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ABSTRACT: We study binary search trees constructed from Weyl sequences {n6}, n>1,
where 6 is an irrational and {-} denotes “mod1.” We explore various properties of the
structure of these trees, and relate them to the continued fraction expansion of 6. If H, is
the height of the tree with n nodes when 6 is chosen at random and uniformly on [0, 1], then
we show that in probability, H, ~(12/7>log nloglogn. © 1998 John Wiley & Sons, Inc.
Random Struct. Alg., 12, 271-295, 1998
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INTRODUCTION

In this note, we study binary search trees formed by consecutive insertions of
numbers {0},{26},{36},..., where 6=(0,1) is an irrational number, and {:} de-
notes mod 1. The sequence in question is called the Weyl sequence for 6, after
Weyl, who showed that for all irrational 6 the sequence is equidistributed. We
recall that a sequence x,, n > 1, is equidistributed if for all 0 <a <b <1,

lim — Z x;€a,b] = b—a,
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272 DEVROYE AND GOUD]JIL

(see Freiberger and Grenander [15], Hlawka [17] or Kuipers and Niederreiter [23]).
Mike Steele pointed out that the credit should perhaps go to Bohl [4], but we will
nevertheless retain the commonly accepted name of Weyl sequence.

The equidistribution property makes Weyl sequences, or suitable generalizations
of them, prime candidates for pseudorandom number generation. Of course,
various regularities in the sequence make them rather unsuitable for most pur-
poses. Knuth [22] and Sés [43] have interesting accounts of this. Interesting studies
of Weyl sequences may be found in [2, 8, 12, 18]. See also [14] for related
sequences. Let 7,(6) be the binary search tree based upon the first » numbers in
the Weyl sequence for 6. This tree, called the Weyl tree, captures a lot of refined
information regarding the permutation structure of the Weyl sequence, and is a
fundamental tool for the analysis of algorithms involving Weyl sequences in the
input stream. Computer scientists are mostly concerned with the following struc-
tural qualities: the average depth of a node (the depth is the path distance from a
node to the root), the height (the maximal depth), and the number of leaves (the
number of nodes with no children).

The discussion in this paper focuses on these quantities. The following notation
will be used. The height of 7,(0) is H,(6). The set of leaves of 7,(0) is £,(6). The
collection of n + 1 possible positions for a new node to be added to 7(0) is called
the set of external nodes, and is denoted by &,(6). When 6 is understood, the
suffix (6) will be dropped from the notation. The collection &, may be split into
&R and &, where &£F has those nodes that are right children, and & collects all
left children in &,.

In the first half of this paper, we look at the structure of a Weyl tree for fixed 6.
Crucial connections are made with the continued fraction for 6. Well-known
properties of continued fractions them permit us to deduce results about H, and
|-Z | without too much trouble.

In the second half, we look at random Weyl trees, that is, binary search trees for
0= U, where U is a uniform [0, 1] random variable. This study allows us to make
statements that are true for almost all 6. The probabilistic setting comes in handy
for the purpose of analysis. The main result of the section, for example, shows that

HH 12 . o1
———————— — — in probability.
lognloglogn =
This shows that the random Weyl tree differs greatly from the standard random
binary search tree, %,, obtained by insertion of an i.i.d. uniform [0, 1] sequence
X,,..., X,. We recall that the height H, of %, satisfies

!

—4.31107... almost surely,
log n

(Robson [39, 40]; Devroye [10, 11]; Mahmoud [31]).

STRUCTURE OF WEYL TREES

In this section, an irrational 6 is fixed. Let
1=T,<T,< -
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A STUDY OF RANDOM WEYL TREES 273

be the record times, i.e., the times at which x, ={n6} is minimum or maximum
along x,,...,x,. The times of occurrence of a minimum or maximum are denoted
by L, and R, and the indices of these sequences are synchronized with the T}s as

(L,_,,T,) ifatT, there is a maximum;
(Ln’Rn) =

(T,,R,_,) ifatT, thereis a minimum.

Therefore, as it turns out, there is a lot of structure in these sequences. The
fundamental property in this respect is the following.

Lemma 1 (Ellis and Steele [13]). We have

LR (L,_,,L,_,+R,_,) ifatT, thereis a maximum;
(L Ry) = (L,_,+R,_,R,_,) ifatT, thereis a minimum.
Let k be the smallest integer such that n <L, + Ry. Then, if x4, < -+ <x,, denotes
the ordered sequence for x,, ..., x, then the indices (1),...,(n) coincide with

{(Li,2L;,3L,,...} (mod(L,+R,))N{1,...,n}.

Also, (L,, R,) are relatively prime for all n.

A quick verification: if n=L, +R, — 1, then the index of the maximum is
(L,+R,— DL, (mod(L +k+R,))=—L, (mod(L, + R,)) =R, as was expected.
This lemma says that at n =L, + R, — 1, the shape of the binary search tree for
Xy,...,X, is entirely determined by the two numbers L, and R,. In fact, then,
there are only O(n?) possible Weyl search trees with n elements, even though
there are 1/(n+ 1)(?") = ©(4" /n*/*) possible binary search trees on n nodes.
Therefore, as the simplest, example, of the five binary search trees on 3 nodes, two
are impossible to obtain as Weyl trees (the ones in which the root has one child
and the child has one child but of different polarity). This fact was used by Ellis
and Steele to derive a method that would sort any Weyl sequence using compar-
isons only (thus, without being capable of numerically inspecting entries) in
O(log n) comparisons. We refer to the subsection on sorting later on in the paper.

