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ARTICLE INFO ABSTRACT

Tonizing radiation interacts with the water molecules of the tissues mostly by ionizations and excitations, which
result in the formation of the radiation track structure and the creation of radiolytic species such as H’,"OH, Ha,
H>0,, and e",q. After their creation, these species diffuse and may chemically react with the neighboring species
and with the molecules of the medium. Therefore radiation chemistry is of great importance in radiation
biology. As the chemical species are not distributed homogeneously, the use of conventional models of
homogeneous reactions cannot completely describe the reaction kinetics of the particles. Actually, many
simulations of radiation chemistry are done using the Independent Reaction Time (IRT) method, which is a very
fast technique to calculate radiochemical yields but which do not calculate the positions of the radiolytic species
as a function of time. Step-by-step (SBS) methods, which are able to provide such information, have been used
only sparsely because these are time-consuming in terms of calculation. Recent improvements in computer
performance now allow the regular use of the SBS method in radiation chemistry. The SBS and IRT methods are
both based on the Green's functions of the diffusion equation (GFDE). In this paper, several sampling
algorithms of the GFDE and for the IRT method are presented. We show that the IRT and SBS methods are
exactly equivalent for 2-particles systems for diffusion and partially diffusion-controlled reactions between non-
interacting particles. We also show that the results obtained with the SBS simulation method with periodic
boundary conditions are in agreement with the predictions by classical reaction kinetics theory, which is an
important step towards using this method for modelling of biochemical networks and metabolic pathways
involved in oxidative stress. Finally, the first simulation results obtained with the code RITRACKS (Relativistic
Ton Tracks) are presented.
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1. Introduction As the particles are distributed nonhomogeneously, the use of

conventional models of homogeneous reactions cannot completely

Ionizing radiation interacts with the water molecules of the tissues
mostly by ionizations and excitations, which result in the formation of
the radiation track structure and the creation of radiolytic species such
as H°, ‘OH, Hy, Hy0,, and € ,q (Ferradini and Jay-Gerin, 1999). The
radiolytic species are created in a very short time scale during the
passage of ionizing radiation, typically in a picosecond. After their
creation, they diffuse and may chemically react with neighboring
species and with the molecules of the medium. Chemical reactions
with solutes are at the basis of chemical dosimeters such as the Fricke
(Autsavapromporn et al., 2007) and the ceric sulfate dosimeters (Plante
et al., 2012; Kohan et al., 2014). In biological systems, the reaction of
radiolytic species with DNA is often referred to as the indirect effect of
ionizing radiation (Jones et al., 1994). Therefore radiation chemistry is
of great importance in radiation biology (O’Neill and Wardman, 2009).

describe the behavior of the particles (Clifford et al., 1986). Actually,
several radiation chemistry simulation codes (Karamitos et al., 2011;
Kreipl et al., 2009) use Brownian diffusion and a simple collision-
reaction scheme based on reaction radii and rate constants. Although
this approach yields acceptable results, there are some caveats inherent
to this method. For example, the interparticle distance is not in
agreement with the distribution obtained with the theory of the
Green's functions of the diffusion equation (GFDE). Additionally, the
method is not in agreement with time discretization equations (Plante
et al., 2013), so that the simulation results are expected to be
dependent to some extent on the time steps used for the simulation.
In this paper, the implementation of two stochastic methods for the
simulation of radiation chemistry in the simulation code RITRACKS
(Relativistic Ion Tracks) (Plante and Cucinotta, 2011) are discussed.
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These two methods are based on the GFDE. The first one is the step-by-
step method (SBS), which simulates the detailed time evolution of the
track structure. The second one is the independent reaction times
(IRT). We also discuss how these two methods are related, and present
two new algorithms for sampling the reaction time values in the IRT
method. First simulation results obtained by RITRACKS using these
two methods are presented.

2. Bimolecular reactions

Bimolecular chemical reactions are an important application of the
theory of diffusion (Agmon, 1984; Kim and Shin, 1999; Agmon and
Popov, 2003; Park and Agmon, 2008). Let the particles A and B initially
located at the positions r,, and . They can react with the reaction rate
k, to yield the product C:

1)

The rate constant of several chemical reactions can be very high.
These reactions (k, - o) are considered diffusion-controlled and are
distinguished from partially diffusion-controlled reactions (0 < k, < ).
The former is noted type I, and the latter is noted type II. Essentially,
the GFDE for type I reactions is a special case of the GFDE for type II
reactions. The GFDE of type I reactions are also simpler than those for
type II.

kq
A+B-C.

2.1. Diffusion equation for noninteracting’ particles

For particles initially located at positions r,, and 7, the probability
distribution of the position vectors r, and r; is solution of the following
equation (van Zon and ten Wolde, 2005):

d 2 2

Ep(r/\’ 1g, ry ), 1g)) = [DyVyy + DpViplp(ry, 1g, 11, T), @)
where t is the time, and D, and Dy are the diffusion coefficients of
particles A and B, respectively.

2.1.1. Transformation to center of diffusion/relative diffusion
It is possible to obtain two independent diffusion equations (DE)

from Eq. (2), by using the transformation
= (Dgry + Dyrp)/(Dy + Dp), (3a)
(3b)

r=rg—r,.

The same transformation can be used to obtain R, and r, from ry,
and ry " Hence p(R.r.1IR,.r,) can be factorized as follows:

PR 1R, 1) = pR(R,1R,)p (r, 1lry). €))
This yields two diffusion equations in r and R:

0 R _ ryu 2R

0tp (R, 1IR)) = D'Vg'p" (R, tIR,), (52)

ipf(r flr,) = DV2p" (r, tiry)

o " 1o o (5b)

where D = Dy + Dg, and D' = D4Dg/(Ds + Dp). These equations
describe two independent random processes — diffusion in the co-
ordinates r and R. For Eq. (5a) the initial condition is
PR®R, 1 =0R,)=6R —R,), and the boundary condition is
pR(IR|=, 1lR,) = 0. As this represents simple free 3D (Gaussian)
diffusion, it will not be discussed further. The second equation
represents the interparticle diffusion, which is of great importance
for the simulation of chemical reactions. Therefore, for the remainder
of the article, the discussion will be only about p"(r,lr;), so the
superscript r is dropped.

