’s bound implies that if u is such that Ý a sO m asis1 i
.when all a s are bounded , theni

log n
D sO .n ž /n

Thus, Weyl sequences will small partial quotients behave well in this sense. We will
see that the same is true for random search trees based on Weyl sequences. B

PARTIAL QUOTIENTS OF RANDOM IRRATIONALS

w xNow, replace u by a uniform 0, 1 random variable, and consider its continued
fraction expansion. Several results are known about this, and most may be found in

w x w xKhintchine 20 , Philipp 38 or the references found there.

Ž . Ž .Lemma 6 The Borel]Bernstein theorem . For almost all u , a Gw n infinitelyn
Ž . Ž w xoften if and only if Ý 1rw n s`. Thus, if u is uniform 0, 1 , then with probabilityn

.one, a Gn log n log log n infinitely often, for example.n

This shows that the a s necessarily have large oscillations. The result can alson
be used to show that certain subclasses of u s have zero measure. Examples
include:

A. The u s with bounded partial coefficients. The extreme example here is
'Ž .us 1q 5 r2, which has a sa sa s ??? s1.0 1 2

ŽB. The u s that are quadratic irrationals nonrational solutions of quadratic
.equations . It is known that the a s are eventually periodic and thus boundedi

Žin fact, the periodicity characterizes the quadratic irrationals, see Khint-
w x.chine 20, p. 56 .

Ž w x w x.Lemma 7 Kusmin 24 ; Levy 29 . Let z denote the ¨alue of the continued frac-´ n
tion,

w x0; a , a , . . . .nq1 nq2

Ž � 4That is, z s r ya s r , wheren n n n

w xr s a ; a , a , . . . .n n nq1 nq2

w xThen, if u is uniform 0, 1 , then z tends in distribution to the so-called Gauss]Kusminm
distribution with distribution function,

F x s log 1qx , 0FxF1.Ž . Ž .2

This limit theorem is easy to interpret if we consider convergents. Indeed,
? @r su , and in general, a s 1rz . Thus, Lemma 7 also gives an accurate0 nq1 n

description of the limit law for a . In fact, as a corollary, one obtains another resultn
w xof Levy 29 , which states that the proportion of a s taking value k tends for almost´ i

w xall u to a finite constant only depending upon k. If u is uniform 0, 1 , then
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DEVROYE AND GOUDJIL280

? @ w xa s 1ru is a discretized version of a uniform 0, 1 random variable. However, as1
n grows, the distribution gradually shifts to a discretized version of one over a

Ž . ŽŽGauss]Kusmin random variable. Because the latter law has a density f x s1 1q
. . w xx log 2 on 0, 1 which varies monotonically from 1rlog 2 to 1rlog 4, for practical

purposes, it is convenient to think of the a s as having a law close to that of 1rU.n
For example, the Borel]Bernstein law holds also for the sequence 1rU wheren

w xU , U , . . . are i.i.d. uniform 0, 1 .1 2
There is stability if we start the process with u having the Gauss]Kusmin law,

just if we were firing up a Markov chain by starting with the stationary distribution:
if u has the Gauss]Kusmin law, then all z s have the Gauss]Kusmin law, and alln

Žthe a s have the same distribution however, they are not independent; in fact,n
w xChatterji 7 showed that any law with independent a s corresponds to a random un

.with a singular distribution.

Ž w x.Lemma 8 Galambos 16 . Let u ha¨e the Gauss]Kusmin law. Then

max a y1F iF n i y1r ylim P - se , y)0.½ 5n log 2nª`

Galambos’ result says that the excursions predicted by Borel]Bernstein are
Ž .rather rare, as the maximal a up to time n typically has magnitude Q n . Ofi

course, the difference is easily explained by the different natures of strong and
weak convergence. Note that Lemma 8 remains valid if u has the uniform

w xdistribution on 0, 1 . The important technical contribution of Galambos is that he
has mastered the dependence between the a s. We are faced with the samen
problem, and cite the fundamental result needed to make things click.

