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PUROAVIRI
by
Emanuel Parzen
Texas A&M University

The workshop on "Density Estimation and Function Smoothing" held
at Texas ASM University on March 11-13, 1982 under the sponsorshop of
NASA, provided the occasion for a cross-section of mathematical scien-
tists involved in this field to meet for an intensive sharing of results
and viewpoints. A1l participants regarded the workshop as an unusually
warm, stimulating, and productive experience. The papers collected in
this volume provide written versions of the papers presented, enabling
a wide audience to enjoy the excitement experienced at the workshop in
being able to learn about the diverse research directions that consti-
tute the current state of the art in the statistical discipline of density
estimation and function smoothing.

One conclusion to be drasn from these papers is that solutions to
problems of density estimation and function smoothing involve aspects
of theoretical and applied mathematics, probability and statistics,
numerical analysis and computer science, information theory and approxi-
mation theory, as well as the scientific fields such as meteorology and
remote sensing. I believe this field of mathematical science merits a
name of its own, and I propose “"statistical functional inference." I
believe that statistical model identification techniques are required to
develop and implement workable practical solutions to problems in density
estimation and function smoothing. There is reason to believe that the
techniques being developad by the workshop participants will ultimately

prove to be of great value in accomplishing the objectives of NASA.




The papers collected here are extremely rich in content, and it is
impossible to convey their importance in a few summary sentences. Never-
theless, to help the reader obtain an overview of each paper I have
written a short description of each.

Devroy takes a critical lTook at mathematical results on the con-
vergence of estimators of a probability density f on Rd from a random
sample XyseoerXpye

Geman provides insight about the problem of choosing a smoothing
parameter by cross-validation.

McClure discusses estimation of a planar convex region from projec-
tions of counts of events which are Poisson distributed at different
rates inside and outside the region.

Geman and McClure relate kernel type density estimators to maximum
Tikelihood density estimators calculated by the method of sieves.

0'Sullivan discusses how methods of regularized and generalized cross-
validation can be used to estimate the atmosphere's temperature, moisture,
and wind structure from a finite number of noisy measurements by meteorol-
ogical satellites on the intensity of upwelling radiation in selected
channel freguencies.

Parzen presents an approach to statistical data science based on
quantile functions, density-quantile functions, and information and entropy
measures. He outlines a new approach to density estimation based on using
exponential probability densities as exact and approximate models.

Peters discusses, for a probability model of a finite mixture of
multivariate distributions, the asymptotic consistency, normality, and

efficiency of the maximum l1ikelihood estimators of the parameters of this
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model.

An important technique of estimating a smooth function g(t) given
data values Xy i=1,...,n which are noisy measurements of A g (ti)’
for a known linear operator A, is to choose g to minimize

1 0 2 1| nrent2
5 i21 {x; -Ag (ti)} + A fo lg"(t) |~ dt

Rice and Rosenblatt examine this procedure in the cases of numerical dif-
ferentiation and deconvolution.

Schuster summarizes results reported in several papers by Schuster
and Gregory on their experience in applying non-parametric maximum 1ike-
lihood techniques of density estimation to judge the comparative quality
of various estimators.

Scott summarizes his experience in comparing the effects of smoothing
parameters on probability density estimators for univariate and bivariate
data.

Silverman introduces, and discusses the asymptotic behavior of, a
test statistic for hypotheses concerning the number of modes in a proba-
bility density.

Thompson 1ntroduces a method for generating random vectors from the
distribution of a random vector x which is based on a random sample of
x without estimating the underlying density.

Redner and Walker review the theory of estimation of parameters of
mixture aensity models, and discuss in detail iterative procedures for
numerical approximation of maximum likelihood estimates based on the EM

algorithm.
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Sropes.

"
Yakowitz and Stidarovszky provide a comprehensive review of "krig- ]
ing" methods for fitting functions to spatial data.

Wendelberger discusses multidimensional smoothing splines, the I
method of gereralized cross-validation, and applications to meteorology. i
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NASA HORKSHOP ON DENSITY ESTIMATION
AND FUNCTION SMOOTHING

Texas A&M University
March 11-13, 1982
Room 510, Rudder Tower

Thursday, March 11:

;‘ 8:15
8:30
- 9:20

10:10
‘ 10:30

i 11:20

12:00
1:40

2:30

3:20
3:40

i 4:30

Coffee and donuts

Remote Sensing Fundamental Research Program: An Qverview
R. B. MacDonald, NASA/Johnson Space Center

L. F. Guseman, Jr., Texas A&M University

Topics in Global Convergence of Density Estimates
Luc Dev:oye, McGill University

Coffee

Smoothing Splines: Regression, Derivatives, and Deconvolution
John Rice, University of California at San Diego

On Statistics and Density Estimation
Herbert Robbins, Columbia University

Lunch

A Bootstrap Approach to Bump Hunting
B. W. Silverman, University of Bath

Cross Validation for Densities and Reyressions
Stu Geman, Brown University

Coffee

Estimation of Planar Sets from Poisson Projections
Donald McCiure, Brown University

Quantiles, Parametric-Select Density Estimation, and Bi-Information
Density Estimators
Emanuel Parzen, Texas A&M University

Assemble in Aggieland Inn Lobby for Cocktails & Dinner

Friday, March 12:

8:15
8:30

Coffee and donuts
Considerations in Cross Validation Type Density Smoothing with

a Look at Some Data
Eugene F. Schuster, Umiversity of Texas at El1 Paso
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9:20

10:10

10:30

11:20

12:00
1:40

2:30

3:20

3:40

4:30

Nonparametric Regression and Kriging Methods for Spatial Data
Sidney Yakowitz, University of Arizona

Coffee

Multidimensional Smoothing Splines and Their Restriction to the
ggge;gndelberger, University of Wisconsin--Madison

Remote Sensing of Temperature Profiles in the Atmosphere
Finbarr 0'Sullivan, University of Wisconsin--Madison

Lunch

A Data Based Random Number Cenerator for a Multivare Distribution
J. R. Thompson, Rice University

Review of Some Resultes in Bivariate Density Estimation
David Scott, Rice University

Coffee

Consistency and Other Larce Sample Properties of Maxinum Likelihood
Estimates of Mixture Parameters
B. Charles Peters, University of Houston

Mixture Densities, Maximum Likelihood, and the Em Algorithm
Homer Walker, University of Houston

Saturday, March 13:

9:00

10:00
10:30
12:00

Group discussion to detine research areas critical to NASA
Coffee
Group discussion, cont'd.

Adjourn
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TOPICS INIGLOBAL CONVERGENCE OF DENSITY ESTIMATES

by

Luc Devroye

McG111 University

SUMMARY.
We take a critical look at the problem of estimating a density f on R
from a sample xl,...,xn of independent identically distributed random vectors,
and review some recent results in the field. Among other things, we will qualify
the following statements 3
(i) For any sequence of density estimates fn. any arbitrary slow rate of
convergence to 0 is possible for E(I|f“-fi).
(ii) In theoretifal comparaisons of density estimates, one should use
J|£_-£]| and not f[fn—flp , p> 1.
(iii) For most reasonable nonparametric density estimates, either we
have convergence of flfn-fl ( and then the convergence is in the
strongest possible sense for all f ), or we have no convergence
( and then we don't even have convergence in the weakest possible

sense for a single f ). There is no intermedfate situation.

* Lesearch of the author was supported by NSERC Grant A3455. The author is with the
School of Computer Science, McGill Universaty, 805 Sherbrooke Street West, Montreal,

Car.ada H3A 2K6.
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1. INTRODUCTION.

In this papcr,/we giscuss various issues related to the problem of
estimating 4 density on R from a sample xl....,xn of independent identically
distributed randum vectors having density f, such as : how should one judge the
goodness of an estimate; is there an optimal estimate; how good can estimates be
for small n and large n; and does it pay to use sophisticated ostimates ? The
discussion will be supplemented with a selected survey of recent results in the
field.

A density estimate is a sequence fl,fz,...,fn,... where for each n,

fn(x) = fn(x,Xl,...,Xn)

is a real-valued Borel measurable function of xéRd and the data xl,...,xn.
A density estimate can be parametric or nonparametric, but this distinction
is not important in what follows. The prototype parametric estimate is defined

as follows for d=1 :

n n

A A A A2 1 A2
f is normal ( y, 02) , U= l-& X, ,0==% x-m". (1)
n no i ni-l 1

The most frequently used nonparametric estimate is the kernel estimate (Rosenblatt
(1956) and Parzen (1962)) :

f (x) = _]:
n L
h> 0 is a number depending upon n,

L e )]

IR0 /m)
@

K is a given density (kernel).

For btibliographies on density estimation, see Wegman (1972), Wertz (1978), Wertz
and Schneider (1979) and Bean and Tsokos (1980).
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2. MEASURES OF GOODNESS.

We would like to obtain a number thet measures how close fn is to £
in order to carry out theoretical comparisons between estimstes later on.
For a variety of reasons, but mostly for the sake of convenience, researchers

have proposed the criterion
2
,(fn"‘f) . (3)

All integrals in this paper are with respect to Lehesgue measure (dx). Note that
(3) is a random variable, and that it is necessary to take its expected value.

In general, we can consider all integral measures of goodness @
ECIE -£]P) , p> 1.

We will now argue that the only reasonable integral measure is the Lp measure

with p=1l. Our argument is based on a couple of observations.

1. Let g be an estimate of f. 1If X has density f en Rl, then aX has density
%f(%), and this density should be approximated by %g(%). But

1 1 1~
FSF Q- = a Prie-g|P .

Thus, the only Lp measure that is independent of the scale is the L1

measure.

2. By Minkowski's inequality we have

U1e-glPMP s ()P - lsPP)

where the lower bound is infinite 1f one of the terms is infinite and the
other onc is finite. Thus, in any reasonable theory involving the Lp
measure, we must assume first that f GLP. However, the only space to which

all densities belong without discrimination is Ll'
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3. If £ and g ave both densities, then for any set BGRd. the probabilities

of B defined by f and g respectively differ by at wost

A =sgup |Sf - Sg] .
B B B

For example, if A is known to be less than 10-&, then two independent

sauples of size 101‘, one from f and one from g, are all but statisticeslly

indistinguishable. Thus, keeping A small has a true practical impact in

the area of simulation. But clearly,

1
A - Eflf-gl .

No other L measure has any connection with A in the sense that for any

P > 1 and any f, there exist sequences of densities fn and 8, such that
- —£lP 3 w
1) flfn £] + o, AL £l° 4=,

1)t ~fl= ¢ > 0, sl ~£1P + 0.

If £ and g are normal densities with zero mean and variances 02 and t 2.
then f|f-g| depends only upon o/t , and tends to O if and only if o/t = 1.
However, for p > 1, Ilf—glp can tend to = even if ok tends to 1 (let

3p/ (2p+1)

o =+ 0, T=o40 ), and it can tend to 0 even if o/t tends to = (let

T+ o and ok + = ),

o - RS N ) -+ b r !
PN rY - , rra @~ B, - .
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3. NEGATIVE RESULTS.

Many a density estimate (such as the kernel estimate) has been criticized
for not performing well "for small sample sizes". Recent work in the area of .
density estimation has been in the direction of improved small sample performance
and automatization of the estimate ( automatization of the kernel estimate means ‘
that the parameter h is chosen as a functiun of the data ). Fcvt research in this
direction, see Deheuvels ()977a,b), Duin (1976), Scott et. al. (1977), Silverman
(1978), pavis (1977), Scott et. al. (1981), Wahba (1977, 1978), de Montricher et.
al. (1975), Good and Gaskins (1980), Breiman et.al. (1977), Nadaraya (1974), and Devroye
and Wagner (1980). Most automatization schemes are so sophisticated that it is
hard to prove that fn converges to f in any sense at all. In fact, many schemes

should be avoided altogether. For example, Schuster and Gregory (1981) have shown

that the cross-validation method for determining "h" in the kernel estimate will
not lead to a consistent estimate for most densities f with an infinite tail (such
as the exponential density). Consistent cross-validated density estimation is also
discussed by Chow, Geman and Wu (1981).

Even if an estimate is known to be consistent for all densities f, its small
sample and large sample prop=rties may be terrible. The search for always better
estimates is doomed to be frustrating. In part, this frustration is captured in the

following result.

Theorem l.(Devroye, 1981a)
For every density estimate, and every p > 1, and every sequence of positive

numbers tending to O (an), there exists a density f on Rd suck that

E(f|fn-f|p) >a, infinitely often.

We can always find such an f among the class of densities bounded by 2 and vanishing
outside [0,1]d. Moreover, for p=l, the density f in question can also be taken from

the class of infinitelywmany times continuously differentiable functions.
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Thus, any kind of continuity condition alone, however strong, is not

sufficient for the study of the rate of convergence to 0 of E(flfn-fl ),
regardless of the type of estimate that is used ! For such studies, it

L,

seems that one needs combinations of continuity and tail conditioms.

Theorem 1 is in the spirit of a theorem proved by Boyd and Steele in 1979.

P

Theorem 2.(Boyd and Steele, 1979,
For every density estimate, there exists a normal density f with zero :

mean such that
E(Ilfn—flz) > c¢(f)/n infinitely often ,

where c(f) > 0 is a constant depending upon f only. .

In a sense, Theorem 2 gives us new information. Even if £ is known

to be normal with zero mean and unknown variance, it is impossible to find

an estimate with an L, rate of convergence that is better than 1/n.

2
The theorem cannot be improved in the sense that the parametric estimate (1)

satisfies E(Ilfn—flz) < c(f)/n, all n (Maniya, 1969).

Let us finally point out that several results that have received widespread
attention to date are practically vacuous. For example, Rosenblatt (1971) has

shown that the kernel estimate (2) satisfies .j

2 o b.4
E(U|E~E|T) v g+ h .

LRI

as n~+ = , h+ 0, when K is bounded and symmetric, d=1, fx2K < oo, a=fK2, b-(IxZK)ZIf"zb_
and f & E} ={all densities on Rl that are twice continuously differentiable and for _f
which ff2 < @ and ff"z < = and f is bounded }. Thus, if we take h=(a/(bn))1/5,
then \
EClE -£]%) ~ 2 a/51/5 4 nt/3, %
Thus, there are densities f in E&for which (4) is valid and for which at the sane
time, E(!Ifn-fl) > 1/ log log log n infinitely often (theorem 1). But without
guarantees for the performance of f in Ll' Rosenblatt's result looses credibility.
Thus, the choice h=(a/(bn))l/5 for the kernel estimate, even if a and b were known,

may not be "optimal" after all !
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4. POSITIVE RESULTS.

A thorough study of global rates of convergence for density estimates
in general and the kernel estimate in particular was carried out by
Bretagnolle and Huber (1979). We cite one of their results that is closest

to what we need in the present discussion.

Theorem 3.(Bretagnolle and Huber, 1979)
If d=1 and f ¢Y= {all densities with compact support, that are s times
differentiable (s > 1 is an integer) such that!|f(s)| < =}, and if the kernel K
in (2) satisfies : JK = 1, ijxao (0<j<s), f|x|8|K| < =, K has compact support,
then a sequence h=h(n) can be found such that for the kernel estimate
s 1 s
lim sup n25+lE(flfn—fl) < c(s) (Ilf(s)lgs+l(f/f)25+l , some c(s)>0.

This does not contradict theorem 1 because %-combines a continuity condition
and a corpactness condition. Unfortunately, g.does not include many coumon

densitizs such as the normal and exponential densities.

A second positive development is related to the observation that for most

reasonable nonparametric density estimates, E(I!fn—fl) + 0 for 8ll densities f on

d
R™. If we cannot say much about rates of convergence, at least we are guaranteed

that the estimates are consistent. The first result of this type 1is due to
Abou-Jaoude (1976a, 1976b, 1976c), who studies the histogram estimates. Here

we consider a sequence of partitions Pn of Rd, where Pn={A seesl , and we

nl’AnZ
denote the set An1 to which x belongs by An(x). The histogram estimate is defined
by , 0

VoI

£,00 = (A G Y

Ao )
n

where 1 is the indicator function and A is Lebesgue measure. Although Abou-Jaoude
treats very general sorts of partitions, we will only state his results for the most
common partitions @ P“ consists of all sets

d

?Sllaibn, (a,+1)b ) )

where a15+..53, can take all the integer values, and bn is a sequence of positive

nunbers.
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Theorem 4.(Abou-Jaoude, 1976a,c)
For the histogram esticvate defined by (5-6), the following conditions are
equivalent :
A, flfn-fl + 0 in probability as n + =, for all f.
B. f[fn-fl +* 0 almost surely as n + =, for all f£.
c. f]fn—fl + 0 completely as n + =, for all f£.
D. Umb_ =0, lim nb = =

n-+o n-e
(A sequence of random variables xn converges completely to 0 if for all € >0,

&"P( lxnl»e) < o, Thus, complete convergence implies almost sure convergence.)

For histogram estimates, all types of Ll convergence are equivalent. The

Ll convergence of the kernel estimate for all densitizs f was first observed by

Devroye and Wagner (1979). Devroye (198b) showed a strong equivalence theorem for

the kernel estimate :

Theorem 5. (Devroye, 198%)
For the kernel estimate (2) with a compact support kernel K > 0 which

integrates to 1, the following statements are equivalent :

A. flfn—fl + 0 in probability as n *+ =, for some f.
B. flfn—f[ + 0 almost surely as n * =, for some f,
c. flfn-fl <+ 0 completely as n *+ <, for some f.
D. flfn—f| + 0 completely as n + «, for all f.

E. lim h = 0, 1lim nhd = ™
n-e n-+e

Furthermore, E implies D whenever K is absolutely integrable and JK=1l.

The difference with Theorem 4 is that weak convergence (A) for one f is enough

to conclude E in Theorem 5, while weak convergence for all f is needed to conclude D

in Theorem 4. Thus, either we have-convergence in Ll for ‘kernel-estimates (and. ehen -

the convergence is in the strongest possible-sense, and for all f), or we have no

convergence in Ll for kernel estimates (and then the estimate does not cven converge

in the weakest sense for a single f).
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I. Int.oduction

Virtually all nonoarametric (infinite dimensional) problems
require the choice of a "smoothing parameter".
Example: L ST SYRRR i.i.d. from a distribution with unknown
density '"f". Consider the Parzen-Rosenblatt kernel estimator
with window width 1/i: )
R

fn’x(x) == igl Ak (A (x-x4))

where k is a probability kernel, or the histogram with bin

widrh 1/x:

- A . k-1 k
fn’x(x) = #{xi. < x a

k
n bxelm=q-

In each case A serves as a smoothing parameter. It is well-
known that if A, t e sufficiently slcwly then fn,k + f (e.g.
almost surely in LI(R,B,dx)). Depending on the asgumpti)ns
made, optimal rates can be specified for Aps but these will
always depend on the unknown density f. How should A be chosen
for a fixed, finite, sample? For moderate samnle sizes, both
estimators are sensitive to the choice of A. This is the
"smoothing problem'. It has its analogue for virtually all
(non-Bayesian) nonparametric density estimators. For example,
the maximum pena“ized likelihood estimator requires ihe choice
of a weight to be given the penalty term. Orthogonal series
estarators {for densities or regressions) require that we

specify the number of terms to be used in a truncated series
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expansion. Splines for nonparametric regression typically

arise from solving a least squares problem with penalty, which

may be, for example, the.interral of ‘he squared second derivative

of the estimator. As with penalized maximum likelihood, the

smoothing parameter here is the weight given the penalty term.
Some estimators of finite dimensional parameters also

contain unspecified smoothing parameters. In fact, it is

sometimes useful to introduce a smoothing parameter into an

estimator that is otherwise completely specified. Consider,

for example, the linear regression problem:

. . 2
Yy = xilslv...+xip8p+ei , 1 <ic<n €5 iid N(0,07).

Or, in vector-matrix notation:
2
Y = XR+e e ~ N(0,0°1).

The lecast squares (maximum likelihood) estimator for B is
8 = (xTx) 1xTy.
The ridge estimator for B is

B, = xTxena1y “1xTy A > 0.

Obscrve that 8o is the least squares estimator. The introdiction
of X into the least squaves estimator may be motivated by any
of the following considerations. (1) BX minimizes an equation

of the form

2 2
hy-xsf < + vlsll“.
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Hence 8, may be vicwed as a penalized least squiares estimator,

with penalty for large values of 8. (2) When XTX is "nearly
singular'" (poorly conditioned) EO has large MSL duc to the fact
that the inversec of XTX is involved in its derivation. Adding
nil to XTX improves the conditioning and may be expected to
reduce MSE. (3) Perhaps the best justification for ridge
regression is the following casily demonstrated fact: for

every n, 8, and 02 > 0, there exists a A > 0 such that
. N4 . ~ 2
Ell8-8,1° < El8-8,)°.

Unfortunately, the optimal X (in terms of MSE) depends on B
and 02, so that we are again faced with a version of the
"smoothing problem'.

It 15 natural to attempt to use the data to guide the choice
of smoothing paramcter. For cach of thc above examples many such
"data-driven" estimators have been proposed. Perhaps the most .
widely applicable (certainly the most widely studied) data-
driven technigue is cross-validation. Simulations show that
cross-validation can be a very effective mcans for choosing
smoothing parameters. However, the technique can badly fail,
and the conditinns for success are nat well-understood. In
fact, almost nothing is known of the analytic properties of

cross-validated estimators. In collaboration waith Drs. Y.S. Chow

and L.-D. Wu (previously visiting Brown University) and Aytul Lrvdul

(currently a graduste student at Brown University) I have been

attempting to establish some of the analytic properties of
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cross-validated estimators. In the remainder of thas talk I
will introduce, by example, the method of cross-validation,
and announce results which establish consistency for czrtain
cross-valided density estimators and consistency as well as

asymptotic normality for ridge regression.

II. Cross-validation for choosing smoothing paramcters.
This method is best introduced by example.

A. Kernel and histogram.

Recall: XysXgpees is an i.i.d. sample from a

distribution with unknown density "f". f is either the kernel

n,A
with window width 1/, or the histogram with bin width 1/X.

The problem is to choose A when faced with a fixed and finite
sample XysXopeoesXp. The first step in applying cross-validation

is to form the estimator from the sample after first deleting

one of the observations:

i 1 .
fn-l,x(x) = =7 .5. Ak (A (x xj)).
jri
f;-l X(xl) 1s a measure of the appropriateness of-\A for smoothing
?
the estimator. If f;_l x(xl) 1s large, we could say, loosely,
4
that f;_l A(x) "anticipated the observation xl" (for fixed
»
A,f;_l’x(x) is formed independent of xi). If f;-l,x(xi) is small
then X; was measured as '"unlikely", evidence that A does not

properly smooth the estimator. Through this procedure, applied

n times, we arrive at a likelihood-like expression:

n

L, = T
AL

i .
1 fn-l,x‘tl)'

¥
1
“
k)
3
1
4
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We now choose A=An to maximize LA’ The cross-validated
estimator (due to Habbema et al. (5) and, independently,
Duiﬁ (3)) is fn,xn' Simulations strongly support the use of this
technique for certain combinations of the kernel and target
density. However, the method can fail, and in surprisaingly
innocent looking situations. For example, Schuster and
Gregory (6) have shown that the cross-validated kernel, using
compact kernel, is not consistent for the exponential density.
With this, as with all cross-validated estimators, ;ery little
is known analytically. In fact, with the exception of the results
mentioned below for kernels and histograms, conditions for the
consistency of eross-validated density estimators are unknown.
B. Ri‘ige regression .
Recall that the ridge estimator for B8 in the model

Y = XBte e ~ N(0,0%T)

is
~

B, = (X"xeman)"IXTy 1 > 0,

Define Bi'to be the ridge estimator obtained by deleting
(1gnoring) the i'th observation. The squared error in predicting

the i'th observation:

n ~i
(yl = z xl)BXJ)

J=1

2

measures the appropriateness of A as a smoothing parameter. Define

......
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and choose A=}, to minimize Ly. The cross-validated ridge
estimator (due to Allen (1)) is EA . Our simulations, and

those of othg?s, indicate that EA nis an extremely good estimator
for B, especially when XTX is nea?ly singular or ¢ is large.
Although theyv may exist, we have not found any situations in
which the mean squared error of the cross-validated ridge
regression estimator exceeds that of the ordinary least-squares
estimator. Often, the ridge estimator reduces the MSE of least
squares by 50 or more percent.

There is a closely related estimat9r, due to Golub, Heath,
and Wahba (4), called the '"generalized cross-validation" (GCV)
ridge regressor. The GCV ridge regressor is computed by first
rotating the coordinate system and then deriving the ordinary
cross-validation estimator. Simulations demonstrate the GCV
generally performs somewhat better than ordinary cross-validation,
and GCV proves to be more mathematically tractable. Although
the above-mentioned analytic results are for GCV, I will not
formally define the GCV estimator since this would require that
I introduce somewhat involved notation. Suffice it to say that
GCV is ordinary cross-validation in a rotated coordinate system.

I should emphasize that cross-validation has its version for
all of the estimators mentioned earlier, each of which requires
the choice of a smoothing parameter to be fully defined. Quite
generally simulations support its good potential, and quite
generally there are no theoretical results available about the
cross-validated estimator. Thus questions of distribution,
efficiency, robustness, and even consistency are almost completely

unanswered.

s P

PR s Wt o Ty e e o
s . L LT 2 e emr Siaatorat ot Rt -
A o it ek N S A 2 e

ford € sk o, ~r

ke

4
Sy

[,

|

Tl it 5 ol S g

“
b ki dae




——

OF béOR QUAu?Y

ITVI. Analytic Results .

A. Why should cross-validation work?

Before stating some analytic results about cross-
validated estimators, let me outline a heuristic argument in
favor of the technique' in the ridge regression context. This
argument has its analogue for most cross-validated estimators,
whether the target parameter is a density or a regressicn.

In some cases it can be made into a proof of cénsistency (as
it can for cross-validated ridge regression), but in nonparametric
problems it appears that one rust take a different approach. .
Nevertheless, the motivation is similar for nonparametrric as
well as parametric problems.

The cross-validated ridge regressor is

T, -1,T,"
an = (X A+nAnI) X'y,

where An is chosen to minimize

2

n as
® - s s 1- .
&) O3 - L xis8p)

=1y
o~

i=1
Although B;j depends implicitly on Y, it is reasonable to expect
that a version of the law of large numbers will be in force

uniformly in B;j. This leads us to expect that for large n (*)

is close to

1§ T a2
E, = s - . By -
Yn 5 (y1 jzl x138X3)

where "EY" means integration with respect to explicit appearances

of the components of Y, treating B;j as constant. It is also
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Teasonable to expect that Bij will differ very little from

ij’ especially when n is large. Thus we choose A, to minimize
an expression which we might expect, for large n, to be close to
n

p 01 L ®aBy)

2
Ey

| o =1

S

i

1 ~n2 _ 1 ~ 2 2
= & Eylly-x8,I1° = zi{x8-X8,[|® + o°.

The conclusion is that the cross-validated estimator attempts
to minimize the positive definite quadratic form

T

(**) 8-8,)" XX (s-8,).
Since
8-8,)7 XX (B-B,) + 0
0 n 0

(recall that 80 is the least squares estimator), we expect that
(**) will also converge to 0, and at least as fast.

B. Ridge regression

Here, loosely stated, is what we know about the analytic
properties of the cross-validated ridge estimator:
THEOREM (with Aytul Erdal). If BA is the GCV ridge regressor
) n

then

18, -8] ~ 0 a.s. .
Al’\

and (xTX)l/Z(EA -8) ~ N(0,0%1).
n

Observe that for least squares the distribution of
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X"/ s,-8)

is exactly N(O,cZI). Thus the GCV estimator asymptotically
assumes all of the distributional properties of the least squares
estimator.

C. Density estimation

Results are much more difficult for infinite
dimensional target parameters. So far, for the cross-validated
kernel and histogram we have only a consistency result (stated
here without all of the technical details - see (2) for the
precise formulation):

THEOREM (with Y.S. Chow and L.-D. Wu). TIf f (the target density)
has compact support, then the cross-validated histogram and

compact-kernel density estimators are consistent:

Ilfn’xn(x)-f(x)ldx + 0 a.s. .
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1. Summary

This report summarizes ongoing work concerned with the
reconstruction of planar sets that can be only partially observed.
Details of the problem formulations and of the results reported
here are being incorporated in a report describing a broader
class of problems, specifically the estimation of an intensity
function of a planar Poisson process based on observations of
stochastically independent fixed-angle projections of the process.

First, the set-estimation problem is formulated and connected
to reconstruction methods of emission computed tomography. Then
the inference problem per se will be isolated and approached by
traditional estimation methods.

I shall focus on the special case of estimating an unknown
planar convex body K, that is a subset of a known convex body K-
Poisson events occur with an intensity A(x,y) that is spatially
inhomogeneous (and temporally homogeneous) within the larger
set Kl; we assume for our prototypal problem that A(x,y) = Xz
within Kz and A(x,y) = Al < Az within Kl-Kz. The Poisson events
are projected on a line .33 with fixed arbitrary orientation 6
relative to the horizontal axis, and only the projected points
are observable.

The underlying model for generation of the projected point
process implies that its univariate intensity function Hg is a

superposition of the "shadows" of K1 and Kz. In particular,

Hg(3) = AWy (E) + (A;=2q)wy(E) ¢y
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where (i) wl(g) is the known width of Kl’ in direction 0+n/2

and at location £ along the line .&%, (ii) wz(g) is the unknown
width function of KZ' and (iii) Al and AZ are the unknown
values of A(x,y) within Kl-KZ and KZ, respectively. When Kl

and K, are convex then Wy and W, are unimodal and analogies with
familiar nonparametric inference problems can be drawn.

The problem that is solved in this report is the character-
ization of the maximum likelihood estimates of xl and of
u = (xz-xl)wz, under the constraints on the structure of u that
follow from convexity of K,. The characterization is patterned
after ones that are familiar in the context cf isotonic
estimation and regression. Specifically, the m.l.e. u* of u
attains a maximum value on a nondegenerate interval [60,51].

To the left of £o (and to the right of El), u* is the slope of
the greatest convex minorant of a modified counting function
for the univariate point process.

The characterization of u* is finite-dimensional and its
computation is feasible. The intrinsic complexity of the
computation of u* is discussed and an implemented algorithm is
described. Finally, a simulation example illustrates the
performance of the estimator u* and the use of u* to reconstruct
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OF POOR QUM ¢

1. Introduction

As an instance of Grenander's method of sieves [2] for

adapting the maximum-likelihood approach to settings where the
target parameter is infinite dimensional, we have considered

density functions of the form

«©
) = [ L otGy)/o)6wEy) = (6,20 () (1)
Here G is an arbitrary cdf and ¢ is the standard normal density
function. In this note, we shall derive a characterization of

the cdf G* that solve the maximum-likelihood equation:

L(G*) = méx <Z(G) (2)
where £(G) is the likelihood function

n
LG) = 1 £(x;) (3)

i=1
determined by a random sample XysXgseoe sy from an unknown
population density fo.
Geman and Hwang [l] have described the connection between
this optimization problem and nonparametric maximum-likelihood

of

-}

estimation. In brief, if we specify a sequence {om n=1

positive values with O + 0 as m+ «», then the sequence of sets
S, = {f : £ =2¢_ #G, G an arbitrary cdf}

m
defines a sieve of subsets of Ll' the so-called convolution

sieve. The method-of-sieves (i) fixes an index m, depending

—~—

ey
e
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on sample size n and on the sequence {am}, (ii) seeks the
4
solution G of (2) determined by the sample {xi}2=1 and O

® X
and (iii) forms the estimator £ = ¢_ G .
m O, M

The familiar Parzen-Rosenblatt kernel estimator fits
within this framework. The kernel estimator prescribes G to
be the empirical cdf. One motivation for introducing the
convolution sieve is to study the relationship between the
kernel estimator and ones derived through the principle of
maximum likelihood.

Our characterization theorem for G* exhibits a rather
close relationship between f; and the kernel estimator based
on the Gaussian kernel. We shall show that the solution G*
of (2) is a discrete cdf and that it contains no more than n
points in its support. Thus, the estimator f; obtained from

the method-of-sieves admits a representation of the form
£ 3 )
m(x) = j41 pj ¢om(x Yj ’

analogous to a familiar form of the kernel estimator. In

contrast to the kernel estimator, the support
n

i=1 and, in

{yj} of G* does not coincide with the sample {xi}
general, the weights {xj} will not be identically equal to
n'l. Computational experiments with closely related sieves
strongly indicate that the number q of points in the support

of G* will typically be much smaller than sample size n.
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2. Characterization Theorem

Theorem. Let Xy 9Xppeoer Xy be a random sample from a population
with density fo. Let 0 > 0 and consider estimators f of f0
defined by (1).

(i) There exists a solution G* of the maximum-likelihood
problem (2)-(3).

(ii) If G* satisfies (2), then G* is a ‘discrete cdf with
finite support. Denote supp(G) = {sj}?zl. Then q < n.

(1ii) I3 X1y = min({xi}?=1) < max({xi}?=1) = X(n)°

.

- q q
then X(1) < mln({sj}j=1) and max({sj}j=1) < X(n)

’

Proof: We may assume, for convenience and without loss of
generality, that o=1. The sample values can be rescaled,
setting §i = xi/o, if o#l.

The maximum of &(G), if it exists, will be attained by 13
cdf with support in [x(l),x(n)]. To see this, consider an

arbitrary right-continuous cdf G and defined G0 in terms of G by

0 , for x < x(l)
Gy ((-=,x]) = G((-=,x]), for X(1y £ X € Xy
1 , for X(ny £ X

G, is designed so that Go({x(l)]) = G((-w,x(l)]) and
GO({x(n)}) = G([x(n),w)). Since ¢ is monotone on the separate

intervals (-«,0] and [0,»), we have
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¢(x-y)G(dy}] and

¢(xi'x(n))Go({X(n)})
-0

*(n)

Tt -
f $ (x-y)G(ay).

v

¢(xi-x(1))Go({x(l)})
Consequently (¢tGo)(x) > (¢%G) (x) for all x in [x(l),x(n)] and
hence Z(G,) > £(6). ’

The existence of a solution G* of (2) follows from (i)
the compactness of the (tight) family of cdfs having support
in [x(l),x(n)], and (ii) the observation that %£(G) is a
bounded and continuous functional on this set of cdfs, i.e.
continuous with respect to the topology of weak convergence.

Let G* be a solution of (2) and set f* = (¢$£G*). A

variational argument characterizes the points in the support of

G* as roots of a transcendental equation. "Let s be an arbitrary

point in the support of G*. For any € > 0 and for any z, define

a2 measure Hs,s,z by
= Gk - -
Hs,e,z(B) G*((s-e,s+e] n (B-z))
Hs e 2 is a rigid chift through distance z of G* restricted to
’ ’
® *
- 3 = ®_ 1
(s-e,s+e}. Define GS’ G Hs,e,O’ Then Gs,e + Hs,e,z is a

cdf for any z, and :t may be regarded as a loucal perturbation

near s of G*.

= ox[G. _+H ] and observe that £% = f£_

Set
s, S,E S,E,2

€,2
Since nf*(xi) is maximal, we have

_d %
0 = a—z— lgl ].Og fS,S,Z(xi)lz=0

,E,0°
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Evaluation of the derivative gives

0= T o & eeH_ ) (xy)
i=1 f*ixii dz S$,€,2 l
S+¢
.y 1 4 cy-7)G*
- I ey & Le 6 Cxy-y-2)GA (@) |
S+¢
= 121 1 [ (x;-y)o(x,;-y)G*(dy).
is1 f*ixii ! . i i

Dividing this expression by G*((s-e,s+€]) and letting € + 0
yields

n (x -s)

2 TTT—_T $(x;-s) =
for any s in the support of G*.

Now consider the function

(x;-y)
T(y) = X fr(~—y $(x;-y).

The support of G* is a subset of the set of roots of T.
Properties of this set follow from the connection of T with

an extended Tchebycheff system., We can re-express T as

e-yz/z n -xi/z x5y -xi/Z x5y
TO) = S—— ) [xje * et - ve M1
T i=1
vl n X:Y X.Y
= eV /2 [ )) (a e oy b; ve 1 )].
i=1

The expression in braces is a simple linear combination of the

X.yY X:Y
2n functions [e 1 , Ye ]i=1‘ When the xi's are distinct, this

s
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set is an extended Tchebycheff system of order 2n. (And of
course if {xi}2=l is a random sample from population density
fO’ then the xi's are distinct w.p.l. If the xi's were not
distinct, we could reduce the order of the system accordingly

to express_T(y) in terms of an extended Tchebycheff system with

fewer than 2n elements.) The Tchebycheff property implies:

(i) Zo = {y : T(y)=0} has at most 2n-1 elements, and

(ii) ¥ = {y : T(y)=0, T'(¥) < 0} has at most n elements
(Karlin and Studden [3]).

Since the support of G* is contained in ZO, G* is discrete with
at most 2n-1 jumps.

In order to show that G* has at most n jumps, it suffices
to show that the support of G* is actually contained in Z+',
i.e. that T'(s) < 0 for any s in the support of G*. For f*,

We can now write

f*(x) = jgl pj ¢(X'Sj)

where {sJ}g}=1 is the support of G*, q < 2n-1, P, > 0, and
g p; = 1. Set s=s,, for fixed & between 1 and q. Let e > 0
1
and define a perturbation fe of f* by
Py Py
£.(x) = j;g Pyd(x-5;) *+ 7= ¢(x-s*e) + y= ¢(x-s-€).