1 Noninteracting means that there is no interaction potential between particles.

Radiation Physics and Chemistry 139 (2017) 157-172

2.1.2. Exact Green's functions of the interparticle diffusion equation

For Eq. (5b), the initial condition is p(r,t = Olr))=5(r — r,), and the
inner boundary condition is

2.0
4no D;p(", t|r0)||r|:G = kp(rl = o, tlny), (6)

where k, is the reaction rate and o is the reaction radius. The exact
Green's function of the diffusion equation (GFDE) of the interparticle
distance vector, noted P, (r,0,0,111,600,¢,), is given in a spherical
coordinate system?” as (van Zon and ten Wolde, 2005; Carlslaw and
Jaeger, 1959):

)

p,(r, 0, ¢, tlr, 6, ¢y 4—\1/r_r0 2;) 2n + 1)P(cos 7)

e DUE, ity 1B, 1ot 7o), %
where P,(x) are the Legendre polynomials, and
cos(y) = cos(@)cos(y) + sin(@)sin(fy)cos(¢p — ). ©))
F(u,r) is defined as
Fu, r) =
20k, + DIJ,(ur)Y(uo) = Y,(ur)d,(ue)] = 2uclJ,(ur)Y,(us) = ¥,(ur)J,(uo)]

J [0k, + 1)J,(uo) — 2uct(uo)* + [(2ok, + DY,(uc) — 2ucY,(uc))*
)

and J(z) and Y,(z) are the Bessel functions (Abramowitz and Stegun,
1964). For diffusion-controlled reactions, i.e., k, - oo, the boundary
condition is written as p(r| = o, fly) = 0, and the GFDE takes the
simpler form

p(r, 0, ¢, tlry, 6, &) = Z (2n + DB (cosy)

4”\/_0 n=0
‘/m e—uthu Cr12W, NGy (U, 1)
0 T 1p(ue) + Yy p(uo) (10)
where
Cor1n.r) = I pWr)Y, p(uo) = Y,y pur)d,, p(uo). 11

2.1.3. Radial Green's functions of the interparticle diffusion equation

In a manuscript in preparation (Plante and Devroye, 2017), it was
shown that integrating the GFDE for type I and II reactions (Egs. 7 and
10) over the angles 6 and ¢ corresponds exactly to the radial Green's
functions, which are much simpler. Therefore it is appropriate to use
them. For type I reactions, p,(r,tlr) is written as:

J exp[
(12)

(r—rny)

)

The probability of reaction, noted B(rlr), is obtained by integration:

(r+mn- 26)2

drrrp, (r, ) = D

J—l

o
B =1 - / Axr pI(r tlry)dr = —Erfc[ \/ﬁ] 13)
where Erfc (z) is the complementary error function, defined as:
2 e 2
E == —E0de.
e = — [ ew(-ee D

For type II reactions, the corresponding radial GFDE p,(r, tlr) is

2 The following convention is used for the spherical coordinates system: r is the length
of the vector, 0<0< is the polar angle, and 0<¢ < 27 is the azimuthal angle.
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r+r-— 2(;)2
4Dt

I

(15)

where W(x,y) = exp(2xy + y)Erfc(x + y), and a = —(k, + 4roD) | (4nc°D).
The probability of reaction, noted P,(r, 1), is:

47zrr0p”(r, tlny) = m{ |: (r=r) ] + expl:—

+aW[r+r0 _a\/—)

JaDr

Byl = 1= [4arp, (r, tr)dr
oa + 1 -0 h—o
= E w|L—, - aJDr ||
o [ fc( 4Dt ) ( 4Dt a\/_t)] (16)

2.2. Debye-Smoluchowski equation for interacting particles

The problem is more complex when there is an interaction potential
between the particles. If the particles interacts via a force vector F(r), a
term is added to the DE:

op(r, tlry)

ek DV?p(r, tlry) — DV-(p(r, ti))F(r)),

17
where g = 1/k;T, kg is Boltzmann's constant, and T is the temperature.
This is the Debye-Smoluchowski equation (DSE). For charged particles
with electrostatic interaction, using a Coulomb potential U(r) = r/r,
the radial component of the DSE can be written as:

op(r, tl _
Il ) _ D%i Perlr O gelr (r, tlny),

ot r-or (3r (18)
where r, is Onsager's radius.” As it is the case for non-interacting

particles, type III and type IV reactions corresponds to diffusion-
controlled reactions (k, — ), and partially diffusion-controlled reac-
tions (0 < k, < o0) for particles with a Coulomb potential.

2.2.1. Type III reactions

For particles with electrostatic interaction, the exact Green's func-
tions are known only in the Laplace space (Hong and Noolandi, 1978).
In high-permittivity solvents such as water, for which r, is small,
Clifford et al. (1984) have found that the probability of reaction can be
expressed in a form similar to type I reactions:

Oeff
\/4D |
where the natural distance scale of the radial process is given by
effective distances 7,; and g,;:

ﬁEIff
Tefr

Py (tlry) =
A 19)

— —,

Tofr d oy =

1 — exp(r./r) a 1 - exp(rC/o')' (20)

The effective distances are always positive for r or 0 > 0. Whenr, - 0
(no electric field between particles), Ty =T and Gy = 0.

2.2.2. Type IV reactions

These are partially diffusion-controlled reactions for particles with
electrostatic interactions. As in the last section, the DSE with an
electrostatic potential is used (Eq. (18)). The inner boundary condition
takes the form:

—1.lr

- 0
47162Derf/';[e P (s i)lli—g = Koty (r = 0, 1l1).

21

The probability of reaction can be approximated by (Green et al.,
1990):

3The Onsager's radius 7, = 62/4lt€kBT, where ¢ is the medium permittivity is the
distance at which the electrostatic energy is equal to the thermal energy.
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‘ilf[ErfC(b)—W(b, a)]l,

By(tlny) =
Tefr (22)
where
2
a= 462(1 \/Zsinhz(i),
rC D 20 (23)
b th( ) th( e )
= CO. — CO. — 1
4J_ 26 24)
In this case, k;; = 4zDo,; and k,, is found by using 1/k,,, = Uk + k-
Furthermore,
r.D Keer
=Vt =
21 — exp( — r/cr)) 476 (25)
oy is defined as:
" e
O'Eﬁc = > .
exp(r./o)(1 + Dr.Jo"v) — 1 (26)

When r, - 0 (no electric field between particles) in this section, Eq.
(22) simplifies to the expressions of the type II reactions (Eq. (16)).
Similarly, in the limit of v — oo (totally diffusion-controlled), the
probability of reaction simplifies to Eq. (13).

2.3. Other reactions

2.3.1. Reactions with a spin statistical factor

Type V reactions are those where a spin statistical factor of 1/4
affects the calculated diffusion-controlled reaction rate coefficient,
because, for two radicals, only the singlet configuration of their
combined spins allows the occurrence of the reaction (in contrast to
the unreactive triplet configuration). These reactions* are H'+H'—H,,
H+e",q—»Hy+OH', and e ,q+€7,q—H2+20H". They involve species with
spin relaxation time which is greater than 1 us (Fessenden et al., 1981),
which is much longer than typical encounter durations (~1 ps) and the
time (~300 ps) after which the great majority (90%) of re-encounters of
a pair have occurred (Frongillo et al., 1998).

