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This is the augmented transcript of a lecture given by Luc Devroye on
the 6th of January 2026 for the Honors Data Structures and Algorithms
class (COMP 252, McGill University). The subject was computing

the Fibonacci Sequence. These notes are heavily inspired by David
Eppstein’s notes for his 1996 course Design and Analysis of Algorithms
(ICS 161, UCI).

THERE ARE MANY ALGORITHMS TO COMPUTE THE FIBONACCI SE-
QUENCE. We must evaluate the efficiency of each algorithm to imple-
ment the best option.

Defining the Problem

THE FIBONACCI SEQUENCE is defined by a recurrence. A recurrence
expresses a sequence in terms of its previous elements. Let x,, denote
the n'" term of the Fibonacci sequence. Then:

Xp = Xp—1+ Xp-2, xo =0, x1 =1
The Fibonacci sequence is a linear recurrence of the general form
Ry =c1Ry1+Ry2+ - +cRyg,

where each ¢; is constant and k is fixed. Because each term is a linear
combination of earlier terms, we look for a solution whose growth

is multiplicative from one term to the next. If some growth ratio r
exists, then substituting r”* for R, gives us the characteristic equation
for r:*

=" e gk

In the Fibonacci example, substituting x, = " into the recurrence
gives
- rnfl + rn72
ie.,
P =r+1.
Solving the quadratic equation gives two solutions,
1+v5
B

Thus, x, can be expressed as a linear combination of n-th powers of

1+v5\" 1-v5\"
cor (3 ()

the two roots:

* Wikipedia contributors [2026]



THE FIBONACCI SEQUENCE

Using the initial conditions, xp =0 and x; =1, whenn =0,

A+B=0,

A <1+2\/5> +B (1_2\@) =1.

Solving the system of linear equations yields A = %, and B = — %

and whenn =1,

Therefore,

Xp =

(18)" - (155)" _®<<1+¢5>”>_

/5 2

We must evaluate % and 1%@ before computing x, on a com-

puter. However, if we round 1+—2\/§ and # to three decimal places, We expect x19 = 4181. However,
our mathematical function diverges from the Fibonacci sequence as 1618% — 0.618" _ 1150
soon as n = 19. This divergence occurs regardless of the number of 2.236 ’
decimal places retained, and raising a floating-point number to the n- assuming we round the result up.

th power is computationally expensive. Therefore, it is advantageous
to work with integers.

Proposal 1: Recursion Model

OUR FIRST INSTINCT is to translate the recurrence relation into a
recursive function:

RECURSIVE_COMPUTE(n)

1 ifn=0|n=1

2 return n

3 else

4 return RECURSIVE_COMPUTE(n — 1) + RECURSIVE_COMPUTE(11 — 2)

The time complexity of RECURSIVE_COMPUTE is:
Tn=14+Ty-1+ Ty,
with Tp = Ty = 1. Adding 1 to both sides yields
Ti+1=(Ty—1+1) + (T2 +1).
We can express T, + 1 and x;, in table form:

To+1 Th+1 Th+1 T3+1 Ty+1
2 2 4 6 10
T, + 1 and x,, visualized
X0 X1 X2 X3 X4 X5
0 1 1 2 3 5
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Notice that T;, + 1 = 2x,,11. Therefore,

Ty <2xy41 =0 <<1+2\@> )

In other words, the complexity grows exponentially in #.

Proposal 2: Dynamic Programming

WE CAN DO BETTER, by computing and storing all values xq, x1, ..., x:

LiNnearR_COMPUTE(n)

1 x0=0,x1=1

2 fori=2ton

3 Xj = Xj_1+Xj_p
4 return x,

The time complexity of LINEAR_COMPUTE is T, = ©(n). Methods
that compute all sub-solutions are commonly referred to as dynamic
programming methods.

Proposal 3: Fast Exponentiation

WE CAN DO EVEN BETTER by pairing consecutive Fibonacci numbers

11
into a vector. Defining the matrix M = 1 ol ™e have
R Y R N Ry e I Y e
Xn—1 Xn—2 Xn—3 X0

m

Let m = n — 1. When m is even M" = (M? )?, and when m is odd
M" = (M i )2M. By halving the exponent size at each iteration, this
technique efficiently computes M in approximately log, m steps.

FasT_EXPONENTIATE(M, 1)

1 ifn=1

2 return M

3 elseifn=2

4 return M?>

5 else

6 if n mod 2 ==

7 return Fast_EXPONENTIATE(M, n/2)?
8 else

9

return FAST_EXPONENTIATE(M, ”T_l)z xX M

Fast_CoMPUTE(1)

1 X < FasT_EXPONENTIATE(M, n-1)
2 return X[0,0]
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The time complexity of FAst_COMPUTE is
T, = © (log, n).

Our fast exponentiation solution is orders of magnitude faster than
our dynamic programming solution, where T, = ®(n), and our

recursion model solution, where T;, = ©® ((#) ”).
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