Ž w x.Lemma 9 Philipp 38 . Let u ha¨e the Gauss]Kusmin distribution. Let MM beu, ¨
the smallest s-algebra with respect to which the coefficients a , . . . , a are measurable.u ¨
Then for any sets AgM and BgM ,1, t tqn, `

< < n� 4 � 4 � 4 � 4 � 4P AB yP A P B -cr P A P B ,

Ž .where rg 0, 1 and c is a constant.

This result states that in effect the a s are almost independent, with then
dependence decreasing in an exponential fashion. One last lemma concludes the
technical introduction.

Lemma 10. If P and Q are two probability measures and a)0 is a number such that
Ž .for all rectangular Borel sets products of inter̈ als, PGa Q, then PGa Q for all

Borel sets.

Proof. This result should be standard. Let A be a Borel set. For e)0, were find
N and rectangles A and B , 1F i, jFN, such thati j

N N

Q A y Q A -e , P A y P B -e .Ž . Ž . Ž . Ž .Ý Ýi i
is1 js1
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A STUDY OF RANDOM WEYL TREES 281

Clearly, then,

N

A y Q A lB -e ,Ž . Ž .Ý i j
i , js1

and similarly for P. Therefore,

� 4P A G P A lB ye� 4Ý i j
i , j

Ga Q A lB ye� 4Ý i j
i , j

Ga Q A ye yeŽ .Ž .
sa Q A ye aq1Ž . Ž .
Ga Q A y2e .Ž .

Let eª0, and the inequality follows. B

PARTIAL SUMS OF PARTIAL QUOTIENTS

Here we consider the behavior of partial sums of the partial quotients of a random
Weyl sequence, and obtain a limit law. More precisely, we study the behavior of

n

S s a ,Ýn i
is1

w xwhen u is replaced by U, a uniform 0, 1 random variable. The following lemma
Ž .relates bounds for sums of dependent partial quotients to bounds for sums of

independent partial quotients.

Lemma 11. Let X , . . . , X be the first n partial quotients when u is Gauss]Kusmin1 n
distributed, and let Y , . . . , Y be i.i.d. with common distribution that of X . Define, for1 n 1
e)0,

kÝ Ydef js1 j
w m s sup P y1 )e .Ž . ½ 5k log knGkGm 2

Then there exists n depending upon e only such that for nGn ,0 0

1
n lognÝ X 4e log cnŽ . ris1 i

P y1 )2e F w .½ 5 1n log n log cnŽ .2 � 0log
r

Proof. Let N be a positive integer and let e)0 be arbitrary. Let A denote aj

generic Borel set. Then, if a is replaced by X to denote the fact that it is aj j
random variable, and if u has the Gauss]Kusmin law, then by repeated application
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DEVROYE AND GOUDJIL282

of Lemma 9, for kG1,
k

ky1k NP F X gA F 1qcr P X lA .� 4Ž .� 4 Łjs1 N j N j N j N j
js1

Let Y , Y , . . . be an i.i.d. sequence with the same distribution as X . In particular,1 2 1
then, by Lemma 9,

k kÝ X Ý Yky1js1 N j js1 N jNP y1 )e F 1qcr P y1 )eŽ .½ 5 ½ 5k log k k log k2 2

kÝ Yky1 js1 jNs 1qcr P y1 )eŽ . ½ 5k log k2

ky1NF 1qcr w k .Ž .Ž .
Note that w is a nonincreasing function. Clearly, assuming that n is a multiple of
N to avoid messy expressions,

nÝ Xis1 i
P y1 )2e½ 5n log n2

n n r Ny1Ý Ý Xjs1 is0 N iqjsP y1 )2e½ 5n log n2

¡ ¦n r Ny1N Ý Xis0 N iqj~ ¥F P y1 )2eÝ n¢ §js1 log n2N

¡ ¦n r NÝ Xis1 N i~ ¥sN P y1 )2en¢ §log n2N

¡ ¦n r N n r NÝ X Ý Xis1 N i is1 N i~ ¥FN P y )en n n¢ §log n log2 2N N N

¡ ¦n r NÝ Xis1 N i~ ¥qN P y1 )en n¢ §log2N N

¡ ¦n r NÝ X e log n nnrNis1 N i N~ ¥FN P ) qN 1qcr wŽ .n n ž /log N N¢ §log2N N

n e log nnrNNF2 N 1qcr w as soon as )1qe .Ž . ž / ž /N log N
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A STUDY OF RANDOM WEYL TREES 283