There is a natural way of looking at the growth of the Weyl search tree in layers.
The (i+ 1)+ st layer consists of all x; with T, <j<T,,,—1. A special role is
played also by the ancestor tree 77, _,. A layer can be considered as a new coat of
leaves painted on the ancestor tree. Each layer adds one and just one coat, as the
next lemma explains.

Lemma 2.  All nodes in the (i + Vst layer are leaves, and all leaves of 7. _, are in

the (i + Vst layer. All nodes in the (i + 1)st layer are either right children or left
children, but not both. In fact,

L _ R —
|gTi+1*1|_Ri’ |gTz+1*1|_L"’

and

|%i+1—1|=n+1 —1=L,+R;, -1
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274 DEVROYE AND GOUD]JIL

Proof.  Recall that . _, is the collection of leaves of the ancestor tree, and that

the left and right external nodes of the ancestor tree are collected in sets %T 1
and é’T 1» respectively. Fix je{T,,T;+1,...,T,,, — 1}, so that j is an index of a

point in the current (i + 1)st layer. Without loss of generality, assume T, = R, (the
last record was a maximum). Thus,

R,<j<L,+R,.

To determine the place x; occupies in the search tree, it is important to find out
which points are the immediate predecessors and successors of x;.

Consider first the immediate predecessor of X; in {xl,...,xj,l}. By Lemma 1,
the index of this node is

j—L;+k(R,+L),),
for some integer k > 0. However,
jtR,>j+L,=R,+L,,

so k must be 0, and thus, the index of the immediate predecessor is j — L;, which is
in the ancestor tree, as j > L; and j — L, <R,.
Similarly, the immediate successor of j has index

j+L;—k(R;+L)),
for some k > 0. It cannot have index j+ L, as
j+L; =R, +L,.

Thus, it must have index j+L,—(R;+L;) or smaller, i.e., j — R, or smaller.
However,

j—R,<L,+R,—R,=L,<R,,

so that j— R, belongs to the ancestor tree (if j —R;>0) or is nonexistent (if
J=R).

Thus, the immediate neighbors in the ordered sequence have indices that put
them in the ancestor tree (the right neighbor may not exist if j =R,). Because
L, <R, it is clear then that j is a right child of its left neighbor. Note also that at
the end of the construction of the (i + 1)st layer, all nodes in it are leaves, and are
right children of nodes in the ancestor tree. Thus, the (i + D)st layer paints a
collection of leaves on the ancestor tree. In fact, it destroys all existing leaves of
the ancestor tree, as we will now prove.

We prove by induction,

L _ R _
|gr,+171|—Rw IgTM,lI—L
Because

7, =Ty —1=L;+R;— 1,
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A STUDY OF RANDOM WEYL TREES 275

we verify that indeed, at all times, the number of external nodes is equal to the tree
size plus one. The statement is quickly verified fori=1as L, =R, =1,T, =2, and
T, has one left and one right external node. Assuming the hypothesis to be
satisfied for j < i, we look at the (i — st layer. All nodes in this layer are leaves of
1. —1»and if T; = R, (without loss of generality; a symmetric statement for T, =L,

L

is easily obtained as well), then all these leaves fill right-external nodes of the
ancestor tree 7 _;. However, by the induction hypothesis,

|g;§—1|=Li—1 =L
Also, the (i + 1st layer has size
I, ,—T,=R,+L,—R,=L,

so that we can conclude that all right-external nodes of the ancestor tree are filled
in. However then,

|g71"§+]71| =Li7
which was to be shown. Because all left externals survive from the ancestor tree,
|gTLi+1—1|=Li+|gTLI.—1|=Li—1 +R;, =R,

and the proof is complete. ]

Lemma 3. We have
% . —il=min(L;, R;),
and
Hy =i
Put differently,
k—1<H, <k,

if k is the unique integer with T, <n <T, .

Proof. The first statement is an immediate corollary of Lemma 2. Also, as each
layer destroys all the leaves of the ancestor tree, it is clear by induction that the
height of the tree is exactly equal to the number of layers minus one. ]

The study of the height and of the number of leaves reduces to the study of the
sequence (L;, R,). For the height, the growth of 7, as a function of k is important.
This is closely related to the continued fraction expansion of 6. To understand the
rest of the paper, we recall a few basic facts from the theory of continued fractions.