2.3.2. Reactions with the background

These reactions include those for which one of the reactant (the
species B) is in a known homogeneous concentration in the solution. In
pure liquid water, the reactions of radiolytic species with H>O, H* and
OH- for which the concentrations at 25 °C are 55.3 M, 9.9x10~® M, and
9.9x1078 M, respectively are considered type VI. First-order reactions
(i.e., reactions comprising only one reactant) are also considered as
type VI, because the same approach is used to simulate them. The
concentration of the species [B] should be high enough not to be
changed by the chemical reactions with other species, but it should not
be too high (<1 M) because the direct effect of radiation on the
molecule would have to be included. In this case, assuming that [B] is
constant, we can write:

d[A)/[A] = — k[Bldt. 27)

For the SBS program, dfA]/[A] can be interpreted as the probability
that a species of type A reacts with a species of type B from the
continuous background. The coefficient k/B], which has units of s~ is
the scavenging power and is indicative of the lifetime of species A. The
probability for a species A to react with a molecule of type B during the
time step At is 1-exp(-k[BJAt), which reduces to k/BJAt for small time
steps.

“1In these reactions, one or two water molecules may be added as necessary in the
input channel for conservation of atoms in the equation.
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2.3.3. Contact reactions

When the interparticle distance is smaller than the reaction radius
(collision), the GFDE theory described previously cannot be used.
Although simulation purely based on diffusion and collisions are still
widely used (Karamitos et al., 2011; Kreipl et al., 2009), this situation
happens rarely in RITRACKS, mostly after the creation of new chemical
species or immediately after the formation of the track structure. For these
collisions, the probability of reaction is (Goulet and Jay-Gerin, 1992):

exp( — r,/6) — expl — 1./(6 + Ry)]
exp( — 1.10) — expl — 1./(6 + R)] — (kyylke )1 — exp( = rlo))’
(28)

Here, o is the reaction radius (as obtained in the previous section),
ks> k., and r, have been defined earlier, and Ry is the separation
distance taken after a unreactive encounter, taken here as 0.3 nm (the
approximate distance between neighboring water molecules). For
totally diffusion-controlled reactions (k,,, - ), P,,., = 1, as expected.

PreaL't =

For particles without electrostatic interactions, P, takes a simpler
form:
R
R"CIIL'Y = 2 .
Ry — (kyiplkye)(0 + Ry) (29)
3. Methods

3.1. The step-by-step method

The basis of the step-by-step method were presented in previous
papers (Plante, 2011; Plante et al., 2013). This method is based on the
assumption that the GFDE p(r,0,¢.11,,0,,4,) represents the probability
distribution for the interparticle vector initially at (7,0,,¢,) to be
located at (r,0,¢) at time t. In principle, this method is exact for two-
particle systems.

It is important to note that the GFDE are linked by time
discretization equations. For Type I reactions, these equations can be
written:

2
P, Aty + Aniry) = [ . Atdnyp . At (300)

P(At, + Atlny) = B(Atlr) + /a 4m‘fP,(Atzlr])pI(rl, Atjlry)dn. (30b)

Similar equations exists for Type II reactions (Plante et al., 2013).
These equations indicate that for two-particles systems, the distribu-
tions of the spatial distributions of particles and the probability of
reaction after two time steps are equivalent of doing the simulation in
one single time step. These equations follows from the properties of
Markov processes and are used to validate simulation results.

As the sampling of the interparticle distance vector is the corner-
stone of this method, the sampling of the exact Green's function with
angular dependency for a two-particle system was investigated in
details in a companion paper (Plante and Devroye, 2017). Briefly, the
main findings are: 1) the radial distribution corresponds to the exact
marginal distribution® of the Green's function (Eq. (7)); therefore,
using the radial distribution is appropriate; 2) The angular distribution
is greatly simplified by using the initial condition §, =0 and ¢, =0
because in this case, the angle ¢ is uniformly distributed between 0 and
2mt. Therefore it is only necessary to generate values of 6. By using a
slight modification of the algorithm by Clifford et al. (1986), it is
possible to generate angles 0 very close to the exact angular distribu-
tion. The angle for any values of 6, and ¢, can be obtained by
performing rotations before and after the sampling, so that the
sampling is done in the referential in which §, = 0 and ¢, = 0.

5 The distribution integrated over 6 and ¢.

160
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3.1.1. Simulation of type I and II reactions

Recently, we have developed an algorithm for sampling the inter-
particle distance for simulating type II reactions (Plante et al., 2013).
Here a new algorithm for sampling the interparticle distance for type I
reactions is introduced. These algorithms are presented in Appendix A
and B. They are mostly based on the rejection method (Devroye, 1986).

3.1.2. Simulation of type II and 1V reactions

The Green's functions of the DSE for type III and IV reactions are
known only in the Laplace space, so we don’t know how sample these
Green's functions for the interparticle distance. Therefore at this
moment we use Algorithms 1 and 2 previously described, replacing
1, rand o by Toer> Toff and o (Eq. (20)). The sampled value (noted R[,ff)
is then transformed to R by inversing Eq. (20).

3.1.3. Simulation of type V reactions

It is not obvious to implement this in the program, because simply
multiplying the reaction probability by a factor 1/4 or 1/2 is not in
agreement the time discretization properties of the GFDE (discussed
later). Although this is not a rigorous approach, this was done in the
present code by assigning a state (“0” or “1”) to H- and e;q and
demanding that both particles are in the state “0” to allow the reaction.
Otherwise, reactions between these particles are treated exactly as type
I or type III according to their charge. By doing this, the new results are
in agreement with results obtained by previous codes.

3.1.4. Simulation of type VI reactions

For type VI reactions, the probability of reaction is simply
1-exp(-k[BJAt), where [B] is the concentration of the specie in uniform
concentration in solution. For small values of At, as expected, the
probability of reaction is k/BJAt. However, the exponential form is
preferred because the probability given by the approximate form
k[BJAt can be greater than one.