The density fe admits a representation of the form (1) and

f* = fo. Since Hf*(xl) is maximal,

-~
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T
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n
1 log f_(x;:) < 0.
i=1 € tile=0

Q-NIO-
n 1w~

v
- -

Straightforward calculation yields

L

———

n
,21 log £_(x;) =p, T'(s),
1=

Q:JQ-
m N

e=0

U

and hence, as claimed, T'(s) < O.

Finally, to confirm the last statement in the theorem,
observe that if s < X(1) for some s in the support of G*, then

¢(xi-s) is strictly increasing for sufficiently small increases

)
i

Pon——

in s and for all X;, except perhaps x(l). Further,

gg ¢(x(1)-s) > 0 as long as s < x(l); hence nf*(xi) is a
strictly increasing function of s, contradicting the maximum-
likelihood property of G* and £*. The same reasoning precludes

D

s > x(n)- 4
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3. Concluding Remarks

The characterization theorem was anncunced in the paper
by Geman and Hwang [1], where consistency questions for f* are
analyzed. The consistency results guarantee that £* - fo
in Ll-norm, with probability one, provided that o -+ 0
sufficiently slowly as sample size n -+ «,

H. Robbins recently restimulated interest in the maximum-
likelihood problem per se during his lecture at the NASA
Workshop on Density Estimation and Function Smoothing at
Texas AGM University, March 11-13, 1982. Professor Robbins
recalled his 1950 formulation of the maximum-likelihood
problem (1)-(3) in [4] wherein connections are made with

statistical decision problems.




1]

(2]

(3]

(4]

[,

—t

References i.

S. Geman and C-R. Hwang, Nonparametric maximum-likelihood .
estimation by the method of sieves, to appear in Ann.
Statist.

U. Grenander, Abstract Inference, John Wiley § Sons,
New York (1981).

S. Karlin and W.J. Studden, Tchebycheff systems: with
applications in analysis and statistics, Interscience,
John Wiley § Sons, New York (1966).

H. Robbins, A generalization of the method of maximum
likelihood: estimating a mixing distribution (abstract},
Ann. Math. Statist. 21 (1950), 314-15.

(S

.
st

e N e gt s e mn g T + -y x b o ¢ gy g e
v 5 e . e RN BRI T - e % el vt s e & JVRAR g e e
; N s . T . - 3 oy
N > e T s s ;oomt T e ~*, 5 P L e

it b, el i Lo nalisk ik e A SOt S A & PRI F S 2 S W PP




X

he

- §
- N . e
LIRS Y S vohdrh i S i oo it s A st i W il 5 2 e N, " i e




fomed o) P v Sond Ckoxd

) WP |

5“4

Remote Sensing of Temperature Profiles

in the Atmosphere

by

Finbarr 0'S4llivan
Department of Statistice
Unijversity of Wisconsin

1210 W. Dayton Street

Madison, W1 53706

April 1982

Presented at the MASA workshop on "Density estimaticn and function
smoothing” held at Texas A&M March 11-13, 1982.

This research was supported by the USARD under Grant No. DAAG29-80-K(C042.

~t
:

gl A Z e a

r
g’!
e

i i

2y




OF FouR Quakiny

1. Introduction

Remote sensing of the atmosphere is a rapidly developing science.
Today's metecrological sateliites such as those in the TIROS-N serfes have
high resolutior instruments on board which measure the intensity of
upwelling radiation in selected channel frequencies. A description of the
data retrieved by the radiometers on the TIROS-N type satellites can be
found in [7]. From these data it is possible to obtain information on the
atmosphere's temperature, mofsture and wind structure. One of the goals of
the current Satell{ite Metenrology program is to improve the quality of
atmospheric information obtained from satellite soundings to a point where
it can be used for weather forecasting purposes. A major challenge in this
direction is to develop refined numerical and statistical methods for
inverting the equations of radiative transfer given a finite number of
noisy measurements.

For a non-scattering atmosphere in local thermodynamic equilibrium the
radiative transfer equatfons (RTE's) describe how the satellite upwelling

radiance measurements relate to the underlying temperature distribution T:-

Po
300 = o rteg) e, (o) - | B,[T(p)gor, (p)dp (1.1)

where p, is the surface pressure, rv(p) is the transmittance of the
atmosphere above pressure p at frequency v, and B/ is Plank's function

given by:-

. P——
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B LT(RIY = cpv’ fexpleyv/T(p)) - 1)
¢, = 1.19061X10" erg-cn’-sec ™" (1.2)
¢, = 1.438€8 cm-deg(K)

The R.T.E's are of course an ideaiization. Tiiey describe the inten-
sities the satellite radiometer would record in the absence of such things
as atmospheric attenuation due to clouds or instrument nofse. However,
by using high resolution radiometers l1ike the HIRS or AVHRR, sets of
intensity m2asurements from many FOV's (fields of vision) can be combined

to obtain data of the form

z; = ﬁui(T) + ey i=1,...,n (1.3)
where ei's are errors. These data relate to an area of about 119 by 140 km
on the earth's surface. See [6] for more details.

We are interested in refining the methods used to obtain temperature
distribution estimates from the above data. The procedure currently used
to process TIROS-N temperature sounding data is a linear regression
technique sea [6]. Here we begin to discuss how the method of regulariza-
tion (M.0.R.) might be used {o improve the quality of temperature profiles

obtainable by this procedure.
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Let T be the true temperature profile i1 the atmosphere. Then T can be

written as

T= Tb + 8 (1.4)

where To is the current best quess of T and 6 is the update or correctfon

to TO to be estimated from the data {zi} in hend. Using M.0.R. to estimate

§ involves consideration of a functional IA given by

n Po
1,(6) = ,Zlfzrjv”o*“]z ay (s (p) 12 ap (1.5)

and picking the estimated update Gk to minimfze this functionall over some

class of physically plausible candidates, for instance the set of functions

§ in Wzm[o,po] for which T0+5 is positive or perhaps, if the location

of the temperature inversion were reliably known, one would look for mini-

mizers of I, stbject to an additional constraint involving temperature

inversion.

The statistical reasoning for considering regularized estimates of this

type is well documented in the 1iterature, swe for example [3] and [1].

Intuitively &, has been designed to match the observed data and possess

certain smoothness qualities. The parameter )\ controls a tradeoff between

Po
the smoothness of a solution (measured by [ [Gx(m)
0

1p)1%dp) and how well it

[1] This corresponds to the case when the measurement errors are iid N(O,oz).
A more "robust" method would be to consider functionals of the form

p
n 0
_ (m) 2
1,(5) = 1.letzi-ﬂvi(Toﬂs)] +2 é [s'™ (p)1°dp

where p reflected the possible non-Gaussian nature of the noise.
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: n
! matches the data (*he [ [zf-% (T0+6x)]2 term).
=) i
{ Inverting the R.T.E.'s with nofsy data can be viewed as a special case
of a more general situation {n which the scientist wishes to estimate a
i function x given data
g_ zy = Ni(X) e 1=1,...,n (1.6)
} where x is in some Hilbert space H, the "i.s are non-linear functionals
and ei's are noise. Here, assuming the ei's are 1id N(O,az), an
}
! . appropriate regularization function Ix is
} n 2
i L(x) = ] [z-N(x)]" + 20(x) (1.7)
i=1

where J is a roughness penalty functional on H. To estimate x one proceeds
to minimize IA over some subset of physical interest in H. This report
summarizes recent results we have obtained on the existence and numerical
approximability ot minimizers of such Ix's in certain subsets of H. We
indicate how these results apply to the radiative transfer equations case.
There are three sections: section 2 talks about the existence theory;
a Gauss-Newton algorithm for minimizing the regularization functionals is
outlined in section 3, while the final section briefly describes how to
| estimate the smoothing parameter using a first order approximation to the
generalized cross validation function given in [8]. We assume the reader
is familiar with the basic mathematical tools for discussing minimization
problems in Hilbert spaces. Part 1 of Ekeland and Temam's book [2] is an

inspiring introduction to this subject.
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2. Existence Theory

Preliminaries

Before describing our main results, let's pause a moment to get our
notation straight. H is a real Hilbert space with inner product <+*,*> and
norm {l-ll (so <x.x>=||x||2). P is a projection operator in H with finite
dimentional null space; the complementary projection 1-P {s denoted by P0~
H* is the dual space of H, {.e. the space of all continuous linear maps
from H into R. L(H,H*) {s the space of linear operators from H into H*,

We will discuss functionals, I say, acting on H (50 I: HsR). The first and
second Frechet derivatives of I at some point xeH will be denoted by I'(x)
and I"(x) respectively. Think of I'(x) as an element of H* and 1"(x) as

an element of L{H,H*). Our concern here is with regularization functicnals
xx on H given by

n 2 2
L{x) = ) Cz-Ni(x}]7 + alipxid (2.1)
i=1

where Ni's are functionals on H, z.,'s are 1n({, xeH and A>0. Whenever we

i
write I, the form (2.1) will be what is meant. So we are considering requ-
larization procedures in which the roughness penalty J(x) is a semi-norm on

H given by J(x) = Illelz.

Main Results

We now specify conditions on the non-linear functionals Ni which
guarantee the existence of minimizers of IA in closed convex subsets K of
H. In the R.T.E. case a reasonable choice for K is the set of all func-
tions in Hzm[o,pol for which T0+6 is positive. It is very easy to check
that this K is a closed convex subset of wzm[o,po] for any m. Our

existence results are summarized in the following three theorems.
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Theorem 1 (proof in [2] pp. 34-35).

Let K be a closed convex subset of a Hilbert space H. Suppose Ix: K+R 1is

coercive on K (i.e. Ix(x)fw as |ixl{+= in K) and moreover that Ix is weakly

lower semi-continucus (w.l.s.c.)} on ¥ then IA attains its infimum on K.

Let ¢: R+R be a monotonic increasing function in the modulus of its argu-

ment. Suppose

(1) f ¢(Ni(x)) is convex on K
i=1

n
(i1) ) ¢[Ni(x)] = ¢<=> P x = P 6 for some 6 in K
1= o 0

then Ix is coercive on K.

Remark: The above theorem can be generalized somewhat but we refrain from

doing so because the form given has more intuitive appeai.

Theorem 3

1f N is weakly continuous (w.c.) on K for each { then Ix is w.l.s.c. on K.

n
Proof: If the Ni are w.c., then it surely follows that § [zi-Ni(x)]2 is

i=1
w.c. But IIPxII2 is well known t0 be w.l.s.c. Therefore IA is

w.l.s.c. QED
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Application to the R.T.E.'s (see [4] for details)

The ﬂv arising here can be shown to satisfy the hypotheses of Theorem 2
i
with ¢ taken to be

o{x) = |xl. xeR

Also, each 5v is w.c. We therefore have that for each

i
20,3 5,¢K = {aewzm[o’po] To+a>o}, s.t.

p
1,(6,) = min [z, (T, +8)] + af [8'7°(P)]"d
AT sek {121 i QH 0 é Pl

There exist regularized solutions to the R.T.E.'s.

3. A numerical procedure for minimizing Ix in X

Let xk be the kth approximation to the minimizer in X of IA' Define

the functional ka on K as follows

n
RO I E TR O R U S s Y TS N R )
i=1
k k+1
each N fs simply linearized about x*, pefine x* ' to be the minimizer in

k
K of Ix . )
Under suitable regularity conditions the iterates x are well defined

and can be shown to satisfy

*
!

n
Rk LR s e, o)t 6
1= (3.2)
xk

m

- A'l(xk)l'(xk)
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That this equation makes good sen.e ¥s evident once one realizes that A(xk)
belongs to L(H,H*) and IA'(xk) is in H*.

Those in the know will have recognized that the above procedure is
nothing more than an infinite dimensional version of the Gauss-Newton
algorithm. The finite dimentional case is discussed in [5]. The major
advantage of using a Gauss-Newton procedure to minimize our regularization
functionals is the ease with which successive interates can be obtained.
At each stage we have a regularization problem involving linear func-
tionals, the Ni'(xk)'s, consequently we can take advantage of available
software tools.

With the appropriate assumptions it is possible to show that the proce-
dure is a decent method and the sequence xk converges at least R-l1inearly

to a critical point of I, in K.

Theorem 4 (proof in [4]).
Suppose that the Ni(.)'s are twice continuously differentiable and

Ni'(.)'s are w.c. on int K. Let x%¢ int K be such that
o _ o
L = {xiI, (x) < 1, (x)}

is weakly compact and Ix has only finitely many critical points in L° |

Moreover, suppose that HgHHy Yy all positive with uo-LQy1>0 satisfying

u0||n||2 < <h,Alx}h> < u]llhllz, I, *(x)hh < Y]nhn2 vxel®, heH

k
then the sequence of iterates {xk}g L%, 1im x = x* where 11'(x*) =z 0 and
k
if IX"(x*) is non-singular, then the convergence is at least R-linear.

The proof follows an argument similar to that used in 14.4.6 of [5].

. - o s - e T - i R N
A & iz i i e i T2 it g, KRR T A PPN 1) LIPVEVOR I~ il S Yo a b

e B e e




E Fol 3 i

4

g - .
it Tt o b 0 N e, ot i, o 3 o P 5 ks i it

S

OF POGL YAk«

4. The choice of A

The generalized cross validation method for choosing A works as follows.

Let xA[k] be the minimizer2 in X of

n 2 2
121 [zi-Ni(x)] + allpx|i (4.1)
{+k

Then X is chosen to minimize

n 2
a2 et b T

Vir) = (4.2)
) 3 ]2
01-= 7 a,,*(1)
Moy Kk
where Nk(xx[k]) is the prediction of 2, given the data 213Zy0e 002y
* L] " ]
2,402, and 2 (x) is the “differential influence" of the z, th data
point on the estimate x, (xA is the minimizer in K of Ix)'
My O, T (x, )
a . *1) = (4.3)
Kk N, (x, (K1)
k" k

From a computational viewpoint V(1) 1s prohibitively expensive so one needs
to find some convenient approximation. Following Wahba [8], V(1) can be

approximated by

1R 2
BACENERS

v {A) =

(4.4)
approx [1-u, (177

{2] Assumed to be uniquely defined.
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where ¥y given by

1 3“k(xx)
Ay = 2§ —5—
1 "k=1 azk

is an easily computed functional of X, . We hope to study this procedure

more closely in the near future.
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QUANTILES, PARAMETRIC-SELECT DENSITY ESTIMATION,
AND BI-INFORMATICN PARAMETER ESTIMATGRS

by
EMANUEL PARZEN

Institute of Statistics
Texas A&M University

Abstract

This paper outlines a quantile-based approach teo tratistical
analysis and probability modeling of data which formulzres
statistical inference problems as functional inference groblems
in which tne parameters to be estimated are density futctions.
Density estimators can be non-parametric (computed inlspenden<ly
of model identified) cr parametric-select {approximatei by finite
parametric models that can provide standard models whzie fit
can be tested). Exponential models and auturegressive models
are approximating deusities which can be justified as maximum
entropy for respectively the entropy of a probability density
and the entropy of a quantile density. Applicationz <f these
ideas are outlined to the problems of mcdeling: (1) urivariate
data; (2) bivariate datz and tests for independence; zd (3)
two samples and likelihood ratios. It is proposed thzc
bi-informaticn ectimation of a density function can i developed

by aralogy to the problem of identification of regression models.
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1. Statistical Science, data analysis, and Buffalo snowfall

Statisticians complain about the failurse of universities
to adequately educate students on how to analyze statistical
data. At the same time some statisticians state that data
analysis is an art, and thucs cannot be taught. When these
statisticians speak of statistical science it is difficult to
imagine to what they are alluding since they scem to
sneeringly reject all attempts to reason, and reach consensus,
about the evaluation of methods to be used as part of the process
of statistical data analysis.

I would like to propose a data set which I believe provides
a useful test case for various approaches to data analysis,
namely the annual time series of snowfall in Buffalo, N.Y. The
segment of that series which I will discuss is 1910-1972,
although it has many interesting features when extended to 1981.

The data analysis question to be considered is- What probability

distributions can be used to describe Buffalo snowfall. An

ever-present hypothesis to be ccnsidered is whether Buffalo

snowfall is normal.

2, Functions that describe probability distributions

The probability law of a continuous random variable X can

be described by one or more of the following functions:
(1) Distribution Function F(x) = Pr [X<x]

(2) Probability Density Function £(x) = F'(x)
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(3) Quantile Function Q(u) = F (u)

= inf {x: F(x) > u}

= inf {x: F(x) B-u} if F is continuous

= x such that F(x) = u 1f F increasing at x
(4) Quantile-Density Function q(u) = Q' (u)
(5) Density-Quantile Function £Q(u) = £(Q(u))

Theorem: For F continuous

FQu) = v , fQ(u) q(u) =1

3. Raw functions that describe samples

Data Xl""’xn is called a random sample of X when
N Xyv.oou X are independent random variables identically
— distributed as X. An important role in the analysis of a sample

is played by the order statistics X(l) < X(2)<...< X(n)

(1) Sample Distribution F(xX) = fraction Xl""'xn <x

= 1
(2) Sample Probability Density, or Histogram, estimates

f(x) by a numerical derivative

F(x) = FQxth) th(x-h)

F~L(u)

(3) Sample Quantile 6(u)

-1
X3y BHEew <

A universal display of any data set is provided by the quantile

box plot introduced in Parzen (1979).
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(4) Sample Quantile-Density is a numerical derivative

= Q(uth) - Q(u-h
Q(u)"Qu ZhQU)

(5) Sample Density-Quantile = Eé(u) = lli(u).

An important formula is

- s 1
E®5y) = £QGED = 2 1+ K (yuqy-X 510 )

4. Smooth functions that describe samples and estimate

probability distributions

The functions F, £, Q, q, £fQ that represent the true
probability distribution of a random variable X are estimated by
smooth functions f, E, 6, a, Ea which are derived from the raw
descriptive functions E, E, 6, a, Ea. One distinguishes between
parametric and non-parametric methods of estimating smooth
functions.

A parametric estimation method : (1) assumes a family

Fe, fe, Qe, Qg feQe of functions, called parametric models,

which are indexed by a parameter 8 = (91,..., ek); (2) forms
estimators 6 = (61....,6k) of 8; (3) forms smooth functions by
F(x) = Fg(x), £ = £500,
Q) = Q3(w), q(w) = gq5(w),
£Qu) = £5Q5 (u).
A non-parametric estimation method forms estimators which

are not based on parametric models. Imvnortant examples of

non-parametric estimators of a probability density f£(x) and a

N Pl
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quantile-density q(u) are respectively

Bx) = ¢ I° k&Y dF (x) |

q(u) = % 11 KRS do(u)

for suitable kernels K(-) and bandwidth §.

5. Parameter estimation and information divergence

When a parametric model fe is assumed, parameter estimators
® are often determined by minimizing a 'distance'" Dbetween £f(x)
and fe(x). A '"distance" between two probability densities f(x)

and g(x) is denoted I(f;g) and is called an information divergence

between f(x) and g(x). It is usuilly not symmetric in f and g.

It does not satisfy the triangle inequality for a metric. But

it does satisfy I(f;g) > 0 and I (f;g) = 0 if and only if f =
The most famous, and most important, definition of

information divergence is i

1 (f+s) = f - log{%ﬂx)} f(x) dx "

called the information divergence of order 1, or Kullback-
Liebler information divergence. Information divergence of

order o is defined for o>0 (but o # 1) by

I (fig) = IE% log !: {%?_% 1 %£(x) dx.

The most important values of a are 0.5<a<2.

Bi-information divergence is defined by

II(f;g8) = [7|log {ﬁ%ﬁ%}lz f(x) dx; '

it may be regarded as related to Iz(g;f).
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I,(f;g) = H(f;g) - H(D)
defining
H(E;g) = [° {-log g(x)} f(x) dx,

H(E) = H(E;£) = [ {-log £(x)} £(x) dx. *

We call H(fig) the cross-entropy of f and g, and call H(f) the
entropy of f.

Maximum likelihood parameter estimation can be shown to
be equivalent to minimum cross-entropy estimation. The

likelihood function of a parametric model fe is defined by

L(fy) = log £,(X . ....X))

n .
= tzl log fe(Xt) i
One may verify that

L(fe) = n ]m log fe(x) d%(x)
= -n H(E; £,).
The maximum likelihood parameter estimator 6, defined by

max
L(fg) = ™F L(£y) .

clearly satisfies

< min =
H(f;fa) = H(t;fe).

It also satisfies

F.e-y & MiN pt
I, (£:£3) o Il(f'fe)'
In general parameter estimators  are found by minimizing

Iu(E;fe) or Ia(fe,f). Chi-squared estimators minimize IZ(fe;%)
while modified chi-squared estimators minimize Iz(g;fe).

v N
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To compute Il(f;fe) one needs to compute H(f). A useful

formula for accomplishing this is

H(f) = [“{-log £(x)} dF(x)

1 {-log £Q(u)} du

log q(u) du.

/
-t

The value of Il(f;fa) can be used to test the goodness of fit

of the parametric model fe.

6. Information and bi-information parameter estimation, and

comparison distribution functions

Given a sample with sample probability density function E
and parametric model fe, one can form diverse parameter
estimators, denoted 8 and §, corresponding to two choices of
information divergence which we take to be: (1) ll(E;fB)' and
(2) Iz(fe;g) or II(E,fe). We call 8 and g diverse parameter
estimators. For greater precision we call 8 the brder 1)
information estimator, and § the bi-information estimator.

When the parametric model fe is exact, the diverse
parameter estimators have equivalent statistical properties;
they are both asymptotically efficient estimators, and are not
significantly different from each other.

When the values of & and 8 computed from a2 sample are

significantly different one should suspect that the parametric

model fe does not fit the data. The Shapiro-Wilk statistics

- ~ - . ¢
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for testing normality and exponentiality can be regarded as
comparing diverse estimators which minimize information of
order 1 and 2 respectively.

One can interpret 8 and % as parameter values of "best
approximating' models.

One wishes to evaluate Fg(x) and F§(x) as smooth estimators

of F(x). For any parameter value g, define

-~

Dy(u) = Fg(Qu))

which is the sample quantile function of the transformed

- random variables

Ul = Fe(Xl),...,Un = Fe(Xn).

The true parameter velue 6 has the property that Ul”"'Un
are distributed with a uniform {0,1] distribution. Then
parameter estimators § and g are compared by the character of
the closeness to the identity function D(u) = u of ﬁa(u) and
5g(u).

We call Be(u) a comparison distribution function. Its

derivative
- LR '
dg(u) = {Dg(w)
plays a basic role and is called a comparison density; formulas

for the comparison density are
dg(u) = £,(Q(u) q(u)

£,(Qu))
£ Q)
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An alternative comparison density introduced in Parzen

(1979), is

d(u) = £,Qy(u) q(u) ¢ oy,

0 = [' £,Q(wW) a(w) du,
(o]

D(u) = " d(t) dt
o
where foQo(u) is a specified density-quaitile function.
Parameter estimators can be justified as minimizing

information divergence

-~ —1 - _ ~‘
Il(de) = g -log de(u) du = Il(f’fe)
11(5 ) = ]1 |1lo d (u)|2 du = II(f;£.)

8 & % e

(o]

I (d) = 2 log c{l {d, (w3 %du

2

fHag - 112 au = 1 jag(? du-l
[0} (o}

These measure the closeness to 1 of de(u), or the closeness to
D(u) = u of De(u). However the final decision about parameter

estimators should be based on visual inspection of the graph of

50<u).
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Another consequence of considering information of order
a is that we can unify the estimation criterion used to form
maximum likel<‘hood estimators with the estimation criterion i
used to form Gaussian time series parameter estimators: !

Te L 1 £
ISP (f,fe) log 6[ W dw , !

where £ and fe are spectral densities. It is comparable to

12(36) = log ]1 £9§51_ du
o £,Q(v)




7. Statistical inference reduced to density est.mation

The quantile approach to statistical data analysis being
developed by Parzen [since Parzen (1979)] is based on the ‘
proposition that conventional problems of statistical inference
concerning (1) a random sample Xl""’xn' (2) a bivariate
sample (xl'Yl)""'(Xn’Yn)' or (3) two samples xl,...,xm and
Yl....,Yn should be transformed to problems of functional
inference, estimating and testing hypotheses about dewnsity
functions d(u), d(ul'UZ)'""d(ul"'"“k)' on the unit interval
O<u<l, unit square O<uj,u,<l, unit hypercube O<u;,...,u.<l. To

illustrate how this is done consider the following problems.

Modeling Bivariate Data and Tests for Indpenedence. Let

X and Y be continuous random variables with joint density
function fx Y(x,y). The hypothesis, Ho: X and Y are independent

can be expressed

Ho: fX.Y(x,y) = fo(x) fy(y)

or in terms of information divergence I

fy(x) fy (Y)

by
Ho: I(fX,Y; foY) =0

Define

D(Ul.uz) = FX,Y(QX(ul)’QY(UZ))
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2
3
d(ul.uz) = 33{3;; D(ul’“2)

. fX.Y (Qx(“l) ’ QY (‘-12) )
£xQg(uy) £yQy(uy)

We call d(ul'“Z) the quantile dependence density.

The hypothesis Ho can be expressed
Ho: D(ul,uz) = U, u,, d(ul,uz) = 1.

One can verify that

1 A
Il(fX,Y;foY) = £ g {1log d(ul,uz)} d(u;,u,) duydu,

= - Hl(d(ul'“z))

Thus estimating the information divergence between fX Y and
»

ffo i1s equivalent to estimating the negative of the entropy of
d(\ll, uz) .
Estimators dm(u) dependent on a finite number of parameters

can be formed from the raw estimator
D<ul'u2) = FX,Y(QX(“I)' QY(uZ))'

Modeling likelihood ratios and testing eguality of

distributions. Let X and Y be continuous random variables.

The hypothesis

Ho: Fx(x) = FY(x). or fx(x) - fY(x)

- - T -
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can be expressed in terms of information divergence

o fx(x)
I(fy:fy) = Im -log I, dF, (y)

= 1 -10g dw) du
(o]

= -Hqd (d(u})

defining the comparison distribution function and comparison

density function

d fx(QY(U))
D(u) = FyQy(w), d(uw) = F5 D(w) = £y (Qy(u))

Estimating the information divergence between fy and fy is
equivalent to estimating the negative of the entropy in the

quantile-density sense of the comparison density d(u).

8. Parametric-select density estimation and Maximum Entropy

A density d(u) = D'(u) can be approximated in many ways
by sequences dm(u),m=1,2,... of functions which converge to
d(u). For m=1,2,..., let am(u) be an estimator of dm(u); the
sequence am(u) then estimates d(u).

1f dm(u) corresponds to a standard finite parameteric
model d(u) for which one could consider testing the hypothesis
that dm(u) provides an exact model, we call dm(u) a parametric-

select representation, and d_(u) a parametric-select estimator,

M 5 PO
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to indicate that we are free to select the number of parameters
in dm(u)tn provide an adequate approximation or representation
of d(u).

We call dm(u) a non-parametric representation, and am(u)
a non-parametric estimator, if dm(u) does not correspond to a
standard firite parameter model which could be interpreted as
an exact model.

An important criterion for developing the functional form
of exact models for densities is the maximum entropy principles.

A density f(x), ~-~<x<w, which maximizes entropy
H(f) = ]m{-log f(x) }f(x) dx subject to constraints

-0

/7 Ty £(x) dx = 15, §=i,....k,

where T1(x) are specified functions (called sufficient statistics)

and Tj are specified moments can be shown to have the representation,

called an exponential model,
k
log £(x) = jzl ej Tj(x) - v(el,...,ek)

where

k
¥(81,....8,.)= log !w exp {jzl ej Tj(x)} dx
guarantees that f£(x) integrates to 1.
A quantile function q(u), 0O<ucl, which maximizes entropy

Hqd(q) = J!
(o]

log q(u) du subject to the constraints

Sy AR -k e o e u T te . - m - JEE T T ey
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[1 exp (2niuv) £ Q (u) q(u) du
2 = , v=0,+1,...,
)

where foQo(u) is a specified density quantile function must have

the representation, called zn autoregressive model,

-2
- 2 2niu 2mium
q(u) qo(u) % |1+um(1)e +...+am(m)e |

9. Exact-Parametric and Parameter-select Estimation of

Probability density Tunctions using Exponential Models

Two important exponential models for a dersity f(x),

-w¢x<eo are the normal density and the gamma density.

The normal Jjensi’y, denoted Normal (u,o)

\ (x)

1 X-u
“m,0 G o( g '

2

1 exp -~ % x

)
I

is exponential with sufficient statistics Tl(x) = x and

Tz(x) = xz.

The Gamma density, denoted Gamma (r,)\) where X = 1/o,
_ 1 X
fr,o ) =35& G .

r"l e"x x>0 ,

1
fr(X) = m}' X

=0 . x<0 ,
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~5 wapuaentlal with sufficient statastics Tl(x) = x and Tz(x)
= log x.
A location scale parameter Gamma density
g = 1§ (X
r,u,c (x) o fr( ] )
is not an exponential model. We can treat it as one by
estimating u (say, by tne minimum X(l) of the random sample

r,a(x)'

The hypothesis that the data is fit by a normal distribution

Xl.....Xn), and treating Xj-ﬁ as a sample from £

versus the hypothesis that the data is fit by a Gamma
distribution can be tested by forming an over-parametrized

exponential model with sufficient statistics
T, (x) = x, To(x) = x2, To(x) = x>, T,(x) = log x
1 ’ 2 ’ 3 ’ 4 g X.

The (order 1) information divergence, or maximum likelihood,

~

estimators 6y, 0,, B3, By, which minimize information diversgence

of order 1 jl -log ée(u) du, may be found for an exponential

model by sclving
1. = Ea[T,
Ty T EglT;]

where Tj = Ee[Tj] is estimated by

~ "f 1 (
T, = = Z T, (X,/5y)
3 j n I
é '
. A
E R - o,
- - N > - - ‘é"’sx
- -1
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v
The bi-information divergence estimators 8y 52. 63. 54.

which minimize information divergence flllog de(u)lzdu, may
o

be found using least squares regression analysis techniques by
minimizing with respect to 61,....6k the sum of squares
n-1

Zz |log E(X(j)) - {log E(Xj)}—

-0y (Ty(K(gy) = T -eevby (T gy) - T

Stepwise regression is used to suggest parsimonious parametrizations.

Graphical procedures to determine which parameter values

, j=2,...,n-1, by

- . 3 a
fit best are as follows: estimate DO(E%T)

adding
dg (i) = £o(X(5)) + £(X(qy)

and normalizing the sum to go from 0 to 1. One inspects its

graph to see how it deviates from D(u) = u.

10. Case studies of bi-information density estimation

The density estimators corresponding to the bi-information
parameter estimates of the normal, gamma, and four-parameter
exponential models are presented for four simulated random
samples:

1) Exponential or Gamma (r = 1, o = 1)

2) Gamma (r=10, o =1)




3) Nornai (u = 0, o = 1;,

4) Contaminated normal: 100N(0,1),5N(10,1)

In addition density estimators, using bi-information
parameters, are presented for the data set of Buffalo snowfall.
Bi-information select regression estimation of the parameters
of a 4-paramential exponential model with sufficient statistics
X, xz, x3, and log x leads to the conclusion that Buffalo
snowfall obeys a Gamma distribution. It is equally well fit
by a normal distribution whose parameters are estimated by
minimizing bi-information rather than order 1 information.

The hypothesis that Buffalo snowfall is normal seems to be
acceptable, but one can question whether the maximum
likelihood estimators (sample mean and variance) orovide the
best-fitting normal distribution for Buffalo snowfall.

As in Parzen (1979), we reject a trimodal shape nrobability
density estimate for Buffalo snowfall, which has been found by
several non-parametric density estimation techniques;

including Tapia and Thompson (1978).

0
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This paper discusses the strong consistency, asymptotic normality,

LN8R TENMA A

Consistency and other large sample
properties of maximum likelihood
estimates of mixture parameters

by

Charles Peters
Department of Mathematics
University of Houston
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Abstract

and asymptotic efficiency of maximum likelihood estimates of the para-

meters in a finite mixture of multivariate distributions, Ss well as the

asymptotic theory of some hypothesis tests for such mixtures.
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1. Introduction

The use of multivariate mixture analysis techniques for unsupervised .
classification of large amounts of data has been feasible at least since :
it was proposed and implemented by J.H. Wolfe in 1970, {341. Prior to
that time estimation of parameters in a finite mixture of unknown com-
ponent distributions had largely been confined to mixtures of a small
number of univariate distributions, primarily because of the numerical .
difficulties and computational requirements of parameter estimation in
larger mixture models. A variety of estimators for mixture parameters K
has been suggested, including moment estimators (Pearson [22] and Rao (261),
graphical methods (Blishke [ 41 Bhattaracharya [ 33, Cassie [ 63 and
Harding [15]) and least squares and min: chy squares estimators.

However, recent attention has o ¢ '« teen focused on max ~ym likelihood
estimation (Day [ 9], Hassc'iiad (17 ), Dick {101, Peters ana Coberly
{241, and Peters and Lalker {251.) and on nonparametric methods (Murray
and Titterington [21 3, and Hall (14 1).

As shown 1n the next section the likelih.~? equatrons for mixture
parameters are not explicitly <»t..iple and require the use of 1terative
methods of soiution. Because there ma., be multiple roots of the likeli-
hood equations, one 1s concerned that the 1terative method chosen con-
verge to the "right" solution, i.e., a consistent solution 1f one exists.

This issue is discussed by Kale [20), and also by Peters and Walker (25 ].
For mixtures with a known number of ccmponents, the asymptotic theory is

established rather easily using appropriate generalizations of the combined

S
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results of Cramer and Huzurbazar in the single parameter case [ 813,
[19]. For mixtures with an unknown number of components the problem is
more difficult and, in particular, the large sample theory of tests for
hypotheses about the number of components has not been worked out satis-
factorily. These issues will be discussed in more detail in Section 4
The use of multivariate mixture methods in the analysis of remotely
sensed data is, for the most part, as an alternative to clustering.
Used 1n this fashion, the method is superior to most clustering methods
in ease of wmplementation (with certain reservations) and in economy of
output - it tells the investigator only the most important facts about
the data distribution. Thus, the usefulness of mixture density
estimation in this mode depends solely on the reality of some prior
classification of the data 1nto subpopulations accurately described
by the given parametric family of component distributions. However,
there is a growing tendency to use large sample considerations, with
samples drawn from a multivariate mixture density, as a sta.dard for
judging clustering methods {11). B8y this standard then, provided the
expected consistency, nommality, and efficiency properties hold, the
maximum 1rkelihood estimate of mixture parameters is the ideal atternative

to clustering.

2. The Basic Likelihood Functions.

Let X be a random n-vector which is distributed according to a

finite mixture density of the form

m
(2.1) f(x| «,8) = Zluifi(xl 0,)
1:

. - . . aa v .
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where the mixing proportions a, > 0 are unknown parameters satisfying
m

(2.2) z
i=1

a; = 1

and the fi(xl Bi) are distinct members of parametric families

{f‘(xl ei)[ 0, « Oi} of density functions. For the remainder of this
section, we assume that m, the number of components in the mixture,

is known, and that the densities fi(xi ei) come from exponential

families ~

(2.3) fi(xl ei) = ci(ei)hi(x) exprqi(ei) . Ti(x)J

where 0, = Eq [Ti(X)J is the mean value parametrization and 0, € €,
i

an open subset of B{h » [21. Our aim is to investigate the consistency

of roots of likelihood equations for the parameters (a,8) , where

a = (ol....,am) and 0 = (01,...,0m) c Ol X ... X Om' for‘var1ous

types of samples. Mixture densities arise most naturally when 1t is

known that X comes from one of m populations Pl""‘Pm and cthat

the density of X giv.. that it comes from P. 1is of the form fi(xl Bi).

If e {1,...,m} 1is the associated random variable which designates

the population of origin, then a; = Problll = i]. The r.v. Il 1is usually

unobserved.

Independent unlabelled samples: (xl,nl),...,(xn,nn) are independent

and 1dentically distributed according to (2.1) and the n; are unknown.

The corresponding log likelihood functions 1s

(2-3) Ll(uie) -
J

" ™~3

log f(X_| «,0)
1 J

.
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Partially labelled samples: Here we consider two sample types, both

introduced by Hosmer (18], and studied in detail by him and Walker [331;
see also Redner | 291.

Type 1 - Fixed numbers Hl""’"m of samples are taken independently
of one another from each of the component populations Pl““‘Pm' Let
{xij}Tll be the sample from Py In addition a random sample XpreoosXy
is taken from the mixture (2.1). The log likelihood is

m M
(2.4) Ly{,0) = 151 jfl log fi(xijl 91) + Ll(a.o) :

Type 2 - After a random sample xl""'xN+M of size N+ M is
taken from (2.1), the originating populations of XN+1""'XN+M are
determined (with no error) and it is found that M1 of XN+1"°"XM
come from Pi' i=1,...,m. The log likelihood is

M1 M Mn
(2.5) L3((!.0) = log WPW (11 ...Gm + LZ(“’O)‘

In this expression Lz(a.O) has the same form as in (2.4), although

M ’Mm are random.