CONTINUED FRACTIONS

Let 6 be irrational, and define the Weyl sequence with nth term x, = {n6}, n > 1,
where {-} denotes the “modulo 1” operator: {u} =u — |u]. Denote the continued

11PUCO pue swB L 31 39S *[920z/80/ET] U0 AriqrTauluo &M Aiseaun 189N AQ S-2:00'0°e<vvSY-AIV:TL2>E:ZT(G0866T)8TrZ-860T (1D1S)/200T OT/10p/wod A3 Aeiq1puluo//Sdiy Woij popeojumod ‘e ‘866T ‘8TvZ860T

fln

IPUCO-pL

S6USO 17 SUOLLILIOD BATESID |GG 33 AQ POUBAOB S8 I WO 86N JO 3N 10§ ARIGITSUIO BIIM U



276 DEVROYE AND GOUDJIL
fraction expansion of 6 by
0=1[ay;a,a,,...],

where the a;s are the partial quotients, a; > 1 for i > 1 (see Lang [27] or LeVeque
[28)). Thus, we have

with a, =16 The ith convergent of 0 is
r,=[ag;a,...,4a;].

It can be computed recursively as

where ged(p;, g;) = 1, and

P>=0, p=1,  p=ap_,+tp_,, =0,
and

q ,=1, q-,=0, q;=a;q9; 114, i>0.

Note that ry=a, and r,=a,+1/a,. The r;s alternatively underestimate and
overestimate 6. The denominators ¢; of the convergents play a special role as

Il=qy<q:<q,< -,

and

06— —| < i>0.

4| 9941 ,

‘ Di 1

To study the number of records and the evolution of the layers, the following
result is essential. It extends a theorem of Lang [27].

Lemma 4 (Boyd and Steele [5]). In a Weyl sequence for an irrational 6 with partial
quotients a,, and convergents p, /q,, the right extrema occur when n is in the following
list,

q_1+4q0,9_1+2qy,...,9_, ta,qy=qy;
91+ q:,91+2q5,---,q; T asq, = q3;
43+ 44:95+2q4,...,95 T asq, = gs;
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A STUDY OF RANDOM WEYL TREES 277

and the left extrema occur when n is in the list,

9o+ 41,90+ 241,90 T 429, = q5;
4+ q3:9, +2q5,.... 9, T a4q5 = qy;
Gyt 45,95 +2qs,...,q4 +a6q5 = qs;

Lemma 4 shows that we start with a, right extremes, followed by a, left
extremes, then a; right extremes, and so forth. This description, together with
Lemmas 1 and 2 should suffice to completely construct the shape of the tree (see
Fig. 1).

HEIGHT OF RANDOM WEYL TREES

From Lemmas 3 and 4, we easily determine the relationship between height and
partial quotients.

Proposition 5. Let 6 be irrational. Let k > 2. If n = q, — 1, then there are exactly

k
Yoa—1

i=1

full layers, and the Weyl tree I, has height,

k
H =) a —2.

i=1
In general, if

Q<N <{ji1,

then
k+1
Za <H,+2< Y a,.
i=1 i=1

Discrepancy. There is another field in which the behavior of the partial sums
S, = XL7_,a; matters. In quasirandom number generation, the notion of discrepancy

is important. In general, the discrepancy for a sequence x,,...,x, is
Yl ca
D,= sup |[——=2 —AMA)|,
Aed n

where A(+) denotes Lebesgue measure, and &/ is a suitable subclass of the Borel
sets. For example, if we take the intervals, then (Schmidt [41]; Béjian [6]),
0.121log n

n

infinitely often. From Niederreiter ([36, p. 24]), we note that for a Weyl sequence
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278 DEVROYE AND GOUDJIL
1] 974
q*td, T[> ;-
9,29, I3
9,+39,=q, [
- 5| a,+q,
7
8
9| q,+2q,=q
o 1754273
11
12
Q15 [3
14
15
16
17
19
20
21
q,+2q, 2
23
24
25
26
27
28
29
30
9,%+39,=q, [37
32
33
34
35
36
37
38
"""-~\\\‘__31_________________-—7
40| q,+q,
Flg 1. This figure shows the Weyl tree for =77 =[8;1,3,2,3,...]. Note that ¢,=1,

=1L, ¢=44=9 q,=

31. Layers are separated by wiggly lines. Thicker lines separate

layers of different polarity. Note that there are first a; layers of right polarity, followed by a,
layers of left polarity, and so forth. Also note that just before an extremum, all leaves may
be found in the last layer. The x-coordinates of the points are geometrically exact, to
facilitate interpretation. Using Lemma 1, can the reader guess who the parent is of point 41?

for irrational 6,

S(l(n))

n

1 (n)
—~ Z
n =
where [(n) is the unique integer with the property that

iy SN =G4 1-
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A STUDY OF RANDOM WEYL TREES 279

For example, Niederreiter’s bound implies that if 6 is such that X ;a, = O(m) (as
when all a;s are bounded), then

log n
b -o™2")

n

Thus, Weyl sequences will small partial quotients behave well in this sense. We will
see that the same is true for random search trees based on Weyl sequences. ]

PARTIAL QUOTIENTS OF RANDOM IRRATIONALS

Now, replace 6 by a uniform [0, 1] random variable, and consider its continued
fraction expansion. Several results are known about this, and most may be found in
Khintchine [20], Philipp [38] or the references found there.