3.2. The IRT method

A major problem encountered in radiation chemistry simulations is
the calculation time. The main reason for this is that the number of
possible interactions in a system comprising N particles is N(N-1)/2.
This large number of interactions often makes the problem intractable,
even for systems comprising a relatively small number of particles. To
overcome this problem, a method named independent reaction times
(IRT) was developed about 30 years ago (Clifford et al., 1984, 1986;
Green et al., 1990), and has been widely used to calculate the radiolytic
yields in aqueous solutions (Frongillo et al., 1998; Meesungnoen and
Jay-Gerin, 2009; Pimblott et al., 1997) and in chemical dosimeters
(Autsavapromporn et al., 2007; Plante et al., 2012; Kohan et al., 2014).
This method is useful because it allows the calculation of radiolytic
yields much faster than full step-by-step Brownian Dynamics simula-
tions. However, the positions of the particles at each time step are not
calculated, therefore the extension of the IRT method to problems of
interest to radiobiology such as DNA damage simulations may be
difficult, because the DNA structure may be complex and evolve with
time.

A detailed description of the IRT method is beyond the scope of this
paper; therefore, only the most important points will be given here.
However, it is shown here that the IRT and SBS method are exactly
equivalent for two-particle systems in the case of diffusion and partially
diffusion-controlled reactions, and two algorithms for generating time
values are presented.

3.2.1. Type I reactions

We first note that the probability of reaction calculated from the
Green's functions (Eq. (13)) is also the cumulative probability of the
distribution dPy(t|r,)/dt. This function is normalized as:
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W, = fw ) 4y -
0 dt T

(31)

In the IRT method, random time values are generated with
probability W, by assigning random numbers U to the probability of
reaction, i.e.

U= EErfc(u), U< W,
I JaDt (32)
This equation can be inverted, to yield
2
- L[L] U<
4D| Erfe™\(nUlo) © (33)

For U=W,, t=w, i.e. no reaction occur. After the time values have
been sampled, the time evolution of the radiochemical yields are
obtained by sorting the reaction times for each pair of particles. The
reactions are performed in order and an average is done over many
particle systems. For 2-particles systems with the same initial 7,
performing the reactions over many histories would eventually repro-
duce the distribution F(|r;).

To develop an alternative sampling algorithm, the probability density
dB(1lry)/dt can be written explicitly:

xp| — (’b -0 )2
4Dt |
This density is normalized to W..; that is, reactions ultimately occur

with probability W.. As the distribution dB/dt is proportional to a
“Type V Pearson density”, i.e.

dB(l)  Do(ry — o)
dr 2z (D

(34

CxPexp(—c/x); b > 1; ¢ > 0; x € [0, o), (35)

a random number generator for this distribution is ¢/X, where X is
distributed as Gamma(b-1). The generation of Gamma distributed
random numbers can be done by several techniques. For this particular
case, b=3/2. Therefore, time values can be generated by using
Algorithm 3 presented in the Appendix C. As random variates
generated by Eq. (33) or by Algorithm 3 are distributed as
dPB(try)/dt, the number of reactions predicted by the IRT method for
2-particles with diffusion-controlled reactions have the same distribu-
tion than those generated by obtained by the step-by-step method,
provided that the time steps are sufficiently small.

3.2.2. Type II reactions

As for type I reactions, the probability of reaction calculated from
the Green's functions (Eq. (16)) is the cumulative probability of the
distribution dP,(t|r,)/dz. This distribution is normalized as:

W, = /'°° dP,,(tIrO)dt _ 1+ oa
0 dt s

(36)

In this case, the standard way to obtain time values is by solving the
following equation numerically for t:

[_W[’&TD;’, - aDi) + E,f(ﬁ]] _u,

This technique is useful, but not very efficient. It also requires to
solve Eq. (37) numerically for ¢, which may be difficult to implement.
Therefore is possible to proceed as in the previous section, noting that
P,(tlry) is the cumulative probability distribution of the density
dPy(tlry)/dt:

oa + 1
na

(37)

dRy(tr) _ ~D(1 + oa) [exp _-o)
dt 1NE~/Dt [ 4Dt
h—o

4Dt

+ a\/fx/ﬁtW( , = ax/ﬁt)]

(38)
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Using this approach, it is possible to develop an efficient algorithm
for sampling the values of t. The algorithm is presented in Appendix C.

3.2.3. Type III and IV reactions

The reaction times for Type III reactions are simulated by using
Algorithm 3, replacing ), r and o by Toetfs Toft and Oy (Eq. (19)). As
P, (tlry) has a form similar to P(ry), so does dRy(tlr)/dt, which is
obtained by doing the same variables substitutions. Type IV reactions
are simulated by using Algorithm 4, replacing the time coefficients by
a and b as given by Egs. (23) and (24). In this case, the distribution of
times dR, (t|r;)/dt takes the form
APyl opa

— 9 _lexp[—b*] — avEW(D, a)].
dt

ToegNT ! (39)

3.3. Position of the new particles following a chemical reaction

When two particles initially at positions r; and r; react at time ¢, the
position of the new species should be determined, assuming their
relative distance immediately after reaction is 0. As a first approxima-
tion, the position of the reaction site r, is assumed to be located
between the two old particles, weighted by the diffusion coefficients of
the reacting particles (D; and D,) (Bolch et al., 1988)

NN

If there is one reaction product, it is placed at the position r,. If
there are two or more products, they are placed randomly around the
reaction site r,, separated by a distance equal to the reaction radius.
Another approach was developed for the IRT method by Clifford et al.
(1986) to calculate the position of two products following a chemical
reaction. This method is also used for the SBS simulations, and is
recalled briefly here. Two vectors S, and S, are defined:

r +
(40)

Si=1-1;8, =1+ br, 41

The constant b = 6f/c7, where 6 = 2Dy is chosen such that the
vector S, diffuses independently from the separation vector S;, meaning
their covariance is equal to 0. Such a vector S, is generated by using a
three-dimensional normally distributed vector (noted N3) with mean 0
and variance 6(1 + o/67):

4
+ Ng[o, (012 + "—‘2]1]
)

The length of the vector S, is equal to the reaction radius o. Thus,
only its direction described by the angles ® and 9 in a spherical
coordinate system is needed. Due to the cylindrical symmetry around
r', the angle 9 can be generated by a uniform random number between
0 and 2t (9 = 2zU,) and the angle O is generated the following way:

2

0
S, =+ =0
0y

(42)

1
0= Cos 1+ —n[l — U,(1 - exp(—Z(z))]}.
{ a ’ (43)
Here U and U, are two independent random numbers uniformly
distributed between 0 and 1, r'is the initial distance between reactants,
a=or'/2Dt, and D=D;+D.. Then, the position vectors r; and r, of the
new particles are obtained from S, and S, by inversion of Eq. (41):

_ DS, + D,S, . _ Dy(S, - S)
! D+D, '’ D +D, (44)
4. Results

In this section, preliminary simulation results are presented. The
particles types that are produced by the radiolysis of water and their
reaction products, which are included the radiation chemistry code,
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Table 1
Diffusion coefficients and radii of radiolytic species (from Frongillo et al., 1998).