LERE

Samples 1n blocks: For making inferences about the agricultural makeup

of ground areas from satellite data, certain procedures have been decigned
which automatically delineate sets of geographically contiguous measure-
ments which come from the same population (Bryant, [ 51). Thus, the
data is obtained in blocks X, = X..peeusX:y » J = 1,...4p, where the

j i1 JNJ
corresponding "jk have a common value nj. Various kinds of dependence

can be assumed within each block leading to different likelihood functions

of the form
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p
(2.6) L4(a,e) = jleog Z a1 ij(x | e ),

jl""’xij given that

Hj = i, In deriving (2.6) it is assumed that the size of the block

Nj is independent of Hj, which may require careful stratification of

where fij(le ei) is the joint density of X

blocks by size. Finally, we remark that, in applications, samples of
each type are frequently degraded by missing components in the data
vectors. In this case, a likelihood function like (2.6) is appropriate
provided the pattern of missing components is independent of~both the
population of origin and the full data vector. The Xj in (2.6) become
the vectors of observed components. Note that not all of the scalar
components of 6, are necessarily identifiable in the density f‘J(XJl 0.).
The simplest model (2.3) well illustrates the complications of
maximum likelihood estimation. After introducing the appropriate Lagrange
mulitpliers and setting the derivatives of Lz(a,e) equal .to zero, the

following likelihood equations are obtained (see Hasselblad 17} and

Redner [29]).

N o.f (X.] 6.
(2.7) ai=.1ﬂz-a_i.ll___z.
j=1 f(X | «,8)
hNOfL (X e fo 0,
(2.8) 0,:,;_(,11__17( (I )
! 3=1 £(x! @,8) V9 Jlf(XIae)

In addition to the implicitness of the 1ikelihood equation a further
difficulty is that the likelihood function may actually be unbounded.
For example, if the f(x| 61) in (2.3) are multivariate normal, one of

the means is set equal to a sample value, and the corresponding covariance

i ’ (S oy - - > - - .
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matrix tends toward singularity, then L1 tends to infinity (Duda and Hart

[121). Redner [29) shows that L, has a global maximum if a penalty term

m
-2z H}:;lll2 is added, where A, £ >0 and Hzglll is a norm of the
i=1

inverse of the ith covariance matrix. For partially labelled samples the
Tikelihood function is bounded provided that each multivariate normal

population is adequately represented in the labelled portion of the sample.

3. Asvinptotic properties of the mle when m is known.

Llet X;,...,X be independent random variables with densities

1 N
fi(xil 60), g° ¢ 0, an open subset of R". When ve say that there is
a strongly consistent maximum 1ikelihood estimator we mean that given 2
small enough neighborhood U of the true parameter 0% the probability

is one that there is an interger N1 such that for N 2 N1 there is a

. N aLy(8) ~ L
unique solution eN of —5g— in U and that eN locally maximize
LN(G), where .

N
3. 8) = L (X.] 8) .
(3.1) Ly(0) j=1109 f5(x;1 0)

The estimator EN is asymptotically normal and efficient if
I P
CN’(GN - 8%) converges in distribution to N(0,1), where CN is the
Cramer-Rao lower bound

1 aZLN(e)1
(3. 2) CN = -Eeo[——a_é?—- e:eo

Under the regularity conditions to be assumed this is .

T
1 N 3 log fJ(XJI 8) 9 log fiﬁle 0)

(3.3) C,'= LE

N j=1 OO( 06 36 1

0=0°

7
I3
t
.
- b~
TN
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We observe that for all the sample types considered in the previous

section, there are only a finite number of distinct densitites fJ(le 0)
[ to be considered, whether the data has missing components or not (in
sampling by blocks, the block sizes are bounded.) In each instance, a

. straightforward modification of the following theorem and its proof

suffices to establish the required asymptotic properties of the model.

Theorem 1. Let {gj(yjl 8)]1<j=<p;06 0} bea finite set of para-
. metric families of density functions with the same parameter set ©, an
open subset of R". Let Xl, XZ’ ... be independent random variables

. ‘ oy ) ) 0y
with densities fl(xll 8°), f2(x2| 8°) where each fj(le 6°) 1is one

of {gj(yi(eo)}§=1. Suppose each g(y| 9) e {gj(yl 0)}2=1 satisfies

the condition.
a. there is a neighbcrhood U of 0° such that for all
6 ¢ U and almost all y Héﬂéﬁ}fnlls hl(y), '
u-"fﬂaﬁl,@us hy(y) and nﬁ’—‘?g;giﬂ—"ln s hy(y),
where h, and h, are integrable and j h3(y)g(y|0°) dy < o .

Suppose that there is a positive number ¢ such that

N 3 log f.(X.|]06) 3 log f.(X |0)T
= 1 TE L J_J J ] )
n N N 521 60 20 20 0=6

o
I
(%)
[]
—
t

0

2 el for sufficiently large N.

Then there isa strongly consistent solution 5N of the likelihood equation

N
T log f.(X.] 9) .
31 it

2

0=35

P
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Furthermore, 5“ is asymptotically normaf, 5& ~ N(e°,cN), and
efficient,

Condition (a) and (b) are very similar to those of Chanda [ 7], who
generalized to the multiparameter case the theorems of Cramer [8 ] and
Huzurbazar [19). For a proof of theorem 1 see Foutz [13], Peters and
Walker [25), and Peters [23].

Returning to the mixture density likelihood functions of the previous
section with component densities fi(xl 8;) = c(8,)h,(x) exp{q;(6;) * T;(x)]
assume that each pattern of missing components in X manife;;s jtself in
a certain pattern of missing components in Ti(x) (as in the multivariate
normal distribution). For a sample of size k, let ¢(i,j,k) denote

the relative frequency with which the jth

component of Ti(X) is observed.
The next theorem is stated for fully observed data vectors; hLowever,
it remains valid for data with missing components provided that for each

i and § lim ¢(i,j,k) > 0 for any sample of size k tending to

k-rco

infinity (see Peters [23] and Redner [29]).

Theorem 2. Suppose the functions {exp[qi(ei) . Ti(x)]}?=1 together
with the component functions of {Ti(x) exp[qi(ei) . T].(x)J}?=1 are all
linearly independent. Then there is a consistent, asymptotically normal
and efficient mle of (ao,eo) for Ll(c,o) as N+ =, for Lz(a,e) as

Mi

N+ « and each w remains bounded, and for L?(a,e) as M+ N>,

4, Mixtures withanunknown number of classes.

If the number m of classes 1n the mixture density 1s among the para-

meters to be estimated, then the results of the preceding section no longer




OF POOR QUALITY
apply. It is easy to see that the likelihood function Ll(a,e) can be
made arbitrarily large if m is taken to be the sample size. For partially
identified samples leading to L3(a,0) the number of classes is eventually
determined as M (the number of identified samples) tends to =; however,
because of the expense of labelling samples, one would like tc be able to
include m as a parameter in Ll(a.a). An approach which has had some
success in applications is the quasi-Bayesian approach used by Rassbach
(271, which will not be discussed here, although 1t has some similarities
to the use of the Akaike information criterion proposed by Redner and

Coberly [301.

Suppose
m
(4.1) . f(x| a,my) = L a.f.(x] 0,)
jop 11 i
is a mixture density family with parameters o, m and ¢ = (el,...,em)
satisfying
(4.2) l<msm
m
1_Elmi=1; a].ao
0; ¢ O,

a compact subset of R". Since the parameter space is compact we could
consider global maxima of the likelihood, except that unfortunately the
parameters are no longer identifiable, even locally. This is a consequence
of the particular compact parametrization chosen and not of any inherent
non-identifiability of finite mixtures (Teicher [31 1 and Yakowitz [351).

Redner adapted Wald's consistency theorem (Wald (321) to show that if F
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is the set of all finite mixtures (4.1) satisfying (4.2), then under
certain conditions, if Xl, X2,...,XN are iid from f° e Ei , then there
is a unique mle fN € ﬁ“ satisfying

N N N
log f (X.) = max I log f(X.)
I feF =1 J

J=1
and with probability 1, fN(x) + f°(x) for each x as N =+ o, except
perhaps for a null set depending enly on £©° (Redner (281).

For estimating m, which is frequently of independent interest, it

is necessary to further restrict the parameters as follows: Replace

conditions (4.2) by

(4.3) m=m
m
izlai =1, a; 2 € > 0 or a; = U
6. ¢ 0, a compact subset of R" .

1

3(91’93) * ey > 0 for i#3

where B: @ x 0 + 10,») 1is a continuous function such that f(-| 68) =
f(-]} 0') if and only if B(0,6') = 0. A good example of B is the
Bhattaracharya coefficient B8(0,0') =1 - Jlf(xl 0)f(x| 0')Jgdx. Assume
that o0 1s identifiable in f(x]| 0).

Theorem 3 (Redner [28]). Let Xl’ Xz, ... be independent samples from

a mixture density f(x| ao, m, ¢°) of type (4.1) subject to conditions
(4.3). Let Nr(e) be the closed wall of radius r at 6. Suppose

the family {f(x| 0)}669 satisfies the conditions:

fan
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(i) I log f*(x,6,r) f(x] 8')dx < o for sufficiently small

r = r(6,8'), where f*(x,8,r) = max{l, _ sup f(x| 8)}

GeNr

(1) for each 6 there is a null set Se such that for all
x £ S5 1im f(x] ') = f(x] 0).
0'+9

and
(iii) j |1og f(x] 6')] f(x] 6)dx <« for all 6,0'.

Then the qlobal mle (En,m,ﬁn) is a strongly consistent estimator
of (ao,m,wo). In particular, with probability one the number of nonzero
components of Qn is eventually the correct number and for the exponential
families {f(x]| 8)} discussed in the Section 3, (Hn, ﬁn) is asymptotically

normal and efficient.

Wolfe [34]suggested a hypothesis testing approach to determining m,
where the null hypothesis is that the mixture has m components against the
alternative of m + 1 components. Specifically, let X],..Xn,be a sample from

f(x) where

m
Ho: f(x) = o5 f; (x]0;)
i=1
m
a; >0, Za; =1

6],..., em are distinct elements of O

and
m
H f(x) = & of. (x]0))
1 i1 i 1
m+ 1
a; > 0 T a; = 1
i 1=1 i

e], s em £ 1 are distinct elements of O
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are the null and alternative hypothesis and © 1is an open subset of R".

N N
Let fm and fm +1

resnectively. HWolfe bases his test on the assumption that under H, the

be consistent mle's of f under H, and H]

Tikelihood ratio statistic
_ . N N N N
Ay = 2551 log f . 4 (xj) - 2J§] log f (xj)

has an asymptotic xz distribution with d.f. =n+1 as N + =,
Unfortunately, this does not always seem to hold (Hartigan, L161). Hartigan

is stochastically smaller than x2 » which would be a
n+1

true, since then an upper bound at least for the size of the X2 test would

suggests that AN

be known. Apparently, the m-class model cannot be embedded in the m + 1

class model regulariy enough so that the classical asymptotic theory is valid.
Finally, Redner and Coberly [30] have suggested using the Akaike

information criterion to estimate the number of components in the model, whereby

My Qpyeeeytt 2 0 and Bys...90, € O are chosen to maximize

A
(4.4) AICm = Lm - km

A
where Lm is the maximum log likelihood for the m-class model

(4.5) £ =m N og F(X) = ¥ tog f (x.)
. = max o = (o]
Tofer 39 TIN50 e Y

and km 1s the number of free parameters, namely

(4.6) km =mn +m- 1.




If m is the true number of components and fN are consistent

N
m* m+1
2
n+1

then EE\ICm +1° Alcm ]= - n_z_]_ asymptotically., The use of the Akaike

mle's, and if the likelihood ratio statistic has a distirbution,

criterion then is subject to the same reservations as the use of the xz-test,

although there is no question of its utility in providing as adequate and

economical description of a given data distribution.
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Summary

The statistical properties of a cubic smoothing spline
and its derivative are analyzed, It is shown that unless un-
natural boundary conditions hold, the integrated squared bias
is dominated by local effects near the boundary., Similar effects
are shown to occur in the regularized solution of a translation-
kernel integral equation. These results are derived by developing

a Fourier representation for a smoothing spline.
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1, Introduction and Summary

We consider statlstical properties of smoothing splines and related
procedures, Given X, = f(ti) + Eg» 1=1,..0on where g 1is an unknown
smooth function and the e, are random errors, a cubic smoothing spline

g(t;}) 1is the function which minimizes

n
%E [xi-g(tj_))2 + A [(g"(t))z dt . (1.1)
i=]1

Smoothing splines were proposed by Whittaker (1923), Schoenberg (1964), and
Reinsch (1967). Some analysis of their gtatistical properties in the case
that g and f are periodic appears in Wahba (1975) and Rice and Rosenblatt
(1981). The method of cross validation for choosing the smoothing parameter

A from the data has been discussed in Craven and Wahba (1979).

Smoothing splines may be viewed in a larger context. Given X, =

(Af)(ti) + € where A 1s a linear operator, a "regularized" estimate of

f 1is the function g which minimizes

n
%E [xi--(»‘xg)(ti)]2 + 2 / e~e)? de . (1.2)
1=1

Frequently Af 1is of the form

(Af)(t) = /k(t,s)f(s)ds . (1.3)

Many examples of this type may be found in Tikhonov and Arsenin (1977).
The method of regularization is used to control the instability that would
arise 1f one tried to invert A or A*A, The regularized solutions have a

formal resemblance co ridge-regression estimates; in both cases the variance
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of the estimate is reduced at the cost of increasing bias. Although ﬁ
there is a large literature on this topic, there has been relatively little [

analysis of the statistical properties of the solutions.

Samparemd

In this paper we examine two cases of (1.3), numerical differentiation

ey

t
(Af) (t) -=/ f(u)du (1.4)
0

and deconvolution,

1
(Af) (t) -[ w(t-s)f(s)ds , (1.5)
0

We next summarize and discuss our main results., Derivations and some
further results are contained in later sections., We first deal with a

cubic smoothing spline.

Consider observations

x = f(k/n) + €s k= 0,1,s0e,n
with f continuously differentiable, £* € L2 and the € random variables
with
E € =0
Eekcjgsk,j 02, 02>0.

We wish to determine a continuously differentiable function g = g(t;A,n)

with g~ € Lz that minimizes

- N . -
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n-1
T Gegtx ~g(0)-g(1))? + 1;1 cxk-g<k/n))2}

1
+ x/ (e*(t))? de .
0

Here X = A(n) > 0 and the object is to determine A(n) as a function of

= f-

(1.6)

n so that

1
/0 E[s;(t)-f(c)]2 dt

tends to zero as n -+ ® at a rapid rate. The term

3 gt = 3 (3(0)4g(1))

appears in (1.6) because one wishes to allow for the possibility that
£(0) # £(1) and in that case the Fourier serles of f(t) will converge to

% (E(O)+£(1)) at ¢t = 0,1.

Theorem 1, Let f ¢ Cz. If A3(n)n8 +o A(n) +0 as n + « then

2.~1/4
/cz[g(t)]dt e«%— 3.077/2

Theorem 2, Let f ¢ ca. Assume that A3(n)n8 + o, An) >0 as n + e,

hen if £ 0) or D) ¢ o0
/[a g(0)-£(6)12 dr= (£ (0))2 + (£2 (1y)2y 2574 ,-3/2

white if €@ o) = £ D) w0 Bt £ f0 op £1) 0 we have

B
L s e i
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/ta gt)-£(0)12 de & (e on? + P an?d

/6 5,732 .

A common reason for nonparametric data smoothing 1s to calculate an
extimate of the derivative of a function. Schemes for numerically differ-
entiating noisy data that are closely related to the derivative of a smooth-
ing spline have been proposed in Cullum (1971) and Anderssen and Bloomfield
(1974). The properties of the derivative of a smoothing spline follow

fairly directly from the properties of the smoothing spline itself.

Theorem 3. If £ € c? and if An® + @ aqs n -~ e and

A+0, then
! 2
f 2(g*(t))dt = 95- A3 L 72 32y
0

Theorem 4. Asswme that f € Cl', and that An> o, Then if

£y 20 or £ 40

4 3/2

1
f (£ g (0-£2(0)12 dt = (D N2 + P an?ya¥4.3.2732;
0

i @D =Py -0, tur £ or £3Q) #0 then

3/2

54,4, 57312

1
f (E g-(0)-£2(0))% de = (£ N2+ P an’n
0

Comparing these results to Theorems 1 and 2 we see that the variance and

-1/2

integrated squared bias of the derivative are a factor of A larger than

the variance and integrate square blas of the function itself.
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Theorem 2 shows that the integrated squared bias is dominated by con-
tributions from the boundary unless g satisfies the condition g(k)(o) =
g(k)(l) = 0,k = 2,3, Lemma 6 of section 3 gives a local approximation
to the bias in the case that these conditions are not met. Roughly, the

-1/2.-1/4
A

bias decays like exp (-2 t) trigonometrically modulated. In the

interior of ([0,1) the squared bias is proportional to A°,

These results are not unexpected. The smoothing spline 18 a "natural”
spline and satisfies the two arbitrary end conditions £°{0) = £*(1) = 0.
In the context of pure interpolation the use of a natural spline is usually
not recommended since the error near the ends is of order hz where h
is the mesh size whereas other methods can produce an error uniformly of
order ha, 1f f € Ca, de Boor (1978), Powell (1981). Similarly, it can
be shown that the boundary effect dominates the integrated squared error,
Rosenblatt (1976). In the nonstochastic framework methods of estimating
the boundary constraints have been proposed in these references and it
would appear plausible that a similar approach might work in the stochastic

case.,

Natural splines in the nonstochastic setting and smoothing splines in

the stochastic setting are the optimal solutions of certain minimax problems,

Powell (1981) and Speckman (1981). It appears that flexibility is lost by

guarding against worst cases.

Swroothing splines have also been proposed in the case of spectral

density estimation (see Cogburn and Davis (1974) and Wahba (1980)). Boundary
effecte similar to those studied here occur in the case of periodic smoothing

splines unless the function is smoothly periodic (see Rice and Rosenblatt (1980)).
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The aliasing in the case of spectral analysis of discretely sampled data

implies that boundary behavior will not be smooth in this context.
In the deconvolution problem we consider observations

x = F(k/n) + €10 k=0,..040

where F(k/n) = &} wik/n=-u)f(u)du, with £~ ¢ L2 and the €k uncorrelated
random variables with mean O and variance 02. The regularized approxima-
tion to £ 1s the function g that minimizes

n-1

2 g ~6(0-can? + L E (x, -G (k/n))
1.7

1
+ A [ (g“'(t))?' dt .
«0

Here G(k/a) = L} w(k/n-u);%u)du. The kernel of the integral equation, w,
is the periodic extension of a function defined on {0,1], and it is
assumed that w € L2. We assume that the Fourier coefficients Wi of w

are nonzero for all k.

The constants that occur in the asymptotic expressions for the compo-
nents of the integrated mean square error depend on the exact form of w,
but the rates of decrease depend only on the rate of decrease of the Fourier

coefficients ¥ of w. Paralleling Theorems 1 and 2 we have

-28

Theorem 5. Let f € C2 and suppose that |wk|2-v k", 8>0, If Xn

b 1 = A SUPC S S T OIS o1 Iy " . o e A i s i it
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/Ozlg(t)]dt ~ ol ym(2841)/(2644)

Theorem 6. Let f € C' and suppose that 12~ 1728, 850 and 2?83 .

as n-+«, Then ©f £*(0) or £*(1) # 0

/[E g(t)-£(£)]12 de ~ 2> (26+4) ]

If £470) = £71) =0 but £ or £ 1) g0, then

/[E g(t)-f(c)]2 dt ~ 17/(23’“4) .

1f £ ™) = £ ® @y, k=2,3 then

_/[F g(£)=£(t)]% dr ~ 18/ (28+4) .

Analytic expressions for the approximate local bias are not available,

but the qualitative behavior is similar to that of a smoothing spline.

Note that if w 1is very smooth, B is large, and the integrated

mean square error will tend to zero relatively slowly.
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2, Exauples i

The function f£(t) = cos (2nt) + 4 cos (nt) satisfies £*(0) = -8n2, !
£(1) = 0, £™(0) = £*(1) = 0, Tigures 1 and 2 show the exact bias of
the smoothing spline estimate of the function and its derivative for 50

equi-spaced sampling points and A = 10-6. The effect of £*(0) 1s clearly

. .

evident. The asymptotic analysis (Lemma 6) predicts that the bias,

b(e) = £0)AY2 exp (-t 271/ 2114y

-1/2X-1/6

«[sin (t 2-1/2A-1/4) - cos (t 2 )] .

From this expression we see that the first zero-crossing of the bias should i

14 =3/2

occur at t = nll 2

1/4 -1/2

= ,035 and that b“(t) should be zero at t = 1

= ,070, which is borne out in Figure 1. Figure 2 shows that

the bias of the derivative is larger by a factor of about A-IIA.

nA 2

We next consider the deconvolution problem wherein f 1s convolved !
with a function w, the graph of which is an isocsceles triangle centered
at 0 with height 20 and base .4. This igs intended to correspond to a ,I
situation in which averaged values of f are measured with error. Since .
the analysis of section 4 requires that w be periodically extended, the
triangle is also centered over -1 and 1. To calculate the bias, (1.7)
was discretized assuming 25 equi-spaced observations and the solution was
computed at 50 equi-spaced points. Other mesh sizes were tried to insure
that the results did not merely reflect the discretization. The calculations
were done on a VAX 11/80 in double precision. Figure 3 shows the bias for
A = 10_8: there 1s a clear effect near 0 and also an effect near 1. The

shapes are qualitatively similar to Figure 1,

L“G" S £ s e v g e A i R A SewCs B e o e el e S A T b B e S o i 0 i 4 e e o




o~

4

L SRt

-~

i t.‘ ety

112

Since the assumption that w 1is periodically extended is clearly
somewhat artificial, we also computed the bias for w just correspond-
ing to a triangle centered over 0. The resulting bias i3 shown in Figure 4.
Here the orly effect is near 0; the effect near 1 of Figure 3 is apparently

due to the periodicity of w.
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3. The Smoothing Spline and Its Derivative

In this section we derive Theorems 1-4 and some auxiliary results,

In order to do this we carry out 2 Fouriler analysis of the smoothing spline.

Notice th~t

1
. 2mike N S |
8 Le g(t)dt = Ag a, - 8g7b, + h b (3.1)
for k # 0 where

g% = g(1) - g(0)

Agl = g“(1) - g“(0)

1
hy -[ e2™ktomyae
0

Let
Lixax) 1t 3=0
g )2 0™ 3
]
xj if 31 =1,...,n-1
and set
n-1
~ b R
yj - “—E yj exp (2nijk/n) .
/n j=0
Given a sequence of coefficients P we will let pin) denote the corresgond-

ing set of aliased coefficients arising in a discrete Fourfer analysis
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(n) Z pk+sn k= 0.1...0,“"1 .

-1 B

Also let

~(n) _ _(n) .
Pp " Py "~ Py 2; Pen
ap0

and

.y
SR I T ey 6.
/n

Lemma 1. Lot £ and Ago, Agl be given., Asswne that f£,g8 ure continuously

differentiable with f*g~ € L2. Then the function g minimizing (1.1) is

determined by the following specification on Fourter coaeffictents:

a

y
go.—-g- AYS a(n) + Ag bé n) . (3.3)
sn-o for s ¥ 0, (3.4)
h L 2 (3.5)

b4gn A+rk bk*t-sn zk

for k = 1,...,n-1 and intejral 8. Here tt ig understood that

LI Z (2 ﬂ(k+sn))& .
S

The Parseval relation implies that (1.1) cun be rewritten as

¢
}
~
v
5
i
i
v
H
v
~
s
“a
5
w
'
'
a
~t
)
-
J
i
N
¢
-
i
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2 )}
:%_ gy - gén l 2 ' i Agoa]gn) + Aglb<n) (h )(n)!

(3.6)

+ J\[(Agl)2 + EZ Ihyyoal” + 2 lhsnlz] .
k0 s ° s#0

In minimizing this expression, one cen separately minimize the sum of the
terms with k fixed for each value of k. Minimizing for k = 0 leads one

to (3.3) and (3,4), For k ¥ 0 we have

- (n)
Ahk+sn = (Zk - (hkbk) )bk+sn * (3.7

Multiplying by bk+sn and summing over s leads to

(h,b )(“) (3.8)

X+rk

and this together with (3.7) leads to (3.5).

Lemma 2. Ingert (3.3), (3.4) and (3.5) in (3.6). Minimizing the resulting

expression with respect to Ago, Ag1 leads to

n-1 a -1
12 j‘iafc“) ! (vr) E 1a{™ 12/ (r,) } (3.9)
k=1 vn

and

Agla-‘n-l:}—(— (n) / (4t ‘1+Zl lb(“)l [Osr (-
lk=1/ﬁ k ( k=1 ‘

(3.10)
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If we insert (3.3), (3.4) and (3.5) in the expression (3.7), the result

can be written as

n=-1

A|Ag| + xg:,l e (3.11)

Minimizing this expression with respect to Ago and Agl leads to the

following equations

n-1 0 --(n)
‘f+: =0 (3.12)
k=1 k
n-1 a b(n)
agt + —;‘—4}‘— -0. (3.13)
k=1 Ty

On solving for Ago, Agl the expressiona (3.7) and (3.10) are obtained.

Lemma 3. The funetion g minimizing (1.1) has Fourier coefficients

-~

Yo 1-(n)
gy = 7§-+ Ag bo (3.14)
0
g, = 8% - sghv, for s#0 (3.15)

and for k = 1,...,n~1 and s integral

= ag° I ST 2 (n)
Brtsn = 28 [344gq T b k+sn‘ ) (3.16)
- agt -1 2 (n)
be [bk+sn H—rk o k+8nl ]
o, 125
+ k+sn k
Adr
k /o

2

N v . -
Ao gy ~ .y P - s, -
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with Ago, Agl given by (3.9) and (3.10),

The fact that 55“) = 0 and (3.3) holds lead to (3.14). Also (3.4)

and (3.5) inserted in (3.1) yield (3.15) and (3.16).

The integrated mean square error of g(t) as a function of f(t) 1is

1l
fo Elg(t)-£(t)12 dt

1 1l
" [ var(g(t))dt +f (E g(t)-f(t)]z dt . (3.17)
0 0
Moreover
1 ©
/ var(g(t))dt = var(go) + 2 E var(gk) . (3.18)
0 k=1

It should be noted that the gk's are complex-valued random variables. The

covariance of two complex-valued random variables U,V 1is understood to be
cov(U,V) = E{(U-EU)(V-EV)} .

We shall now derive Theorem 1. Notice that Ago and Agl are real even

though they are written in complex form. It is clear that
cov(¥,»,9,) = |8 - = 02 (3.19)
317k ok 2n *

for j,k = 0,1,...,n~1. From (3,19) it follows that

2t

Lo

ono—y g
[ S— .

o -y
————

B
~ -~
Bl L o e it
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n-1
oz(AgO) g_t_:ni{z !al(‘n)lz / (H.rk)z;
‘:::i

IZ 1212 [ o -

k=1

(3.20)
2

=}
[

2
oz(l&gl) ¢ gn_

t4

(n) 2 2
Ibkn | /(A+rk) }

&
|

=
pt

(3.21)

-2
() |2
142, b /W‘k)} .

k=1
Since

n=-1

2 4
2 ™12 w3 l2nk /Olzﬂkl +)

k=1 <
kis
I | 2 (3.22)
x-3/4 C

R

1 ?

n-1

2 1aM1 [ oer? el e, @29

n-1

Z lbl(cn)lz / (x+rk) o2 x"l/l‘ c3 . (3.24)
k=1

E lb(“’l / (Hrk)z o234 ¢ (3.25)
k=1

"
o
-

where

__Jz_l__
1 /—-—L——-L—dx, cznf X dx ,

|2nx|l‘+1 |2'nx|l‘+l)

c. = / dx [ 2""6 dx
b4
3 |2nx|6+1 (|27lx| +1)

O R L S At e S bV S -

e o - - A ik a0 8 S e

B

f
:
]
'

oS
FA
s i
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if X(n)né +® g8 n -+ o it can be seen that

2
2,, 0, .0 -2.-1/4
o“(8g") = — C,C A ,

2
oz(Agl) CAC3 A-3/d ,

if A(n)na +® as n >, The term

:E: 5

2 (n),2
E = e l I a I
s k=1 k+sn k+sn k

occurs as a coefficient of 02(Ag0) in contributing to (3.18).

(3.28) can be approximated by

6
A223 |2nik] e VL

X (A]2nk]%41)? 2

with an error 0{%} if A(n)n“ + 0w as n -+ o, The term

ZZlb . Ll
s kel k+sn A+rk k+sn

arises as a coefficient of oz(Agl) in contributing to (3.18).

119

(3.26)

(3.27)

(3.28)

However,

(3.29)

(3.30)

An estimation

procedure similar to that used in arriving at (3.39) shows that (3.30) can be

approximat.d by

[
Xzz [2nik| o~ x3/" c

k(] 2nk]%1)? 4

(3.31)

RPN
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2
n

for (3.28) and (3.30) imply that the contribution to (3.18) from the

with an error 0[—1—] if X3(n)n8 +® ag n + o, The estimates obtained

terms involving Ago and Agl in (3.16) is

if k3(n)n8 + o ag n + o, Now consider the contribution from the last
term on the right of (3.16). We shall see that it makes che major contri-

bution to the integrated variance. The expression

n-1 I 4

b
2 ), ke 1 (3.32)

s kel [Mr, |

can be approximated by
-1/4
L — %‘-g - c, (3.33)
0<|kl<% (f2nk| +1)

where

c '.I- dx
3 ([2ﬂx|4+1)2

with an error 0[%] if )\(n)n3 +® ag n + o, Theorem 1 follows

from these estimates.

Our next object 1is to derive Theorem 2 for the integrated squared bias

of g as an estimate of £, Notice that for k # 0 we have

- f , = [

By s,




e b Lo Gunlily
1
- 2nikt o g0 1
fk ]0‘ e f(t)dt = Af a - Af bk + m'kbk

with

1
%~/e“mrma.
0

Using (3.34) it is clear that

d n-1
1 o) - 25 £ 2 £,
kswxn k=0

£(j/n} = E £, exp (-2mijk/n)

j sam

n-1

= :E: fén) exp (-2nijk/n), j=1,...,n-1
k=0

This ifmplies that

E 5, //n = f;“), J=0,1,00,n-1 .
From (3.34) it follows that

fjn) = 2% Ay 4@y ™ gLy

3 3 33

Relations (3.9), (3.10), and (3.37) imply that

N P o~ B
il o L - ST - ~ L ~ ~ < f. - 23 A N
P P . N - - < oy E O e - !
, £ . - .- L i s bt e
e Tl x N e A 0 i A <%
el i L
)

(3.34)

(3.35)

(3.36)

(3.37)

LR
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% ey
v

n-1
E 80 = o +l§1 (m by y ™3 (“) /(x+r )}

{E | (n)lz/ (x+rk):-1

and

n-1
E agl = af [ %1+Z 6™ 2 /(x+r ]

k=1

- ‘Eif b b oo /(Hr }

‘ n-1
ll + E 6™ / (A+rk)§ .
Since we are dealing with real-valued functions f it follows that
"k T Tk
and
(n) _ (n)
(mkb ) (m b _ 1Py ) .

These last two relaticns together with (3.38) and (3.39) imply that

i (2nk)Im “‘k“ (27k) 2 ’ -1

oo |
e P 2Ry | P ety

and

(3.38)

(3.39)

(3.40)




U eundbdt)

1,1 ike“ﬁc]w i

E 0g -0f" o - . (3.41)
k=-o 1+x|znk|“‘ ke-o 1+X|2nk|a‘

If f ¢ C3 one can see that
1
Re m = f f*(x) cos 2nkx dx
0

1l
= [ ‘;— {£(x)+£*(-x)} cos 2nkx dx (3.42)
0

and
1
271k Im m - 2tk / £f*(x) sin 27kx dx
0

1
= - Afz + f f(3) (x) cos 2nkx dx
0

1
- Af% 4 f —% (£ ) + £ (%)) cos 2mkx dx (3.43)
0

with

From (3.16) it follows that for k = l,...,n-1

@ v————
[pe—_——)

oy
o ————
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OF FU0R QUALIRY
1]

E 8ypenFiopen = (F 08°-06) {amn - ——-——'b‘gjzlz aﬁn)"
- (€ ag'-aeh) ( ktsn " JB%%%ili bén)
2
* (mkbk)(n) lbl+3:| -mk+snbk+sn .
Further, if £ € C we have
2 3. + £

xnk--Afak--Afk x Py

with

a2 = £ @Dy - Doy ,

a2 = £y - B0y ,

1
féA) - }{ exp (2rikt) ¢4 (0)ae .
0

The last term on the right of (3.44) can then be rewritten as

2‘ (n) k+sn|2
bk) —_—

of ( X+rk - ak+snbk+8n

3‘ 2, (n) l P+sn|2 2 I

-af (bk) )\+rk - bk+sn‘

2

a’ (02 Iorgnl”
l A+rk

féi;nbk+sn}

[URUE . - o .
PR ~ = ea c esee ane s

— e —— .

124

(3.44)

(3.45)

(3.46)

PIPPRCIL I B
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Let
n=-1 ‘ I |2 g‘
- (n) ' kt+sn 2 I i
Ao(t) - ; é (bk) _T:;k_‘ - bk+sn’ exp (=2ni(k+sn)t) ,
1
n-1 j l |2 b
- - (n) k+sn .
Al(t) ; :‘:‘1 (ak k) -——-——H_rk - ak+snbk+sn$ exp (-2ni(k+sn)t) , o
n- 2
Ib -
WCEEDID IR 3 kesn ?ii“ ﬁ"’} exp (-2ri(icbsm)t) ¥
s k=1
n-1 2 I
by po | ] '
A (t) = 2 Z ‘ ktsn a(n) exp (-2ni(k+sn)t) .
3 s ot lak+sn Mr, Ok '
Set
h}
By(8) = 3. (2"“‘3‘ exp (-2mikt), 3=9,1,2,3 .
k#0 A (21k) +1
Lemma 4. If )\3n8 +® A +0 as n~+w then f
1 7-21 B
/ A, (£)-B, ()2 dt = o(x 4 ), §=0,1,2,3 . (3.47) T
0 3 b 1

7-2
Also 1 B (t:)l2 dt tends to zero at the rate of X 4 s J=0,1,2,3.
0 '3 -

The estimates required for this lemma parallel those used to obtain
(3.29) and (3.31).
We wish to get more convenient representations or estimates of the

B,(t)'s. A contour integration shows that

3

. i fem e atare o s Aot bt - Ll
e et e e =
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itx -3
1 e 1 -]tf2 -3 -3
C (t) = —-—/ dx = ~—— ¢ (co (tz ) + i ( t 2 o
0 2n 1+x4 27 8 sin(t]27%))

Successive differentiation then indicates that

itx -1
cl(t) = -%; [9———1{-’5 dx = - —%— e-|t'2 sin(tZ-i) R
1+x

itx 2 -3
1 e T(ix)° , 1 -|t]2 -1 -3
c,(t) n..._f_.___.l___bx n —— o (sin({t]2 *) =cos (t2 %)) R
2 2n 1 25 I l

-% 3

itx 3
c. (t) = L —e——gix—)—dx -1 sgn t eult|2 cos (t2°°%) .
3 2n 1+xlo 2

An application of the Poisson summation formula tells us that

3

Bj(t) = f Z cj((k-c)x'*) . (3.48)
k

Only the terms in the sum (3.48) corresponding to k = 0, k = 1 need to

be considered since the sum of the remaining terms die off at the rate

-t
e " uith o a positive constant. Notice that the formulas for the
Cj(t) above imply that
cl - C3 = —1—- .
2/2

Lemma 5. Agswne that f € Cl'. Then 1f Af2 ¥0

0 12,2 (3.49)

E 8g0-060 = - 2

while if 8f° =0
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B ag%-at" = 272 23/4 1 (¢ o) + ¢ yyy, (3.50)
If f(z)(o) + f(z)(l) # 0 we have
Eagheatt == 27214 L (6P + P ) (3.51)
and if £P @) + £P ) -0
£ agl-agl = agrl/2 (3.52)

a X = i(n) -+ 0,

The asymptotic relatfoas (3.49) and (3.50) folliw from (3.40), (3.43)
and (3.45). Formula (3.51) is a consequence of (3.41) and (3.42). If

£ + 1Py =0, since Jrem =1 (P + P 1)) one can

see that
Re mk )\(an)4 Re ™y
Z T ‘Z A A (2.53)
142 (2nk) 141 (21k)
However by (3.45)
af3 1 1,.(4) (4)
Re m, = 5 5 | 5 (£ () + £ (-x))cos 2vkxdx  (3.54)
(2nk)°  (2nk)“

This implies (13.52).