Now, assume that N is chosen such that

log cn 2 log cnŽ . Ž .
FN- .1 1

log log
r r

Then

1
n lognrNnÝ X 2 log cn 1Ž . ris1 i

P y1 )2e F2 = 1q w½ 5 ž /1n log n n log cnŽ .2 � 0log
r

1
n log4e log cnŽ . r

F w .1 log cnŽ .� 0log
r

Recall that this bound is valid under the condition e log nrlog N)1qe . This in
turn is valid for all n large enough by our choice of N. B

Generalization. Note also that in Lemma 11, the X s and Y s may be replaced byi i
Ž . Ž .g X and g Y for any mapping g. In what follows below, we fix n, and definei i

n¡0 if uG~ log log ng u sŽ . ¢
u otherwise,

Ž .and apply Lemma 11 to the g X s. Bi

Proposition 12. If u is Gauss]Kusmin distributed, then

Ýn ais1 i ª1,
n log n2

in probability.

Proof. By Bonferroni’s inequality, if g is as in the remark above,
n nÝ X Ý g XŽ .is1 i is1 i � 4P y1 )3e FP y1 )2e qnP X Gn log log n1½ 5 ½ 5n log n n log n2 2

n

qP X I X )e n log nŽ .Ý i w n rlog log n n log log nx i 2½ 5
is1

sIqIIqIII .

Term II. If Z is a Gauss]Kusmin random variable,

1 1 1'IIFnP Gn log n sn log 1q F ª0.2½ 5 ž /Z n log log n log log n2
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DEVROYE AND GOUDJIL284

Term I. I is bounded as above with a slight change in the definition of w t,

kÝ g YŽ .def js1 j
w m s sup P y1 )e .Ž . ½ 5k log knGkGm 2

2 Ž .Let us compute the mean m and variance s of g Y . Then1

1 1
E I FE I1r Z - n rlog log n 1r Z - n rlog log n½ 5½ 5Z Z

11
s dF z where F z s log 1qzŽ . Ž . Ž .Ž .H 2zlog log nrn

1 11
s dzHlog 2 z 1qzŽ .log log nrn

n
F log .2 log log n

Similarly,

1 1
1qE I GE I1r Z - n rlog log n 1r Z - n rlog log n½ 5½ 5Z Z

11
G dF zŽ .H zlog log nrn

1 11
s dzHlog 2 z 1qzŽ .log log nrn

n 2
s log y log2 2 log log nlog log n � 01q

n
n

G log y1.2 log log n

Therefore,

n
my log F2,2 log log n

< <and thus, my log n F2q log log log n. Next, to compute an upper bound for2 2
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A STUDY OF RANDOM WEYL TREES 285

the variance, we argue simply as follows,

s 2 FE g 2 YŽ .1

1
FE I1r Z - n rlog log n2½ 5Z

11
s dF zŽ .H 2zlog log nrn

1 11
s dzH 2log 2 z 1qzŽ .log log nrn

n
F .

log 2 log log n

Ž w x.We are finally ready to apply Chebyshev’s inequality see 9 ,
kÝ g YŽ .js1 j

P y1 )e½ 5k log k2

k kÝ g Y ym e Ý my log k eŽ .Ž .Ž .js1 j js1 2FP ) qP )½ 5½ 5k log k 2 k log k 22 2

4s 2

F qIŽ2qlog log log nqlog Žn r k ..r log k ) e r22 2 2 2 2k log ke2

4n
F qI .Ž2qlog log log nqlog Žn r k ..r log kqe r22 2 2 2 2k log k log 2e log log n2

Ž .Thus, in Lemma 11, applied to g X s, we may takei

n¡
1 if 2 2q log log log nq log )e log m2 2 2ž /m~w m sŽ . 4n

otherwise.2 2¢m log m log 2e log log n2

Therefore, by Lemma 11,
1

n log4e log cnŽ . r
IF w1 log cnŽ .� 0log

r

O nŽ .
sO log n =Ž . n n

2log log log n
log n log n

1
sO ,ž /log log n

which tends to zero. Thus, Iª0 as well.