Species D (10° nm?s™Y) R (nm) Species D (10° nm?s™1) R (nm)
H 7.0 0.19 0y~ 1.75 0.22
‘OH 2.2 0.22 HO" 2.3 0.21
H,0, 2.3 0.21 HOy" 1.4 0.25
H, 4.8 0.14 0(’P) 2.0 0.20
€aq 4.9 0.50 (02 2.0 0.25
H* 9.46 0.25 O3~ 2.0 0.20
OH" 5.3 0.33 03 2.0 0.20
0, 2.4 0.17

along with their diffusion coefficients and radii, are shown in Table 1.

These particles are either generated directly by the physical and
physicochemical interaction of the radiation with water, or are
products of the chemical reactions. In future work, more types of
chemical species will be included.

4.1. Simulation of two-particles systems

The simulation of two-particles system is straightforward. Results
are shown in Fig. 1.

The reaction time distributions corresponding to the particle
systems shown in Fig. 1 are shown in Fig. 2.

4.1.1. Type I and II reactions

For two particles systems, the simulations of type I and II reactions
by the IRT and SBS methods are supposed to be exactly equivalent, i.e.,
the results are expected to be exactly in agreement with the time-
dependent survival probability. The type I and type II reactions used in
this work are shown in Tables 2, 3.

In Fig. 1a, simulations were done with the IRT and SBS methods for
a 2-particle system comprising H' and O initially separated by 1 nm.
For this system, the only reaction possible is H* + O"—OH", which is a
type I reaction. The number of simulation histories is 1,000,000. In
both cases, the relative number of reactions is exactly as predicted by
the theory (Eq. (13)). In Fig. 2a, the reaction times for this system are
distributed as predicted by Eq. (34).

Using the same approach for type II reactions, the simulations have
been performed for a system comprising a H* and an ‘OH separated by
1 nm (Fig. 1b). In this case, the reaction of interest is H+OH—H,0.
Again, the simulations results by the IRT and SBS methods are
superimposed on the survival probability curve (Eq. (15)). In Fig. 2b,
the reaction times are distributed as predicted by Eq. (38).

4.1.2. Type III and IV reactions

These reactions are given in Tables 4 and 5:

Type III and IV reactions are not treated exactly by the IRT and SBS
method. In fact, the survival curve is also calculated using Eq. (19),
which is an approximation used for high-permittivity solvents. For type
III reactions, the reaction H*+0O"—"OH was simulated (Fig. 1¢). For
type IV reactions, the reaction H'+e,q—H" (Fig. 1d) was simulated.
Despite the fact that an approximation is being used, there is an
excellent agreement between the simulated and predicted results. This
is quite interesting because previous simulations of type III and IV
reactions were done by adding an electric field force component to the
diffusion, and a noticeable difference between the IRT and SBS
methods was observed (Plante, 2011). We also note that the corre-
sponding time distributions (Fig. 2c and d) are also very close to the
predictions.

4.1.3. Type V reactions

Results for type V reactions are generated as type I and III
reactions, taking the statistical factor 1/4 into account. In Fig. le, the
simulation results for the system comprising two H- separated by 1 nm,
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for which the possible reaction is H'+H'—H, are in excellent agreement
with the predictions. Similarly, the reaction times distributions are also
in agreement with the theoretical predictions (Fig. 2e).

4.1.4. Type VI reactions

The reactions with background species (Type VI reactions) are
simulated by using the same probability of reactions by the SBS and
IRT program. These reactions are given in Table 6.

4.2. Simulation of multi-particles systems

In previous work (Plante, 2011), the simulation of multiple-
particles systems with one or two kinds of particles were performed
to compare the results between the IRT and SBS methods. Track
structures are simulated, but all particles are assigned to one particle
type. In Fig. 3, some simulation results are presented.

Simulations were performed for 0OC®P) (for type I reactions), ‘OH
(for type II reactions), H and e;q for type V reactions. In general,
simulation results by the two methods are in good agreement. It should
be noted here that there may be some contact reactions between
particles, i.e., when the interparticle distance is smaller than the
reaction radius.

In Fig. 4, simulation results performed for multi-particles systems
comprising two types of particles® are shown.

In panel 4a, the particles are H* and OH, so that the only possible
reaction is H*+OH™ — H,O0. This is a type III reaction. In general, the
agreement between the two methods is excellent. In panel 4b, the
particles are H* and e,q, In this case, the reaction of interest is
H*+e,q—H', which is type IV. However, there are other reactions in
competition such as € ,q+€ ,q—Ho+20H". These newly formed OH™ can
also react with H".

4.3. Long-time behavior

Classical reaction kinetics can be used to describe the time
evolution of the concentration of particles in many different situations,
including enzyme kinetics, gene networks and metabolic pathways.
This approach is useful, but has several limitations: 1) the model is
deterministic; 2) it assumes that particles are in uniform concentration
in the volume; 3) it assumes that the particles are in a confined space.
These assumptions don’t apply to radiation tracks. Moreover, GFDE
theory predicts that the long-time survival probability of a pair of
particles A and B is greater than 0 (Egs. 31 and 36), whereas the
classical reaction kinetics theory predicts that
[A] = [A]pe PV (45)

Therefore the long-term survival probability of a pair of particles A
and B predicted by classical reaction kinetics is 0. It is possible to
resolve this contradiction by using periodic boundary conditions (PBC).
In this case, a box is defined, and the particles that leave it are put back
on the other side. For particles randomly placed in a box of side L, the
number of particles of type A should decrease according to Eq. (45).

The evolution of the same system without PBC can also be predicted
as follows. The distribution of distances in a unit box is known (http://
mathworld.wolfram.com/CubeLinePicking.html):

© In this case, each particle is assigned a type randomly.
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Pair survival probability for H+OH-—H,O (Type Il)
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Fig. 1. Pair survival probability, simulation the reactions by the IRT method and simulation of the diffusion/reactions by the SBS method for two particles initially located at 1 or 1.5 nm
from each other. The simulations were performed for the following systems: a) H' + 0"~ — OH" (type I), b) H' +'OH — H,0 (type II), ¢) H + OH™ — H0 (type III), d) e oq + H"— H' (type
IV), and e) H' + H' — H (type V). In each case, 1,000,000 histories were used for the simulations.
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Fig. 2. Reaction times distributions corresponding to the simulations performed in Fig. 1.
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Table 2
Type I reactions.
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Table 4
Type III reactions.