2
Lesma 6. Zot £ ect 15 £ 40, £2) =0 shen



e

i

OF POOR QUALITY et

"'f "l.‘i [)
E g(e)-£¢) = £2000) 23e7t2 7 atnqea iy - cos(eziah))

+ e(t) , (3.55)

0 <t <1, wvhere the error term e(t) 1i& such thot

[e(t)z dt = o /[E g(t)—f(t)]2 dt) . (3.56)

If f(z)(O) - f(Z)(l) =0, f(3)(0) ¢ 0, f(3)(1) = 0, we have

~3,-t
E g(t)=£(t) = £ 034 272 T sz hh) & e(o) (3.57)

0 < t <1, where the error term again satisfies (3.56). The approximations
appropriate for the cases f(z) 0) =0, f(z) (1) # 0 and f(z) 0) =
f(z)(l) = 0, £(3) (0 =0, g3 (1) ¥ 0 are obtatiied by replacing t by

1-t in the main expressions on the right of (3.55) and {(3.57 respectively.

We next consider the variance and bizs of cne derivative g~ of the
smoothing spline. Theorems 2 and 3 follow from the previous analysis of g,

after noting that the Fourier coefficients of g° are

8; = Ago (3.58)
‘e g el
8y = 3,08 - 3 h k¢0. (3.59)

We first consider the integrated squared variance

'EDILLCI

. . « - A o - \
& PRI 0, SN SGR VL TR,y S0 S PPE SV Lok TR JOSTRY SAPJ F 3!
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From (3.26},
2
2 a” 2,-1/4
o (go) = = CZC1 A .

As in (3.16)

- - 1 1 (n)

k+sn’B ak+snhk+sn 2+sn8 (1 - JH-rk bk+snbk )
(n)
A+sn’k

ak+snbk+sn yk
A+r

k vn

(3.60)
Estimates similar to those used in the analysis of the smoothing spline
A-§n_1

show that the contribution to the variance from the first term is of order

The second term gives a contribution of order A 'n
term dominates, giving a total contribution to V

= 1; the third
gv_z __J2"_1J__
n [A(2rik) *+1] X
NERNLT f (2”"’ — 2" ax . (3.61) g
n ® ((2mx) 441} 2
Next, the bias:
. - 1_ .1 [
E Br+sn ~ fk+sn k+sn(E A A7)
- 2
k+sn(E hk+sn mk+sn) (3.62)
which, as in (3.44)

oy

£
N

[
.
T
= .

.
wraleerrl nleas




(n)
b a a
. +
l = (E Ago-Afo) k+snxktsn k
k
- (n) _(n)
b b
!_ 1,.1 k_ 2k ktsn
+ (E Ag -Af )[ak-i-sn - A+rk ]
! (n)
- a (mkbk) blc+sn _ (3.63)
- k A+rk Pg+sni * °
| ;
i
!' Making approximations as in the analysis of the spline function itself,
4

0

E g (t)-£-(t) =~ (£ 8g0-a£0) + (£ agP-a¢0) 271 Bo(t)

- + (£ agl-at)y B,(L) + Aszz(t) - Af3nl(c) )

Using the Poisson-summation approximation and Lemma 5 if f(z)(O) $ 0,
£y =0,
3,4 -u

E g (t) - £2(t) 2 £D0) 22 2% e cos u

e e e e Ak MO et s = e A A o

where u=23 2%, 18 £ @) = @) =0, ana £Pyro, £ P =0

E g°(t) - £7(t) ¢~ f(3)(0) x* e v (sin u + cos u) .

Note that the approximate (in an L2 sense) bilag of the derivative is

i the derivative of the approximate bias (Lemma 6),

e b 2 Lt A S P LA s B s 5B f - it
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4, Deconvolution

ey
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We now sketch the development of the deconvolution results. Since

.

this parallels closely the derivations of Section 3 the presentation will

be somewhat sketchier. As before let g have Fourier coefficients

. -
v—

0
g = 88 a - Aglbk + b, k#$0 (4.1)
and let

Cp = " 8
R L

B = v by

He=w b hy

and define yJ as in Section 3. Then (1.7) may be written as

3 2 &5 2
—O—GO-E((’") +Z ALY
/a k=1 lvg 3
n=1
+ A (Agl)2 +j>_-; Z[hj+sn|2 . (4.2)
= s

+ 6™ = 5 1,

Minimizing the 0th term gives hsn =0, s # 0, and G0 0

As in the analysis of Section 3, we first fix Ago and Agl and

minimize with respect to the hj's. If

;- -
s 4 i dti A i it ol Kinatos,
i AR e el i et S5
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Then (4.2) becomes

Z (n)‘ + )‘[(‘381)2 +Z 2 I“‘k-t-sn 2 | k'(*sn| ] ¢ (4.3)

The minimizing coefficients can be calculated to be

z :
(4.4) ‘

. hj+un " Bj+sn H‘pj

vhere pj- 2 |Bj+sn

SB—@

IZ. Now to calculate the minimizing Ago and Agl,

- —an aa

this solution is substituted back into (4.3) to give

ALY -1 1,2
L 05
A 2 ‘zjl (x+pj) + A(8g7) (4.5)

Minimizing this with respect to Ago and Agl amounts to solvinrg two
linear equations in two unknowns, and it may be seen that the solution

is approximately .

‘ReE ‘i (") (A+py) - ‘E (“)lz (3+p )'1)-1 , (4.6)

~| i a
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¥y
v
“
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We next consider the integrated squared variance, which ig the sum of

the variance of the Fourler coefficients of g. Now, from above,

2—- (n)
e w a0 [a 1eyen! Virenty ]
J+sn j+sn A+pJ

2— (n)7
+ Agl [% - lEj+sn| wj+snBj J
j+sn X+pj
15 {4an® 25
SremlTtognn B 3y 4.8)

Atp 1 /a

Via approximationssimilar to those in Section 3, it may be seen that the

~28/(28+4)

first two terms contribute a net variance of order n-lk whereas

the third term contributes the dominating variance, which is of order

n-l}‘-(26+1)/(28+a) .
If we write the Fourier coefficlents of f as

= Afoa - Aflb + m (4.9)

fx K K

and take expectations in (4.8), the bias of the (j+sn)th Fourier coefficient

may be expressed as

2—~ (n)
b | w
0 0 l k+sn'! “k+sn
E 8k+sn-fk+sn = (B 4g7-af) [;k+sn - )\+pk ]
2— (n)
1 1 lbk+sn‘ wk+san
- (E Ag™-Af7) bk+sn - o
k
2— (n)
lbk-'-sn| wk+san _ b (4.10)
X+p, ™etsn k+sn * )

t - - - . ¢ . - - «
Lk - LAV - s [ N a- s v 4 4 > P

4 +
- PEE
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As in section 3 for k| =n/2, k¥ 0

Aa
E g,~f, % (E 2g%-2£%) ——k—i
B, |

Abk

2
x+|Bkl

1

(E 5 —Afl)

Aa, b
+af2 Kk 5
|8, |

2
3 Aby

- A7 ———
2
A+|B, |

(4), 2
ka bk

2 L4
)\+|Bk[

If we let

. 4
D.(t) = A2, £ exp (-2nike)  3=0,1,2,3
3 ks |

(note that IIDjII?' ~ A(7-2j>/“+2 8)) then

E g(t)-f(t) = (E Ago-Afo)DS(t) - (E Agl—Afl)Dz(t)

2 3
+ af Dl(c) - Af Do(t)

(8 2
+ AZ _k___l; exp (-2nikt) .
x+|B, |

> s dr - . - a s -
i . - - P TP .oy -
. -

(4.11)

(4.12)

(4.13)

s et v e e —— ————




The function Dj(t) play the role of the functions Bj(t) of section 3.
Although their exact analytical forms depend on w, they are, like the

B,'s, successively odd and even, and are increasingly peaked near 0

h
and 1 as A -+ 0.

We now consider the individual terms in (4.13). From (4.6) it

follows that

S -1
& 32040 I mBA (dp)
g -of” = 2 =
L el

The denominator can be estimated to be ~'A3/(28+a). If Afz ¢ 0, the

numerator 1is
2 g2 D I, |PQup 7t~ AH (2BFD

In combination with D3 this gives a net contribution to the integrated

A,XS/(2B+4). 1f Afz = (0 the numerator is

x7/(28+4).

squared bias which is
o (f(3)(l) + f(s)(O))/Z, giving a net contributlon of order

If f(k)(O) = f(k)(l) =0 k = 2,3 the net contribution is 0()2).
Next,

1,¢” 2 -1
Af -+5 mlejl (X+pk)

-1 ¢

E Agl—Afl =

1+ 5.’ !Bj l2(>‘+pk)

The denominator is ~ A M 28 4y D gy or £ ) 40 the

nunerator 1is es(f(z)(l) + f(Z)(o))/?. This gives a net contribution to

.
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- the integrated squared bias of order ASI(ZB'H‘). If both second derivatives

are zero the numerator is

b
32 k 1/(2844) .
x+|13k|2

giving a net contribution of order A”(Z&M). If both second and third

derivatives vanish at 1 and 0O the net contribution is O(Az).

The last term in (4.11) can be estimated and makes a contribution to

the integrated squared bias of c-der AZ.
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Eugene F. Schuster
Department of Mathematical Sciences
The University of Texas at El Paso

El Paso, Texas 79968

Abstract

One criterion proposed in the litcerature for selecting
the smoothing parameter(s) in Rosenblatt-Parzen nonparametric
constant kernel estimators of a probability density function
is a leave-out-one-at-a-tine nonparametric maximum likelikood
method. In empirical work with this estimator in the univariate
case, we found that it worked quite well for short-tailed
distributions. It produced estimators which differed little
from those produced by an intuitively appealing maximum likeli-
hood method, depending on a random split of the data, which
we had proposed carlier in unpublished work. llowever, both of
these methods drastically oversmoothed for long-tailed distri-
butions. In fact, we have shown that these nonparametric
maximum likelihood methods will not select uniformiy consistent
estimates of the density for long-tailed distributions such as
the double exponential or the Cauchy distribution when the
kernel has compact support. A renedy we founa for estimating
long~tailed distributions was to apply the nonparametric
naximum likelihood procedures to a variable kerrnel class of
estimators considered by sreiman et al (Techrometrics, 19.
No. 2, .lay 1977, 135-143). —

In addition to constant and variable kerncl estimators
we {nvesty, ated the maximum likelihood criterion applied to
a histogram family of estimators and report our experience
with some modificatious of che ahove procedures.

Our enperience waith these estimators includes numerous
univariate case studies, Thig paper reports on the methods
as applied to twe univariate data sets of one hundred samples
(one Cauchy, vne normal). Finally, we discuss our limited
experience in the multivariate case.
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During the past decade there has been much work in the area of non-para-

metric density estimation. Unfortunately, most of the results have been of the

R B S |

large vample type and little guidance ealsts as to the practical implementation :: N
of the cstimators proposed. This is the primary reason why these estimation -
procedures arc uscd extensively by only a fow applied statisticians. One cri- s
terion for selecting one out of a family of non-parametric density estimators, -
which has been mentioned in the literaturc is the maximum likelihood (ML) cri- "
terion. Habbema et al. (1974) and Duin (1976) mention the same ML procedure :E
in the context of Rosenblatt-Parzen kernel type estimation. The form of these -
estimztors is A
E(x) = E(xlO; Xypesey X ) = 1 g K, (x-x,) T
1*°°** “n N 0 i (1) )
where Xpseeesr X is a random sample from the density f(x) aud KO is a density 'E
with smoothing parvameter 6 (the quantities x, Xy and 8 may be multidimensional). e
In the univariate case TE
Ry (x) = K(b’i) -é— . 0>0 (2) ..
where K(*) is a fixed density. Choosing 0 to maximize the non-parametric like- .E
1ihood -
0 . .
121 f(xile; Xyseoes X ) - -

i3 useless; (3) 1s unbounded as 0 -+ 0. To avold this degencracy problem,
Habbema at al. and Duin consider replacing f(xile; Xyseees xn) in (3) by the

kernel estimator of f(xi) based on the data with Xy removed. That is, they

chose 0 to maximize the criterion

lf(inO;xl,..., Xg_1r Xppprecer X)) %)
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Ci teule ! wwnad Zelhod may be applied to any family of estimators .ased on some

smoothing parameter 8. We designate by ML1 this leave-ocut-one-at-a-time max-

imum likelihood procedure as a general methed ot choosing 0.
!
Wahba (1978) refers to (4) as a “crogs-validation likelihood function." i
i
We think that term better describes the new moximum likelihood method which we
now propose. Suppose we have a family of estimators (f(xlo; Xyseses x“)} for
certain values of a smoothing parameter 6., Let ni,be a subsct of {xl...., xn}
and Ty = {xl,..., xn}-nl. Denote by f(xlﬁi; “i) the estimator determined by
the data values in T using the smoothing parameter 01. We use the data in
nl(nz) to chose 62(61) as follows:
e1 is chosen to maximize
n f(xlei; ) » 1,3 ¢ (1,2} . (5)
*N 14

The natural density estimator based on the data split (nl, "2) is

f(x) = nlf(x|01, nl) + “2f(x|92v nz)

(6)
n1 + n2

where ny is the number of elements in LPD In Section 3 we consider this es-
timator for "equal" splits, n, = [n/2]. A permutation invariant estimator of
f(x) is the average of estimators (6) over all equal splits of the data. This
estimator is computationally not feasable for moderate n. We suggest averaging
(6) over several random splits of the data. In our experience there has been
little change in the estimator after averaging over ouly a small number of ran-
dom splits (one, two or three). We designate by ML2 this split-sample procedure
as a general method for chosing 0. In Section 3 a single likelihood value is

utilized as a measure of overall performance. [lor the ML1 method the single

. . e 4
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)
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nﬁ
I £(x,)
1=1

)

where f {8 given by (6).

In eupirical work with these estimators we found that they both worked

quite well and were in close agreement for short tailed distributions. However,

both methods drastically oversmoothed for long tailed distributions. In
section 2 we discuss the nnnconsistency of these methods when using kernels
with compact support to estimate densities with tails as long as the doudble
exponential or Cauchy distributions. A remedy which we found for estimating
these long tailed distributions was to apply the non-parametric maximum
likelihood procedures to a variable kernel class of estimators considered
by Breiman et al (1977). This remedy is discussed in section 3 where we
analyze two univariate data sets, one from the standard normal and one from
the Cauchy.

In section 4 we briefly discuss some of our experience in the multi-
variate case for the ML2 method. Finally, in section 5 we give some comments
and conclusions.

2., Nonconsistency of the ML Procedure.

By nonconsistency we mean that euplfn(x) - £(x)|/* 0 1in probability.
x

This nonconsistency will be demonstrated for a wide class of densities f
and kernels k, but we make no attempt to state results for as wide a class
as possible. For the sake of argument, attention is placed on the left
tail of the distribution and we consider only the MLl estimators.

Let F denote the cdf of the density f and let h(u) = u/fF‘l(u),

B ———
[T

]
[

-
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0<uc<l, We assume

h 18 continuous and 1lim +h(u) - h(0+) exiats, possible infinite.
u+0 (8)

We say f has a long left tail if h(0+) > 0. Assume for the present
only that k has finite support. Without loss of senerality we suppose

the support is contained in [-1,1], t.e.
k(u) = 0 1f Ju] > 1. 9

A basic observation concerning the smoothing parameter O-Gn which

maximizes (4) 1is that for each X Ix1 - le 5.en for some x

3

with j ¥ 1. In particular for the MLl estimator
X, -x, <8 (10)

where x, < x, < *¢¢ < x are the order statistics of the sample,
1n 2n nn

-1 ~1 .
Let uL F(xin)’ f=),...,n. Then % T X F (u2n) - F (uln)

»

* *
h(un)(u2n - uln)/un » where u, < u <u From (10) it follows

In — n 2n °

that
®
h(un)(uZn - uln)/u2n f-en * (11)

Using uniformity of (u.,n - ulu)/u‘n and standard arpuments (11

S




1847

PR S ]

P(0n<bc)ic+l’(h(u:)<b), b,e > 0. (12)

p
Lemma 1, Under (8) and (9) , h(0+) > 0 implies 0n A O. Furthermore

+ P
h(0') = « implies On + o,

Proof: Choose 0 < b < h(0%) in (12).

p P
Lemma 2. If Gn + @ and sup[k(u)[ < © then sup fn(x) + 0.
u x

Since k 1s bounded the proof follows from (1).

Now Lemmas 1 and 2 combine to give the nonconsistency result
for distributions like the Cauchy where h(0+) = @, There is no
difficulty here; the density estimate flattens out entirely. It is
more difficult to establish the noncensistency for boundary cases where
0 < h(0+) < o, The double exponential density is one of these and is
covered by the following lemma. In addition to (9) we will assume that

the kernel K is left continuous and of bounded variation on (-=,»),

Lemma 3. Let On maximize Ln(e) cf (4) for cach n, Suppose f is

unimodal and h(0+) = a where 0 < a < ®. Then suplfn(x) - f(x)l Mo
X

in probability.

The proof can be found in Schuster and Grepory (1981).
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The following table gives the lef: tail behavior of some common

digtributions.
-1
linm +u/fP (u)
distribution density u +0
1
Normal ov2m exp {- —;— ("—;—“)2} 0
Double exponential (%) exp {-X |x - u]} 1/X
Cauchy (%9 {o? + (x - u)z}-l L
Finite support (4]

3. Two Univariate Data Sets Analyzed.

Two pseudo-randomly generated data sets, one from a Cauchy distiribution
and another from a normal distribution, are investigated in this section.
CGeneral implications are summarized in Section 5.

We first consider the Cauchy example. Table 1 shows n=100 order
statistics of a pseudo-random sample from a standard Cauchy distribution,
f(x) = 1 -1(1+x2)-1. The asterisks (*) indicate a division into two sub-
samples to be discussed later.

We consider two types of kernel estimators, the constant kernel tvpe -

given by equations (1) and (2) where we write € = (3), and the variable

~ ~

type - £(x) = £(x|0; X)seees xn)

10 - -x

. 2D (ad, )7 kX, (13)
ni_l 1k (Ed_-
ik
where 6 = (k,a) , ke {i,..., n}
a >0
. X G aTemem v ez FEe b & = i ,:.: R S T o s —‘4\‘»..* P e L B e .u\-{ el tra f'“"j“‘"‘r‘
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Aand dik is the kth nearest neighbor to x, in the szmple {xl,..., xn}. For
e

the analysis we chose a kernel K similar to the standard normal but one in-

volving less computing time;

K i3 the t(29) density.

In our experience the choice of the kernel among those with infinite support,
seemed to matter little. However, for long-tailed distributions (such as our
present example) kernels with finite support perform poorly.

Consider first the method ML1 for these two types of kernel estimators.
We consider the types together as one family and let the maximum of the like-~
1lihood (4) choose between them. Notice that for the variable kernel estimators
the maximum of (4) is sought over a two-dimensional space {(k,a)}. The range
of a (as well as o) used for our likelihood calculations is .1(.1)5.5(ie. from
.1 to 55 in steps of .1) and that for k is 15(5)45. The constant kernel es-
timate picked by the ML1 method 1s useless, being much too flat (oversmoothed).
In fact the estimate has a maximum of only .15 and possesses extremely long
tails. In the combined famfly the ML1 method picked the variable kernel es-
timator with k=30 and a=2.6. Figure 1 shows this estimator, as well as others,
superimposed over a graph of the theoretical Cauchy density. Breilman et al.
(1977), page 136, consider three error measures, percent variance not explained

(PVNE), mean absolute error (MAE), and mean percent error (MPE), for comparing

]
mamf
-

i

.
L e |

as estimated density f to a theoretical density f (in this case the Cauchy density

which was the model for the pseudo-randor samples). The error measures are de-

i 1 ® > 2
fined as PVNE = 3 Y L (f(xi) - f(xi)) x 100
(o1 1
f
1 n ~
MAE = T I ]f(xi) - £(x)| x 100, and (14)
nu, 1
f
n
WPE =% g 1H0p =)Dl g0
1 f(xi)
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where -1 £(x,) and 3“- 1 (£(x,) - ; )2
¢ " i $ n LA T

=tM3
=t

In Figure 2 these are plotted as a function of a for the case k=30, chosen by
the MLl method. Superimposed on the graph is a plot of transformed likelihood
values (4), plotted against a for the case k=30. The particular transformation
plotted, (-log {expression(4)} -240)/2, is of no significance; the only intent
was to bring the values into the range of the error percentages. It is seen that
the ML1 method chooses a value of a (2.6) which is near the minimizing value
for each error measure. Note that since all error measures in(14) depend on the
unknown density, they could not be uged in selecting the smoothing parameters.
Breiman at al. (1977), page 140, used a goodness~of-fit criterion to choose
the smoothing parameters of kernel estimators in fitting two bilvariate data sets.
We investigated this goodness-of-fit criterion for the present univarizte Jatu
set. The one dimensional value of V(r) in the Breiman paper is 2r. With V(r)=
2r the goodness-of-fit criterion did not work; over a range of values k, the
likelihood values were increasing at a = .1 as a decreased. ™or a this small,
the estimators were already too rough. It seemed to us that perhaps in one dimen-
sion one should use V(r)=r. However, this change gave no better results.
Consider now the method ML2 applied to the conscant and variable kernel
cstimators. The application of the method applied to the constant kernel es-
timators is straightforward. However, for the variable kernel case, the strict
application of the method might lead to an estimator which is a mixture of two
with different values of k, which we view as undesirable. We make a distinction
between the parameters k and a similar to that made by Wahba (1978) in another
setting: a is the primary smoothing parameter and k is a secondary shape para-
meter. The value of k may be chosen first as follows. (i) Choose at random a

partition (nl, nz). (i1) For each of several values of k calculate a value for
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the overall criterion (7) where the ML2 method has been applied to the smo-

othing parameter o only. (i1i{1) Choose the value k which maximizes (7). We

i

repeated the above procedure over three random partitions for the values k=9(3)21.

In each case the value k = 15 was selected. Then with k selected at 15 we chose -

o
a based on a new random split. The asterisks in Table 1 indicate the resulting i
t

split. Say that a value is in LAY if it hag an asterisk and in Ty otherwise, 4
Searching over a = ,1(.1)5.5 the ML2 method chose a; = 2.7 and a, = 2.5. The -
resulting estimator is shown in Figure 1 and is very close to the estimator i ;
chosen by the MLl method. Notice that the value of k chosen by the ML1 method oo
i1s 37% of the total sample size and that the k chosen by the ML2 method is 30% ;

of the size of each split sample. .i
We also considered a histogram estimator from Van Ryzin (1973), 1 :
f(xle; Xyseeo xn) - R

< x <

: 8 if x(j) <x x(j+0) .

"G 540)7 X(3)) '

j=1, 0+l1, 206+1, ..., r -

(15) K

- [3 < x < °

n-r i x(t)._ X x(n)
n(x(n)- x(r)) :
0 1f x < X(1) or x> X (r) .

where r = [Eélle + 1,

with [+] the largest integer function, and x(l) < ves i_x(n) the ordered sample.
Now 6 is an integer valued smoothing parameter. We applied the ML2 procedure
to this estimator with the following modification. Since at least one of the
quantities in (5) would be identically zero due to the finite support of E, we

modified (5) in this case so that only thecse x's for which f # 0 entered into
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the product. Averaging (6) over several random splits has a smoothing effect
on these estimators. An estimate averaged over five random splits appears in
Figure 1. The computation time required to generate the histogram estimate was
very small when compared to the kernel estimates.

A similar analysis was carried out on 100 pseudo-random samples from the
standard normal density f(x) = c-le2 !/ Y2n . The sample values appear in
Table 2 and the density estimates appear in Figure 3. 1In applying the MLl method
we used the ranges ¢ and a = ,100(.015).910 and k = 5(5)85. The MLl method
picked the constant kernel estimate with o = ,460 but only barely so, over the
case with k = 15, The constant kernel estimate is smooth (see Figure 3) and
quite saticfactory while the estimate with k = 15 is very rough near the center.
This pattern persisted in other examples we investigated; indeed the estimate
corresponding to small k was often chosen over the constant kernel estimate. It
is seen that the MLl method, which worked well for long-tailed Cauchy data sets,
has instability at small k for the short-tailed normal distribution. The error
measures (14) are graphed in Figure 4. The transformation of {4) which is super=-
imposed is 10(~log {expression (4)} -135). The ML1 method worked very well in
picking the smoothing parameter o of the constant kernel estimator close to the
minimizing value for each crror measure.

As described previously for the Cauchy data we first choose k for the ML2
method based on values (7) and several random splits. The ranges chosen were
k = 5(5)45 and ¢ and a = .100(.015).910. Instability was noted here also in the
choice of k, different random splits indicating in turn the constant kernel es-
timator and variable kernel estimators with different k values. The ML2 method
seemed to guard against the choice of an extremely small k better than the ML1

method. The use of repeated random splits, which at first glance is a drawback




of the ML2 method, gave the following useful observation. For each random
split the constant kernel estimate gave a value for the logarithm of (7) close
to the maximum. In fact averaging the logarithms of the likelihood over four
random splits showed the constant kernel estimator to be the best. Based on
this the constant kernel form was chosen; then three additional random splits
were used to give three estimates of the form (6) whose average appears in

Figure 3. We mention in passing that the logarithms of (7) used in making the

choices among variable and constant kernel forms were often very close together,

differing sometimes only in the fifth significant digit. To check for round-
off inaccuracies we reprograrmed all calculations in double precision but none
of the selections was changed.

The ML2 method was applied to the histogram family (15). The average of
25 estimates of the form (6) appears in Figure 3.

We checked the goodness-of-fit criterion, used by Breiman et al. (1977),
on the normal data set. The same results occurred hLere as reported for the

Cauchy data set.

Since the problem with the estimation of long tailed densities was in the
oversmoothing caused by the extreme onservations, we trimmed observations and
considered the natural modified emrirical likelihood representling an estimate

of the joint density of the order statistics X(L+l) through x(n-L)' The

smoothing parameter chosen Initially decreased drastically with increasing L
for long tafled distributions and the estimate of the Cauchy density contiaued

to improve as L increased. However, rince the maximizing Bn was nearly

decreasing as L increased we are not able to give any guidance as to how

r any observations to trim.
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4, Multivariate Case.

In the immediate generalization of the univariate maximum likelihoof
procedure to the multivariate case one would need to choose a shape factne
for each coordinate. For simplicity we restrict ourselves to the bivariuae
cagse where the bivariate kernel estimator based on the random sample

(xl,yl)....xxn,yn) from a bivariate density {is

£ (x,y;a,b) = (nab)"1 1§1 k{(x-x,)/a, (y-y,)/b}
where k 18 a bivariate density. A common oversimplification in case
studies of arplications of bivariate (and multivariate) kernel estimators
has been to take the same shape factor for each coordinate. Our empiric:
work has been limited to the split sample ML2 method. We again zscuce g {3
even, say n=2m. Our bivariate procedure randomly splits the bivariate
data inco two groups of ordered pairs, say the first and the last =n
pairs, which we refer to as the x's and the y's. The x's would be used
in defining the fuactional form of tl.e kernel estimator fm of f and the
y's would be used to find the shape factors (al.bl) which maximizes the
"empirical probability" of observing the y's (as in the univariatc casej.
Tn the same fashion a second e3timator would be constructed which uses tia
y's in defining the functional form of fm and the x's would be used to f2id
the shape factor. (a?,bz) which maximize the "empirical probability" of
observing the x's. The resulting two estimators, say fm’l('.‘;al.bl) ant
fm'z(-,°:a2,b2), are then averaged to obta'ln the bivariate estimator f£_

by

of f.
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of solving the bivarizte meximizantion problem. As a good initial guess we
used what we refer to &s the marginal solutions. Basically, the marginal
solution consists of finding the shape parameters which work "best" for
each coordinate. To be more spccific, if our data pairs were (xl.yl)....,
(xn.yn), where n=2m, we use (xl.....xn) as in section 3 to obtain two
estimstors fm’l(x:ﬁ) and fm,Z(X;a*) of the common density of XyveoesX o
Similarly we use (yl,...,yn) as in section 3 to obtain two eitimators
hukf(y;ﬁ) and hm’z(y;b*) of the common aensity of SALETED AT The first
approximation to (al,bl) was (&,S) and the first approximation to
(az,bz) was (a*,h*). Of course, one could just estimate the bivariate
f by averaging fm'l(-,-,ﬁ,s) and fm.2(°,°,a*.b*). We call this our
marginal solution. Although somewhat more irregular in the bivariate
normal cases we have studied, this macsginal solution is less time-consuming
to compute and seems to be adequate for many purposes. In figures 5-10 we
picture the actual density, the marginal estimator, and the nonparametric
naximum likelihood estimator for two case studies of samples of 400 from
bivariate normal densities. 1In case 1l we are sampling from the bivariate
nornal density with mean vector O and unit covariance pictured in figure
5. Figure 7 gives the marginal estimators for this case and figure 8 gives
the nonparametric maximum likelihood estimator. The second case study is
a sample of 400 from the bivariate normal density O mean, and covariance
matrix A = [;]; ﬂ pictured in figure 6. Figures 9 and 10 give the marginal
and nonparametric maximum likelihood estimators for this case. The bivari-

ate kernel u ed was a product of standard normal densities.
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The results reported here are only a small part of our experience in ap-
plying non-parametric maximum likelihood techniques. However, our multivariate
experience with simulated data has been limitod to the split sample ML2
nethod. Below 1s a list of observations and recommendations.

a. We find the ML2 data-splitting method to be very attractive, both
conceptually and in application. There is some instability in the
chofce of k for variable kernel estimators of short tailed densities
but we judge {t to be less than {or the MLl estimatora. The answer
here might be to have a preliminary classification of the density as
long or shorc tailed and then to suitably restrict the k values con-
sidered. For short tailed densities ouly laige k values and the con-
stant rernel case would be considered. A drawback of the MLZ method
for kernel estimation t3 the considerable computation time involved.
The ML]1 method offers oniv moderate improvement in computation time,
We fecl that the randomized nature ot the ML2 method may prove very
useful in future work in guarding against bad estimates both of den-
sities and functionals of densities. An attempt was made to remove
this randomized component by dividing the sample into the even and
odd statistics. This approach failed; the density estimates were too
rough.

b. The MLl method has as noted above instability in the estimation of
short talled densities, However, in cases where this was not a pro-
blem the MLl and ML2 methods tended to agree closely and for constant
kernel estimation, to coincide almost exactly. We view this as Jus-

tification of the ML procedure which on the surface does not fmpart
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The histogrem estimators are disappoiating in their lack of smoothness
but wit’.in that class of estimators we judge that the maximum likeli-
hood method worked well. Computation time was fast. Perhaps future
work will develop a "quick and dirty" way of using a histogram es-
timate as a preliminary in choosing the smoothing parameters of kernel
estimators.

We have determined that maximum likelihood techniques are also ap-
plicable to nultidimensicnal density estimation. In multivariate

kernel estimatior with a product kernel a marginal distribution tech-

nique is to choose the smoothing parameter associated with each vari-
able by considering only the univariate marginal distribution of each
variable. This is to be contrasted with a multidimensional search of
the likelihood surface. In the multivariate case computation time

is very important. In this direction our empirical work was limited

to several multivariate normal data sets using the ML2 constant kernel
method. Although the estimators were quite reasonable there was some
tendency to oversmooth.

The use of maximum likelihood techniques on families of estimators

other than those considered here, should be investigated. In particular

this includes the orthogenal series estimators of Wahba (1978).

Aclnovwledpement. The work reported in this paper is primarily a summary

of results in the papers by Schuster and Gregory (1978, 1979, 1981).
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Table 1,

Cauchy Data

=17.511%

-4.828#
-2 750%
=2.31.
=1 624*
=1 236*
=1 0324
-0 7%
-0 455
=0.421*
=0 265
-0 006
0 084+
186
284

~11.

=3
-2

-2,

-1

~-1.
-1,

-0
-2
-0
-0

NV LN -~ O0Q0DO00QOCC

159
836
449
114
5430
178+
043
$25%
454
328
212#
0514
116+
226%
b))
402
601
Q7
892
249
57,%
053
130
Vs od
152

-10 315
=3.319#
~2.417%
-2 058
-1.401
-1 083
-0 987¢
-0 480
~0 434
-0 318
~0.165

0 056%
0117

253

0.343

0,464

0,634

0.846

2.926%
1 304#
1 638

2 451
3.172

b 6y
15 5040

16

-2.11)
-1.393
~1.157
-1.039
-0.905
-0 814
-0.647
-0.598
-0.491
-0 421
-0.297
-0.173
=0 031
-0 001
0.134
0 167
0 263
0 g0
0 500
0 695
0.782
0 845
0.963
1115
i.53%

Table 2.

hormal Data
~-2,232 ~1.957
-1 529 -1,429
~1.165 -1 129
-1 018 -0.956
-0 885 -0 861
=0.787 =0.492
-9 631 -0.621
-0 536 ~0.532
~0 455 -0 447
-C 420 -0.184
-0 259 -0.244
-0 112 -0 390
-0 029 -0 015
0 014 0.094
0 146 0.163
0178 0.222
0.276 0 126
0 409 C 416
0 594 G n4l
[P 5} 0.7¢0
¢ 799 0.405
0 880 0 934
1 004 1 0oo
1.250 1.303
1 601 1.836
/
/

~1.6841
~1.424
-1.065
~0.908
=0.851
-0 650
=0.511
~0.502
-0.432
-0.351
-0.197
~0.L47
=0.004
0.)16
0.166
0 242
0.3¢6
0.423
0 692
0.723
0 330
0 949
1 084
1.489
2.311
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Summary: In this paper, we review some recent results for choosing
smocothing parameters for some bivariate density estimators.

Some univariate results are reviewed as well.
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Review of Some Results in Bivariate Density Estimation

1. Introduction

For representing and examining data in up to several dimensions,
nonparametric density estimation provides an analytic tool that is
simultaneously exploratory and confirmatory. Unusual data features that
may be discovered or explored Include multiple modes or clusters, as
+ 211 as unusual isolated points. At the same time, nonparametric density
estimators are confircatory siice they provide a consistent estimator of
the true underlying saomple density function under mild restrictions.

The family cf nonparametric density estimators is diverse, including
the histogram, frequency polygon, kernel estimator, series estimator, and
penalized-1ikelihood estimators to name a few important choices. Each of
these methods has one or rore calibration or deisgn parameters commonly
referred to as smoothing parameters. The bin width for an equally-spaced
histogram plays the role of the swoothing parameter; too wide a bin width
gives an overscmothed estimate while too narrow a bin width results in an
undersmoothed or rough-looking figure. 1In the terminology of Tukey's
exploratory data analysis, in the first case we sec too ruch of the
forest (i.e., the smooth) and in the latter case we see too many trees in
the forest (too rough).

Much theoretical and some practical work has appeared on how to
choose the snoothing parameter to provide the best approximation to the
underlying density fumctior. It is also the case that the smoothing
parareter has a certain erploratory nature, where we dynamically adjust

how much forest and how many trees we wich to see,
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2. Univariate Density Estimation

2,1 Some Graphical Interactive Approaches

In recent years there have appeared some interesting algorithms that
automatically pick a smoothing parameter appropriate for a given data set
for a particular nonparametric density estimation procedure, Prior to
the evolution of these algorithms, statisticians learned how to pick good
smoothing parameters through simulation experiments and interactive
graphical methods. These latter methods will be important to use even
with the automatic methods for validation purposes, data exploration
purposes, and in cases where the automatic methods return occasionally
bad smooth_.g parameter values.

We can illustrate several graphical methods, some known, some not
with a nonparametric kernel density estimator

PS 1 X =-X
£(x) "—nﬁﬁ x(lh) (1)

The first method is to pick a decreasing sequence of smoothing parameters
(h's) and look at the corresponding sequence of density estimates. For
some simulated Gaussian mixture date with n = 300, we show a sequence of
estimates in Figures 1(A)-(C). It i3 important to start with obviously
oversmoothed estimates (large h) and lock at the resulting sequence of
estimates that shows increasing fidelity to the data and then finally
becomes contaminated with noisy fluctuations.

The preceeding interactive approach is not very sensitive for
discriminating among several apparently "good" estimate-pictures. A
similar problem exists in curve fitting. Tukey points out that plots of

the residuals = data ~ fit provide a greatly enhanced ability to compare

[
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the goodness nf rovar
Litior iodliicalion 1s o eadaming plots ox L' ratner than of £ s_self.
The second derivative is much more sensitive to small changes in h than
the density function itself. This is the procedure advocated by
Silverman (1978), which vesults in pictures he calls "test graphs."
With a little more experience and experimentation, we can go through a
sequence of test graphs and accept a test graph with an desired amount
of noisy fluctuations. In Figure 2, we reproduce three test graphs
presented by Silverman.

A third procedure provides a useful shortcut and sometimes welcome
relief to the previous methods.

A possible choice of a measure of the

roughness contained in a univariate test graph for a Gaussian kernel is

2
(x-xl)
~ - i.
e f"(x)zdx - T | h4 - (x -x.)zh2 + (x, -x )4] e 4h 2
v 29{} > R 12 Y7
8n"h ij
We simply plot thc logarithm of equation (2) as a function of h. The

graph has slope near zero for values of h corresponding to moderate
oversmootaing ard very large slope for values of h correspondiag to rough
estimates approaching Dirac spikes at the sample points. In Figure 3 we
show six examples for various simulated data sets of this so-called "h-rough"
plot. Also shown in each h-rough graph is a point labelled "best h."
This is the particular choice of h for that sample that minimized the

integrated squared error (ISE) between the sampling density £ and the

estimate % and is given by
r ot 2
ISE = (Fx)-£(x))" dx.