 10982418, 1998, 3, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/(SIC

I)1098-2418(199805)12:3<
271::A

ID
-R

SA
4>

3.0.C
O

;2-S by M
cgill U

niversity, W
iley O

nline L
ibrary on [13/08/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



DEVROYE AND GOUDJIL286

w x � 4Term III. Define Bs nrlog log n, n log log n . We bound P A , where

k
def

A s X I )e n log n .Ý i X g Bi
is1

w xLet N be the number of X s in B. Clearly, A; N)e log nrlog log n . Note thati

ndef
p s P X G1½ 5log log n

1 n
FP G½ 5Z log log n

log log n
s log 1q2 ž /n

log log n2F .
n

By Lemmas 9 and 10, we have

� 4 � 4P NGu FP ' i , . . . , i : 1, . . . , n : X gB , . . . , X gBŽ .� 41 u i i1 u

u � 4F 1qcr P ' i , . . . , i : 1, . . . , n : Y gB , . . . , Y gBŽ . Ž .� 41 u i i1 u

where the Y s are i.i.d. and distributed as the X sŽ .i i

u n uF 1qcr P Y gB� 4Ž . iž / 1u
u

1qcr enpŽ .
F ž /u

u
1qcr e log log nŽ . 2F ž /u

ª0

u Ž . v Ž .if we set us 2 1qcr e log log n . Because uso e log nrlog log n , we have2
Ž .shown with room to spare that

� 4IIIsP A ª0. B

w xProposition 12 was proved by analytical methods by Khintchine 19 . The proof
given here provides explicit estimates of rates of convergence as well.

Proposition 12 may be rephrased as follows, if A denotes the collection of alln
w x < n Ž . <u s on 0, 1 with Ý a r n log n y1 )e ,is1 i 2

� 4lim P ugA s0.n
nª`
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A STUDY OF RANDOM WEYL TREES 287

w xTheorem 13. If u has a distribution with a density on 0, 1 , then

Ýn ais1 i ª1,
n log n2

in probability.

w xProof. If the Gauss]Kusmin u is replaced by a uniform 0, 1 random variable U,
then, as the density f of u decreases monotonically from 1rlog 2 to 1rlog 4 on
w x0, 1 , we have

� 4P UgA s duHn
An

2
F duH 1quŽ .An

1
s log 4 duH 1qu log 2Ž .An

� 4s log 4P ugAn

ª0.

Thus, Proposition 12 remains true for the uniform distribution and for any
w xdistribution with a density on 0, 1 . B

THE BEHAVIOR OF THE DENOMINATOR OF THE CONVERGENTS

Ž w x w x w x.Lemma 14 Khintchine 19 and Levy 30 ; see Khintchine 20, p. 75 . There exists´
a unï ersal constant gsp 2r12 ln 2f1.186569111 such that for almost all u ,

q seŽgqoŽ1..n .n

Ž w x.Lemma 14 is related to the property Khintchine 20, p. 101 that

ln jrln 21rnn ` 1def
a ªc s 1q .Ł Łiž / ž /j jq2Ž .is1 js1

for almost all u . Indeed, to get this intuition, recall from the recurrences for the
q s thatn

q sa q qq F a q1 q ,Ž .nq1 nq1 n ny1 nq1 n

so that
n n

nq F 1qa F2 a . BŽ .Ł Łn j j
js1 js1
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DEVROYE AND GOUDJIL288

We also note that q must grow faster than a Fibonacci sequence, as q Gn nq1
ny1 'Ž .q qq . This implies that q Gr for all n, where rs 1q 5 r2 is then ny1 n

Žny1.r2 Ž w x.golden ratio. Another simple lower bound is q G2 Khintchine 20, p. 18 .n 'Ž .Finally, we note that a normal limit law for log q yg k r k was obtained byk
w xPhilipp 37 .

w xTheorem 15. If u has any density on 0, 1 , then

H H Hn n ns s ª11 12 ln 2 12
log n log log n log n log log n log n log log n2 22 2g p p

in probability. Note that 12rp 2 f1.215854203 and 12 ln 2rp 2 f0.8427659130.