Reaction Kobs M™1s™1) o (nm) Preact Reaction kobs M1s™) o (mm) r.(mm) Oer(Mm) Preaet
H+H - H» 5.03 x 10° 0.38 0.25% €aq+€aq — Ha+20H" 6.36 x 10° 1.00 0.71 0.67 0.25(*%)
H+epq —» Hy + OH 2.50 x 10*° 1.11 0.25* H*+OH™ — H,0 1.13 x 10" 0.58 -0.71 1.01 1.00
H+0(°P) - OH 2.02 x 101° 0.29 1.00 H*+03~ -"OH+0, 9.00 x 10*° 0.61 -0.71 1.04 1.00
H+0" - OH 2.00 x 10'° 0.29 1.00

"‘OH+0(°P) - HOy 2.02 x 10*° 0.63 1.00 Reaction rate constants (k,,), reaction radii (o), Onsager's radii (r.), effective radii (o),
HO,+O(°P) —» O, +'0OH 2.02 x 10" 0.62 1.00 and probability of geminate recombination (Py,,.,) for type III reactions. (*) Reaction
0CP)+OC°P) - 0, 2.20 x 10*° 1.45 1.00

Reaction rate constants (), reaction radii (o), and probability of geminate recombina-
tion (Pg,q) for type I reactions. (*) Reactions with spin statistical factor (type V).

with a spin statistical factor (type V).

where Qy,(tlry) = 1-P,(1lry) is given by the survival probability of a pair of
particles given by the Green's function (Eq. (16)). This can be evaluated

N0 numerically.
I)dI.YI . .
) 5 A calculation was performed to compare the GFDE and reaction
=I7[(l = 8)I° + n(61-4)] 0<I<1 o . . . . . . .
kinetics models, putting a H and a "OH particles in a 0.01 um box, with
AP - 8VIP =1 + 3P =4V =1 + 128%ec™l 1<1< 2 and without PBC. Results are shown in Fig. 5.
g
+ 23 — 40 — 1/2] The simulations were performed using IRT and GFDE with and
— ] ) Ny ) 7 A without boundary conditions. We observe that IRT and SBS without
I+ )6m + 8V =2 =5 =19 - 16 2<i<43 PBC yield survival probability given by Eq. (47), whereas the result
cse™ 2 - 32 + 16ltan”\(IN1* = 2) calculated using SBS with PBC is in agreement with classical reaction
1 . .
kinetics.
2 -1 /72 .
= 240" + Dtan™ NI = 2 For reactions of type
(46) K
A+ASC, (48)
Therefore, the probability of a H and a “OH randomly placed in the . . o .
box to survive up to time ¢ is given by the classical reaction kinetics theory predicts that
A
V3L [A] = ﬂ.
OQpor(t) = Qu(thp,. (Ddl, 1 + 2k, t[A], (49)
dist (47)
o
Table 3
Type II reactions.
Reaction Kops M™1s™1) o (nm) kaie M~1s7h) Koot M71s71) Preact a (nm™)
H'+OH — H,0 1.55 x 10'° 0.41 2.86 x 1010 3.40 x 10'° 0.33 5.34
H'+H,0, — H,0+OH 3.50 x107 0.40 2.82 x 10'° 3.50 x 107 0.00 2.50
H+OH — Hy0 + e,q 2.51 x 107 0.52 4.84 x 10*° 251 x 10° 0.00 1.92
H+0, — HOy 2.10 x 10'° 0.36 2.56 x 1010 1.17 x 10" 0.67 15.4
H'+HO» — H,0, 1.00 x 10'° 0.40 2.82 x 10'° 1.55 x 10'° 0.19 3.88
H'+0,"~ — HOy» 1.00 x 10'° 0.41 2.72 x 10 1.58 x 10'° 0.20 3.86
‘OH+OH — H,0, 5.50 x 10° 0.44 7.32 x 10° 2.21 x 10 0.55 9.14
‘OH+H,0, — HO,'+H,0 2.88 x 107 0.43 1.46 x 10%° 2.88 x 107 0.00 2.33
‘OH+H, — H'+H,0 3.28 x 107 0.36 1.91 x 10*° 3.29 x 107 0.00 2.78
‘OH+e;q — OH 2.95 x 10*° 0.72 3.87 x 10*° 1.25 x 10 0.49 5.87
‘OH+0OH™ - O~ +H,0 6.30 x 10° 0.55 3.12 x 10'° 7.90 x 10° 0.08 2.28
‘OH+HO," — 0,+H,0 7.90 x 10° 0.43 1.46 x 10 1.72 x 10'° 0.33 5.05
‘OH+0,"" - 0,+0H" 1.07 x 10'° 0.44 1.32 x 10'° 5.76 x 10'° 0.64 12.2
‘OH + HOy” —» HO,' + OH" 8.32 x 10° 0.47 1.28 x 10%° 2.38 x 100 0.42 6.08
‘OH+0"~ > HO," 1.00 x 10° 0.47 1.49 x 10 1.07 x 10° 0.03 2.28
‘OH+03"" - 05" +HOy 8.50 x 10° 0.42 1.34 x 10'° 2.34 x 10'° 0.42 6.55
H20, + €, —» OH +OH 1.10 x 10*° 0.71 3.87 x 10*° 1.54 x 10%° 0.11 1.97
H,0,+0H™ - HO, +H,0 4.71 x 108 0.54 3.11 x 10'° 4.78 x 108 0.01 1.88
H,0,+0(°P) —» HO,+ "OH 1.60 x 10° 0.41 1.33 x 10'° 1.82 x 10° 0.05 2.77
H,0,+0°" —» HO,'+OH" 5.55 x 108 0.46 1.50 x 10'° 5.76 x 108 0.01 2.26
H,+O(CP) - H' +OH 4.77 x 103 0.34 1.75 x 10*° 4.77 x 10° 0.00 2.94
H,+0"" — H+OH" 1.21 x 10® 0.39 2.01 x 10*° 1.22 x 10® 0.00 2.58
€aq+02 = 0y~ 1.74 x 10*° 0.67 3.70 x 10*° 3.23 x 10'° 0.22 2.79
€3qtHOy" — HOo™ 1.29 x 10'° 0.71 3.87 x 10'° 1.92 x 10%° 0.13 2.11
OH +HOy — 0, +H,0 6.30 x 10° 0.54 3.11 x 10*° 7.91 x 10° 0.08 2.32
OH +0(°P) » HO, 4.20 x 108 0.53 2.93 x 10*° 4.26 x 10° 0.01 1.91
0,+0(’P) - 05 4.00 x 10° 0.37 1.23 x 10° 5.92 x 10° 0.18 4.00
0,+0" = 03~ 3.70 x 10° 0.42 1.40 x 10 5.03 x 10° 0.13 3.24
HO,'+HOy" — Hy0,+0, 9.80 x 10° 0.42 7.31 x 10° 9.80 x 0° 0.00 2.38
HO,+0,~ - HO, +0, 9.70 x 107 0.43 1.32 x 10° 9.77 x 107 0.00 2.34
HO, +0(°P) —» 0"+ 0OH 5.30 x 10° 0.45 1.16 x 10'° 9.77 x 10° 0.25 4.10