Lemma 6 (The Borel-Bernstein theorem). For almost all 0, a, > ¢(n) infinitely
often if and only if X,1/¢(n) = . (Thus, if 0 is uniform [0, 1], then with probability
one, a, > nlog nloglog n infinitely often, for example.)

This shows that the a,s necessarily have large oscillations. The result can also
be used to show that certain subclasses of 6s have zero measure. Examples
include:

A. The 6s with bounded partial coefficients. The extreme example here is
0=(1++5)/2, which has ay=a, =a,= - =1.

B. The 6s that are quadratic irrationals (nonrational solutions of quadratic
equations). It is known that the a;s are eventually periodic and thus bounded
(in fact, the periodicity characterizes the quadratic irrationals, see Khint-
chine [20, p. 56].

Lemma 7 (Kusmin [24]; Lévy [29]). Let z, denote the value of the continued frac-
tion,
[0sa,, 10,0, ]

(That is, z, =r, —a, = {r,}, where

ry = [an;an+17an+2,...].

Then, if 6 is uniform [0, 1], then z,, tends in distribution to the so-called Gauss—Kusmin
distribution with distribution function,

F(x)=log,(1+x), 0<x<l1.

This limit theorem is easy to interpret if we consider convergents. Indeed,
ro=90, and in general, a, ,=11/z,]. Thus, Lemma 7 also gives an accurate
description of the limit law for a,,. In fact, as a corollary, one obtains another result
of Lévy [29], which states that the proportion of a;s taking value k tends for almost
all 6 to a finite constant only depending upon k. If 6 is uniform [0,1], then
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280 DEVROYE AND GOUDJIL

a, =|1/6]1is a discretized version of a uniform [0, 1] random variable. However, as
n grows, the distribution gradually shifts to a discretized version of one over a
Gauss—Kusmin random variable. Because the latter law has a density f(x) = 1((1 +
x)log?2) on [0,1] which varies monotonically from 1/log2 to 1/log4, for practical
purposes, it is convenient to think of the a,s as having a law close to that of 1/U.
For example, the Borel-Bernstein law holds also for the sequence 1/U, where
U, U,,... are ii.d. uniform [0, 1].

There is stability if we start the process with # having the Gauss—Kusmin law,
just if we were firing up a Markov chain by starting with the stationary distribution:
if # has the Gauss—Kusmin law, then all z,s have the Gauss—Kusmin law, and all
the a,s have the same distribution (however, they are not independent; in fact,
Chatterji [7] showed that any law with independent a,,s corresponds to a random 6
with a singular distribution.)

Lemma 8 (Galambos [16]). Let 6 have the Gauss—Kusmin law. Then

lim P

n—w

max, _; a. y
{ <i1<n ™1 }=€1/y, y>0

<
n log?2

Galambos’ result says that the excursions predicted by Borel-Bernstein are
rather rare, as the maximal a@; up to time n typically has magnitude @(n). Of
course, the difference is easily explained by the different natures of strong and
weak convergence. Note that Lemma 8 remains valid if 6 has the uniform
distribution on [0, 1]. The important technical contribution of Galambos is that he
has mastered the dependence between the a,s. We are faced with the same
problem, and cite the fundamental result needed to make things click.

Lemma 9 (Philipp [38]). Let 6 have the Gauss—Kusmin distribution. Let #, , be
the smallest o-algebra with respect to which the coefficients a,,...,a, are measurable.
Then for any sets A€M, , and BEM, ., .,

IP(AB} — P{A}P{B}| < cp"P{ A}P(B),
where p €(0,1) and c is a constant.
This result states that in effect the a,s are almost independent, with the

dependence decreasing in an exponential fashion. One last lemma concludes the
technical introduction.

Lemma 10. If P and Q are two probability measures and « > 0 is a number such that
for all rectangular Borel sets (products of intervals,) P> aQ, then P> aQ for all
Borel sets.

Proof. 'This result should be standard. Let 4 be a Borel set. For € > 0, were find
N and rectangles A4; and B;, 1 <i,j <N, such that

P(A) - % P(B)|<e.

j=1

<€,

0(A) - L 0(4)

i=1
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A STUDY OF RANDOM WEYL TREES 281

Clearly, then,

N
(A)— Y Q(A4,nB))|<e,

ij=

and similarly for P. Therefore,

P{A} >} P{A,NB} - ¢
i,J
>a) O{A,NB} e
i,
>a(Q(A)—€)—¢€
=aQ(A)—€e(a+1l)
> aQ(A) —2e.
Let € — 0, and the inequality follows. ]

PARTIAL SUMS OF PARTIAL QUOTIENTS

Here we consider the behavior of partial sums of the partial quotients of a random
Weyl sequence, and obtain a limit law. More precisely, we study the behavior of

n
Sn = Zai?
i=1

when 6 is replaced by U, a uniform [0, 1] random variable. The following lemma
relates bounds for sums of (dependent) partial quotients to bounds for sums of
independent partial quotients.

Lemma 11. Let X,,..., X, be the first n partial quotients when 6 is Gauss—Kusmin
distributed, and let Y,,...,Y, bei.i.d. with common distribution that of X,. Define, for

e>0,
—1 >e}.