It is clear that good choices of h lie in the region where the slope of
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Other useful approaches are based on rules of thumb derived from
asymptotic theorectical results. For example, Scott (1979) proved that

the optimal bin width h for an equally spaced histogram density estimator

is given by

h o= 6___ /3 -1/3

. (3)
If'(x)zdx

The rule of thumb he proposed was to choose

b= 3.5 s 213 ()

a formula based on using equation (3) aund data moment estimators
assuming the sampling data is N(u,oz). He also provided multiplicative
correction factors based on higher order sample moments such as the
skewness. In Figure 4, we show 3 histograms of the same simulated Normal
data with n = 1000. Theso figures also illustrate the usefulness of the
integrated squared error criterion upon which equation (3) is based.
Also notice how the sequential interactive approach works well here.

One automatic method for picking a kernel smoothing parameter is
called the '"quasi-optimal" procedurce (Scott, 1976). It is based upon the

well-known theoretically optimal choice for
* LT 2 -
h=h = p(f) =8(, ["(x)" dx) (5)

For a particular choice of h, we have & ready estimate for the right-hand
side of equation (5) using equation (2) for a Gaussian kernel. The

quasi-optimal smoothing parameter is the largest stationary point of

“raa AR

A
- sha ~ PR ~ ¢
RS o P . .t <

Rt - -n VA N PR e e T i e e

.
L b

'} B
.

Lope




the right- and left-hand sides of equation (5) as a funciion of h,
Stationary points are marked by arrows and occur when the lines intersect.
This aud several other automatic procedures have recently been compared

by Monte Carlo methods (Scott and Factor, 1981).

2.2 Other Univariate Procedures

A new density estimator was proposed (Scott, Tapia & Thompson, 1979)

based on the maximum penalized-likelihood criterion:
InL(E) = T Inlf(x)] - o £9(6)% de . (6)
i

If we optimize (6) over the class of continuous piecewise-linear

functions defined on a given mesh we obtain the DMPLE -~ the discrete
maximum penalized-likelihood estimator, a code for which exists in the IMSL
library (1982, NDMPLE). Here «, the penalty or roughness weight, plays

the role of the smootning parameter. While consistency of the DMPLE is
well-known, we have tew theoretical results on actual convergence behavior.
Extensive numerical simulations indicate that the rate of convergeace is

n-A/S. the same as for many other techniques (except, for example, for

the histogram, which is n-2/3). However, these same simulations indicate

that the DMPLL is very cfficient for the sampling densities cxamined.
Iu Table I, we examine sample sizes required to achieve an average integrated
squared error of 1/400 for Gaussian sample data N(0,1). A complete

picture of tue general behavior of the DMPLE for various penalty functions

aud sampling densities 1s an open area of research, :

-
'
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. wmrp b Av o aledbpiadl VasUes by line segments., {t is
infrequently used. Note the DMPLE has the same form if not origin as the

frequency polygou. However, I have recently shown that the frequency poly-

gon properly constructed actually shares the same approximation properties

as the kernel methods rather than the poorer properties of the histogram;

that is, it converges at the rate n-&/S. see Scott (1982). This

o
S e g ode Lol

observation was recently made independently by David Freedman at SLAC, 3

However, this is a whole paper in itself, But notice how the frequcncy '

e

polygon behaves in Table I. This is generally the case.

With the above as background, we can look more closely at some ' ;

corresponding two-dimensional results. :

3. Bivariate Density Estimation

Akt oA a0 A

3.1 Need for Two Smoothing Parmreters

The bivariate kernel estimator is given by

£(x,y) =

N bk el ome 450

I SVCRRR ™

that is, the kernel varies from point to point. A more useful form is

RANT P T

1 XoXyyy
nh h 2 Ko[ h ' h ] (8
Ny X y

Fx,y) =

e

where Kb 1s a bivariate density function with certain restrictions, but

whose exact form is secondary in importance to the choices of hx and h .,
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symmetry condition: Kb(x,y) = Kb(-x,-y). ff i
.o 1 A
K
Cacoullus (1964) examined this general case and, in fact, proposed .T { k
R
the simpler product kernel PR
I
xi'x yi-y -X Y 4 ”‘." X ]
Rl5— > 5 Kll P K — h R (9) SR
X Y
This form has certain computational advantages especially when the L
univariate kernel K1 has finite support. Cacoullus wrongly proves in ;
his last theorm that optimally for product kernels we should restrict
L
ourselves to 3
i
h, =h (10) ;
Nezames (1980) has consideied this question (and much of the following i
material comes from her thesis). Suppose f is bivariate Normal with 4
covariance matrix
1 0
2 <
L = o (11)
0 q2
Then in Table 1I we look at the inefficiency with respect to average ISE o

for the restricted optimization problem satisfying equation (10) versus
the unrestricted optimization problem. The results given in the Table

emphasize how large this inefficiency can be. The obvious fix is to

i claddanks

standardize the data so s, = sy. However, the behavior shown in Table II

is the recult of complicated functions of second order derivatives of f and

not simply functions of the moments, in general,
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For other bivariate methods, the above results emphasize the need for

having at least one smoothing parameter for cach variable.

3.2 Optimil Kernels

For up - iate kernel estimation, Epanechnikov (1969) proved that

the optimal kernel was of the form
*
Kj(x) = 2 (%) -1<x<1 . (12)

Nezames has proven the following:

Theorem: The optimal bivariate kernel Ko is given by
* . 1,2, 2 2,2
R, Gy) = 301 - (7)) ] Xty <6, (13)

This kernel looks like kernel Kf swept 360° about the z-axis. The increase
in efficiency of the optimal kernel (13) compared to other kernels is not
large, a situation similar to the one-dimensional case investigated by
Epanechnikov; see Table I1I. Notice how the product kernels are o;ly

slightly inefficient. The Gaussian product kernel is perhaps surprisingly

inefficient.

3.3 Picking the Smoothing Parameters hx and hy

All of the one-dimensional methods described in section 2,1 may be
directly extended to the 2-dimensional case. Direct sequential bivariate
iterations are much more time consuming and difficult to perform repcatedly.
The test graph approach is less easy to visualize than the density estimate

(using contours, say) because the test graph will have contours corresponding

e b bt
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to negative values. However, the test graph is still a nwre sensits..
instrument than the direct interactive approach.
There also exists a bivariate quasi-optimal algorithm implementation
that has been cvaluated in some simple cases by Nezames, :
There are also bivariate extensions of rules of thumb based on
theoretical results, For example, for bivariate histograms with

rectangular bins of size hx by hy, the data-based rules are

-1/4

hx = 3.5 s, n and (16
hy = 3,5 sy n-lla,
expressions virtually the same as the one-dimensional result in
equation (4), except for the exponent on n. The first correction to
equation (14) is based on the sample correlation coefficient r.
Equation (14) should be divided by
(1-r2y3/8 (15)

Highe; order moment corrections could be developed.

He next consider the smoothing of a bivariate series estimator using
the cross-validation algorithm of Wahba (1981). The smoothing parameters
uscd minimize a certain generalized cross-validation functional,

Depending upon the exact form of the initial series estimator, you get
ecither the algorithm given by Wahba (1981) or a slightly different version
developed by Nezames (1980). First, for n = 50, and p = .80 with bivariate
Gaussian sample data, we show contours of the cross-validation functions for
the two approaches, see Figures 6 and 7. The two corresponding estimates

are shown in Figures 8 and 9.
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The edge effcces of series estimators are well-known to eaist but
are always somewhat surprising to see. In Figure 10 we show an

estimate for n = 100, p = 0, bivariate Gaussian data. WNotice how the

——

periodic nature of the solution is clear. N

3.4 Rates of Convergence

In Table IV, we summarize the rates of convergence of the various

density estimators. The frequency polygon again performs very well.

Notice that the two-dimensional kernel methods have the same convergence
rate as the one-dimensional histogram. As an aside, the bivariate
frequency polygon may best be constructed using histograms with base
bins in the shape of hexagons; that is, a shape capable of tiling

the plane and approximating a circle, ’

3.5 Bivariate DMPLE

Nezames has Implemented the Bivariate DMPLE for the class of
plecewise constant functions. As an example, n = 200, p = 0 bivariate
Gaussian sample, the histogram is shown in Figure 10 and the

corresponding DMPLE in Figure 11. Notice the reduction in noise and

false peaks in Figure 1l1.

3.6 Scatter Diagrams or Density Estimate Contours?

One thing statisticians are supposed to do well is examine scatter

diagrams, such as those from residual plots., It has been my experience

that the naked scatter diagram is a difficult object to "see.'" For examrple,
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consider the blood lipid (fat) date shown in Figure 12 (Scott, et al, 1978).

These data represent the cholesterol and triglyceride values of 320
males with angiographically demonstrated coronary artery disease.

at the contours of a kernel estimate of the same data shown in Figure 13.

The bimodal feature was an important undiscovered feature in

previous analyses of these data.

e e e~ ~

T~

e e B it 3RS 2 L

<
Y

y -
- £

i

Now look

|

»o

.-

Paswrary
-~

.
N -

.
b o——

¥
s -

L s, Wik

[

PR Sy




- e ot s e s

Cacoullos, T, (1966), Estiration of a multivariate density, Ana, Inst,
Statist, Math,, Tokyo, 18, 179,

Epanechnikov, V,A, (1969)., Nonparametric estinates of a multivariate prob-
ability density, Theor, Prob, Appl,, 14, 153,

International Mathematical and Statistical Libraries, Inc. (1981).
Houston, TX.

Nezames, D.D. (1980), "Some Results for Estimating Bivariate Densities"
by Kernel, Orthogonal Series and Penalized Likelihood Procedures,
Unpublished Ph.D. thesis, Rice University, Houston, TX.

Scott, D.W. (1976), "Nonparametric Probability Density Estimation by
Optimization Theoretic Techniques," Unpublished Ph.D. thesis,
Rice University, Houston, TX,

Scott, P.W. (1979), non Optimal end Data-Based Ristograns.' Bigpo-~
txika 66:605-610.

Scott, D.W. (1982), "Frequency Polygons: Theory and Application,”
in preparation.

Scott, D.V. and L.Z. Factor (1981). “ijonte Carlo Study of Three
Data-Based lionparacetric Deasity Estimators."™ d. American isti-

L2l Assocration 76:9-15.

Scott, D.W., A.ll. Gotto, J.s. Cole, and G.A. Gorry (1978). "plasma
Lipids as Collateral Risk Factors in Coronary Artery Discase; A

Study of 371 Ilales with Chest Pain.® Journal Chronig Diseases
31:337-345, ot

Scott, D.ll., R.A. Tapia, and J.p Thoin

_D. ) .R, mpson (1980). ®jon aranetrj
Pfoba§111ty Density Estimation by Discrete Maxinum genalizc;f
Likelihood Criteria,. " Annals of Statistics 6:820-832,

-
R A T G U TR A,
e ™ h




178

o .. o -
v dilaeliy,”  Brometrika, 65:1-11.

Tapia, R.A. and J.2. Thompsoa (1975). Bonparenctric Probability
y P .
Density Estipztion. Baltizore: Johns Hopkins Press.

Tukey, J.W. (1977). xploratory i
(1977) Data Apalysis. Rezding, Mass:

Addison-!lesley.

Wahba, G. (1981), "Data-Based Optimal Smoothing of Orthogonal Series
Density Estimates,'" Ann., Statist.

= e
cRCE 19

-

RIGINAL

1. LI T s N N g oa e it T e o Feec gz et TR fata ey e awe 2 -
- + ol < I = 3
- 2 N P . -
Pt Sl Rdvid it el el satm St am b S Bvedh. 2an i ind S

«
aaRy dx,

VAETY rr o e gem s e oo

b

e i e ke

i

B




b
v i
- - Cret e IUE an daow = 17000 ui . “io.:-b' Gverape cepie
wJ uith i€0,1) pata (See Text) l ;
) 4
o . i
LStiniior Eyuiveleat Saiple Size ‘ ’ ]
Q(g.l; 57 :
1{z,5%) 1C6 b
Epancelnikov Lerncl 431 ‘
woioar Lerael 463 =
Freguciicy Tole. ma v -
frequeiicy Folygon 545 !
istoyrar 2,255 ‘

D.ILP. L.z, \io [

/I— b(@ Table 2.2.1
a

2
q Y

o or O &
3 -3 72.11 i

4+ 107 or 210

+100 or +.01 15.54
+ 50 or .02 9.79
+ 10 or +.1 3.35
+ 5 or +.2 2.13
t 2 or i.5 1.23

1 1.00

oR:G!.\!/\: ORI,

0 ry> . . ."
F POOg GenlyyY

drimbeds

LTI

&

T ~ . z 4 Py me——— - —

B
3.~ i

" -~ - I
" B 3 - [ - PR - * T e e 4 s - L ew S e - e .
IV ‘ b o o > o e e T e e e A0 % Frnde s mae s i NEY.FH R V) NESW
- . O P D b et A S 5 s S o 5 Ers it 5
TN PRV LU Yalt A R oy T iy ALt i Lk




1 Shabt™® e

OF L?OL)R guabiay

-

pes

.

- s .
Table 2.3.1 i; i
S
K{x,v) Support A R ! i
|
C
K" (x,y) L4y’ 6 0.1710 1 ]
|
9 2 |
R, =35 (- 2 a - yH Ix],ly] <1 0.1731  1.0121 §
'
22 2.2 2,2 :
K, = 2_5.2_ a-xD%a -y IxlL iyl <2 0.1741 1.0179 ;
|
{
1 x2 12 ,
Ky =55 expl-5 -3} Ixl, Iyl €< = 0.1850 1.0819 i
:
|
X, = 1/4 Ix], Iyl <1 0.1908 1.1157 i
4
i
i
i
. . ! . ;
_ Gnianate Gty a pahe ;
;
i
. "4 ow /,3’- ;
N |
i
i
barvel }
WA ) SeACs
' =) ) 3
4 -~ ‘é{%' f?"/? I,
o - — - -, - » -y ”l ”'*_’é
E‘s:‘.;:;p“‘ B }.: :l‘%’f: N e N LQJL’E‘:’ f’i?'*;:i?’ . TR v ISR NN E ISR TV I h




& !

‘

Z S

px3

Lt e Al s e e SASL AL A AT A

f et

AT T

) B

o

VINUOM NIMKAL Wittt MLANS 2 =

SAMMLE StZk a
NERNEL

JOs wi i

$.50 VAHIANCE
75 SAPMLES UM Hiunt
ESTIMATUR Wil ARNARL & CUANR witi ¢ =

INTECIHATED MEAN S0UANL EAROR
ENTECHATED SQUANL ERNOD
MANIMUM AUSULUTE ULFFINUNCE

AtaCiasa

~%00L10V
-4, BOFt00

-a
-8, 000000
«~3.800000
=3 0lv00
~).A0E000
«3,20t100
~J.00L100
=-2.8Ut100
=2sb0LeQ O
-2

=t.t0tc00
=1.40t¢00
~1.20€¢00
~1.00€¢00
=5e00i=) |
L«00E~0)
=~4,00{=0}
=2.0CE=31
0.0
2,Cot=01
4, 00L=0

o
.
o
[=3
~
1

8.00€~
1«00k
102050
1e6CEr
lal0E:
‘e 80k

~
.
o
o
o
-
Q000 CO0LO0000GN00CC
©000G0DO0OORI0ODDONA—=m

4.4 0k
4,60L000
4.9074 00
%,00E400

OHDINATE
. o

LeldL=04
ledvEa0)
2 .45Et=0)
4.40C=0]3
? 42E~0)
1ellf=02
2.120-02
JeJCE~0Q2
4.526=-02
7405€-02
Q.T1E-02
1 ec3E~01
14¢35=03
SeCOC~-01
2.38(=0)
datel =01
2.806€-0.
2 .S8E=01
2+5dL=01
2.00€=01
2.L4E=01
2.347=01
2.00E~01
14t 32=04
1429€=01)
Gel26=02
TedPt=-02
S0nE=02
4.,09C=02
S+42€~02
lel0F=~01
2e07€E~01
2.51£<-01
2 .M8E=0 |
2.01€E~01
Q.74E-02
1.33E=02
7eS0I~0)
1 e36la0d
1e780=00
2sA0E=CO
Se83f=00
l sBof=Cb
G.74E=07

»ldr=07
S8.{et -0V
2elaE=08
Ba26t =09
203E=05
T «20€E=10
£2¢00E=10

£ QF PLUT .

LEEEIX I-5 |
Gelul=(C3
1.00L=0Q2
1s00E=02
2481€=02
J.00E=Q2
4.18C0e02
Se08Are02
TaAPE=Q2
“e57c=02
letdt=n|
Lea}£~0)
1.0%E~0}
1eRGE=OL
2.006€=01
2ealt=01
2.33E=01
2,1vE=Ct
2eI9C=31
2.230=01
2.218=01
2.06€=01
le88E=0)
1e71L=028
LeS6l=01
1abovE=0L
1.29¢t-01
1.)5t=0}
1+32C=01
1.31€-0)
1+30E~01
129L{~01
1.2%£«01

1.12C=01
1.01€-01
B8.80L=02
T edUE=~D2
5.70(=02
Aelttmo2
2oL =02
LebYE=02
8.07t=03
3ot E=03
1.47E=03
S.4vE=D0
LeST7€ave
2.82E=05
0.0

Ol

0.0

»
9

iN
0

*%ccscenencpsscracrnee

20
.0
)
0

v
-+
e

=VPOOVAN=NINL VIOV IVOC QIO AONMT =

® @ P PP I OO I PGP E TSRO NEUEPEP LRSI OEOLEGETS

-

[+ 24

c

-]

(-]

(-]

[~

c

eC

@ P00 000000000000000000000P000000s0anteltsenssncensons

/]
L
+ 0
.
LX)
. q
[ ]
0
3]
0
o
¢ U
o
o
o]
[\
(]

WA e b Wl “Soamis L i S,

€=01

UF Lb:f ® L VITH wilChT AND VANIANCE GF HILHT »
Ge

£¢000UV000
0,%32320401 ¢+~0
V26822602
Vei7%0%4043 E000

Veltd)

0000000000000 00-00000000000000005000000000 00000000 8 0000000000000000000000006000 00

1vad ¥09d 40

(_’d)l aun'atj

0

'S

© ey e griiaaey
Siw a8 3ul

[

——

prcte T

-y

nne

bRl Sad

17RIOY oraund

i

= (M

-ty
.

-
bl

x|



-1

¢ -D

",
.
-

-
>
£
7.
121
'
i
g3

1
AJl
:
b«

‘4
c

s

T
.
]
i -3

)

«

5

2oy
ot i . Bt
}
s
.
'
!

N

]

-
g
C
VIMUUA  NMIIMAL WLl MFAND & =y 1e50 VAHIANCL OF LEFT & 3 wilr wEICHT AND VIN AN * J ~
SAMPIL SILE 2 300 wifit 1% 2APLES CA WICHT vs. Gt ANCE OF hiutd 002600 0.1118 )
KEWMEL USTIMAIONR wilTit ERPEL ¢ QUAK WiTH o » U,600Q00002
INTELGHATLD M AN LOUANE tWkOR 0e30Ju940%0 F=0) @
INVEGRATED SQUARE ERRUN 0.23¢094E31 te02
MARIHLHE ADSOLUTE UIHFCRENCE 065747.5073 E=08
AUSLID.A UKJIINATE MiN nax Ty
. ] 0,0 0. ~
.d...."."l'..'l...l‘....'........'.‘...."...O‘.-...... XX ) oo oS LI X XL XN 3 L]
=S.00EIU0 BeNIL=Us V.0 . socee bt At N
=4.00C100 1.27£~02 0.0 ' J
=8, 00F100 2,45E~05 H,3 t=0n .
®2,6Crt00 4,46L=02 Y, 38E~03 |40
*4,20E000 7,828 =0) [ ,1%:=02 1,00
~4,00L000 1.31E~02 2,23E~02 2, » U
=3 BOEC00 2.12L=02 2,9ut=02 2. & 0
®3.60EI00 3,30L=02 ).I9€=02 2. v
~3,40C100 3.9TE=02 3, .
-3.20L000 4.23(=02 o, c e
=3, 0UF100 9, Tetiit =02 2. 0 e
~2.UOEIO0 1.49C=001 1,226=01 9, Oe
«le0OF00 Vo83 =01 {.69C=08 9, Y]
~2,80E100 2.00E=01 2.1CL=01 %. s L
“ly20E000 2,340=01 2,51E=01 9, s 0
~2,00E000 2.caE=0l 2.683L=01 9, e ©
~1,000400 2.06€=01 J.u3L=01 9, s ©
=1.00804080 2.58L=01 2,94E=01 9, ae
=1.40L+00 2,58C~01 2,23(=01 Y, 0 e o
~1.208400 2.€(L~08 2.650=04 9, g . (o]
~1,000000 2.¢4C=0) 2,57k=01 %, Ce - A
*3.00t~01 2,34E=01 2.3%9€-0} %, *°0 ES
=t.00L=01 2,00L{=~0t 2,01t=01 9, 3 0 L
~4.0CE=01 63L=01 t,01€=01 7, Qs O Z
“2.00E=01 YE=OLl 1.)4E=01 9, 1) o)
0.0 9.74€=02 1.,07(=01 S, ¢ 0 pod
2.00r=0) T.07E=02 7.95L=02 4, °u < ™
4.00L=01 $,02E=0¢ 5.528~02 2, (]
€.00(=01 4,CHE~02 4.90C=02 1, o £ 0
8.00L=01 3,42E=02 7,a6t=~02 7, L IY] cC >
1.00L000 1,10E=08 1,37t=01 6, . v > 0
1206000 2.67L=01 2,05t=01 9, . =
1.40L¢00 (aCIE=O) 2,45L=d) 9, Q 0 | 5
1,00E100 2.68E~0) 2,32t=08 9, Q . —
1800000 2.01E=01 §,75E=~01 6, [T (447
2.00F400 $,76E=02 1,09C=0% S5, (]
20208000 3,33t=02 5,51E~02 1, ¢ 0
2040E100 7.96E=03 2,59E«02 J¢¢ O
2,00E400 1 ¢Job=0J 0,59L=0) s O
To60(900 ) JTUE~O04 3.60E=03 |ey
3.00L100 ,60t=0% G, /5t=vs |0
3e20L100 Huat =00 0,0 ¢
JAUEICU §.80C=06 0.0 *
3.L0EI00 6474607 0,0 .
3.40E4J0 2.38L=0T 0,0 )
4.00£400 B8.0u8E=~08 0.0 L4
4. 0E000 2.CaL=C08 0.0 .
4,40€200 8,26E=Q9 0.0 .
4.80L900 2.4%L=0Y 0.0 '
AenOLI00 7420E=)C Je0 .
6,002000 2,C0k=10 0,0 .
LD OFr HLuT . -otv.cnov'c-oo-oooc-ooc-oo-'oooclacoo-ooooooooc-oooocc'ooo.ooooton.olo--oooooa.too-
- " - - . o~ - C bl L
. N o . . - .- . - . _ .- e u--—-s,l [N . reed T

- e e st b e e
- ——— o~ - PP

28l

o



T

g
T
\
Calyr

I3

LD 82 1 g oo age iy
i -
RIS I T

4

2ok

EADEY

2

Y

LI i
L2

aoent

«

DIMUIUAL MINMAL wITit M Atey 4 wmp

1.50 vuaun:n o" LET 2 | wiTH weilHT AND VaN(AMNCE HiLH) L]
LANPLE SIfr 3 300 with Y5 SAMPLES Om NI tvee Licnr vaus oF mitr 0ee300 0.1}
KCHNEL L3TIMATOR BT17M LN ALL + OUAR -lln L IR ¢ SYYIVES
INTE GUATCD Mr AN STUANL LelbUR uJOuBOl r.-oz
FATELHATCD SGUAKLL CuNHONM o u2)201U9 (=02
MAST AUM AUSUI UTL ODIFreNENCE 0.2306830044 €E=01I
AULCTINSA VM inate LAL] niR
4 v.0 [ %18
-ll-.Ol.l...'.l..Q..lt.'...ll..l...C.Q.l......'..l....'...'ll.......l....‘l......ll
ST UULIVY At =Us U, U *
udLe o0 0.0 }0
Hetr oo v.0 .
01 e0Q 0.0
LT RNTY 4ot ILe0Y
~a,UyYLe00 ] R <
= Jebvteygu Y. leu, 2, * )
*J.t t¢)Q Tealle0y 2, Ue
=3.4uts00Q s 71 =0, 1, 1 .
=3 0LV LaUSE=0L 6o [ A
-3 Uur ¢0Q Sahllmne o, v .
='eulLe00 1,721 =0 Q.JIL=02 9, (1] .
=2.201000 1,601 =01 2 2°1=31 9, * [4
=2.800000 C.COL=UL DentiC=0) ¥, (])
2 L= 1 HL=vt 9, (3 .
N af =0} 2U0L=0F 9. . [+]
Sl F=ul a7l =0) 9, Le
=1e0010U0 2.4 m01 fe=Qot 4, ) Q
1401000 2,90t =01 L2etot=D) %, [}
=be2CL000 2.ttt =Ul 21.9,0=01 9, Q *
“JoUCTMI00 2.¢a0=01 3,5%L~01 Y. ] [+]
*J2.UCL=01 2.34(=C1 2,4%E=U% 9, e 0
=6 OCJL=21 2.C0L=C3 },.71C=01 9, (] L4
OULl=01 J.638L=0L Jottit=ny 7, *
GC=J1 1.29L=01 },800=0t ¥, * Q
0.0 Veldtl=ue G021 =02 ,. .
€200 =0] T,C020~22 9,00L202 4. e U
$,00€=01 5.,0%6=02 4 3hE=02 2, ue
€.00t=D1 4 .(BE~C2 1,08C=32 1. [+ I )
U VOE=D01L> S.+e 7. U e
1.00€¢00 (4} e. L]
l-.CC'OO 2.C 2. . [4
1.40L¢00 2,4 2. <] [}
1.00€¢00 2,8 9. ’
1.8CL400 2.0 (Y o [
2.0CF200 v.7 Se 0
2.208 000 J.2 le ¢ 0
2.4CL*00 T.4 .t
2.L96000 1.3 L)
2.80€490 .7 .
J.00r80C 2.4 *
3e2CLIUL 5.4 .
J.4CE20C 1. *
J.olEe00 6. ¢
d.LCELOQ 2, L4
4,00E¢00 O, *
€, 296900 2. .
4.40°40C 0. .
“.00£000 2, »
4. 6000 7. 4
a...:roo 2. ¢
Er) LF PLUT, lOl'.'t.0...'..".0.l.OO..’O'..'OI."OQO'O..0.0'.0....’.'0..0....'...ll.l......."'

ALYAd ¥00d 40

291914

T

\b

i |



1
4
3!
~ . I
’ 10 (a) Window width, 0 3 10 {t) Window width, 0 623 { f
VG | I
? ° [N o 035k . ?
2 5 .
7l E T /\x E
’ i o AMHHAA— 2 o N - /\"{\ﬁ '
O N KT LA TR S S T WP Y A T -
H g
& 03 5 o3l |
] 8 K] s
° o
2 -10L 2 ~10b ,
S 2 ‘
:_3 035 (c) Window width, 0 673 = 03¢ (d) Window width, 09 .
'g 2 i [
.g '
0 - 0 my —_ !
-2 2 4
-035 -05%
Seals of chservations Scalo of obacrvetions ‘
Fig. 1. Test graphs for 100 normal obzervations for window widths, 0 3, 0 625, 0 675 and 09,
i
1
\
i
P 2, oy ~ Ay s L7 A o ‘:“-;{, PRGN «:;v}\\a:x -~ . v BRI et A “ e - ¥
s e M Ry P Ll TR R T L DL A IR D, ik S st it ekt i Akl

Lo d b

oF POOR Q

rd ke w

xS

yaALITY

Cloasing the windmo width when estimating a density

LI

[N,




ORIGIMAL PAGE 1S
or pPoon QuUpLTY

,é' gy e - ddobani 2,5,1, Gugp o vl LLUAeavid \eeme -, MU, -
1000,0 -~ 1000.0
' 100.6 106.0
0.0 - 10,0
1,0 - 1.0

0.1

0,01 T *r —r— 0.01

100,0 -+ 1000.0

Bimodal 100.0
N = 100

1.0 - 10,0
best h ’

0.1 N o 1,0

0,01 - 0.1

0,001 — T T T T 1 0,0

10000.0 1000,0 -
1000,0 FlO, 10 100,0 -
N = 100

00.0 i 10.0 n

! - U best L

10,0 7 . 1.0 7

1.0 - 0.1 .

0.1 {: —r— Tt 7 T1r 1 0.0l T T

0.0 0.4 0.8 1.2 0,0 0.4 0.8 1.2

Sea Loa. ke voaus T IL ) --I‘. B3 e amiton w5 st s ot oy o A B 3 3 e e e e e e
g e S e 2 i e e i A e e ,"‘-‘;;,;jj_, N S © et ey




| RO |
N
/
>=
‘-3
S

Bin couats
g
N
e
m .
e
¥

3 "-2 -4 (o) 4 2
Seale. of observahions

\ .
|
i

e T S B s e S e A A R i)




PIOUSS Y Uty a0l UL D el T
For Several Samples

Oy
hd .

Fleaure 5

ORIGHRRL Tt - :',.
OF POOR QUALVH’

—y
M ’

- 4
.

L

= s . 552 e B # - -
- * ok 2 Slenia el oL > Vot s on 5. Ben s e - S N - .
T e e T LT ITUR o TR AP S T e By T o R RO PR T D SO ULk ends T T O R AT s |




—

Fisimwine O

b L il i St 5

W kiU ibe 34« o iw

OF POOR QUALITY

10

(9]

"

Tok

A= -148 H= 103
B8: -1.06 1= L45
C: -65 K= 187
D= -23 L= 229

: .19 M= 271
G:= .6l

NEZAMES' CRITERION FUNCTION

FIGURE  3.2.1

T TR B D PR T e B A D L S R s ¥y 2 TRNTY A b P R ah S Tk

—

P ey -
[

LT




. .\_4.1

WAl

-

‘.(Q':’h'ii-f / OoF POOZ; QUALITY 1by
10’
£
.' ‘
160 E o
: ,/j\\
A
B [}
C
Y 10> | D \\\
1I6°
107 : \
107 16° 103 T 10
X
Az BB Hz 2.54
B= St = 286
C= 124 K= 3.lI9
s 1,56 L= 351
£z 189 M= 384
G= 2.21

WAHBA'S CRITERION FUNCTION

FIGURE 3.2.2




A= -.009 G 135
B: .020 d=  .lo4
= .049 = .123
D= .078 K= 222
E= .I06 M= 251

NEZAMES' DENSITY ESTIMATE

FIGURE 3.2.3

-

e id



&/(&U’s {2

{

URIGHIWL b 5 (3

OF POOR QULALITY

A: -.008
Bx .02
C: .050
= 079
= .108

WAHBA'S DENSITY ESTIMATE

G= .37

= 466
1= .196
M: 254

FIGURE 3.2.4

B A e P B v At e s

- v—y




D EIS
ORIGINAL PAGE
OF POOR QUALITY

-3 -2 -1 0 ! 2 3
X
Az -030 G= .093
6=-.006 H= I8
C=-019 1 = 142
= ,042 = 167
E= 068 = 191

NEZAMES' DENSITY FUNCTION
v: V] 15

FIGURE 3.2.9

Bmane §
LS






Flones (8

DISCRETE MAXIMUM PENALIZED LIKELIHOOD DENSITY ESTIMATE
(ALPHA = 1000, M =9)







é‘:i
AL

ORIGHT 47 v

OF POOR QUALITY,
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1. INTRODUCTION
An amportant question in cluster analysis'and pattern recognition
1s the determination of the number of clusters into which a given population
should be divided. Frequently, particularly when certain specific clusteranag
methods are being used, the number of clusters 1s taken to be ecual to the
number of modes, or local maxima, in the probability density function
underlying the g‘ven data set; 1in some applications this question 1s of

direct i1nterest in its own riaght.

Investigation of the number of local maxima 1n a density or its derivative

has been considered by several authors, for example Cox (1966) and Good and
Gaskins (1980). Most methods secm to depend on some arbitrary implicit or
explicit choice of the scale of the effects being studied, see the remarks
of Silverman (1980). The simple approach based on kernel density estimates
described in this paper has the vartue of making this choice in an automatic
and natural way.

The use of kerncl density estimates in mode estimation was originated
by Parzen (1962). The 'gradient method' of cluster analysis is based on
clustering towards modes 1in the estimated density; see, for example, Andrews
(1972), Fukunaga and Hostetler (1975), and Bock (1977).

In Section 2 belcw the test statistic to be used 1s defined, and a
bootstrap technique for assessing sianificance 1s given in Section 3. An
1llustrative application 1is given in Section 4. 1In Sections 5 and 6 the
asymptotic bechaviour of the test statistic i1s discussed.

For a published version of this work, see Silverman (138la) and

Si1lverman (1983).
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2. THE CriTical. WiNDOW WIDTH

A possible test statistic for hypotheses concerning the number of modes in the density can be
obtained by constructing kernel density estimates of the data. The kernel density estimate
(Rosenblatt, 1956) for window width h based on univariate observations X,,.., X, is defined by

ficy=n""a"t T K{h™ - X))}, (n
=1
where K is a kernel function, which we shall assume throughout to be the normal density
function. Apart from the theoretical advantages of this choice, the use of a normal kernel has
strong computational advantages; see Stlverman (i981b)

The window width h controls the amount by which the data are smoothed to obtain the
kernel estimate. Thus, for example, if the data are strongly bimodal a large value of h will be
needed to obtain a unimodal estimate. Suppose that we wish to test the null hypothesis that the
density funderlying the data has k modes, against the alternative that f has more than k modes;
often k = 1. Define the k-critical window width h.,, by

he,, = inf{h; f(, k) has at most k modes}. 2

Large values of h,,, will reject the null hypothesis. Silverman (1978qus=d a critical value of a
smoothing parameter in a somewhat different context The computation of h,, in practice is
facilitated by the following theorem and corollary.

Theorem Given any fixed X, ..., X, define f (1, h) as in (1) above, using a normal kernel K
For each integer m>0, the number of maxima as ¢ varies in 8"f/dr™ 1s a night continuous
decreasing function of h.

The following corollary follows at once.

Corollary. Defining h,, as in (2) above, f (; h) has more than k modes if and only if h<h,,,.

The corollary shows that h,, can be found by a binary search procedure, since for any value
of h we can tell at once whether or not h <h,,, by counting the number of modes inf(.; h). The
result is also used in Section 3 below

This section 1s concluded with the proof of the theorem, which makes use of the theory of
totzl positivity; see, for example, Karlin (1968) Letv,,, ,(h)denote the number of sign changes in

S+, 7). Since (—ey™* ! S+ (¢, h)1s, forall m >0 and h, eventually positive as t — — oo and as
t - 0, it suffices to show that v, ,, 1s decreasing and night continuous. For hy>h,>0,
J* D (., hy) 1< the convolution of /™ * V( h,) with a N(0, h2-- h?) density, and [+ D, hy)is
continuous and bounded. Thus, by Theorem 2 of Schoenberg (1950), v,, 4 1(A3) < v, + 1(hy) so that
Va+ 1 IS decrsasing. Now suppose, for given hy >0, there exist a, <b, <@, <...<a, <b, such that
J™*™a, he)>0 and f™*V(b,hy)<0 for all 1 By the continuity of f™+ Y(t,.), for all
sufficiently small ¢ and all 1, **"(a, hy+e)>U and f™*"(b, hy+e)<0. Hence lim
infy15g Vs ((B) 2 V,, 4 1 (ho), the nght continuity of v, , follows from the fact that Vm+1 IS known
to be decreasing.

Note that Schoenberg's theorem does not apply for general kernels Indeed, the convolution

of unimodal densities need not be unimodal, see Feller (1966, p. 164).

L
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3. ASSESSING SIGNIFICANCE
For any particular k-modal simple null hypothesis, it is easy to assess, by simulation, the
significance of the value of the critical window width obtained from the data. Suppose the null
hypothesis is that the true density is g and that the value of h,,,, obtained from the data is h,

Then the theory of Section 2 implies that
pr, (hee > ho) = pr{f (; ho) has more than k modes |{X,,..., X,} is drawn from g}.

Thus, in order to assess the significance of i, for sample size n, it is only necessary to calculate
the single density estimate £ (.; h,) for each sample of size n generated frem g; there 1s no need to

find h,, for each replication.
The hypothesis that the true density is at most k-modal is of course a compound hypothesis.

To provide a conservative assessment of the significance of h,, an appealing choice of the
representative g, from which to simulate 1s obtained by rescaling f (., ho), as constructed from
the data, to have variance equal to the sample variance. The theory of Section 2 shows that g, is
indeed at most k-modal; it is, in a sense, the most extreme k-modal density consistent with the
data. It 1s extremely easy to simulate from go; Efron (1979) pointed out that independent

observations y, [rom g, are given by
yl = (l + hé/O’z)-}(X",, + hO 51)1

where X, are sampled uniformly, with replacement, from the data X ,, ..., X,, o2 is the sample
variance of the data, and ¢; is an independent sequence of standard normal random variables.