Reaction rate constants (k. kg and k), reaction radii (o), probability of geminate recombination, and a for type II reactions. The rate constant (ks = 470D) (see text) in nm®s! can be

converted to M™'s™! by multiplication by the factor 107%*N,), where N, is Avogadro's number.
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Table 5
Type IV reactions.
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Reaction Kobs (M7's7) o (nm) e (Nm) kair M s™) Koo M1 571 Preact "ot (nM)
eqtH" - H 2.11 x 10*° 0.75 1.16 1.26 x 10™ 2.53 x 10'° 0.04 0.194
€3q+02" > Hy0,+20H 1.29 x 10'° 0.72 0.42 2.12 x 10%° 3.35 x 10'° 0.39 0.258
€aqtHOy — O +OH" 3.51 x 10° 0.75 0.45 2.14 x 10'° 4.20 x 10° 0.07 0.074
€2q+0” — 20H" 2.31 x 10*° 0.75 0.45 2.35 x 10*° 1.53 x 10*2 0.96 0.443
H*+0," — HO,. 4.78 x 101° 0.47 0.91 7.74 x 10*° 1.25 x 10" 0.27 0.563
H*+HO,™ — H,0, 5.00 x 10'° 0.50 0.94 7.71 x 10*° 1.45 x 10! 0.29 0.612
H*+0~ -'OH 4.78 x 101° 0.50 0.94 8.13 x 10'° 1.16 x 10" 0.24 0.551
0,"+0" — 0,+20H" 6.00 x 108 0.47 0.20 5.70 x 10° 6.71 x 108 0.06 0.021
HO, +0"™ = O,"+OH" 3.50 x 10® 0.50 0.23 5.81 x 10° 3.72 x 108 0.03 0.014
07+0"" - H,0,+20H" 1.00 x 108 0.50 0.23 3.42 x 10° 1.03 x 10° 0.02 0.007
0"+03" = 20, 7.00 x 108 0.45 0.18 5.58 x 10° 8.00 x 108 0.08 0.023

Reaction rate constants (k.. kg and k), real and effective reaction radii (o and g,;), and probability of geminate recombination (Pg.,;) for type IV reactions. For all reactions, the

Onsager's radius is 0.71 nm multiplied by the product of the charges of the reactants.

Table 6
Type VI reactions.

Reaction Kops OT kops[B] ~ Reaction Kobs Or kops[B]
™ s™

HO," — H"+0, 7.15 x 10° OH +H* - H,0 1.11 x 10*

037 = 07+0, 2.66 x 10° HO, +H* - Hy0,  4.98 x 10°

H+H,0 — €,q+H30" 5.94 O"+H* >'OH 473 x 10°

€3q+H20— H'+OH" 15.8 O3 +H* >'OH+0, 8.91 x 10°

0,"+H,0 —» HO,+OH™  0.15 H+OH — H,0 2.49 x 10°
+€aq

HO, +H,0 — H,0,+0OH™ 1.36 x 10° ‘OH+OH — 6.24 x 10?
0" +H,0

0(®P)+H,0 — 2:0H 1.90 x 10° H,0,+0H — 4.66 x 10°
HO, +H,0O

0"+H,0 —'OH+OH" 1.36 x 10° HO,+OH - 6.24 x 10%
0,"+H,0

€tH* = H 2.09 x 10° O(°P)+OH — HO»  4.16 x 10"

0, +H* > HO»' 4.73 x 10°

Reaction rate constants (k) for first-order reactions and scavenging power (k,,/B]) for
reactions with H,O, H* and OH".

A simulation was performed by using 20 ‘OH particles in a box of
0.1 pum, using PBC. The simulation results are compared with classical
reaction kinetics (Eq. (49)). Again, the simulation results are in
excellent agreement with the predictions.

4.4. Time evolution of the yields

The time evolution of the radiolytic yields was calculated for 300-
MeV protons (Plante, 2011) and in earlier work (Goulet et al., 1998). In
general, the yields calculated by both methods are quite similar. In this
work, calculations were performed with the IRT and SBS methods for
300 MeV, 5 MeV and 0.5 MeV protons. The results are shown in Fig. 6.

Earlier calculations used in these publications introduced a drift
motion for charged particles. However, as shown in Fig. 1, a better
agreement between the IRT and SBS methods is obtained by sampling
the approximate GFDE for the effective distances.

5. Discussion
5.1. Equivalence between the IRT and SBS method

The IRT and SBS methods have previously been shown to be yield
mostly equivalent results in the simulation of radiolysis of water
(Frongillo et al., 1998; Goulet et al., 1998), but without referring to
specific details from the theory of the GFDE.

In this paper, we have noted that the survival probability of a pair of
particle is the cumulative probability of the density dP/dt. Therefore, by
sampling dP/dt for time values, the survival probability of the pair yields
exactly the results that are given by simulating the SBS evolution of the pair.
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Thus, it shows that the IRT and SBS methods are exactly equivalent for
two-particle systems. To the authors’ knowledge, it is the first time that
such observation is done regarding the IRT and SBS methods.

5.2. Specific types of reactions

These simulations have revealed that in general, all types of chemical
reactions yields similar results regardless of the method that was used. The
most important difference between the two simulation methods comes
from type IV reactions. In the radiolysis of pure liquid water, these
reactions are relatively unimportant and do not contribute much to the
yields, with the exception of the reaction H*+e,—H:, which led to a
noticeable difference between the IRT and SBS calculations. In previous
work (Plante, 2011), the simulations were performed by adding a
contribution of the electric field to the diffusion. The addition of the electric
field corrected only slightly the simulation results. In this work, the
calculations were performed using sampling of the GFDE. The results are
in much better agreement with the IRT method. Unfortunately, the Green's
functions of the DSE are known only in the Laplace space. It would be
interesting to have an approximate form for small time values.

5.3. Applications
Future applications of the SBS method are presented here.

5.3.1. Simulation of DNA damage by indirect effect

The simulation of the radiolysis of water and radiation chemistry are
not new subjects. However, radiation chemistry is important for the so-
called indirect effect of radiation, when free radicals such as ‘OH react
with the DNA basis, phosphates and sugars (O’Neill et al., 2009). Even in
recent work (Watanabe et al., 2015), the probability of reaction of an ‘OH
radical with sugar-phosphate moiety is assumed to be constant, at 0.13.
By using the track structure and the radiation chemistry based on the
GFDE, this detailed model should be able to provide substantial
information on specific DNA damage leading to double-strand breaks.