Then there exists n, depending upon € only such that for n > n,,

kY,
i=

1Y

klog, k

o(m) = sup P{

n>k>m

1
X 4elog(cn) nlog;
nlog, n log(cn)

log —
p

Proof. Let N be a positive integer and let €> 0 be arbitrary. Let A; denote a
generic Borel set. Then, if a; is replaced by X; to denote the fact that it is a
random variable, and if 6 has the Gauss—Kusmin law, then by repeated application
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of Lemma 9, for k> 1,

Let V,,Ys,...

P [ X ey ]} = (™)

then, by Lemma 9,

d

N to avoid messy expressions,

|

> 26}

n n/N—1
ijlzizo XNi+j

<(1+cp

MY o(k).

Note that ¢ is a nonincreasing function. Clearly, assuming that » is a multiple of

DEVROYE AND GOUD]JIL

Zj'cleNj k—1 Z1'{:]}7N'
SIEEN s ey < (1+cpM) P EEEN

k log, k e =(+cp?) k log, k

_ LY,

—(1+coMY pl| 2=

(1+ep®) {klogzk

-1 >e}

k
1
1_[1P{XijANj}.
j=

be an i.i.d. sequence with the same distribution as X,. In particular,

=P{ -1 >26}
nlog, n
N Zn/N ]X- )
<YP M _q|>2e
j=1 Nlogzn
L Xy
=NP{|5——1|>2¢
ﬁlogzn
YV Xy Y/VX
onpl| S HET
Nlogzn log2
Zn/N
+NP{| 57— — 1> €
Nlog2
T/ NX elogn wN (1
<NP +N(1+ —
= 110 ﬁ g | TN FerT) ‘P(N)
125
elogn
S2N(1+CpN) as soon as N >1+e
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Now, assume that N is chosen such that

log(cn) N< 2log(cn)

r = T
log — log —
p p
Then
. 1
"X, 2log(cn 1N [ 8
P{ et A >26}S2L1)X(1 —) P
nlog, n log — n log(cn)
p
| 1
4elog(cn) " og;
= r ¢ log(cn)
log —
p

Recall that this bound is valid under the condition € logn/log N > 1 + €. This in

turn is valid for all n large enough by our choice of N.

Generalization. Note also that in Lemma 11, the X;s and Y;s may be replaced by

g(X;) and g(Y;) for any mapping g. In what follows below, we fix n, and define
] n
g(u) = 0 ifu= loglog n
u otherwise,

and apply Lemma 11 to the g(X))s.

Proposition 12. If 6 is Gauss—Kusmin distributed, then
Liqa;

nlog, n

-1,
in probability.

Proof. By Bonferroni’s inequality, if g is as in the remark above,

P{ >3E}SP<M

nlog, n
n
+ P{ Z Xil[n/loglognnloglog n]( XI) > €n 10g2 n
i=1

n
i=1Xi

-1 -1

nlog, n >2€} +nP{ X, > nloglog n}

=]+ 1T+11.
Term II. If Z is a Gauss—Kusmin random variable,
1

IISnP{E >nylogn } =nlog,

1 1
1+ < - 0.
nloglogn log, log n

11PUCO pue swB L 31 39S *[920z/80/ET] U0 AriqrTauluo &M Aiseaun 189N AQ S-2:00'0°e<vvSY-AIV:TL2>E:ZT(G0866T)8TrZ-860T (1D1S)/200T OT/10p/wod A3 Aeiq1puluo//Sdiy Woij popeojumod ‘e ‘866T ‘8TvZ860T

fln

IPUCO-pL

S6USO 17 SUOLLILIOD BATESID |GG 33 AQ POUBAOB S8 I WO 86N JO 3N 10§ ARIGITSUIO BIIM U



284 DEVROYE AND GOUD]JIL

Term I. I is bounded as above with a slight change in the definition of ¢f,

def
p(m)= sup P >e€.
nxk>m

Let us compute the mean w and variance o? of g(Y,). Then

X 18(Y))

klog, k

-1

1 1
E{\»Ell/z<n/loglogn‘|} = E{Ell/2<n/loglogn}

— [ —dF(z) (where F(z) =log,(1+2z))
loglogn/n 2
1 1 1
-— —
10g2 10g10gn/nz(1 +Z)
n

<log,———.
ngloglogn
Similarly,
1 1
1+E{ 211/Z<n/loglogn }ZE{Ell/Z<”/1°gI°g”}
1
>f —dF(Z)
loglogn/n Z
logz’/l.oglogn/nz(l +Z)
1 . 1 °
=08y o T 108 T gsloe
loglog n 14+ glogn
n
| n
=2 log,——— —
g2loglogn
Therefore,

n

—log,——|<2
H ngloglogn

and thus, | —log, nl <2 +log, loglog n. Next, to compute an upper bound for
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the variance, we argue simply as follows,
o’ <Eg*(Y))

1
= E{?II/Z<n/loglogn}

_j —dF(z)

loglogn/n Z
log2 ];oglogn/nz (1 +z)