Simulating from g, to assess significance is an example of a smoothed bootstrap procedure
as defined by Efron (1979). However, Efron’s precedure contains an implicit arbitrary choice of
smoothing parameter, since his o7 is essentially arbitrary. In our case, the amount of smcothing

is automatically determined in a natural way.
Finally, it should be pointed out that the theory and procedure of finding a critical window

width and simulating from a rescaled density estimate constructed using this window width
carries over immediately, mutatis mutandis, to the investigation of maxima in the first or higher
derivative of the data. Both Cox (1966) and Good and Gaskins (1980) show a preference for

secking maxima in the density denivative.
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4. AN APPLICATION

We illustrate the method by aaalysing asmall data set of obs
These data consist of 22 observations which are given in Table

ervations on chondrite meteors.
2 of Good and Gaskins (1980).

TABLE |

Chondrite data cnitical window widths and thewr
estimated significance levels

Number of modes Critical window width P
1 2-39 0-08
2 183 0-05
3 068 0-79
4 047 J.93

The data have been considered by several authors, see Good and Gaskins (1980) for details In
this analysis the raw values of the observations were used Table | gives critical window widths
and significance levels for tests of the null hypothesis that the underlying density has at most &
modes against the alternative that it has more than k modes The p-values are computed by
simulating from a cnitical density as uescribed above; 100 replications of 22 observations were
used 1n each case.

These results must of course be interpreted as a hierarchical set of significance tests All other
things bzing equal, considerations of parsimony perhaps suggest that we should test
successively for an increasing number of modes until we find a number that is accepted.
Particularly beanng in mind the smali sample size, the results clearly indicate the trimodal
nature “he population; Good and Gaskins (1980) also arrived at this conclusion.
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S. ASYMPTOTIC BEHAVIOUR OF THF CRITICAL WINDOW WIDTH :
INTRODUCTION

In Section 2 above it was stated heuristically that large values

of hcr will tend to reject the null hypothesis. The results of this

sectioni:how that this procedure does indeed lead to a ccnsistent test.
Subject to certain reqularity conditions, 1t 's shown that, under

the null hypothesis, hcrit converces stochastically to zero, while

this 1s not the case under the alternative hypothesis. The exact rate

of convergence of hcr to zero under the null hypothesis is found.

It is perhaps intereséi:g that thas rate of convergence has precisely
the same order as the rate of convergence for the optimum choice of
window width for the uniform estimation of the density given, for
example, by Silverman (1978b).

In the smoothed bootstrap procedure given in section 3, the
representative of the null hypothesis constructed from the data is
obtained from the density estimate with window width hcrlt: the
estimate 1s rescaled, as zuggested by Efrcon (1979), to have variance
equal to the sample variance of the data. The remarks above show that
fn("hcrit) is, in a certain sense, optimally uniformly consistent as an
estimate of the true density f. It follows that, on the null hypothesis,
the bootstrap procedure is likely, at least for large samples, to provide
an estimate of the true underlying density which is accurate in the uniform
norm. A possible drawback for small samples is the fact that the implied
constant in the rate of convergence does not necessarily take its optimum
value.

An interesting open question raised by this discussion is the possibility
of using hcrit(k) for some value of k 1in developing an automatic method
for choosing the smoothing parameter in density estimation. Boneva, Kendall
and Stefanov 1971) suggested choosing the window width where ‘rabbits® or
rapid fluctuations just started to appear. Such a window width would

perhaps correspond to hcr (k) for some k > j; since h (k) converges

it crit
to zero at the optimum rate for all k > j, a suitable formalization of the
Boneva-Kendall-Stefanov procedure would give estimates which converged at

the optimal rate, though not necessarily with the optimal constant multiplier.
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The fact that hcrit(k) has the same rate of convergence for all k > j
provides some explanation for the observation made by Boneva, Kendall and
Stefanov that the estimate seems suddenly to become noisy as the window

width is reduced.
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6. ASYMPTOTIC RESULTS

In this section, the main results on the asymptotic behaviour

of hcr are stated and proved. It is convenient to use the convention

it
throughout that all limits and implied limits are taken as n tends to

by 6

infinity. Varying conventions will apply to unqualified suprema and infima

Fmend

in Propositions 1 and 2 below, and these will be introduced where necessary.
The notations p lim inf and p lim sup will be used to signify the
corresponding limits in probability as n tends to infinity, and gp and

gp w1ll denote probability orders of magnitude.

Define, for h > O,
ath) = h™> log(h™') . (1)

The main results are all contained in the following theorem.

- B s Y N V|

Theoremn

Suppose f 1s a bounded density with bounded support (a.b), and

suppose that the following conditions are satisfied: -

(1) f 1s twice continuously differentiable on {a,b]}

(12} £ has exactly 3 local maxima on (a,b)

(11:) f£'(a+) > 0, f'(b-) ¢ O

- 2
£ oo, ..

(1v) min Tiz) c° )

{z:£"(z)=0)

Let (k) be the kx-critical window width constructed from an 1.1.d.

hcrit

sample of size n from f£. Then, if k > j, defining a as in (1) above,

-1 2
p lim inf n “q”:s;t“‘” >3 »/2 <, (2)
-1 C‘ -
and p lia sup n “{hgrn“‘)} < (3)

while {f X < j then there existsfaiconstant h (f,k) such that

>h -1 . 4
p(hcrit(k) o) (4
Note that condition (1iv) is equivalent, in the presence of the other

conditions, to the condition that f 1s strictly positive on [(a,b) and

f° has no multiple zeroes on [a,b). ‘

P SO . .- - -t




—

H

Sty [
»

-

L]

- ey

LW

g;ﬂﬁtﬁf}‘,f_ P,.{\‘Cf.: I3 P
POOR QuALITY

It is convenient to prove the various assertions of the theorem
separately. Except where otherwise stated, the conditions of the theorem on
f will be assumed to be true throughout. The first proposition facilitates

the proof of (2).

Proposation 1. Given any ¢y with

2
0 <c, < 3 w2 c,

suppose the seguence of window widths hn satisfies

n"u(hn) e (5)

Then the number of maxima of fn tends in probability to 3.

It follows from Proposition 1 and i\ Tmamdﬁnmkhat, for all k > 3,

provided (5) holads,

<
P(hcrit(k) hn) *

and hence that (2) is sctisfied.

The proof of Proposition 1 makes use of several lexmas, the first of
which shows that, under certain conditions, maxima and minima of fn can,

eventually, only occur arbitrarily close to those of f£.

Lemma 1. Let I be any closed interval contained in (a,b), such that 1I

contains none of the zeroes of £'. Then, provided hn + 0 and

Proof.

n-1h:a(hn) + 0, it will follow that

P(f monotonic on I in the same scnse as f) + 1

By slight adaptation of the results of Silverman (1978a), it can be
seen that, provided f is bounded, we will have, if h, satisfies the

assumptions of Proposition 1,

1 1
o reel - T2, -1 2
(38P.) Ifn Efnl gp{n hn n(hn) }
(6)
=0 (1) .
2
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In Silverman (1978a) the uniform continuity of £ was additionally assumed,
but careful examination of the proofs of that paper shows that the derivation
of the rate of stochastic convergence, though not of the exact constant
implied in the 99' goes through under the assumption of bounded f£.
Supposing without loss of generality that £ 4is increasing on I, it

.

follows from the continuity of f' on [a,b)] that £' is bounded away from
zero on I and 1s non-negative on a neighborhood of I, and hence by
elementary analysis that

lim inf inf Ef* > O . (7)

1 n
Combining (6) and (7) completes the proof of Lemma 1.
The next lemma shows that, under suitable conditions, £, will

eventually have exactly one maximum and no minima near each maximum of £,

and exactly one minimum and no maxima near each minimum of f.

Lemma 2. Suppose f£'{z) = 0 and f has a local maximum (respectively

minimum) at z. Suppose hn + 0 and

n"a(nn) + c. € (0, §~n/5 £ (2)%/602)) . (8)

2
Then, for all sufficiently small € > 0, the probability that f; has

exactly one zero in (z-€, «+€), and that this zero is a maxirum

(respectively minimum) of fn' tends to one as n tends to infinity.

Proof. Only the case of a local maximum will be considered. The proof for a
minimum proceeds very similarly and is omitted. Throughout this proof
unqualified infima and suprema will be taken to be over x in [z-€, z+€].

By the continuity of £ and f£*, choose ¢ sufficiently small that

inf £7(x)° 3%

sup f(x) > 3%/3 9]
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and also (z=-¢, z+c] € (a,b). It is chen immediate that f£'(z-c) > 0 and
£f'(z+c) ¢ 0 since, by (9), £" cannot cross =ero in (z-€, z+¢). Since
f' 1is continuous at 2z % €, by standard results on the consistency of £A
(a combination -of Parzen (1562) and Bhattacharya (1967))
. P{f'(z-c) > 0 and £1(z+e) <0} + 1 . (10)
Very slightly adapting the proofs of Silverman (1976 and 1978a) to ccpe
with the fact that f" is only uniformly continuous on a neighborhood of
{z-¢, z+€] gqaves

1 1
2 2 mior - pem P
n “a(h) supltn(x) Efn(x)l K,

where

Kf =2 sup f | 0"2

- 3020/2) " sup £ .

Since, by elementary analysis, suplEfg(x) - £*(x)| converges to zero, it

Je

NN

follows from (8) that p lim sup suplf;(x) - f(x)] < K.c
< infl£™(x)]
by (9). It is immediate that
P{£~(x) < 0 for all x in [z-¢, z+c]} + 1 . (11)
Coobining (10) and {11) completes the proof of Lemma 2.
To complete the proof of Proposition 1, note first that no nmaxima of tn

can occur outside the interval (a,b). Let z,,...,xzj_, be the zeroces of

£f' in (a,b) and choose ¢ sufficiently small to satisfy the conclusion of




RIGINAL PAGE 13 206
gF POOR QUAL‘TY

Lemma 2 for all z; and to ensure that

ac<z.--e < z‘+c < z,7¢ Cooeg z23_1+c <b . (12)
Applying either Lemma 1 or Lemma 2 as appropriate to each of the intervals in
the partition (12) of the interval (a,b) completes the proof of Proposition
y

The next proposition lecads to the proof of assertion (3), in a similar

way to the derivation of (2) from Proposaition 1.
Proposition 2

Defining a as in (1) above, suppose that

-1,-5
n

n-lu(hn) + e and n o . (13)

Then the number of maxaima in fn tends in probability to infinity.
Given any k, it follows from this result and the corollary of Silverman
(1981) that, provaded (13) holds,
128 {(k} >h} +1 ;
crit n
assertion (2} follows at once.
To prove Proposition 2, suppose without loss of generality that £ has a
maximum at 0 4in (a,b). Choose a sequence ln which satisfies
-1 -1
t +0, h ¢t =ofn ath)} ,
n n n - n

(14)

-1 -1
hn "n + o and |log I.nl |log hnl + 1 .

The explicit dependence of h and £ on n will often be suppressed. Let
Ij,n be the interval ({(j~1)t, 3¢) for integer 3§ > 0.
Following Silverman (1978a) apply Theorem 3 of Xomlos, Major and Tusrnady

(1975) to obtain

1

£9(x) = E£'(x) + h 'n 20 (x) + €'(x)
n n 1 n

IR |
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where G is a Gaussian process with the same covariance structure as

1

nzh(f; - Ef;) and c; 1s a secondary random error. The process Py 1S
obtained by putting &(u) equal to ¢'(u) in Proposition 1 of Sjlverman
(1978a). By elementary analysis and the arquments of Silverman (1978a) we
have, in a neighborhood of O,

IEf;(x) - £ix)| = 0o(h)
le!tx)] = o(n ' “1og n) a.s.

= 2(h2) from (13) above ;

and [£'(x)] = o(x) ,

since f£'(0) = 0 and £" exists. 1t follows that, a.s.,

suplEf;(x) + c;(x)l = 0(32) + O(h)

1 (15)

= g{n-1h-slog(£/h)}2
by (13) and (14) above, where we adopt the convention, here and subsequently
in this proof, that unqualified suprema are taken to be over the interval

I and that a fixed 3j is being considered.

J.n’
We slightly adapt the argumepnt of Silverman (1976) pp. 138-140 tc

investigate sup Pye Def’ne

o®(x) = var p_(x) = £ [ ¢* 201 + 9o(1))

=n'eo) [ g% 40t for x an oI

stace the end points of Ij,n both converge to zero. Anslogously to (12) of

Silverman (1976), given any X in (0,2},
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Plsup o o, < (1 - % Ay {2 log (2 1)}

1

< 02" %)10g(h™'2) (16)

x If Ixlexp(2 log(h-‘l)(1 -% A)zlxl/(t + Ix}
b ¢
jon

where x(x,y) = corr{p{x).p(y)). Using a similar arqument to that following
(12) of Silverman (1976}, but allowing the interval I to vary, showa that
the expression in (16) 1s dominated by

1,,2
-2 -1 2 -, Y
o2 ) logth 1) {a“(0) + o)} ~ {(h 't} c(L)

_a At % x2 -1
= (h ) log(h t) = 0

by (1¢) above.

't

It follows that, setting X = {22(0) [ @'2) .

1
- -1, 12
p lim inf sup{ logth 2)} CIER S (17)

and thet the same result holds if Py is replaced by -91, giving a

corresponding result for inf Py- It follows from (15), (17) and th:
corresnonding result for inf P, that

J

2 L] L]
- 1
P{p1 crosses -n"l(Lf + c)) in Ij,n) - .
and hence that

P{t; crosses zero in I, } + 1 . (18)

o
Since (i8‘' holds for all Jj, the nunber of maxima in tn tends {n

probability to inxinity, completing the proof of Propocition 2.
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The final proposition of this section deals with the case where the
alternative hypothesis is true, and shows that h_. ., will remain bounded
away from zero.

Ptoggsicion 3

If k ¢ ) then there exists a constant h, > 0, depending on f

T

and k, such that
p{h (k) > h} -1 .
crat o]

Proof
o

By arqguments analogous to those of the proof of the theorem of &e(&uﬁa 21
b , making use of the variation diminishing properties of the Gaussian
kernel and the continuity properties of Etn, the number of naxima in

Efn(',h) 1s a right continuous decreasing function of h, for h > 0. By

choosing h0 sufficiently small, we can ensure that Etn(°,h ha<=

0)
independently of n, exactly j maxima. Because of the conditions imposed
o3 f 1in the statement of tne Theorem above, we can also ensure that
Ef;('.ho) 1S non—-zero at all stationary points of Efn('.ho).

The argument of Lemma 2.2 of Schuster (1969}, which does not in fact
requare the convergence to zero of the sequence of window widths, then implies
that, with probability one,

r;(x,ho) - Efé(x,ho) and r;(x,ho) - Et;(x,ho)

both converge to zero uniformly over x. By an arqument gimilar to that used
in Proposition 1 above, it follows that the number of manima of In(',ho) on
{a,b} tends almost surely to Jj, the nuxber of maxima of Efn(-.ho).

Applying the corellary ot éﬁn}uhx'j_ completes the proof of Proposition

3.
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Discussion
It is natural to enquire to what extent the conditions of the theorem

above can be relaxed without affecting the conclusions. In particular 1t

s;cns intuitively clear that the condition of bocunded support for the
density f should be able to be replaced by soms condition on the tails of
f, though the present method of proof cannot deal with thas case. Condition
(1v) appears to be more.fundamental to the result; 1f, for example, ('(0) =~
£(0) = 0 ¢ £"'(0), then an examination of fn and Ef, near zero seems to
indicate that, under suitable regularity conditions, there will be no maximum

of f, near zero provided If;' - Et;'l remains small. A heurastic argument

suggests that a resgult corresponding to the theorem of Section 2 can be

proved, but with a(h) replaced by h'7log(h-1). so that h_ .. converges

to zero more slowly. Even slower convergence will occur for higher order
zeroes in (°.

The interest in thas discussion lies in the fact that the bootstrap
density constructed using the critical window width will no%t only have
infinite tails of similar weight to those of the corresponding nocrmal kernels

but will also have 2 stationary point which is a point of inflexion. The

L)
slower convergence to zero of h.ri¢ Provides support for the remarh an

E;io+d5~,23 that the bootstxap teast may be conservative; it also bears
2R o«
out tha intuition of P. Bubex (g %&3& cormunication) rthat the hootstrap

procedure may be excessively conégkxativn. though theudiffaerence between
L 1 ’

n 5 and n convergence is very slight in practice.

The mathods of this paper can also be used to study the asymptotic
propertics of a corresponding test for the number of points of inflexion 1in
the density. Both Cox (19€o) and Good and Gaskins (1980) prefer to use points

of {nflexion as an indication that the density i1s a mixture. The cratical
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window width will now be the smallest window wadth for which the density has

k maxica. Under suitable conditions a result corresponding to the theorem of
Section 2 can be proved, but again, among other changes, a(h) will be
replaced by h~’log{1/h) since £2 will be replaced by f"' in much of the

argqument of the proofs of Propositions 1 and 2.
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A DATA BASED RANDCM NUMBER GENERATOR FOR A MULTIVARIATE DISY *
(USING STOCHASTIC INTERPOLATION) RIBUTION

James R. Thompson Rice University
. Malcolm S. Taylor USA Ballistic Research Laboratory
ABSTRACT. Let X be a k-dimensional random variable serving as input for a
systen with output Y (not necessarily of dimension k). Given X, an outcome
Y or a distribution of outcomes G(YIX) may be obtained either explicitly oxr
implicitly. We consider here the situation in which we have a real world
data set {xj]jZI and a means of simulating an outcome Y. A method for
empirical random number generation based on the sample of observations of

the random variable X without estimating the underlying density is discussed.

INTRODUCTION. The manner of dealing with multivariate data depends upon the
application at hand. For example, let us suppose that {xj}jzl is a sample
of size n of a k-dimensional random variable. We may be interested simply
in esiimating the mean u. In such a case, we may completé our task by com-
puting the sample mean X. If we are interested in the interrelationships
between the various vector components, we may find it desirable to compute

the sample covariance matrix g.

At a greater level of complexity, we may be required to estimate the
density of X nonparametrically [1,3]. Here, the representational difficulties
are substantial--- particularly for k > 2, where our 3-dimensional intuitions
are inadequate for graphing the density even if we knew it precisely on a
discrete mesh. Indeed, it would appear that for increasing dimensionality,
our estimation theoretic difficulties pale in comparison to those of repre-

sentation.

*
This research was supported in part by ARO Contract DAAG-29-82-K-0014 at
Rice University. To appear in Proceedings of the Twenty-Seventh Conference
on the Design of Experiments in Army Research Development and Testing.

L

Py S B+




- e —— o . 3 AT s

e e ——em o

. ORIGINAL PRGE IS 215
OF POOR QUALITY

* Suppose we are given, for example, the task of estimating the density
£ at a point X  in k-space, based on a sample of size n. The naive nearest
’

neighbor estimator

£ =2 1
f(xo) - n --vk(xoad(xo»P)) ’

where d(xo,p) is the Euclidean distance from xo to the pth nearest neighbor
and Vk(xo,d(xo,p)) is the volume of the k-sphere centered at X, with radius
d(xo,p), is likely to be quite satisfactory. But a problem occurs when we
are asked for a usable summary of the unknown density over the space of non-
negligible mass. If we know the functional form of the density £(X;0),

then we have a relatively easy task--- the estimation of 6. But in the
highly ubiquitous nonparametric situation, in which we do not knuw the func-
tional form of £, we are not so fortunate. We might decide, for example, to
tabulate E on a mesh of size 20 in each dimension. This would require 20k
pointwise estimations of f--- a tedious but manageable tas@. But how shall
we scan this k-dimensional table to obtain a useful feel for the density?

Other approaches, clearly are required. One of these is discussed in [2].

There are, happily, cases in which the density representational diffi-
culties may be sidestepped when coping nonparametrically with data sets in
higher dimensions., For example, let us suppose the k-dimensional random
variable X is an input into a system with output Y (of whatever dimension).
Given X, an outcome Y or a distribution of outcomes G(le) is obtained
either explicitly or implicitly through an output data set. Let us suppose
these outcomes fall into six categories: Very Good, Good, Fair, Poor, Very

Bad, Catastrophically Bad. Suppose further that these sets are well-defined

o . L~ ALt e
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in the Y-space. We are given a real world data set {xj}jzl' ‘We have a
means of simulating an outcome Y given the input X. We wish to determine

the probability of arriving in each of the six category sets.

One way to achieve this result might be, simply, to sample from the n
data points {xj}jzl' In many cases this will prove quite satisfactory.

But let us suppose that '"Catastrophically Bad" happens for Y > 10,

4
2
where ¥ = 1/ z X with X = (X,,X,,X,,%X,).
jo1 1 1272273274

Then, if the xi's are (unbeknownst to us, but in actuality) independently
distributed as N(0,1), the chance of a "Catastrophically Bad" event is
.0012. Let us suppose the size (n) of our data set is 100. The chance of
none of these observations being in the "Catastrophically Bad" region is
.887. So, a simulation which used only the 100 data points would, with
probability .887, give us the information that “Catastrophically Bad"

occured with zero probability. We need to avoid this pitfall.

One procedure would be to estimate the density of X nonparametrically
and then build a2 random number generator using the density. Such a schene
would run into the representational difficulties mentioned above. We can

be much more efficient.

THE ALGORITHM. Let us consider the following situation: We have a random

n . e s it . .

sample {xj}j=1 of size n from a multivariate distribution of dimension k,

and we want to generate pseudorandom vectors from the underlying, but unknown,
distribution that gave rise to the randon sample. Since we do not know,

and usually will never know, the form of this distribution, our attack

s —— —————
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should be empirical. We shall endeavor to see to it that our pscudorandom
vectors look very much like those in the original data set. In so doing, we

will maintain the essential structural integrity of the problem.

We now direct our attention to the mechanics of the algorithm. After
carrying out a rough rescaling to account for differing variances that may
exist among the k variates, we select at random one of the n data points,
say Xl, from thc; data base and then proceed to determine its m-1 nearest
neighbors. The nearest neighbors are determined under the ordinary Euclidean
metric and the value of m will depend upon the sample size n, the character-
istics of the data, and can best be determined after perusal of the data.

A conservative estimate would be to choose m = n/20.

The vectors {Xj}ji‘1 are now coded about the sample mean X = 1/m £ X;

' -
to yield {Xj} = {Xj - X}jzl’ and an independent random sample of size m is

generated from the uniform distribution U(1/m - L/élﬂ%ll. » 1/m + éiﬂ%ll- .
m ) m

Now the linear combination

r

)
Xt = u X!
251 L8

is formed, where {ul}z’:1 is the random sample from the U(1/z - /=, 1/m + /),

Finally the translation

X=X +X

restores the relative magnitude, and X is a psecudorandom vector which we
propose to be represcntative of the multivariate distributien that provided

n
th X.}. .
e { J}J=1

@ ey
[N

-

-
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To obtain the next pseudorandom vector we randomly select another of

the n data points and proceed as above.

We will now attempt to motivate the algorithm by considering the mathe-
matics that suggests the mechanics that we have just outlined. Consider

the distribution of X1 and its m-1 nearest neighbors:

t.m m .
JESPRR P YTIRTIT WY }£=1 = {X,},_,- Let us suppose that this "truncated set”
of random observations has mean vector u and covariance matrix o. Let
{uz}zgl be an independent random sample from the uniform distribution
u@/m - 7+, 1/m + /< ). Then, E(uz) = 1/m, Var(ul) = (m-l)/mz, and

Cov(ui, uj) =0, fori#j.

Forming the linear combination

th
vwe have, for the r~ component 2LFUX P UX e X, the following

-m

relations

E(zr) me 1/m B =W

r’

2
Var(zr) oL+ (n-1)/m - ui,

Cov(zr,zs) =0+ (m-1)/m - nou.

Clearly, if the mean vector of X was u = (0,0, ...,0)', then the mean vector
and covariance matrix of Z would be identical to those of X. 1In the less
idealized situation with which we are confronted, the translation to the
sample mean of the nearest neighbor cloud should result in the pseudoobserva-

tion having very nearly the same mean and covariance structure as that of the

o - G FW LY A e [ Te T w4 e we ws pema a ¥ e o
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(truncated) distribution of the points in the nearest neighbor cloud, a con-
jecture borne out in many actual cases that have been considered. For m
moderately large, our algorithm essentially samples from n Gaussian distribu-
tions with the means and covariance matrices corresponding to those of the

n m nearest neighbor clouds.

EXAMPLES. For a substantial test case, we considered a mixture of three bi-

variate normal distributions. The rirst (Nl) has mean vector (:;) and covariance

matrix (_1;2 '1{2); the second (N,) has mean vector ('g) and covariance matrix ‘
(1}2 l{2); and the third (NS) has mean vector (332) and covariance matrix .

1 1/10 . - _ _
(1/10 1 ). The corresponding mixing scalars are ay = 1/2, a, = 1/3, and
ag = 1/6, respectively. Representative contours of equal density are illus- .

trated in Figure 1. To establish a data base, a sample of eighty-five points
was generated from this distribution via Monte Carlo simulation; a sample of
eighty-five pseudorandom values was then produced by the algorithm, and the L

-

combined sample is shown in Figure 2. . ..

Notice that the structure of the data is maintained in that the modes
are preserved; the algorithm has not attcmpted to fill in gaps where gaps .-
belong; the algorithm has, however, generated some points outside the boundary
of the convex hull of the data base, all of which are desirable properties.

These observations lend credence to the term ''structural integrity'" mentioned

previously.

An application of the algorithm to a real world data set is summarized
in Figures 3 and 4. In Figure 3, a two-dimensional marginal of a set of 973
four-dimensional behind armor debris measurements is portrayed; in Figure 4,
973 simulated data points produced by our procedure. Once again, the salient

features of the data set are preserved.
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Density contours

for a mixture of three bivariate normal distributions.
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CONCLUSIONS., We have demonstrated a means of empirical random number genera-
tion based on a sample of observations ¢f a random variable X. No esti-
mation of the underlying density is required. And, because of the local
nature of the generation scheme, it is essentially free of assumptions on

the underlying density of X. Naturally, aay attempt to use this algorithm
for generating bona fide new observations using the ccmputer rather than
producing real world data would be unwise. Rather, tie algorithm operates
somewhat like a smooth interpolator--- highly dependent on the quality of the
data points on which it is based. It gives us a means of avoiding nonrobust
conclusions due to "holes' in the data set at important points of the simula-

tion model.

Also included in Thompson's presentation was a discussion of how alterna-
tives to the usual (contour map) density estimators may be constructed based

on stochastic interpolation.
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MIXTURE DENSITIES, MAXIMUM LIKELIHOOD, AND THE EM ALGORITHM

by

Richard A. Redner
Department of Mathematical Sciences
University of Tulsa
Tulsa, Oklahoma 74104

and

Homer F. Walker
Department of Mathematics
University of Houston
Houston, Texas 77004

Abstract: The problem of estimating the parameters which
determine a mixture density has been the subject of a large,
diverse body of literature spanning nearly ninety years.

During the last two decades, the method of maximum-likelihood
has become the most widely followed approach to this problem,
thanks primarily to the advent of high-speed electronic com-
puters. Here, we first offer a brief survey of the literature
directed toward this problem and review maximun~likelihood
estimation for it. We then turn to the subject of ultimate
interest, which is a particular iterative procedure for numeri-
cally approximating maximum-likelihood estimates for mixture
density problems. This procedure, known as the EM algorithm,
1s a specialization to the mixture density context of a general
algorithm of the same name used to approximate maximum~likeli-
hood estimates for incomplete data problems. We discuss the
formualtion and theoretical and practical properties of the EM
algorithm for mixture densities, focussing in particular on
mixtures of densities from exponential families.

Key words and phrases: Mixture densities, maximum-likelihood,
EM algorithm, exponential families, incomplete data.
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MIXTURE DENSITIES, MAXIMUM LIKELIHOOD, AND THE EM ALGORITHM

By

Richard A. Redner
Department of Mathematical Sciences
University of Tulsa
Tulsa, Oklahoma 74104

and

Homer F. Walker1

Department of Mathematics
University of Houston

Houston, Texas 77004

l. Introduction

Of interest here is a parametric family of finite mixture

densities, i.e., a family of probability density functions of the

fcrn

T n

m
p(xlo) = 1§1“1P1"‘"’1) P X = (xg,000,x ) € RT, 0 (L.1)

m
where each ay is nonnegative and [ a; = 1l , and where each
i=1
Ny
P, is itself a density function parametrized by P, € ni € R

We denote @ = (al,---,am,pl,--°,pm) and set

1. The work of this author was supported by the U.S. Department
of Energy under grant DE-AS05-76ER05046.
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m
n = {(al,--',am.ol"”.om):i)zla1 = 1 and a, >0, Py €N

for i = ),-+»,m} .

The more general case of a possibly infinite mixture density,

expressible as
J p(xlo(x))de(r) , (1.2)
A

is not considered here, even though much of the following 1s
applicable with few modifications to such a density. For general
references dealing with infinite mixture densities and related
densities not considered here, see the survey of Blischke [12].
Also, it s understood that in determining probabilities,
probability density functions are integrated with respect to a
measure on R® which is either Lebesque measure, counting
mcasure on some finite or countably infinite subset of R" . OC
a combination of the two. In the following, it 1is wusually
obvious from the context which measure on R® s appropriate
for a particular probability density function, and so measures on
R are not specified unless there 1is a possibility of
confusion. It 1s further understood that the topology on N 18
the natural product topology induced by the topology on the real

numbers. At times when it 18 convenient to determine this

topology by a norm, we will regard elements of n as

- vectors and consider norms defined on such

m
(m + [ n,)
i-

1

vectors.
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Finite mixture densities arise naturally - and can naturally
be interpreted - as densities associated with a statistical
population which is a mixture of m component populations with
associated component densities {pxli—l,---,m and mixing
proportions {ai}i-l,-‘-,m . Such densities appear as fundamental
models in areaé of applied statistics such as statistical pattern
recognition, classification, and clustering. (As examples of
general references in the broad literature on these subjects, we
mention Duda and Hart ([44), Fukunaga [48]}, Hartigan [62]}, Van
Ryzin {128}, and Young and Calvert [138]. For some specific
applications, see, for example, the Special Issue on Remote

Sensing of the Communicatijons in Statistics [32}). In addition,

finite mixture densities often are of interest in 1life testaing
and acceptance testing (cf. Cox (34], Hald [60]), Mendenhall and
Hader ([89], and other authors referred to by Blischke [12]).
Finally, many scientific investigations involving statistical
modeling require by their very nature the concsideration of
mixture populations and their associated mixture densities. The
example of Hosmer [68] below 1is simple but typical. For
references to other examples in Fishery studies, genetics,
medicine, chemistry, psychology, and other fields, see Blischke

[12], Everitt and Hand {45}, and Hosmer [67].

Example: According to the International Halibut Commission of
Seattle, Washington, the length distribution of Halibut of a
given age 1is closely approximated by a mixture of two normal

distributions corresponding to the length distributions of the
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male and female subpopulations. Thus the length distribution is

modeled by a mixture density of the form

p(x‘o) = alpl(xlpl) + azpz(xlpz) ¢ X € R1 . (1.3)
where for i = 1,2 ,
2 2
-(x-u,)"/20
pyxley - —2—e VT, wwdhT e R2 0L
\l2nai
and ¢ = (al,az,pl,pz) . Suppose that one would like to estimate

® on the basis of some sample of length measurements of halibut
of a given age. If one had a large sample of measurements which
were labeled according to sex, then it would be an easy and
straightforward matter to obtain a satisfactory estimate of @ .
Unfortunately, it 1is reported in [68] that the sex of halibut
cannot be easily (i.e., cheaply) determined by humans; therefore,
as a practical matter, it is likely to be necessary to estimate
¢ from a sample in which the majority of members are not labeled

according to sex.

Regarding p in (1.1) as modeling a mixture population, we
say that a sample observation on the mixture is labeled if its
component population of origin is known with certainty;
otherwise, we say that it 1is wunlabeled. The example above
illustrates the central problem with which we ire concerned here,
namely that of estimating ¢ in (1.1) using a sample in which

some or all of the observations are unlabeled. This problem is

Bkt s i o ot s o e
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referred to in the following as the mixture density estimation

problem. (For simplicity, we do not consider here the problem of
estimating not only @ but also the number m of component
populations in the mixture.) A variety of cases of this problem
and several approaches to its solution have been the subject of
or at least touched on by a large, diverse set of papers spanning
nearly ninety years. We begin by offering in the next section a
cohesive but very sketchy review of those papers of which we are
aware which have as their main thrust some aspect of this problem
and its solution. It is hoped that this survey will provide both
some perspective in which to view the remainder of this paper and
a starting point for those who wish to explore the literature
associated with this problem in greater depth.

Following the review in the next section, we discuss at some
length the method of maximum-likelihood for the mixture density
estimation problem. In rough general terms, a maximum-likelihood
estimate of a parameter which determines a density function is a
choice of the parameter which maximizes the induced density

function (called in this context the likelihood function) of a

given sample of observations. Maximum-likelihood estimation has
been the approach to the mixture density estimation problem most
widely considered in the literature since the use of high speed
electronic computers became widespread in the 1960's. In Section
3, the maximum-likelihood estimates of 1interest here are defined
precisely, and both their important theoretical properties and

aspects of their practical behavior are summarized.
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The remainder of the paper is devoted to the subject of
ultimate interest here, which is a particular iterative procedure
for numerically approximating maximum-likelihood estimates of the
paiLameters in mixture < densities. This procedure is a
specialization to the mixture density estimation probler of a
general method for approximating maximum-likelihood estimates in
an incomplete data context which was formalized by Demptster,
Laird, and Rubin [38] and termed by them the EM algorithm (E for
"expectation” and M for "maximization"). The EM algorithm for
the mixture density estimation problem has been studied by mrany
authors over the last two decades. In fact, there have been a
number of independent derivations of the algorithm from at least
two quite distinct points of view. It has been found in most
instances to have the advantages of reliable global convergence,
low cost per iteration, economy of storage, and ease of
programming as well as a certain heuristic appeal. On the other
hand, it can alsoc exhibit hopelessly slow convergence in some
seemingly innocuous applications. All in all, it is undeniably
of considerable current interest, and it seems likely to play an
important role in the mixture density estimation problem for some

time to come.

We feel that the point of view toward the EM algorithm for
mixture densities advanced in [38] greatly facilitatles both the
formulation of a general procedure for prescribing the algorithm
and the understanding of the important theoretical properties of

the algorithm. Our objectives in the following are to present
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this point of view in detail in the mixture density context, to
unify and extend the diverse results in the literature concerning
the derivation and theoretical properties of the EM algorithm,

and to review and add to what is known about its practical

behavior.

In Section 4, we interpret the mixture density estimaticn
problem as an incomplete data problem, formulate the general EM
algorithin for mixture densities from this point of view, and
discuss the general properties of the algorithm. In Section 5,
the focus is narrowed to mixtures of densities from the
exponential family, and we summarize and augment the results of
investigations of the EM algorithm for such mixtures which have
appeared in the literature. Finally, in Section 6., we discuss
the performa . of the algorithm in practice through qualitative
comparisons + sther algorithms and numerical stud:es in simple

but important cases.
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2. A Review of the Literature

The following 1is a skeletal survey of papers which are
primarily directed toward some part of the mixture density
ostimation problem. No attempt has been made to include papers
which are strictly concerned with applications of estimation
procedures and results developed elsewhere. For additicnal
references relating to mixture densities as well as more detailed
summaries of the conte~ts of many of the papers touched on below,
we refer the reader to the recently published monograph by
Everitt and Hand [45:. As a convenience, this survey has been
divided somewhat arbitrarily by topics 1ato four subsections.
Not surprisingly, maay papers are cited in more than one

subsection.

2.1 The method of moments.

The first published investigation relating to the mixture
density estimatior problem appears to be that of Pearson [97].
In that paper, as in Example 1.1, the problem considered is the
estimation of the parameters in a mixture of two univariate
normal densities. The sample from which the estimates are
obtained is assumed to be independent and to consist entirely of
tnlabeled observations on the mixture. (Since this is the sort
of sample dealt with in the vast majority of work on the problem
at hand, it 1s understood in this review that all samples are of

this type unless othevwise indicated.) The approach suggeated by

Pearson for solving the problem 138 known as the method of
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moments. The method of moments consists generally of equating
some set of sample moments to their expected values and thereby
ocbtaining a system of (generally nonlinear) equations for the
parameters in tt. mixture density. To estimate the five
independent parameters in a mixture of two univariate normal
densities according tc the procedure of {97], one begins with
equations determined by the first five moments and, after
cons‘derable algebraic manipulation, ultimately arrives at

expressions for estimates which depend on a suitably chosen root

of a single ninth degree polynomial.