5.3.2. Application to simulation of biochemical networks and
metabolic pathways

Most existing simulations of biochemical networks and metabolic
pathways are based on classical reaction kinetics models (see for example
Cucinotta et al., 2008). This approach is deterministic and does not take
into account the stochasticity of the system, which is likely to be important
in cellular systems. The two methods discussed in this article are stochastic.
The widely used IRT method fails to reproduce the long-time classical
chemical kinetics behavior. This is a serious limitation of this approach for
the simulation of biochemical networks. In this work, it was possible to
reconcile the long-time probability of reaction predicted by the GFDE and
by classical reaction kinetics by using PBC. This is an important finding. In
infinite boundary conditions, the survival probability of the pair follows the
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In all cases, 1,000,000 histories were done for the simulations.
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prediction by IRT. In the periodic boundary conditions, it follows chemical biochemical networks and metabolic pathways.

kinetics. Therefore it was shown that the SBS method can be used in the

two situations. This method is also fully stochastic, and can be extended to Acknowledgements
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Appendix A. Sampling algorithms for the interparticle distance for type I reactions

Here is the algorithm for sampling the interparticle distance for type I reactions (Eq. 12 in the text). Two cases are considered. For
(ry — 0) > ¥Dt, Algorithm 1a is used:

Algorithm 1a.

REPEAT {
GENERATE U,V uniform on [0,1]
IFV< \/ﬂro/(\/ﬁro + \2D1), R < i+ V2Dt N where N is standard normal
ELSE R « 1, + J4DtE, where E is standard exponential

} UNTIL R20 and U[(R—r), + 7] < R[1 — exp( — (1, — 0)(R — 0)/D1)]

RETURN R

For (1, — 0) < J/Dt, Algorithm 1b is used:
Algorithm 1b.

DEFINE W, = Vz/2; W, = (21, — 6)/~/2Dt; W, = 1y(r, — )27 /2Dt
S=W+ W+ W,
REPEAT {
GENERATE U,V uniform on [0,1]
IFO<V<W/S, R« ry+ 2DtQ2E + N?), where E and N are standard exponentials and normals
IF W/S <V < (W, + W)/S, R « 1, + V4DtE, where E is standard exponential
IF V> (W, + W))/S, R « 1y + 2DI N, where N is standard normal
} UNTIL 2U(r0—a)[(R—r0)i + (2ry — 6)(R — 1y) + ry(ry, — R)1/2Dt < R[1 — exp( — (ry — 0)(R — 0)/Dt)] and Rz0
RETURN R

Appendix B. Sampling algorithm for the interparticle distance for type II reactions

This algorithm for sampling the interparticle distance for type II reactions (Eq. 15 in the text) was presented in earlier work (Plante et al., 2013).
It is recalled briefly here.

Algorithm 2.

CALCULATE p, = \[Dt/zrg, p, = /Dt/zrg expl—(c—ry)*/4Dr] and
p' = (1, — 6)/N2Dt) + Qo/ry — DD(0—1y)/N2D0)1, o

SETs=p, +p, +p’
REPEAT {
GENERATE uniform [0,1] random variates U, V
IF sU € [0, p,], R < 1y + V4DtE, where E is standard exponential.

IF sU € [p,, p, + p,], R < 26 — 1y + \(y—0)* + 4DtE, where E is standard exponential.
IF sU € [p, + p,» 5] {
REPEAT {
GENERATE N as standard normal, W uniform on [0,1]
Y <+ \/Z_DI‘N
} UNTIL Y > g, or jointly Y< 0, ry <20 and W<(20-r))/r,
In the former case, R < Y
In the latter case, R < 26 — Y

¥
} UNTIL VA(R) < f(R)
RETURN R
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where @(x) is the normal distribution function:

D(x2) =1 — Erfe(x)/2, (A-1)
and /., 4iiony is O if condition is false, or 1 if condition is true. The function f(r) = p, (r,1), and
RN a2
h(x) = X Iexp — (x = 1) + exp —M .
nAaDr | 4Dt 4Dt (a-2)

Appendix C. Alternative sampling algorithms for the IRT method

In this section, Algorithm 3 and 4 to sample time values for type I and II reactions (Eqs. 13 and 16) are presented.

Algorithm 3. Generation of time values for Type I reactions.

SET W, = a/r,
GENERATE W uniform on [0,1]
IF(W<W,){
REPEAT {
GENERATE U,V uniform on [0,1]
}UNTILU? + V2 < 1
GENERATE E standard exponential
G = EU*I(U? + V?)
RETURN T = (r,—0)*/(4DG)
H
ELSE {
RETURN o (no reaction)
h

For type II reactions, we note that

2
hy(tiry) - ZPd + 0a) [exp[—(ro — o) ] + avz~/Drexp(a(e — 1, + aDl))E’fC( 02 - ax/ﬁt”,

dt 1@~ Dt [ 4Dt N (A-32)
dPy(tly)  —D( + o) (ry — o) o
= exp| — 1+ DtE - a/Dt ||,
dt NN P 4Dt aEDiEfex N (A-3b)
where
Erfex(x) = e Erfe(x). (A-4)
It can be shown that dP,(t|r)/dt is bounded by the density g*, given as
CIVX, X< 280
g*X) = an g
CM/X®?, X> 28/’ (A-5)
where M = max(1/a’?, 36/a’), C is a constant, and @ = —a. Using Eq. A-3, it is possible to develop an algorithm. We first define
B = (1= 0)I2, (A-6)
Wlar
= —dx = 22p/a’
p /o ﬁdx \2pla’, (A7)
® 1
= ——=dx = 2/2pla’ .
a4 -/2./3/01 x? IN2pla (A-8)

For the algorithm we will need to generate random variates distributed with density g* as follows:

Algorithm 4a.

GENERATE U uniform on [0,1]

IFU < pl(p + gM), V « U + gM)/p and X « (pV/2)*
ELSE V « (I-U)(p + qM)/(gM) and X « (2/qV)*
RETURN X

This is basically the inversion method. Using this, a rejection method for dPy(t|ry)/dt can be obtained:
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Algorithm 4b.

SET W, = (o’ — 1)/ryat’

GENERATE W uniform on [0,1]

IF (W< W) {
REPEAT {
GENERATE X distributed as g* (Algorithm 4a)
GENERATE U uniform on [0,1]
} UNTIL (X < 2p/a’ and U < A(X)) or (X > 2f/a’ and UM/X < A(X))
RETURN T = X/D

¥

ELSE {
RETURN < (no reaction)

h

Where

AX) = eI = o JEVXErfex(BINK + a' VX)),
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