<—
log2 log logn’
We are finally ready to apply Chebyshev’s inequality (see [9]),

gy
P —]_1g( ) —1|>e€
klog, k
_pl| B —m) | el f|E(nlog k) |
a klog, k 2 klog, k
4o

=< klOg% k€2 +I(2+log210g10gn+log2(n/k))/log2k> €/2

4n
<
k log3 klog2e€? loglog n

+ I(2+ log, loglog n+1log,(n/k))/log, k+e/2*

Thus, in Lemma 11, applied to g(X,)s, we may take

n
1 if 2|2 + log, loglog n + log,— | > € log, m ¢
m

¢(m) = 4n

5 5 otherwise.
mlog; mlog2e- loglogn

Therefore, by Lemma 11,

1

4elog(cn) " log;

= r log(cn)
log—
p

O(n)

=O(logn) X —5

log? loglog n

log n

o 1
~ “\loglogn )’

which tends to zero. Thus, I — 0 as well.

log n
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Term III. Define B =[n/loglog n,nloglog n]. We bound P{ 4}, where

def K
A=| Y XIy_p>enlogn|.
i-1

Let N be the number of X;s in B. Clearly, A C[N > € log n/loglog n]. Note that
def n
P =R |
loglog n
1 n
<P{=-=—
Z loglogn
loglog n
log, log n
<—.

n

By Lemmas 9 and 10, we have

P{N>u} <P{3(iy,...,i,) c{1,...,n}: X, €B,..., X, €B}

l

<(1+cp)'P{3(iy>...,0,) c{1,...,n}: ¥, €B,....Y, € B}

1

(where the Y;s are i.i.d. and distributed as the Xs)

s(1+cp)u(Z)P”{YileB}

<

(1+cp)enp\”
u

(L+cp)elog,logn )u
u

-0

if we set u=[2(1+cp)elog, logn]. Because u =o(elogn/loglogn), we have
shown (with room to spare) that

1l = P{ A} - 0. ]

Proposition 12 was proved by analytical methods by Khintchine [19]. The proof
given here provides explicit estimates of rates of convergence as well.

Proposition 12 may be rephrased as follows, if A4, denotes the collection of all
0s on [0,1] with [X"_,a,/(nlog, n) — 1| > ¢,

lim P{6cA,} =0.

n— o
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Theorem 13. If 6 has a distribution with a density on [0,1], then

Z’Lla.
1 13 Hl

nlog, n

in probability.
Proof. If the Gauss—Kusmin 6 is replaced by a uniform [0, 1] random variable U,

then, as the density f of 6 decreases monotonically from 1/log2 to 1/log4 on
[0,1], we have

P{UcA,) =f du
Al’l

<,

n

2

(1+u) du

—logd[ ——— 4
o8 fAn(1+u)1og2 “
—logdP{0c )

- 0.

Thus, Proposition 12 remains true for the uniform distribution and for any
distribution with a density on [0, 1]. [ |

THE BEHAVIOR OF THE DENOMINATOR OF THE CONVERGENTS

Lemma 14 (Khintchine [19] and Lévy [30]; see Khintchine [20, p. 75]). There exists
a universal constant y= 1°/121n2 = 1.186569111 such that for almost all 6,

g, = errotm
; :

Lemma 14 is related to the property (Khintchine [20, p. 101]) that

Inj/In2

n 1/n def o0 1
(A =)

e
j=1 Jj(i+2)

for almost all 6. Indeed, to get this intuition, recall from the recurrences for the
q,s that

qn+] =an+1qn +qn—1 =< (an+1 + 1)qn’

so that
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288 DEVROYE AND GOUDJIL

We also note that g, must grow faster than a Fibonacci sequence, as g, =
g, +q,_,. This implies that g, > p"~! for all n, where p=(1+V5)/2 is the
golden ratio. Another simple lower bound is g, > 2~ "/? (Khintchine [20, p. 18]).
Finally, we note that a normal limit law for (log ¢, — yk)/Vk was obtained by
Philipp [37].

Theorem 15. If 6 has any density on [0, 1], then

Hn Hn H}’l
1 = 122 = -1
—lognlog, logn s—lognlog,logn  —lognloglogn
0% T T

in probability. Note that 12 /mw* =~ 1.215854203 and 12In2/7?* = 0.8427659130.

Proof. By Theorem 13, as k — o,

k
Y a;,~klog, k
i=1

in probability. Next, log g, ~ vk in probability. The latter fact implies that in
probability, kK ~(1/y)logn if k is the unique integer such that g, <n <gq,, .
However, Theorem 13 and Proposition 5 then imply that

H H

n n

klog, k

-1

1
—lognlog, logn
Y
in probability. u

This theorem does not describe the behavior as n — < for a single 6 (the
“strong” behavior). Rather, it refers to a metric property and takes for each n a
cross-section of s that give a height in the desired range, and confirms that the
measure (probability) of these s tends to one. For oscillations and strong behav-
ior, a bit more is required. By the Borel-Bernstein theorem, with probability one,

a, >nlognloglogn

infinitely often. Since with probability one, g;/* —>e? as k -, we see from
Lemma 5 that with probability one,

1
H, > —log nloglog nlogloglog n
Y

infinitely often. Thus, Theorem 15 cannot be strengthened to almost sure conver-
gence, as the oscillations are too wide.