From the timu of the appearance of Pearson's paper until the
use of high speed electronic computers became widespread in the
1960's, only fairly simple mixture density estimation problems
were studied, and the method of moments was usually the method of
choice for their solution. Duraing this period, most energy
devoted to mixture problems was directed toward mixtures of
normal densities, especially toward Pearson's case of two
univeriate normal densities. Indeed, most work on normal
mixtures during this period was intended either to simplify the
job of obtaining Pearson's estimates or to offer more accessible
estimates 1in restricted cases. Charlier ([24] described the
implementation of Pearson'as method as “an heroic task", and
suggested a somewhat simpler method of solving the moment
equations which 1involves a cubic ard ratio of two other
polynomials. Pearson and Lee [99) recommended using "incomplete”

normal moment functions to obtain first approximations to the
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roots of the nonic equation produced by the procedure of Pearson
[97]). Charlier and Wicksell [25] further simplified the method
of Pearson [97], suggested graphical methods for obtaining roots
of the nonic, and studied estimates which can be obtained
relatively easily under the assumption of known means, equal
variances, or symmetry of the mixture density. Burrau [18])
computed certain "half-invariant®™ functions of the moments,
thereby obtaining new equations for the five unknown parameters;
convenient methods for the solution of these equations are
offered 1n the companion paper of Strghgren [119]. Gottschalk
[51] exploited symmetry to obtain simple equations satisfied by
the moment estimates for a symmetric mixture of two univariate
normal densities. Graphical aids for obtaining Pearson's moment
estimates were derived by Sittig [116], Wiechselberger [131l]), and
Preston [104]. Cohen [31l] suggested circumventing the solution
of Pearson's nonic equation via an {iteration which involves
solving a cukbic equation at each step. An independent sample
from one componen£ of the mixture was used by Dick and Bowden
[42] to estimate one mean and one variance, thereby reducing to
three the number of parameters to be estimated from an unlabeled
sample on the mixture; their estimates were used as initial
approximatiosns 1n an iterative procedure for approximacing
max imum~likelihood estimates. Gridgeman (53] discussed moment
estimates of the variances and the mixing proportion under the
assumption of a common mean. Robertson and Fryer [l13] and Pryer
and Robertson [47) studied the statistical properties of the

moment estimates and ccmpared them to the multinomial maximum-
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likelihcod and minimum chi-square estimates obtained by grouping
the sample observations. Assuming equal variances, Tan and Chang
[121) compared the efficiency of the moment and maximum-
likelihood estimates by computing the asvmptotic variances of the
estimates. The space of acceptable sclutions of the moment
equations was described by Bowman and Shenton [16). Finally,
Quandt and Ramsey [l106] compared moment estimates with the
estimates produced by their moment generating function method, of

which we say more later.

Some work has been done extending Pearson's method of
moments to more general mixtures of normal densjties and to
mixtures of other continuous densities. Pollaxrd [103] obtained
moment estimates for a mixture of three univariate normal
densities by assuming symmetry and other simplifying features
which reduce the number of unknown parameters to four. The
problem of obtaining moment estimates for mixtures of
multivariate normal densities was considered by Cooper [33].
Assuming equal mixing proportions for simplicity, he explored
both the two-component case involving general component
covariance matrices and the multiple-component case for
spherically symmetric component densities. Day [36] investigated
moment estimates for a mixture of two multivariate normal
densities with a common covariance matrix. Gumbel [54) derived
moment estimates for the means in a mixture of two exponential
densities under the assumption that the mixing proportions are

known. The results of ([54) were extendsd by Rider (111) to

[ AT



include estimates of unknown proportions as well as means.

Later, Rider offercd moment estimates for mixtures of Weibull

distributions in [1l12].

Moment estimates for a variety of simple mixtures of
discrete densities were derived more or less in parallel with
moment estimates for mixtures of normal and continuous densities.
Pearson [98] constructed moment estimates for a mixture of two
binomial densities of common unknown power and for a mixture of
two Poisson densities. Muench [90] published simpler estimates
for a mixture of two binomial denasities of known power; in [91},
he sketched the extension of the results of [98] and [90] to
mixtures of any number ot Poisson densities or binomial densities
of common known power. Later, the moment estimates for a mixture
of two Poisson densities were independently re-derived by
Schilling ({115]. In the case of known mixing proportions, the
moment estimates for a mixture of two Poisson deneities were
obtained independently by Gumbel {54] and Arley and Buch ([3].
Further independent reconstruction and extension of earlier work
was done by Rider ([l112] and Blischke ([1l1}]. In [112]), moment
estimates are derived for mixtures of two of either the Poisson,
binomial, negative binomial, or (as mentioned above) Weibull
densities. In a construction paralleling that of [112], moment
estimates are given in [1l] for a mixture of two binomial
densities of common known power; in addition, properties of these
estimates such as their limiting distributions and asymptotic

relative efficiencies are considered. The results of Rider [112)
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were simplified through the use of factorial rather than ordinary |
moments and extended to include certain alternative estimates and
additional mixtures by Cohen [29]). Following the outline of
Muench [91], Blischke [13] extended the results of [1l1] to give
moment estimates for a mixture of any number of binomial

densities of common known power. For additional information on

moment estimation and many other topics of interest for mixtures
of discrete distributions, we refer the reader to the extensive 5

survey of Blischke [12].

Before leaving the method of moments, we mention the ,
important problem of estimating the proportions alone in a
mixture density under the assumption that the component :
densities, or at least some useful statistics associated with l
them, are known. Most g¢general mixture density estimation
procedures can be brought to bear on this problem, and the manner
of applying these general procedures to this problem is usually f
independent of the particular forms of the densities in the 3

mixture. In addition to the general estimation procedures, a

. ad

number of special procedures have been developed for this
problem; these are discussed in the third subsection of this
review. The method of moments has the attractive property for
this problem that the moment equations are linear in the mixture
proportions. Moment estimates of proportions were discussed by
Odell and Basu [92]. The sensitivity of moment estimates and
other proportion estimates to changes in location of the

component densities was studied by Tubba and Coberly [127].
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2.2 The method of maximum likelihood.

With the arraval of increasingly powerful computers and
increasingly sophisticated numerical methods during the 1960's,
investigators began to turn from the method of moments to the
method of maximum likelihood as the most widely preferred
approach to mixture density estimation problems. To reiterate
the working definition given in the introduction, we say that a
maximum-likelihood estimate associated with a sample of
observations 1is a choice of parameters which maximizes the
probability density function of the sample, called in this

context the likelihood function. In the next section, we define

precisely the maximum-likelihood estimates of interest here and
comment on their proparties. 1In this subsection, we offer a very
brief tour of the 1literature addressing maximum-likelihood
estimation for mixture densities. Of course, more is said in the

sequel about most of the work mentioned below.

Actually, maximum-likelihood estimates and their associated
efficiency were often the subject of wishful thinking prior to
the advent of computers, and some work was done then toward
obtaining maximum-likelihood estimates for simple mixtures.
Specifically, Baker [4] obtained maximum~likelihood estimates of
the ratio of the proportions both in a mixture of two essentially
arbitrary univariate densities for samples of sizes two and three
and in a myxture of two univariate dunsities which are uniform
over Iintervals for arbitrary sample sizes. Also, Rao [107])

considered a mixture of two univariate normal densities with




equal variances and specified the likelihcod equations, a system
of four equations satisfied by the four unknown parameters at the
maximum-likelihood estimate. He suggested solving the likelihood
equations numerically with an iterative procedure known as the
method of scoring, which we describe in Section 6. Finally,
Mendenhall and Hader ([89] obtained maximum-likelihood estimates
of the parameters in a mixture of two exponential densities using
a sample in which some of the observations are labeled. They
reduced the problem of obtaining the estimates to thaé of solving
a single nonlinear equation in one unknown; a numerical solution
of this equation was found using Newton's method. Despite this
early work, however, the problem of obtaining maﬁimum-likelxhood
estimates was generally considered during this period to be

completely intractable for computational reasons.

As computers became availlable to ease the burden of
computation, maximum-likelihood estimation was proposed and
studied in turn for a variety of increasingly complex mixture
densities. As before, mixtures of normal densities were the
subject of considerable attention. Hasselblad [64] treated
maximum-likelihood estimation for mixtures of any number of
univariate normal densities; his major results were later
obtained independently by Behboodian ([70]. Mixtures of two
multivariate normal densities with a common unknown covariance
matrix were addressed by Day [36]). The general case of a mixture
of any number of multivariate normal densities was considered by

Wolfe [132], and additional work on this case was done by Duda
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and Hart ({44] and Peters and walker {10l1). Tan and Chang [121]
compared the moment and maximum-likelihood estimates for a
mixture of two univariate norme . densities with common variance
by computing the asymptotic variances of the estimates; they
found that maximum-likelihocod estimates are much better,
especially when the component densities are poorly laeparated.
Hosmer [67]) reported on a Monte Carlo study of maximum-likelihood
estimates for a mixture of two univariate normal densities when
the.component densities are not well separated and the sample
size is small; the results of his atudQ‘suggest that the method
of maximum-likelihood Qhould be used with considerable caution is

\
such cases. \

}

Several interesting va;iations on the wusual estimation
problem for mixtures of normal densities have been addressed in
the 1literature. Hosmer [68] compared the maximum-likelihood
estimates for a mixture of two univariate normal densities
obtained from three different types of samples, the‘ first of
which is the usual type consisting of only unlabeled observations
and the second two of which consist of both labeled and unlabeled
observations and are distinguished by whether or noé the labeled
observations contain information about the mixing proportions.
(We elaborate on the nature of these samples and how'they might
arise in Section'z.) Earlier, Tan and Chang [120] considered a
problem from genetics wﬁlch is nearly identical to that
considered by Hosmer [68] for partially labeled samples which

contain no information about the mixing proportions. Also, Dick
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and Bowden ([42] independently addressed a special case of this
problem in which maximum-likelihood eatimates are obtained using
a sample of labeled observations from one component population
together with a sample of unlabeled observations on the mixture.
Finally, a number of authoxs have investigated maximum-likelihood
estimates for a "switching regression® model which is a certain
type of estimation problem for mixtures of normal densities; see
the papers of Quandt {105), Hosmer [69]), Kiefer [77], and the
comments by Hartley ([63], Hosmer [70), and Kiefer 678] on the
paper of Quandt and Ramsey [106]. A generalization of the model

considered by these authors was touched on by Dennis [39].

Maximum-likelihood estimation has alsc been studied for a
variety of unusual and general mixture density problems, some of
which include but are not restricted to the usual normal mixture
problem. Cohen [30] considered an unusual but simple mixture of
two discrete densities, one of which has support at a single
point; he focused in particular on the case in which the other
density 1is a negative binomial density. Hasselblad ([65])
generalized his earlier results 1n [64] to include mixtures of
any number of univariate densities from exponential families. He
included a short study comparing maximum-likelihood estimates
with the moment estimates of Blischke [13] for a mixture of two
binom:ial distributions. Baum, Petrie, Soules, and Weiss [7]
addressed a mixture estimatiocn problem which is both unusual and
in one respect more general than the problems considered in the

sequel. In their problem, the a priori probabilities of sample
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observations coming from the various component populations in the
mixture are not independent from one observation to the next
(that is, they are not simply the proportions of the component
populations in the mixture) but rather are specified to follow a
Markov chain. Their results are specifically applied to mixtures
of univariate normal, gamma, binomial, and Poisson densities and
to mixtures of general strictly log concave density functions
which are identical except for unknown location and scale
parameters. Peters and Coberly [100] and Peters and Walker [102]
treated maximum-likelihood estimates of proportions and subsets
of proportions for essentially arbitrary mixture densities.
Maximum-likelihood estimates were included by Tubbs and Coberly
[127] in their study of the sensitivity of various proportion
estimators. Other maximum-likelihood estimation problems which
are closely related to those considered here are the 1latent
structure problems touched on by Wolfe [132] (see also Lazarsfeld
and Henry ([8l1]) and the problems concerning frequency tables
derived by indirect observation addressed by Haberman [57], [58],
[59]. Finally, although 1infinite mixture dznsities of the
general form (l1.2) are specifically excluded from consideration
here, we mention a very interesting result of Laird [80] to the
effect that wunder various assumptions, the maximum-likelihood
estimate of a possibly infinite mixture density is actually a

finite mixture density.
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2.3 Other methods.

In addition to the method of moments and the method of
maximum-likelihood, a variety of other methods have been proposed
for estimating parameters in mixture densities. Some of these
methods are general purpose methods. Others are (or were at the
time of their derivation) intended for mixture problems the forms
of which make (or made) them either ill-suited for the
application of more widely used methods or particularly well-

suited for the application of special purpose methods.

For mixtures of any number of univariate normal\densities.
Harding [61] and Cassie [19) suggested graphical procedures
employing probability paper as an alternative to moment
estimates, which were at that time practically unobtainable in
all but the simplest cases. Later, Bhattacharya [10] prescribed
other graphical methods as a particularly simple way of resolving
a mixture density into normal components. These graphical
procedures work best on mixture populations which are well-
separated in the sense that each component has an associated

region in which the presence of the other components can be

ignored.

Also for general mixtures of univariate normal densities,
Doetsch [43] exhibited a 1linear operator which reduces the
variances of the component densities without changing their
proportions or means and used this operator in a pr.cedure which

determines the component densities one at a time. Medgyessy ([88]
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(see also the review by Mallows [86]) extended the techniques of
[43]) to a large class of univariate mixture densities subiect to
the restriction that each component density have no more than two
unknown parameters. Gregor [52} prescribed an algorithm for
implementing the methods of Doetsch [43] and Medgyessy [88] on a
mixture of univariate normal densities. Stanat [117] broadened
the methods of [43] and [88] to study mixtures of multivariate
normal and Bernoulli densities. In [114], Sammon considered a
mixture density consisting of an unknown number of component
densities which are identical except for translation by unknown
location parameters; he derived techniques based on convoluticn
for estimating both the number of components in the mixture and

the location parameters.

A numnber of specialized procedures have been developed for
application to the problem of estimating the proportions in a
mixture under the assumption that something about the component
densities is known. Choi and Bulgren ([28] proposed an estimate
determinsd by a least-squares criterion in the spirit of the
minimum-distance method of Welfowitz [133]. A varliant of the
method of [28] for which smaller bias and mean-gquare error were
reportec? was offered by Macdonald [84]. A method termed the
confusion matrix method was given by Odell and Chhikara [93] (see
also the review of 0Odell and Bacu [92]). In this method, an
estimate 1s obtained by subdividing K" into disjoint regions
“l""’Rm and then solvan: the eguation Pa - e , in which @ {s

the estimated vector of proportions, e is a vector whese ith
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component is the fraction of observations falling in Ri . and

the "confusion matrir" P has 1jth entry

I pj(xlpj)dx .
Ry

The confusion matrix method is a special case of a method of
Macdonald [85], whose formulation of the problem as a least-
squares problem allows for a singular or rectangular confusion
matrix. Earlier, special cases of estimates of thiu type were
considered by Boes [14], (15). Guseman and Walton [55], [56]
employed certain pattern recognition notions and techniques to
obtain numerically tractable confusion matrix proportion
estimates for mixtures of multivariate normal densities. James
[73) studied several simple confusion matrix proportion estimates
for a mixture of two univariate normal densities. Ganesalingam
and MclLachlan [48] compared the performance of confusion matrix
proportion estimates with maximum-likelihood proportion estimates
for a mixture of two multivariate normal densities. Finally, we
mention that Walker {130] considered a mixture .f two e-sentially
arbitrary multivariate densities and, assuming onlv that the
mezas of the cemponent densities are knovm, suggested a simple
procedure using linear maps which yields unbiased proportion

estimates.

A stochastic approximation algoritim for estinating the
parameters 1n a mixture of any number of univariate normal
densities was offered by Young and Coraluppi {139]. In such an

algorithn, one determines a sequence of recursively updated
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estimates from a sequence of obiscrvalions of indeterminate length
considered on a ocne-at-a-time or few-at-a-time basis. Such an %
algorithm 1s likely to be appealing when a sample of desired size ‘
is either unavailable in toto at any one point in time or
unwieldy because of its size. Stochastic approximation of

mixture proportions alone was considered by Kazakos [76].

Quandt and Ramsey ({106] derived a procedure called the
moment generating function method and applied it to the problem
of estimating the parameters in a mixture of two univariate
normal densities and in a switching regression model. 1In brief,
a moment generating function estimate is a choice of parametsrs
which minimizes a certain sum of squares of differences between
the theoretical and sample moment generating functions. In a
comment by Kiefer ({78}, it is pointed out that the moment
generating function method <can be regavded as a natural

generalization of the method of moments. Kiefer ([78] further

offers an appealing heuristic explanation of the apparent
superiority of moment generating function estimates over moment

estimates reported by Quandt and Ramsey [106]. In a comment by

v £ e s

Hosmer [70], &evidence 1is presented that moment generating

function estimates may 1in fact perform better than maximum-

—————

likelihord estimates in the small-sample case. The moment

generating tunction method appears to be a potentially valuable

tool in mixture density estimation problems.

Minimum chi-square estimation is a general method of

estimation which has been touched on by a number of authors in

L
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has not becocme the sublect of much consideration in depth in this

connection with the mixture density estimation problem but which g
|
|

context. In minimum chi-square estimation, one gubdivides rR" ;

into cells Rl,---,Rk and seeks a choice of parameters which .
minimizes ‘ [
2
2
20y - 5 Ny7Fy@0)
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or some similar criterion function. 1In this expression, Nj and
EJ(O) are, respectively, the observed and expected numbers of
observations .n Ri for j = 1,+--,k . Por mixtures of normal
densities, minlmuA chi-s mare estimates were mentioned by
Hasselblad [64], Cohen [3l], Day [36], and Fryer and Robertson
[47]). Minimum chi-square estimates of proportions were reviewed
by Odell and Basu [92] and included in the sensitivity study of
Tubbs and Coberly ([x27]. Macdonald ([85] remarked that his
welghted least-squares approcach to proportion estimation

suggested a convenient iterative method for computing minimum

chi-square estimates.

As a final note, we mention three methods which have been
proposed for general mixture density estimation problems. Choi
[27] discussed the extension to general mixture density
estimation problems of the least-squares method of Choi and
Bulgren [28] for estimating proportions. Deely and Kruse [37)
suggested an estimation procedure which is in spirit like that of

Choi{ and Bulgren [28] and Choi [27], except that a sup-norm
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distance is used 1n place of the square integral norm. Deely and
Kruse argued that their procedure is computationally feasible,
but no concrete examples or computation results are given |in
[37]. Yakowitz [135]), [136] outlined a very general “algorithm"
for constructing consistent estimates of the parameters in

mixture densities which are identifiable in the sense described

in the fifth subsection of this review. The sense in which his
"algorithm” is really an algorithm in the usually understood

sense of the word is discussed in [136].
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2.4 The EM algorithm.

At several points in the review above, we have alluded to
computational difficulties associated with obtaining maximum-
likelihood estimates. Por mixture density problems, these
difficulties arise because of the complex dependence of the
likelihood function on the parameters to be estimated. The
customary way of finding a maximum-likelihood estimate is first
to determine .. system of equations called the 1likelihood
equations which are satisfied by the maximum-likelihood estimate
and then to attempt to find the maximum-likelihood estimate by
solving these likelihood equations. The likelihood equations are
usually found by differentiating the logarithm of the likelihood
function, setting the derivatives equal to zero, and perhaps
performing some additional algebraic manipulations. For mixture
density problems, the likelihood equations are almost certain to
be nonlinear and beyond hope of solution by analytic means.
Consequently, one must resort to seeking an approximate solution

via some iterative procedure.

There are, of course, many general iterative procedures
which are suitable for finding an approximate solution of the
likelihood equations and which have been honed to a high degree
of sophistication within the optimization community. We have in
mind here prancipally Newton's method and various quasi-Newton
methods which are variants of it. In fact, the method of
scoring, which was mentioned above in connection with the work of

Rao [107) and which we describe 1n detail in the sequel, falls
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into the category of Newton-like methods and is one such method
which is specifically formulated for solving likelihood

equations.

Our main interest here, however, is in a special iterative
method which is unrelated to Newton's method and which has been
applied to a wide variety of mixture problems over the last
fifteen or so years. Following the terminology of Dempster,
Laird, and Rubin [38], we call this method the EM algorithm (E
for "expectation" and M for "maximization"). As we mentioned in
the introduction, it has been found in most instances to have the
advantage of reliable global convergence, low cost per iteration,
economy of storage, and ease of programming as well as a certain
heuristic appeal; unfortunatzly its convergence can be
maddeningly slow in simple problems which are often encountered

in practice.

The EM algorithm has been derived and studied from at least
two distinct viewpoints by a number of authors, many of them
working independently. Hasselblad [64] obtained the EM algorithm
for an arbitrary finite mixture of univariate normal densities
and made empirical observations about ite behavior. In an
extension of ([64], he further prescribed the algorithm for
essentially arbitrary finite mixtures of univariate densities
from exponential families in [65)]. The EM algorithm of [64]) for
univariate normal maixtures was given again by Behboodian [8],
while Day [36] and Wolfe [132] formulated it for, respectively,

mixtures of two multivariate normal densities with common

rad
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covariance matrix and arbitrary finite mixtures of multivariate
normal densities. All of thesc authors apparently obtained the
EM algorithm independently, although Wolfe [132] referred to
Hasselblad [64). They all derived the algorithm by setting the
partial derivatives of the log-likelihood function equal to zero,

and after some algebraic manipulation, obtained equations which

suggest the algorithm.

Following these early derivations, the EM algorithm was
applied by Tan and Chang [120) to a mixture problem in genetics
and used by Hosmer [67)] in the Monte Carlo study of maximum-
likelihood estimates referred to earlier. Duda and Hart [44]
cited the EM algorithm for mixtures of multivariate normal
densities and commented on its behavior in practice. Hosmer [68]
extended the EM algorithm for mixtures of two univariate normal
densities to include the partially labeled samples described
briefly above. Hartley [63] prescribed the EM algorithm for a
"switching regression™ model. Peters and Walker [1l0l] offered a
local convergence analysis of the EM algorithm for mixtures of
multi-variate normal densities and suggested modifications of the
algorithm to accelerate convergence. DVPeters and Coberly [100]
studied the EM algorithm for approximating maximum-likelihood
estimates of the proportions in an essentially arbitrary mixture
density and gave a local convergence analysis of the algorithm.
Peters and Walker [102] extended the results of [100] to include

subsets of mixture proportions and a local convergence analysis

along the lines of ([101].
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All of the above investigators regarded the EM algorithm as
arising naturally from the particular forms taken by the partial
derivatives of the log-likelihocd function. A quite different
point of view toward the algorithm was put forth by Dempster,
Laird, and Rubin ([38]. They interpreted the mixture density
estimation problem as an estimation nroblem involving incomplete
data by regarding an unlabeled observation on the mixture as
*missing” a label indicating its component population of origin.
In doing so, they not only related the mixture density problem to
a broader class of statist cal problems but also showed that the
EM algorithm for mixture density proklems is really a
specialization of - more general algorithm (also called the EM
algorithm in [38]) for approximating maximum-likelihood estimates
from incomplete data. As one sees in the sequel, this more
general EM algorithm is defined in such a way that it has certain
desirable theoretical properties by its very definition.
Earlier, the EM algorithm was defined independently in a very
similar manner by Baum et al [7] for very general mixture densaty
estimation problems and by Haberman ([57], (58], {59] for
mixture-related problems 1involving frequency tables derived by
indirect observation. Haberman also refers in [59] to versions
of his algorithm developed by Ceppellini, Siniscalco, and Smith
[20], Chen (26}, and Goodman {50]. In addataion, an
interpretation of mixture problems as incomplete date problems
was given in the brief discussion of mixtures by Orchard and
Woodbury [94]. The desirable theoretical properties

automatically enjoyed by the EM algorithm suggest in turn the
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good global convergence behavior of the algorithm which has been
observed in practice by many investigators. Theorems which
essentially confirm this suggested behavior have been recently
obtained by Redner [109], Boyles ([17], and Wu {[134] and are

vutlined in the sequel.

—— -



2.5 1ldentifiability and information.

To complete this review, we touch on two topics which have
to do with the general well-posedness of estimation problems
rather than with any particular method of estimation. The first
topic, identifiability, addresses the theoretical question of
whether it is possible to uniquely estimate a parameter from a
sample, however large. The second topic, information, relates to
the practical matter of how good one can reasonably hope for an
estimate to be. A thorough survey of these topics is far beyond
the scope of this review; we try to cover below those aspects of

them which have a specific bearing on the seguel.

In general, a parametric family of probability density
functions is said to be identifiable if distinct parameter values

determine distinct members of the family. For families of
mixture densities, this general definition requires a special
interpretation. For the purposes of this paper, let us first say

that a mixture density p(xl@) of the form (1.1) is economically

represented if, for each pair of integers { and 3 between 1

and m , one has that pl(xlpl) - pj(xlpj) for almost all

n

x € R (relative to the underlying measure on rR" appropriate

for p(xlo)) only if either 1 = j or one of a, and « is

3

zero. Then 1t suffices to say that a family of mixture densities

of the form (l.1) 1s identifiable for ® e N 1f for each pair

] ] ]
Q' = (al"°"am'pl""’pm) and ©O" = (a"l,---,a“m,p"l,---,p"m) in
1 determining economically represented densities p(x'@') and

p(xlo") » one has that p(xlo') = p(xl¢") for almost all x e R"

e mmem e dumw oo b



257

only if there is a permutation w7 of (l,°+,m) such that
1] ] ]

e, - a‘”(i) and, if ay v« 0, oy - o.n(i) for i=1,¢ce,m.

For a more gencral definition suitable for possibly infinite

mixture densities of the form (1.2), see, for example, Yakowitz

and Spragins [137].

It 1is tacitly assumed here that all families of mixture
densities under consideration are identifiable. One can easily
determine the identifiability of specific mixturé densities
using, for example, the identifiability characterization theorem
of Yakowitz and Spragins [137]. For more on identifiability of
mixture densities, the reader is referred to the papers of
Teicher [123], [124], [125), [126], Barndorff-Nielsen [5],
Yakowitz and Spragins ([137], and Yakowitz {[135], [136] and to the

book by Maritz [70].

The Fisher informaticn matrix is given by

1(®) = J [vglog p(xl®)][v,10g p(x1®)1Tp(xlo)dn , (2.5.1)
RD
provided that p(xl@) is such that this expression is well-

defined. (In writing v, , we suppose that one can conveniently

o
redefine ® as a vector ¢ = (el,»--,cv)T of unconstrained scalar
parameters, and we take v, = —2—,~~-,—§—)T . Also, in (2.5.1), u
v] afl aev

denotes the underlying measure on R" appropriate for p(xlo) <)
The Fisher information matrix has general significance concerning
the distribution of wunbiased and asymptotically unbiased

estimates. For the present purposes, the importance of the

poear
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FPisher information matrix lies in its role in determining the
asymptotic distraibution of maximum-likel:rhood estimates (see

Theorem 3.1 below).

A number of authors have considered the Fisher information
matrix for finite mixture densities in a variety of contexts. We
mention in particular several investigations in which the Fisher
information matrix is of central interest. (There l.ave been
others in whaich the Fisher information matrix or some
approximation of it has played a significant but less prominent
role; see those of Mendenhall and Hader (89], Hasselblad [64],
[65], Day [36], Wolfe [132], Dick and Bowden [42], Hosmer [67],
James ([73], and Ganesalingam and McLachlan {49]).) Hill [66]
exploited simple approximations obtained in limiting cases from a
general power series expansion to investigate the Fisher
information for estimating the proportion in a mixture of two
normal or exponential densities. Behboodian [9] offered methods
for computing the Fisher information matrix for the proportion,
means, and variances in a mixture of ¢two univariate normal
densities; he also provided four-place tables from which
approximate information matrices for a variety of parameter
values can be easily obtained. In their comparison of moment and
maximum-likelihood estimates, Tan and Chang {121] numerically
evaluated the diagonal elements of the inverse of the Fisher
information matrix at a variety of warameter values for a mixture
of two univariate normal densities with a common variance. Using

the Fisher iInformation matrix, Chang [22] investigated the
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effects of adding a second variable on the asymptotic
distribution of the maximum-likelihood estimates of the
proportion and parameters associated with the first variable in a
mixture of two normal densities. Later, Chang [23] extended the
methods of [22] to include mixtures of two normal densities on
variables of arbitrary dimension. Por a mixture of two
univariate normal densities, Hosmer and Dick [71] considered
Fisher information matrices determined by a number of sample
typec. They compared the asymptotic relative efficiencies of
estimates from totally unlabeled samples, estimates from two
types of partially labeled samples, and estimates from two types
of completely labeled samples.

[ P Ry
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3. Maximum-likelihood

In this section, maximum-likehood estimates for mixture
densities are defined precisely, and their important properties
are discussed. It is assumed that a parametric family of mixture
densities of the form (1.l) is specified and that a particular
°’ - (d;."'.a;.Pi.---.p;) e N is the "true" parameter value to
be estimated. As before, it is both natural and convenient to
regard p(xl@) in (l.1) as modeling a statistical population
which is a mixture of m component populations with associated

component densities and mixing proportions

[pxli-l,-'~,m
{ag}

1-1,-.-'m

In order to suggectt to the reader the variety of samples
which might arise in mixture problems as well as to provide a
framework within which to discuss samples of interest in the

n of four

sequel, we introduce samples of observations in R
distinct types. All of the mixture density estimation problems
which we have encountered in the literature involve samples which
are expressible as one or a stochastically independent union of
samples of these types, although the imaginative reader can
probably think of samples for mixture problems which can not be
8o represented. The four types of samples and the notation which
we assoclate with them are given as follows:

Type 1. Suppose that {xk}k-l,~~-,N is an 1independent

sample of N unlabeled observations on the mixture, i.e., a

set of N obgervations on independent, identically

distributed random variables with density p(x'®*) . Then
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sl - {xk}k-l,...N is a sample of Type 1.

.

Type 2. Suppose that Jl.---,J are arbitrary non-negative

m

integers and that for i = 1,«--,m , {yik}kﬂl.--~.J1 is an

th component

independent sample of observations on the i
population, i.e., a set of Ji observations on independent,

identically distributed random variables with density

m
®
pi(XIpi) - Then s, = 121 {yik}k-l,-".Ji is a sample of

Type 2.

Type 3. Suppose that an independent sample of K unlabeled
observations is drawn on the mixture, that these
observations are subsequently 1labeled, and that for

iel,e+,m, a set (zik}k-l,---,x of them is associated

i
m
with the 1th component population with K = [ Ki . Then
i=1
m
Sy = igl(zik}k_l'“_'K1 is a sample of Type 3.

Type 4. Suppose that an independent sample of M unlabeled

observations is drawn on the mixture, that the observations

in the sample which fall in some 3set E ¢ R" are

subsequently labeled, and that for { = 1,:--,m , a set

(W x)ka1 ... y Of them is thereby associated with the ith
’ 14 i .

component population while a set {w0k1k=l,---,M0 remains
m

U fw. ooy .. is a sample of

jmg 1Kk=1, My

unlabeled. Then 84 -

Type 4.
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A totally unlabelsd vanple Sl of Type 1 is tae sort of
sample considered in almost all of the literature on mixtur:
densities. Throughout most of the sequel, it is assumed as 1
convenience that samples under consideration are of this type.
The major qualitative difference between completely labeled
samples S, and S, of Types 2 and 3, respectively, is that the
numbers Ky contain nformation about the mixing proportions
while the number« J1 do not. Thus if estimation of propoctions
is of interest, then a sample S2 is useful only as a subset of
a larger sample which includes samples of other types. For
mixtures of two univariate densities, Hcsmer {68] considered
samples of the forms Sl ' sl u SZ ¢ and Sl U S, . Previously
Tan and Chang [120]) cvonsidered a problem involving an application
of mixtures in explaining genetic variation which is almost
identical to chat of {68} 1in which the sample is of the form
S

U s Also Dick and Bowden [42]) used a sample of the form

1 27

Sl U s2 in which me= 2 and J2 -0 . Hosmer and Dick [71)
evaluated the Fisher information matrix for a variety of samples

of Types 1, 2, 3, ard their unions.

A sample S of Type 4 is likely to be associated with a

4
mixture problem involving censored sampling. While the numbers
M1 contain information about the mixing proportions, as do the
numbers K1 of a sample 53 of Type 3, they also contain
information about the parameters of the component densities while

the numbers K1 do not. An interesting and informative example

of how a sample of Type 4 might arise 18 the following, which ais
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in the areca of 1life testing and is outlined by Mendenhall and
Hader [89}.

Example. In life testing, one {is interested in testing
*products®™ (systems, devices, etc.), recording failure times or
causes, and hopefully thereby being better able to understand and
improve the performance of the product. It often happens that
products of a particular type fail as a result of two or more
distinct causes. (An exawple of Acheson and McElwee ([1] is
guoted in [89] in which the causes of electronic tube failure are
divided into gaseous defects, mechanical defects, and normal
deterioration of the cathode.) 1t is therefore natural to regard
collections of such products as mixture- populations, the
component populaticns of which correspond éo the distinct causes
of failure. The first objective of life testing in such cases is
likely to be estimation of the proportions and other statistical

parameters associated with the failure component populations.

Because of restrictions on time available for testing, life
testing experiments must often be concluded after a predetermined
length of time has elapsed or after a predetermined number of
product units have failed, resulting in censored sampling. if
the causes of failure of the failed products are determined in
the course of such an experiment, then the (labeled) failed
products together with those (unlabeled) products which did not

fail constitute a sample of Type 4.

The likelihood function of a sample of observations is the

probability density function of the random sample evaluated at
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the observations at hand. When maximum-likelihood estimates are

of interest, it is usually convenient to deal with the logarithm

of the likelihood function, called the log-likelihood function,

rather than with the likelihood function itself. The following

are the log-likelihood functions L+ L, s, Lg and L4 of

samples Sl r Sy 4 S3 and Sq of Types 1, 2, 3 and 4
respectively:

N
L,(®) = L log p(xklo) (3.1)
k=1
m Ji ,
L(®) = £ ¥ log p,(y . .le)) (3.2)
2 21 KoL iVV1x'P4
m Ki | K1
Lo(®) = ¥ L logla,p,(z,, 10,)] + log 57 (3.3)
3 21 K1 iPil%1x"1 K T- Kt
g | m M | M
L,(®) = [ log p(ws !®) + LT L logla,p,(w, !p.)] + log T
4 Koo Ok (S1ke1 1Pit¥ix'Py M- M 1

(3.4)

Note that if a sample of observations is a union of independent
samples of the types considered here, then the 1log-likelihood
function of the sample is 3just the corresponding sum of log-

likelihood functions defined above for the samples in the union.

1f S is a sample of observations of the sort under

consideration, then by a maximum-likelihood estimate of @ , we

mean any choice of o in fl at which the log-~likelihood
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function of S , denoted by L(®) , attains its largest 1local
maximum in N . In defining a maximum-likelihood estimate in
this way, we have taken into account two practical difficulties

associated with maximum-likelihood estimation for mixture

densities.

The first difficulty is that one cannot always in good
conscience take N to be a set in which the 1log-likelihood
function is bounded above, and 8o there are not always points in
N at which L attains a global maximum over N . Perhaps the
most notorious mixture problem for which L is not bounded above
in n is that in which p is a mixture of normal densities and
S = S, r 2 sample of Type 1. It is easily seen in this case that
if one of the mixture means coincides with a sample observation
and 1If the corresponding variance tends to zero (or if the
corresponding covariance matraix tends in certain ways to a
singular matrix 1in the multivariate case), then the log-
likelihood function increases without bound. For the normal
mixture problem, an acdvantage of including labeled observations
in a sample 1s that with probability onec, this difficulty does
not occur if the sample includes more than n labeled
observations from each component population. This was observed

in the univariate case by Hosmer [68].

The second difficulty is that mixture problems are very
often such that the log-likelihood function attains its largest
local maximum at several different choices of ® . 1Indeed, i1f p

1
and pJ are of the same parametric family for some 1 and J

J
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and if S = Sl  a sample of Type 1, then the value of L(@®)
will not change 1if the component paizrs (ai.pi) and (aj.oj) are
interchanged in ®, 1i.e., 1if in effect there is "lahel

switching® of the 1th th

and J component populations. The
results reviewed below show that whether or not such "label
switching" is a cause for concern depends on whether estimates of
the particular component density parameters are of interest or
whether only an approximation of the mixture density is desired.
We remark that this "label switching® difficulty can certainly

occur in mixtures which are identifiable (see Section 2.5).

In the remainder ot this section, our interest is in the
important general gqualitative properties of maximum-likelihood
estimates of mixture density parameters. For convenience, we
restrict the discussion to the case which is most often addressed
in the literatuie, namely that in which the sample S at hand 1is
a sample S1 of Type 1. We also assume that each component
density p; is differentiable with respect to 4 and make the
nonersential assumption that the parameters $; are unconstrained
in n, and mutually independent variables. It 18 not diffaicult
to modify the discussion below to obtain similar astatements which
are appropriate for other mixture density estimation problems of
interest. For a discussion of the properties of maximum-

likelihood estimates of constralned variables, 3ee the paper of

Altchison and Silvey [2].