Proof. By Theorem 13, as kª`,

k

a ;k log kÝ i 2
is1

in probability. Next, log q ;g k in probability. The latter fact implies that ink
Ž .probability, k; 1rg log n if k is the unique integer such that q Fn-q .k kq1

However, Theorem 13 and Proposition 5 then imply that

H Hn n
; ª11k log k2 log n log log n2g

in probability. B

ŽThis theorem does not describe the behavior as nª` for a single u the
.‘‘strong’’ behavior . Rather, it refers to a metric property and takes for each n a

cross-section of u s that give a height in the desired range, and confirms that the
Ž .measure probability of these u s tends to one. For oscillations and strong behav-

ior, a bit more is required. By the Borel]Bernstein theorem, with probability one,

a Gn log n log log nn

infinitely often. Since with probability one, q1r k ªeg as kª`, we see fromk
Lemma 5 that with probability one,

1
H G log n log log n log log log nn g

infinitely often. Thus, Theorem 15 cannot be strengthened to almost sure conver-
gence, as the oscillations are too wide.

It is of interest to bound the oscillations in the strong behavior as well. Also,
again by the Borel]Bernstein theorem, with probability one, for all but finitely
many n,

a Fn log n log1qe log nn
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A STUDY OF RANDOM WEYL TREES 289

for e)0. This implies that with probability one, for all but finitely many n,
n

2 1qea Fn log n log log n.Ý j
js1

However then, by Theorem 6 and Lemma 14, with probability one, for all but
finitely many n,

2
2 1qeH F log n log log n log log n log n.n 2g

Very Good Trees

Ž . n Ž .From the inequality of Theorem 2, we recall that H sO log n if Ý a sO n .n is1 i
Such irrationals have zero probability. Therefore, as the most prominent member

Žwith the smallest partial sums of partial quotients, we have the golden ratio a '1n
. n Ž . Ž n .for nG0 . Indeed, as for these sequences, q FŁ 1qa Fexp Ý a sn is1 i is1 i

Ž Ž ..exp O n , we have the claimed result on H without further ado. In fact, for then
n 'Ž .golden ratio, we have q ;cr , where rs 1q 5 r2 and c)0 is a constant.n

Because Ýn a 'n, we see thatis1 i

log n
H ; .n log r

The Weyl tree is simply not high enough compared to typical random Weyl trees,
and also with respect to true random binary search trees.

If a 'a for all n, then q saq qq for all n. From this,n n ny1 ny2
n

2'aq a q4
q ;cn ž /2

for some constant c. As Ýn a san, we see thatis1 i
a

H ; log n.n 2'aq a q4
log ž /2

Note that the coefficient can be made as large as desired by picking a large
enough.

Very Bad Trees

We first show that Weyl trees can be almost of arbitrary height.

Theorem 16. Let h be a monotone sequence of numbers decreasing from 1 to 0 atn
any slow rate. Then there exists an irrational u such that for the Weyl tree, H Gnhn n
infinitely often.