It is of interest to bound the oscillations in the strong behavior as well. Also,
again by the Borel-Bernstein theorem, with probability one, for all but finitely
many #,

a,<nlognlog'*<logn
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A STUDY OF RANDOM WEYL TREES 289
for e > 0. This implies that with probability one, for all but finitely many #n,

n
Y. a;<n*lognlog'*<logn.
j=1
However then, by Theorem 6 and Lemma 14, with probability one, for all but
finitely many #,

2
H, < ?log2 nloglog nlog!*<lognlogn.

Very Good Trees

From the inequality of Theorem 2, we recall that H, = O(log n) if !_,a, = O(n).
Such irrationals have zero probability. Therefore, as the most prominent member
with the smallest partial sums of partial quotients, we have the golden ratio (a, =1
for n>0). Indeed, as for these sequences, ¢, <IT'_,(1+a,) <exp(X}_,a,) =
exp(O(n)), we have the claimed result on H, without further ado. In fact, for the
golden ratio, we have g, ~cp”, where p=(1+v5)/2 and ¢ >0 is a constant.
Because X}_a, =n, we see that

log n
log p°
The Weyl tree is simply not high enough compared to typical random Weyl trees,

and also with respect to true random binary search trees.
If a, =a for all n, then q,=aq,_, +q,_, for all n. From this,

n

n
a+vVa*+4

qn~c 2

for some constant c. As ¥}, a, = an, we see that

a
H,~ log n.
a+vVa*+4

2

log

Note that the coefficient can be made as large as desired by picking a large
enough.

Very Bad Trees
We first show that Weyl trees can be almost of arbitrary height.
Theorem 16. Let h, be a monotone sequence of numbers decreasing from 1 to 0 at

any slow rate. Then there exists an irrational 0 such that for the Weyl tree, H, > nh
infinitely often.

n

Proof. We exhibit a monotonically increasing sequence a, of partial quotients to
describe 6. The inequality will be satisfied at instants when the tree size n = g, for
some k. Thus, we will have for all k large enough,

qu Z q"h‘Zk'

11PUCO pue swB L 31 39S *[920z/80/ET] U0 AriqrTauluo &M Aiseaun 189N AQ S-2:00'0°e<vvSY-AIV:TL2>E:ZT(G0866T)8TrZ-860T (1D1S)/200T OT/10p/wod A3 Aeiq1puluo//Sdiy Woij popeojumod ‘e ‘866T ‘8TvZ860T

fln

IPUCO-pL

S6USO 17 SUOLLILIOD BATESID |GG 33 AQ POUBAOB S8 I WO 86N JO 3N 10§ ARIGITSUIO BIIM U



290 DEVROYE AND GOUDJIL

Now, for k>2, H, > ¥{_,a,—1>a,, and

k
a,<q, <2"[1a; < Zkak(ak,l)k_ L
i=1

Thus,
H, 1
PRSTTE
by choosing a, large enough (note that k and a,_, are fixed). [ |

A few examples suffice to drive our point home. Take a, = 2*. Then

k(k+1)/2 k+k(k+1)/2
QKKk+D/2 ¢ g < DkTKGAD/2

so that k = 1/2log, n — K+ o(1), where K €3, 5]. Because Lf_,a, =2""1 -1, we
have at those times when n = g, for some k,

Hn — 2k+1 —1= @(2,/210g2n )

This grows much faster than any power of the logarlthm
If we set a, =2%, then g, <2*[T5 a, <2**2""*! <log,(a;)a}/2. Combine
this with H, >a,, and note that when n = ¢, for some k,

2n
log, H,

and therefore,

4n
log,n

H,>(1+0(q))

By considering ak=bhk for integer b, the height increases at least as (n/
log, n)'~1/%,

Trees for a Few Selected Transcendental Numbers

The partial quotients are known for just a few transcendental numbers. For
example,

tang = [0;1,1,4,1,8,1,12,1,16,...].

Thus, ay, =1, ay, =4k, k= 1. From g, =4kqy, + g5y and gy =g 1 +
G54, One can show (see Boyd and Steele [5, p. 57]) that

4N < Gopr g <8 (k+ 1)1,
and

k
Gak+1 = Gag+2 = (ck)
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A STUDY OF RANDOM WEYL TREES 291
for some constant c. In fact, then, we see that the k for Theorem 2 satisfies

log n
loglogn

However then

k/2 k2 10g2 n

H~Y (4)~ v "
" E(’) 2 2log*logn

The Weyl tree is much higher than that of a typical random Weyl tree.
In a second example, consider

e=1[2;1,2,1,1,4,1,1,6,1,18,...],

so that a,=2, ay, =a,,_,=1, and as,,_, =2m for m > 1. Then (Lang [27, p.
74]) there exist constants C, and C, such that

CA'T(n+3)<qs, <C4"T(n+3).
This shows that k ~ log n /loglog n. Thus,

log® n

n

" 9log’logn

SORTING WEYL SEQUENCES

Ellis and Steele [13] showed that the first n elements of any Weyl sequence can be
sorted with the aid of O(log(n)) comparisons only, even though these sequences
too are equidistributed for any irrational b. This shows that such sequences possess
a lot of structure. Of course, the fact that discrete random Weyl sequences and
random Lehmer sequences are imperfect is because they can be “described” very
simply by a small number of bits. The randomness of a sequence was related by
several authors to the length of the descriptors (see, e.g., Martin-Lof [32], Knuth
[21], Bennett [3]). For surveys and discussions on the topic of uniform random
variate generation, one could consult Niederreiter [33—35] or L’Ecuyer [25, 26].

It is well known that the number of comparisons needed in quicksort is equal to
the sum of the depths of all the nodes in the binary search tree constructed from
the data by ordinary insertion. Because this sum is bounded from below by
H . (H,+ 1)/2 (just by summing over the path leading to the furthest node), we see
that the number of comparisons in quicksort is infinitely often at least equal to

nh,(nh, + 1)
2 >

for any sequence /4, decreasing to zero, and some irrational 6. Yet, for i.i.d. data
drawn from the same nonatomic distribution, the expected number of comparisons
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292 DEVROYE AND GOUD]JIL

is asymptotic to 2n log n (Sedgewick [42]; see also [1]). Therefore, Weyl sequences
are not appropriate for generating test data for sorting algorithms. With a uniform
[0,1] 0, the expected number of comparisons grows as # log n loglog n. In fact, we
have

Proposition 17. Let 0 be uniform [0,1]. For any constant C, with probability one,
the number of comparisons for quicksorting the first n numbers of a random Weyl
sequence exceeds

Cnlog nloglog nlogloglog n,
infinitely often.
Proof.  Consider only n =g, for some k. Note that the sum of the depths of the
nodes in the Weyl tree is at least g,_, (the number of leaves) times (a, + Da, /2
(as each leaf is the end of a path of a, all-left or all-right edges and these paths are

thus disjoint). However a,q;_, =q, — qs_, > q,/2=n/2, because 2q;_, <q,_, +
q;_1 < q,. Therefore, the number of comparisons in quicksort is at least

n(a, +1)
2 .
However by the Borel-Bernstein theorem,
a, > 4Cvyklog k loglog k,

infinitely often almost surely, while by Lemma 14, k ~ (1/y)log n almost surely.
Combining all this gives the result. [ |

THE NUMBER OF LEAVES

For a random binary search tree, the expected number of leaves is asymptotic to
n /3 (see Mahmoud [31]). However, for Weyl trees, the behavior of the number of
leaves is much more erratic. We refer to Lemma 3, and note that at time g, — 1,
the number of leaves is exactly g, _,,

|=g1k—1|=Qk—1-

Thus, at that instant in the tree construction (the last node to complete a layer),
the proportion of leaves is

91 N 9k-1
qr—1 g

Just to show how this interesting relationship explains the erratic behavior of
typical Weyl trees, consider the recurrence q, =a,q,_, + q,_,, and observe that

dk-1 1
<

qx ay
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The behavior of a, was discussed in an earlier section. It suffices to note that
a, > k log k infinitely often with probability one, so that, with probability one, the
proportion of leaves is infinitely often less than 1/log n, for example.

THE FILL-UP LEVEL

The fill-up level F, of a search tree is the maximal number of full levels. For a
random binary search tree, this is known to be asymptotic to 0.3711---logn in
probability (Devroye [10]). Again, random Weyl trees deviate from this substan-
tially. While we will not study F, in detail, we would like to note one inequality,

F}’l
1a,~San <n.

1

Indeed, to get a path in the tree of polarity + — + — + — --- of length &, by the
way layers are painted on, we must have n >gq,. However g, >I1  a,, which
proves the inequality.

Example 1. By Lemma 14, we have without further work

F, <

1

—+o(1) |logn,

” ( ))

in probability when 6 is uniform [0, 1]. In fact, then, we have for all € > 0,

H
lim P{?" > (1 - &)log, log n} =0.

Example 2. 1If a, =k, then F,! <n, so that

log n
E,=0|——].
loglog n
This result applies also when 6= tan(3), and 6 = e, two examples cited earlier.

Example 3. When a, = 2, simple calculations show that

F,=0(ylogn).

In fact, for any slowly increasing sequence b,, it is possible to find a 6 such that
F, <b, for all n large enough.

OTHER CHARACTERISTICS

Let the left height of a tree be the maximal number of left edges seen on any path
from a node to the root. Let the right height be defined similarly. Clearly, the left
height is one less than the number of layers of left polarity, and this grows as
Yk/2a,. where k is the solution of n = g,. using arguments as in Theorem 15, it is
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easy to prove that if H* and HR are the left and right heights of .7, then
H 6
S
lognloglogn  #*
and
HR 6

n

S By
lognloglogn  =*

in probability.

The distance from the root to the minimum is equal to HF, and is thus also
covered by the result above. In random binary search trees, these quantities are
O(log n) in probability: the left height grows as e log n, while the distance from the
minimum to the root grows as log n in probability (Devroye [11]).
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