Proof. We exhibit a monotonically increasing sequence a of partial quotients ton
describe u . The inequality will be satisfied at instants when the tree size nsq fork
some k. Thus, we will have for all k large enough,

H Gq h .q k qk k
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DEVROYE AND GOUDJIL290

Now, for kG2, H GÝk a y1Ga , andqk is1 i k

k
ky1k ka Fq F2 a F2 a a .Ž .Łk k i k ky1

is1

Thus,

H 1qk G Gh Gha qky1 k kkq 2 aŽ .k ky1

Ž .by choosing a large enough note that k and a are fixed . Bk ky1

A few examples suffice to drive our point home. Take a s2 k. Thenk

2 kŽkq1.r2 Fq F2 kqkŽkq1.r2 ,k

1 3 k kq1Ž . w xso that ks 2 log n yKqo 1 , where Kg , . Because Ý a s2 y1, we' 2 is1 i2 2

have at those times when nsq for some k,k

kq1 2 log n' 2H s2 y1sQ 2 .Ž .n

This grows much faster than any power of the logarithm.
2 k k k kq2 kq 1q1 Ž . 2If we set a s2 , then q F2 Ł a F2 F log a a r2. Combinek k is1 i 2 k k

this with H Ga , and note that when nsq for some k,q k kk

2n
H G ,n ( log H2 n

and therefore,

4n
H G 1qo q .Ž .Ž .n ( log n2

b k ŽBy considering a sb for integer b, the height increases at least as nrk
.1y1r blog n .2

Trees for a Few Selected Transcendental Numbers

The partial quotients are known for just a few transcendental numbers. For
example,

1 w xtan s 0; 1, 1, 4, 1, 8, 1, 12, 1, 16, . . . .2

Thus, a s1, a s4k, kG1. From q s4kq qq and q sq q2 k 2 kq1 2 kq1 2 k 2 ky1 2 k 2 ky1
Ž w x.q , one can show see Boyd and Steele 5, p. 57 that2 ky2

4kk!-q -8k kq1 !,Ž .2 kq1

and
kq fq f ckŽ .2 kq1 2 kq2
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A STUDY OF RANDOM WEYL TREES 291

for some constant c. In fact, then, we see that the k for Theorem 2 satisfies

log n
k; .

log log n

However then

kr2 2 2k log n
H ; 4 j ; ; .Ž .Ýn 22 2 log log njs1

The Weyl tree is much higher than that of a typical random Weyl tree.
In a second example, consider

w xes 2; 1, 2, 1, 1, 4, 1, 1, 6, 1, 18, . . . ,

Ž wso that a s2, a sa s1, and a s2m for mG1. Then Lang 27, p.0 3m 3my2 3my1
x.74 there exist constants C and C such that1 2

3 3n nC 4 G nq Fq FC 4 G nq .Ž . Ž .1 3nq1 22 2

This shows that k; log nrlog log n. Thus,

log2 n
H ; .n 29 log log n

SORTING WEYL SEQUENCES

w xEllis and Steele 13 showed that the first n elements of any Weyl sequence can be
Ž Ž ..sorted with the aid of O log n comparisons only, even though these sequences

too are equidistributed for any irrational b. This shows that such sequences possess
a lot of structure. Of course, the fact that discrete random Weyl sequences and
random Lehmer sequences are imperfect is because they can be ‘‘described’’ very
simply by a small number of bits. The randomness of a sequence was related by

Ž w xseveral authors to the length of the descriptors see, e.g., Martin-Lof 32 , Knuth¨
w x w x.21 , Bennett 3 . For surveys and discussions on the topic of uniform random

w x w xvariate generation, one could consult Niederreiter 33]35 or L’Ecuyer 25, 26 .
It is well known that the number of comparisons needed in quicksort is equal to

the sum of the depths of all the nodes in the binary search tree constructed from
the data by ordinary insertion. Because this sum is bounded from below by

Ž . Ž .H H q1 r2 just by summing over the path leading to the furthest node , we seen n
that the number of comparisons in quicksort is infinitely often at least equal to

nh nh q1Ž .n n
,

2

for any sequence h decreasing to zero, and some irrational u . Yet, for i.i.d. datan
drawn from the same nonatomic distribution, the expected number of comparisons
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DEVROYE AND GOUDJIL292

Ž w x w x.is asymptotic to 2n log n Sedgewick 42 ; see also 1 . Therefore, Weyl sequences
are not appropriate for generating test data for sorting algorithms. With a uniform
w x0, 1 u , the expected number of comparisons grows as n log n log log n. In fact, we
have

w xProposition 17. Let u be uniform 0, 1 . For any constant C, with probability one,
the number of comparisons for quicksorting the first n numbers of a random Weyl
sequence exceeds

Cn log n log log n log log log n ,

infinitely often.

Proof. Consider only nsq for some k. Note that the sum of the depths of thek
Ž . Ž .nodes in the Weyl tree is at least q the number of leaves times a q1 a r2ky1 k k

Žas each leaf is the end of a path of a all-left or all-right edges and these paths arek
.thus disjoint . However a q sq yq Gq r2snr2, because 2 q Fq qk ky1 k ky2 k ky2 ky2

q Fq . Therefore, the number of comparisons in quicksort is at leastky1 k

n a q1Ž .k
.

4

However by the Borel]Bernstein theorem,

a G4Cg k log k log log k ,k

Ž .infinitely often almost surely, while by Lemma 14, k; 1rg log n almost surely.
Combining all this gives the result. B

THE NUMBER OF LEAVES

For a random binary search tree, the expected number of leaves is asymptotic to
Ž w x.nr3 see Mahmoud 31 . However, for Weyl trees, the behavior of the number of

leaves is much more erratic. We refer to Lemma 3, and note that at time q y1,k
the number of leaves is exactly q ,ky1

< <LL sq .1 y1 ky1k

Ž .Thus, at that instant in the tree construction the last node to complete a layer ,
the proportion of leaves is

q qky1 ky1
; .

q y1 qk k

Just to show how this interesting relationship explains the erratic behavior of
typical Weyl trees, consider the recurrence q sa q qq , and observe thatk k ky1 ky2

q 1ky1 F .
q ak k
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A STUDY OF RANDOM WEYL TREES 293

The behavior of a was discussed in an earlier section. It suffices to note thatk
a )k log k infinitely often with probability one, so that, with probability one, thek
proportion of leaves is infinitely often less than 1rlog n, for example.

THE FILL-UP LEVEL

The fill-up level F of a search tree is the maximal number of full levels. For an
random binary search tree, this is known to be asymptotic to 0.3711 ??? log n in

Ž w x.probability Devroye 10 . Again, random Weyl trees deviate from this substan-
tially. While we will not study F in detail, we would like to note one inequality,n

Fn

a Fq Fn.Ł i Fn
is1

Indeed, to get a path in the tree of polarity qyqyqy ??? of length k, by the
way layers are painted on, we must have nGq . However q GŁ k a , whichk k is1 i
proves the inequality.

Example 1. By Lemma 14, we have without further work

1
F F qo 1 log n ,Ž .n ž /g

w xin probability when u is uniform 0, 1 . In fact, then, we have for all e)0,

Hn
lim P G 1y« log log n s0.Ž . 2½ 5Fnª` n

Example 2. If a 'k, then F !Fn, so thatk n

log n
F sO .n ž /log log n

1Ž .This result applies also when us tan , and use, two examples cited earlier.2

Example 3. When a s2 k, simple calculations show thatk

'F sO log n .Ž .n

In fact, for any slowly increasing sequence b , it is possible to find a u such thatn
F Fb for all n large enough.n n

OTHER CHARACTERISTICS

Let the left height of a tree be the maximal number of left edges seen on any path
from a node to the root. Let the right height be defined similarly. Clearly, the left
height is one less than the number of layers of left polarity, and this grows as
Ýk r2a where k is the solution of nsq . using arguments as in Theorem 15, it isis1 2 i k
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DEVROYE AND GOUDJIL294

easy to prove that if H L and H R are the left and right heights of TT , thenn n n

H L 6n ª ,2log n log log n p

and
H R 6n ª ,2log n log log n p

in probability.
The distance from the root to the minimum is equal to H L, and is thus alson

covered by the result above. In random binary search trees, these quantities are
Ž .Q log n in probability: the left height grows as e log n, while the distance from the

Ž w x.minimum to the root grows as log n in probability Devroye 11 .
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