The traditional general approach to determining a maximum-

likelihood estimate is first to arrive at a system of likelihood
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equations satisfied by the maximum-likelihood estimate and then
to try to obtain a maximum-likelihood estimate by solving the
lik~lihood equations. Basically, the 1likelihood e<4quations are
found by considering the partial derivatives of the 1log-
likelihood . ction with respect to the ccmponents of & . If
3 - (Ql,---,Qm.gl,---,Qm) is a maximum-likelihood estimate, then
one has the likelihood equations

vplL($) =0, 4i=1,-,m (3.5)
determined by the unconstrained parameters Py v i=121,+¢m.
(Our convention is that *v"® with a variable appearing as a
subscript 1indicates the gradient of first partial derivatives

with respect to the components of the variable.)

To obtain likelihood equations determined by the
proportions, which are cocnstrained to be non-negative and to sum

to one, we follow Peters and Walker [102]. Setting

@ = (al, -,am)T . one sees that
T A
0> VaL($) (a-Q) (3.6)
T m
for all a = (al,---,a ) gsuch that ¥ « =1 and a, 2 0 ,
m j=1 ! i

i=1,--,m . Now (3.6) holds for all a satisfying the given

constraints if and only if

0> VaL(s)T(ei-Q) L i = 1,...,m ,
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with equality for those values of 1 for which 51 > 0 . (Here,

th

e is the vector the i component of which is one and the

other components of which are zero.) It follows that (3.6) is

equivalent to

N
1 N pi(xk|p1)

1l 2=
N k=1 p(xk|$)

’ i-l""’mg (3-7)

with equality for those values of i for which 21 >0 .

Finally, multiplying each side of (3.7) by ai for i =1,---,m

yields likelihood equations in the convenient form

A A
A 1 N a0 ld)
4 -3 p AL k1

A rp 1 =1, . (3.8)
k=1 p(xklm;

We remark that it 1is easily seen by considering the matrix

al'...'am 1

that L. is a concave function of o = (al,---,am)? for any fixed

of second partial derivatives of L with respect to

set of values 31 € ni g 1 = 1, -e,m . Thus, for any fixed 31 '
{f=1,-»+,m, (3.6) and, hence, (3.7) are sufficfent as well as .
necessary for a to maximize L over the set of all a
satisfying the given constraints. On the other hand, the
likelihood equations (3.8) are necessary but not sufficient
conditions for a to maximize L for fixed 31 y L= 1,rc0,m .
Indeed, @ = e, satisfies (3.8) for { = 1,--+,m. In fact, it
follows from the concavity of L that there 18 a solution of

(3.8) in each (closed) face of the simplex of points a

satisfying the given constraints. In spite of perhaps suffering
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from a surplus of solutions, the 1likelihood equations (3.8)
nevertheless have a useful form which takes on additional

significance later in the context of the EM algorithm.

The equations (3.5) and (3.8) together constitute a full set
of likelihood equations which are necessary but not sufficient
conditions for a maximum likelihood estimate. Of course, some
irrelevant solutions of the likelihood eguations can be avoided
in practice by using one of a number of procedures for obtaining
a numerical solution of them (among which is the EM algorithm)
which in all but the most unfortunate circumstances will yield a
local maximizer of the log-likelihood function (or a singularity
near which it grows without bound) rather than some stationary
point which is a local minimizer or a saddle point. Still, it is
natural to ask &t this point the extent to which solving the
likelihood equations can be expected to produce a maximum-
likelihood estimate and the extent to which a maximum-likelihood

x
estimate can be expected to be a good approximation of & .

Two general theorems are offered below which give a fair
summary of the results in the literature most pertinent to the

question put forth above. As a convenience, we assume that

a > 0 for { =1,.---,m . Por the purposes of the theorems and

the discussion following them, this Jjustifies writing, say,

n-1
o, - 1 -t a; and considering the redefined, locally
i=1

unconstrained variable O = (al.--- chP) in the

lam_llplr.' m
modified set
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m-1
n= ((al.‘°°.am_l.ﬁl.°°'.pm):i§l @, <1 and a; >0, ¢, €0,

for i = 1,:---,m} .

The likelihvod equations (3.5) and (3.8) can now be written in

the general unconstrained form
A
voL(o) -0, (3.9)

which facilitates our presenting the theorems as general results
which are not restricted to the mixture problem at hand or, for
that matter, to mixture problems at all. In our discussion of
the theorems, all statements regarding measure and integration
are made with respect to the underlying measure on R"

appropriate for p(xl@) , which we denote by n .

The first theorem states roughly that under reasonable
assumptions, there 1s a unique strongly consistent solution of
the likelihood equations (3.9) and this solution at least locally
maximizes the log-likelihood function and 1s asymptotically
normally distributed. ( Consistent in the wusual sense means
converging with probability approaching 1 to the true parameters

as the sample size approaches infinity; strongly consistent means

having the same 1limit with probability 1.) This theorem is a
compendium of results generalizing the initial work of Cramgr
[35] concerning existence, consistency, and asymptotic normalaity
of the maximum-likelihood estimate of a single scalar parameter.

The conditions below, on which the theorem rests, were
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essentially given by Chanda [21] as multi-dimensional
generalizations of those of Cramé%. with them, Chanda claimed
that there exists a unique solution of the likelihood equations
which is consistent in the usual sense (this fact was correctly
proved by Tarone and Gruenhage [122]) and established its
asymptotic normal behavior. (Sze also the summary in Kiefer
[77], the discussion in Zacks [71], and the related material for
constrained maximum-likelihood estimates in Aitchison and Silvey
{2].) Using these same conditions, Peters and Walker [101,
Appendix A} showed that there is a unigue strongly consistent
solution of the likelihood equations and that it at least locally

maximizes the log-likelihood function.

In stating the following conditions and in the discussion

after the theorem, 1t is convenient to adopt temporarily the

m
notation @ = (el,---,ev) ' where v=(m-1+ ¥} ni) and
i=1

1 for { = 1,:--,v . Also, we remark that because the

61 € R
results of the theorem below implied by these conditions are
strictly local in nature, there is no loss of generality in
restricting n to be any neighborhood of 0* if such a

restriction is necessary for the first condition to be met.

Condition 1. For all ® e i, for almost all x e¢ R" , and for

2
i,3,k = 1,-+-,v , the partial derivatives 3p . ~3p_ , and
3

g exist and satisfy

...A_i._..'.....‘..x.!.

[Py
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|ag(x|og, < £.(x2) , la ggxlozl < £, (x) . |a log p(xloll < f
8&1 i aeiagj 13 3

where f1 and fij are integrable and fijk satisfies

J fijk(x)p(xlot)du { o
R0

Condition 2. The PFPisher information matrix I(®) given by
(2.5.1) is well-defined and positive definite at o' .

Theorem 3.1. If Conditions 1 and 2 are satisfied and any
sufficiently small neighborhood of 0* in N 1is given, then with
probability 1, there is for sufficiently large N a unique
solution @ of the likelihood equations (3.9) in that
neighborhood and this solution locally maximizes the log-
likelihood function. Furthermore, VE(¢N-0*) iz asymptotically

normally distributed with mean zero and covariance matrax
1

1)t .

The second theorem 18 directed toward two questions left
unresolved by the theorem above regarding oN + the uniquc
strongly consistent solution of the likelihood equations. The
first question 1s whether oV is really a maximum-likelihood
estimate, i.e., a point at which the log-likelihood function
attains its largest local maximum. The second is whether, even
if the answer to the first question 1s "yes", there are maximum-
likelihood estimates other than P which lead to 1limiting
densities other than p(xlot) . Given our assumption of

identi1fiability of the family of mixture densities p(xl@) ,
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® e N, one easily sees that the theorem below implies that if
N' 13 any compact subset of N which contains 0. in its
interior, then with probability 1, &Y is a maximum-likelihood
estimate in ' for sufficiently large N . Furthermore, every
other maximum-likelihood estimate in nN' 1is obtained from QN
by the ®"label switching®™ described earlier and, hence, leads to
the same 1limiting density p(xlwg) . Accordingly, we usually
assume in the sequel that Conditions 1 through 4 are satisfied

N as the unique strongly consistent maximum-

and refer to @
likelihood estimate. The theorem is a slightly restricted
version of a general result of Redner [110] which extends earlier
work by Wald [129] on the consistency of maximum-likelihood
estimates. It should be remarked that the result of [110] rests
on somewhat weaker assumptions than those made here and |is

specifically aimed at families of distributions which are not

identifiable.

For ® e N and sufficiently small r>0, let NI(O)

denote the closed ball of radius r about ¢ in N and define

p(xlo,r) - sup p(x!@')
O‘eNz(OJ

and
®
P (x'@,r) - max(l,p(xlo,r))

Condition 3. For each & € 1 and sufficiently small r > 0 ,

.
. ——
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3 x *
J log p (xl@ ,r)p(xl@ Jdp € o
]D

Condition 4.

*® *
J log p(x|¢ )p(x'¢ yau < = .
R®
Theorem 3.2. Let N' be any compact subset of 1 which

4
contains © in {ts interior, and set

C=({®en': p(xlO) = p(xlot) almost everywhere} .

I1f Conditions 3 and 4 are satisfied and D 1is any closed subset

of N' not intersecting C , then with probability 1,

N
ﬁi n(xklw)
lim <o NS =
- 00 *
N @h 1 p(xy!@ )
k=1 *

From a theoretical point of view, Theorems 3.1 and 3.2 are
adeguate for mixture density estimation problems 1n providing
assurance of the existence ot strongly consistent maximum=-
likelihood estimates, characterizing them as solutions of the
likelihood equations, and prescribing tneir asymptotic behavior.
In practice, however, one muast still contend with certain
potential mathematical, statistical, and even numerical
difficulties associated with maximum -likelihood estimates. Some
possible mathematical problems have been suggested above: The

log-likelihood function may have many local and global maxima and
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perhaps even singularities; furthermore, the likelihood equations
are likely to have solutions which are not local maxima of the
log-likelihood function. According to Theorem 3.1, the
statistical soundness (as measured by bias and variance) of the
strongly consistent maximum-likelihood estimate is determined, at
least for large samples, by the Fisher information matrix
1(0*) . As it happens, I(¢*) also plays a role in determining
the numerical well-posedness of the problem of approximating the
strongly consistent maximum-likelihood estimate for large

samples.

To show how I(®t) enters into the problem of numerically
approximating ¢N for large samples, we recall that the
condition of a problem is reflected by the relative sensitivity
of its solution to perturbations in the data associaced with the
problem. For an optimization problem, the condition |is

customarily measured by the condition number of the Hessian

matrix of the function to be optimized evaluatcd at the solut:ion.
(For the definition and properties of the condition number of a
matrix, see, for example, Stewart [118].) Por the log-likelihood
function at hand, the Hessian matrix, which we denote by H(®) ,

is given by

N
H®) = L VeUslog plx, l®) | (3.10)

2

T 3
V9 a (——)
¢ aeiaej
satisfied, then it follows from the Strong Law of Large Numoers

where If Conditions 1 and 2 above are

bt
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(see Loéve [82]) that with probability 1,

1

1im = H(oYy = ~1¢0") . (3.11)

N=~co

=1

Since % H(¢N) has the same condition number as H(@N) . (3.11)

18 the desired result.

’
'

To illustrate the potential severity of the statistical and
numerical problems associated with maximum-likelihood estimates,
we augment the material on the Fisher information matrix in the
literature cited in Section 2.5 with Table 3.3 below, which lists
approximate values of the condition number and the diagonal
elements of the inverse of I(O*) for a mixture of two
univariate normal densities (see (1.3) and (l1.4)) at a variety of
choices of @t . To prepare this table, we took
O = (al.ul.uz.oi,ag) and numerically evaluated I(¢t) ' its

.3
condition number, and its inverse for selected values of L+

using IMSL Library rou.ines DCADRE, EIGRS, and LINV2F on a

CDC7600.2 The choices of ot wore obtained by taking ai - .3
2% 2% ® *
and oy =90, = 2 and varying the mean separation By = By -

®
In the table, the condition number of 1I1(® ) is denoted by « ,

and the first through fifth diagonal elements of I(tbﬁ)'l are

-1 -1 - -1 -
denoted by 1 Y(ay) , 17huy) 4 1 l(uz) , 176%) , ana 1 l(o%) ,

reepectively.

2. We are grateful to the Jdathematics and Statistics Division of
the Lawrence Livermore National Laboratory for allowing us to
use their computing facility in generating this table.
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uy-uy x 17 e | 17 | Ty | 17 ed [ el |

0.2 | 3.06x1020}4.39x12020] 4.86x10%]5.98x108)2.15x107|4.02x10° §

0.5 8.05x1.0% | 5.54x10° |3.81x10%]7.17x120%] 1.04x10%} 2. 07x20% :
1.0 5.18x10% |8.59x10% [2.32x20%{4.55x2032.58x203]| s78.
1.5 | 4.80x203 | 237. |1.43x20%| 290. 383. 95.0
2.0 1.10x10% | 20.4 216. 45.8 115. 31.3
3.0 187. .874 18.9 4.81 28.2 8.83
4.0 71.7 .267 5.72 1.95 13.4 4.71
h 6.0 35.7 .211 3.44 1.45 7.47 3.06

Table 3.3: Condition number and diagonal elements of the inverse

of 1(0*) for a mixture of two univariate normal densities with

] 2% 2%
al .3 . ol 02 -1 . -
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Table 3.3 reinforces ones intuitive understanding that for,
mixture density estimation problems, maximum-likelihood estimates
are more appealing from both a statistical and a numerical
standpoint if the component densities in the mixture are well
separated than if they are poorly separated. Perhaps the most
troublesome implication of Table 3.3 is thet if the component
densities are poorly separated, then impractically large sample
sizes might be required in order to expect even moderately
precise maximum-likelihood estimates. For example, Table 3.3
indicates that if one considers data from a nixture of two

univariate normal dengsities with a; - .3, oi* - oi‘ = 1 , and

u; - u; = )l , then a sample size on the order of 106 is
necessary to insure that the standard deviation of each component
of the maximum~likelihood estimate is about 0.1 or less. Even if
a sample of such horrendous size were available, the fact that
evaluating the log-likelihood function and associated functions
such as its derivatives involves summation over observations in
the sample, considered together with the condition number of

5.18x10%

for the information matrix, suggests that computing
undertaken in seeking a maximum-likelihood estimate should be

carried out with great care.

Similar observations regarding the asymptotic dependence of
the accuracy of maximum-likelihood estimates on sample sizes and
separation of the component populations have been made by a
number of authors (Mendenhall and Hader [89), Hill (66},

Hasselblad [64], (65}, Day [36), Tan and Chang [1l21]), Dick and
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Bowden ([42])], Hosmer [67], [68], Hoswmer and Dick {71]). wooveras
of them (Mendenhall and Hader ([89]), Day [36], Hasselblad [65],
Dick and Bowden [42], Hosmer [67]) also suggested that things are
worse for small samples (less than a few hundred observations)
than the asymptotic theory indicates. Hosmer [67] specifically
addressed the small-sample, poor-separation case for a mixture of
two univariate normals and concluded that in this case maximum-
likelihood estimates "should be used with extreme caution or not
at all."™ Dick and Bowden {42}, Hosmer[68], and Hosmer and Dick
[71] offered evidence which suggests that considerable
improvement in the performance of maximum-likelihood estimates
can result from including labeled observations in the samples by
which the estimates are determined, particularly when the
component densitles are poorly separated. In fact, it is pointed
out in {71] that most of the improvement occurs for small to

moderate proportions of labeled observations in the sample.

In spite of the rather pessimistic comments above, maximum-
likelihood estimates have fared well iA comparisons with most
other estimates for mixture density estimation problems. Day
{36], Hasselblad ([6S5), Tan and Chang [121], and Dick and Bowde¢n
{42] found maximum-likelihood estimates to be markedly superior
to moment estimates in their investigations, especially in cases
involving poorly separated component populations. (See also the
comment by Hosmer {70] on the paper of Quandt and Ramsey ([1(G6].)
Day [36] also remarked that minimum chi-square and Bayes

estimates have less appeal than maximum-likelihood estimates,
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primarily because of the difficulty of obtaining them in mos!'.
cases. James [73] and Ganesalingam and McLachlan [49) observe
that their proportion estimates are less efficient than maximum-
likelihood estimates; however, they also outlined circumstancen
in which their estimates might be preferred. On the other hand,
as we remarked in Sec. 2.3, the moment generating function method
of Quandt and Ramsey [106] provides estimates which may
outperform maximum-likelihood estimates in the small-sample case
{see the comment by Hosmer [70])). This method should be kept in
mind as a promising alternative to the method of maximum

likelihood.
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4. The EM Algorithm.

We now derive the EM algorithm for gereral mixture density
estimation problems and discuss its important general properties.
As stated in the introduction, we fecl that the EM algorithm for
mixture density estimation problems 1is best regarded as a
specialization of the general EM algorithm formalized by
Dempster, Laird and Rubin ([38)] for ocbtaining maximum-likelihood
estimates from incomplete data. Accordingly, we begin by
reviewing the formulation of the general EM algorithm given in
[38].

Suppose that one has a measure space‘gz of "complete data"
and a measurable map y- g(z) of y to a measure space },ﬂ of
“incomplete data®. Let f(ZIO) be a member of a parametric
family of probability density functions defined on C;! for
® en, and suppose that g(§l0) is a probability density
function on 5? induced by f(zl@) . Por a given x ejf’, the
purpose of the EM algorithm is to maximize the incomplete data
log-likelihood L(®) = log g(gl@) over & e N by exploiting the
relationship between f(¥|®) and g(§’¢) . It is intended
especially for applications in which the maximization of the
complete data log-likelihood log f(yl@) over en is

particularly easy.

For xel ., set y(_:_:) - {y e}{; x(y) = x) . The
conditional density k(yl;,@) on é;f(g) is given by

t(yl@) = k(y]z,@)g(§|®) . For & and ¢©' in N , one then has

< mp - 2 o - -
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L(®) = o(olo) - H(oloY) ,

where lo') = B(10g £(ylo)ix, o) and
H(O‘@‘) = E(log k(y|§,¢)|x,®') . The general EM algorithm of
Dempster, Laird and Rubin [38] is the following: Given a current

approximation o°

of a maximizer of L(®) , obtain a next
approximat.ion ot as follows:
l. E-step: Determine Q(Ol@c) .

2. M-step: Choose 0+ € arg max Q(®|¢c) .
DeN

Here, arg max Q(@loc) denotes the set of wvalues @ € ft which
Qe

maximize Q(Ol@c) over a . (Of course, this set must be
nonemg.y for the M-step of the algorithm to be well-defined.) 1If
this set is a singleton, then we denote its sole member in the

same way and write ot - arg max Q(¢|®c) . Similar notation is
Qent

used without further explanation in the sequel.

From this general description, it 1ie not clear that the EM
algorithm even deserves to be called an algorithm. However:. au
we indicated above, the EM algorithm is used mest often in
applications which permit the easy maximization of 1log f(zi@)
over ©® € N . In such applications, the M-step maximization of
Q(¢|®') over ® € 1 1s usually carried out with corresponding
ease. In fact, as one sees in the sequel, the E-step and the M-
step are usually combined into one very easily implemented step
in most applicaticns involviny mixture density estimation

problems. At any rate, the sense of the EM algorithm lies in the

)
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fact that L(®') > L(@) . 1Indeed, the manner in which o' is |
determined guarantees that 0(¢'1e%) > 0(el0) ; and it follows !

from Jensen's Inequality that H(0+|0c) < H(0c|¢°) . (See
Theorem 1 of Dempster, Laird and Rubin {38).) This fact implies ‘
that L is monotone increasing on any iteration sequence
generated by the EM algorithm, which is the fundamental property

of the algorithm underlying the convergence theorems given below.

To discuss the EM algorithm for mixture density estimation
problems, we assume as in the preceding section that a parametric
family of mixture densities of the form (l1l.1) is specified and

t) is the "true"

R ® z
that a particular & = (al,---,am,pl,...,pm

parameter value to be estimated. In the usual way, we regard
this family of densities as being associated with a statistical
population which is a mixture of m component populations. The

EM algorithm for a mixture density estimation problem associated .

with this family is derived by first interpreting the problem as
one involving incomplete data and then obtaining the algorithm
from 1{ts general formulation given above. The problem 1is
interpreted as one involving incomplete data by regarding each
unlabeled observation in the sample at hand as "missing®™ a label

indicating its component population of origin.

It is instructive to consider the forms which the EM
algorithm might take for mixture density estimation problems
involving samples of the types introduced in the preceding
section. We first illustrate in some detail the derivation of

the function Q(®|¢') of the E-step of the algorithm, assuming

o
N
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for convenience that the sample at hand is a sample
Sl - {xk}k-l---N of Type 1 described in the preceding section.
One can regard Sl as a sample of incomplete data by considering
each Xy to be the “"known"™ part of an observation
Y = (xk'ik) . Where ik is an integer between 1 and m
indicating a <component population of origin of X - For
@ = (e ce@pePyeceapp) €0 the sample variables

X = (xl,---,xN) and y = (yl,-~-,yu) have associated probability

N
density functions g(5|¢) = 1 p(xk|¢) and

k=1

N
f(x|®) = 1 a p; (xklp1 ) . respectiveiy. Then for
k=1 k "k k
. .

o' - (aln"‘,a;.ﬁi.--°.p;) en, the ccenditional density

k(zlE,o') is given by

@, p; (x 1o, )
N i, 51 k' T
N - kK "k | k
k(z‘E!Q ) kl;ll p(xklo') ’

and the function Q(®|¢‘) . which we denote by Q1(0|¢') . is

determined to be

s []
l m m N N aikpik(xkl‘olk)
Q,(el®')y = [ --- L E log a, p, (x. tv; ) 1 T
1 1,71 1,71 k=1 L b TR gl PUXIeN)
m N a;pi(xklp;)
= T r loga p.(x, !p,) g (4.1)
{=1 k=1 117k i p(kud) )
T R RN 3 e R T N LT e e e e s i L s s e
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] ] q ]
m N ap.(x10;) m N a.p,(x, lp,.)

. 1Pj (X!oy 1Py (X tPy
iy k) TeGgTeny 1 109 ey ¢ L oy By 1oy )iz gy

m
For samples s, = 121(y1k}k'1"'°'31 '
m m
S, = U {z..3, 1 ... » and S, = U {w..}, . ... of Types
3 ] ik’k=1, ,K1 4 i=0 ik’k=1, 'Mi

2, 3 and 4, one determines in a similar manner the respective
functions Qz(®|0') ' Q3(¢|0') , and Q4(0|®') for the E-step of
the EM algorithm to be

J

m Yi
a,(0lo'y = £ T log p,(y, le;) (4.2)
2 51w iYix'?y
| m m Ki '
Q.(®ld') = F K/loga, + £ T 1lo (z,. le.) , (4.3)
3 iy 170 ey 09 PitEixfy

M ] ]

m 0 a,p,(wa 19.)

"o 1P1 (Mox'?,
2celen S 0TI TRt o0

) log @, + (4.4)

m Mi | M0 | a;pi(WOklp;)
+ L (L logp,(w, ip,) + L log p,(w, lo.) ;
1o1 k=1 itTik i k=1 i*0k 71 p(wOKIG )

for @ = (al"."am'pl'."'pm) and O©' = (a;'...,a;,pi'...'p;) in
fl . We note that Qz(olo') and Q3(®|0') are just L,(®) and
(except for an additive constant) L3(®) given by (3.2) and
(3.3), respectively; and one might well wonder why they are of
interest in this context. By way of explanation, we observe that
if a sample of interest is a stochastically independent union of

smaller samples, then the function for the E-step of the EM

indol ey PPN L SR A P BT R St R i e 2, ML 2

M




algorithm which is appropriate for this sample is just the sum of
the functions which are appropriate for the smaller samples.
Thus, for example, if S = S; VS, US, is a union of independent
samples of Types 1, 2, and 3, then the function for the E-step
appropriate for S is Q(olo') = Ql(olo') + Qz(olo') + 03(0|®') ,
where Ql(olo') ' QZ(OIO') , and Qa(olo') are given by (4.1),
(4.2), and (4.3), respectively.

Having determined an appropriate function Q(olo') for the
E-step of the EM algorithm as one or a sum of the functions
Qi(OIO') defined above, one 1is 1likely ¢to £find that the
maximization problem of the M-step has a number of attractive
features. It is clear from (4.1), (4.2), (4.3), and (4.4) that
this maximization problem separates into two maximization
problems, the first involving the proportions @yrt ey alone
and the second involving only the remaining parameters
Pre Py - Since 1log al.-~',log a, appear linearly in each
function Qi(®|0') for i # 2 , the first maximization problem
has a unique solution if the sample is not strictly of Type 2;
and this solution is easily and explicitly determined regardless
of the functional forms of the component densities pi(xlpi)
1f Pyr-cceP, are mutually independent variabies, %then the
second maximization problerr separates further into m component
problems, each of which involves only one of the parameters Py -
Both these component problems and the maximization problem for
the proportions alone have the appealing property that they can

be regarded as "weighted" maximum-likelihood estimation problems

.
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involving sums of logarithms weighted by posterior probabilities
that sample observations belong to appropriate component
populations, given the current approximate maximum-likelihood

estimate of @t .

To illustrate these remarks, we consider a sample

S1 - (xk)k-l,---,N of Type 1 and assume that Pyr - eP, are

mutually independent variables. 1f of

- (“;v °° "a;lpiv i '14’;)
is a current approximate maximizer of the log-likelihood function
L1(¢) given by (3.1), then one easily verifies that the next
approximate maximizer ot - (a{.---.a;,pi,—--,p;) prescribed by

the M-step of the EM algorithm satisfies

N a%, (2,.105)
+
k=1 p(xklo )
c [
N ap.(x lp])
pI € arg max Y 1log pl(xklpi)'—i—l——g——i— (4.6)

C
PyEN; k-1 . p(x107)

for i = 1,---,m . Note that, as promised, each aI is uniquely
and explicitly determined and each aI and pI is obtained as
the solution of a weighted maximum-likelihood estimation problem
c c
aip(xpte))

involving a sum of logarithms multiplied by weights =
pP(x, 197)

’

each of which is Jjust the posterior probability that «x
th

k
originated in the i component population, given the current

approximate maximum-likelihood estimate o€ .
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In addition co prescribing each a: and pI as the solution
of a heuristically appealing weighted maximum-likelihond
estimation problem, there are other attractions to (4.5) and
(4.6). For example, (4.5) insures that the next approximate
proportions a; inherit from the current approximate proportions
af the property of being non-negative and summing to 1.
Furthermore, although there 1is no guarantee that the maximization
problems (4.6) will have nice properties in general, it happens
that each pI is usually easily (even uniquely and explicitly)
determined by (4.6) in most applications of interest, especially
in those applications in which =acl -—omponent density pi(x|¢1)
is one of the common parametric densities for which ordinary
(labeled-sample) ma:imum-likelihood estimates of °y are
uniquely and explicitly determined. As an illustration. consider
the case in which some pi(xlpi) is a multivariate normal

density, 1.e., pl(xlpi) and P, arc given by

N 172 (-1 ) T (xmu )
€ = PPy = (B WE)

)i(X|p1) - n/2

(2m) (detEi)l/Z

(4.7)

where By € R" ana Ei is a positive-definite cymmetric nxn

matrix. For a given pi - (ui,zi) ' the unique solution

o: - (u;,xz) of (4.6) is given by

N agpl(xklpg) N aipi(xklpi)
by = (L% — = —— ) (4.8)
k~1 p(xkl¢ ) k=1 p(xklo )
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c
2o5p; (%, 105) N afp, (x, 105
p(xk|°c) kul p(xk|°c)

3]
+ + +
zl = {C (Xk'lli)(xk‘ul) } (4.9)
k=1
{(The factors ai have %“een 1left in the numerators and
denominators of these expressions for aesthetic reasons only.)
Note that L} {s positive-definite symmetric with probability 1

if N>n .

Wnhat convergence properties hold for a segquence of iterates
ganerated by applyirg the EM algorithm to a mixture density
estimation problem? If nothing in particular is said about the
parametric family of interest, then the properties which can be
specified are essentially those obtained by specializing the
convergence results associated with the EM algorithm for general
incomplete data problems. The convergence results below are
formulated so that they are valid for the EM algorithm in
general. Points relating to these resuits which are of
particular intercst in the mixture density context are mede in

remarks following the theorems.

The first theorem is8 a global convergence result for
sequences generated by the EM algoraithm. It essentially
summarizes the results of Wu {134] for the general EM algorithm
and of Redner [109] for the more specialized case of the EM
algerithm applied to a mixture of densities from exponential
families. Similar but weaker results have been formulated for
the general EM algorithm by Boyles {17]). Statements (1), (1i),

and (iii1) of the theorem are valid for any seguence and are
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stated here as a convenience because of theilr usefulness in
applications. Statements (iv), (v), and (vi) are based on the
fact reviewed earlier and reiterated in the statement of the
theorem that the log-likeiinood function increases monotonically
on a sequence generated by the EM algorithm. Through the use of
this fact, the theorem can be related to general results in
optimization theory such as the convergence theorems of Zangwill
[141; pages 91, 128, and 232]) concerning point-to-set maps which
increase an objective function. One such gencral result was used

explicitly by Wu [134] in his study of the EM algorithm.

Theorem 4.1: Suppose that for some 0% ¢n ' (o(j)}j_o 1,2, 00
[4 ! r
is a sequence in 1 generated by the EM algorithm, t.e., a

sequence in N satiefying

0(j+l) € arg max Q(olo(j)) e 3 =~ 0,1,2,¢¢ ,
PeN

where Q(¢|0') is the function determined in the E-step of the
EM algorithm. Then the log~likel{hood function L(®) increases
monotonically on (°(j)}j-o,1,2,--- to a (possibly infinite)
limat L‘ . Furthermore, denoting the set of limit points of
{°(j)}j-0,l,2,--- in n by 562 one has the following:
(1) o 1is a closed set in 0 .
(ii) If (°(j)}3-0,1,2,--' 18 coantained in a compact subset of
N , then i is compact.

(1ii) 1If (¢(j))j_0,1'2.'. is contained in a compact subset of

N and lim “o(j+l)_®(j)” =0 for a norm -l on n + then &C
j-cw

PRI
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is connected as well as compact.

(iv) If L(¢) 1is continuous in N and 5( * § , then Lt is
finite ana L(8) - L* for & ¢ L.

(v) If Q(O[@') and H(olo') - Q(olo') - L(®) are continuous
in ® and o in n ., then each & e df satisfies

8¢ arg max Q(®|$)
den

(vi) If Q(0!¢') and H(@'@') are contintous in ¢ and ¢!
in N and differentiable in @ at ©® = @' = & ¢ ¢+ then L(®)
is differentiable at ® =& and the 1likelihood equations
VeL(®) = 0 are satisfied by © = & .

Proof: The monotonicity of L({®) on {o(j)] has
T j-O,l,Z,“'

already been established; the existence of a (possibly infinite)
limit Lt follows. Statement (i) holds since closedness 1s a
general property of sets of limit points. To obtain (ii), note
that if {@‘j)} 0.1.2 is contained in a compact subset of

4=0,1,2,---

N , then ‘Zf is a closed subset of this compact subset and,
hence, is compact. To prove (ii1), suppose that

(0(3)}j_0'1'2'... is contained in a compact subset of n , that

limno(j+l) - o‘j)H = 0 , and that df is not connected. Since
j-wo
ozf is compact, there is a minimal distance between distinct

components of ;f; and the fact that lhn“@<j+l) - o(j)H - 0

3-00

implies that there is an infinite subsequence of

{o(j)}j_o 1.2, 40 whose nembers are bounded away from ;f. This
[4 ’ [4

subsequence lies in a compact set, and so it has limit points.

Since these 1limit points cannot be in &C ’ one has a
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contradiction.

Statement (iv) follows immediately from the monotonicity of
L(®) on {°(j)’j-o,1,z,--- . To prove (v), suppose that Q(olo')
and H(@Io‘) are continuous in @ and &' in N and that one
can find some @ ¢ df and ©® ¢ n for which Q(o|$) > Q($|$)

Then for every j ,

L(O(j”')) - Q(O(j+l)|0(j)) - H(o(j+l)|°(j))

> oolo3)) - uEeI e,

by the M-step determination of 0(j+l) and Jensen's inequality.
Since Q(0|®‘) and H(0'¢') are continuous, it {ollows by

taking limits along a subsequence converging to ® that
L' > o(ol®) - n(dld)

*
> 0(318) - H(BI®) -~ L(®) - L ,
which 13 a contradiction. To establish (vi), suppose that
Q(Ol@') and H(@lo’) are continuous 1in ® and ¢®' in N and
differentiable in ® at ® = @' =® eol . Then L(®) = 0(ol®) -
A

H(o|$) 18 differentiable at O =& ; and, since

3 € arg max Q(ols) by (v) and 6 € arg max H(®|$) by Jensen's
en QeN

inequality, one has V°L($) = 0 . This completes the proof.

Statement (1i1) of Theorem 4.1 has precedent in such results

as Theorem 28.1 of Ostrowskl (96]. It 1s usually satisfied in

e rm——aid Nt am e o -
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practice, especially in the mixture density context. Indeed, it
often happens that each o' s uniquely determined by the EM
algorithm as a function of @ which is continuous in n . FPor
exampie, one sees that aI,---,a; are determined in this way by
(4.5) whenever each pi(xloi) depends continuously on Py - In
addition, each 4 is likely to be determined in this way by (4.6)
whenever each pi(xlpi) is one of the common parametric densities
for which ordinary maximum-likelihood estimates are determined as
a continuous function of Py i see, for example, (4.8) and (4.9).
1f o' is determined in this way from ¢ and if the conditions
of (v) are also satisfied, then each 8 ¢ af is a fixed point of
a continuous function. It follows that if in addition
(o3}

3=0,1,2, - is contained in a compact subset of N , then

the elements of a "tail"™ sequence (o(j’ can all be

Y4=3,341,...
made to lie arbitrarily close to the compact set L by taking J
sufficiently large and, hence, limno(j+l) - Q(j)" = 0 by the

j-ocn
uniform continuity near Qf of the function determining o(j+l)

(3)

from @

It 1s useful to expand a little on the Iinterpretation of
statement (vi) iIn the mixture density context. Assuming that
each pl(xlpl) is differentiable with respect to Py that the
parameters oy are unconstrained in ni and mutually
independent, and, for ccnvenience, that the sample of interest is
of Type 1, one can reasonably interpret the likelihood equations
voL(°) - 0 in the sense of (3.9) at a point

$ - (Gl,---,am,31,°--,$m) € 5{ which is such that each Q is

i

———

o
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positive. Now it is certainly possible for some Qi te be zero
for 8 eé(, in which case (3.9) might not be valid.
Fortunately, (3.5) and (3.8) provide a better interpretation than
(3.9) of the likelihood equatione in the mixture density context

which is valid whether each @ is positive or not. Indeed, 1f

i
the conditions of (v) hold, then it follows from (4.5) that the
equations (3.8) are satisfied on L . Thus in the mixture density
context under the present assumptions, (vi) should be replaced

with the following:

(vi)® ) $ 4 Q(Ol@') and H(olo') are continuous in ¢® and ©o!

in A and differentiable in o ,-+-,p at © = O' = e oL, then

e o

L(®) is differentiable 1in Pret ey at o = and the

likelihood equations (2.5) and (3.8) are satisfied by 3 .

To illustrate the application of Theorem 4.1, we consider
the problem of estimating the proportions in a mixture under the
assumption that each compori‘nt density pi(xlpi) is known (and
denoted for the present purposes by pi(x) for simplicity). The
theorem below is a global convergence result for the EM algorithm
applied to this problen. For convenlence 1in presenting the
theorem, 1t is assumed that the sample at hand 118 a sample
Sl - (xk)k-l,'--,N of Type 1. Similar results hold for other
cases in which the sample at hand is one or a union of the types

considered in the preceding section. PFor this problem, one has

simply © = (al,'--,am) : and it 1s, of course, always understood

m

that r a, - 1 and a, 20, i=1,»,m, for all such ¢ .
iml

—— e bl At Aram e o e
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We remark that the condition of the theorem on the matrix of
second derivatives of Ll(O) is quite reasonable. This matrix
is always defined and negative semi-definite whenever
p(xklo) v 0 for kKe=l,¢«,N; and |if pl(x),---,pm(x) are
linearly independent non-vanishing functions on the support of

the underlying measure on R®

appropriate for p , then with
probability 1 it is defined and negative definite for all &

whenever N 1is sufficiently large.

Theorem 4.2: Suppose that the matrix of second derivatives of
Ll(o) is defined and negative definite for all ¢ . 7Then there
is a unique maximum-likelihood estimate; and for any
w‘g) - (aio),---,aéo)) with aio) >0 for i =1,-,m, the
seguence (Q(j) - (aij)’°"'aéj))}j=0,l,2,... generated by the EM

algorithm, i.e., determined inductively by

(3
MER LS U

i-l,...m'
N a1 p(xklo(J)) ) )

converges to the maximum-likelihood estimate.

Proof: It follows from Theorem 4.1 and the subsequent remarks

that the set of limit points of (o(j))j is a compact,

=0,1,2,°-
connected subset of the simplex of proportion vectors @ on
which the 1likelihood equations (3.8) are satisfied. Since the
matrix of second derivatives of Ll(o) is negative definite,

Ll(O) is strictly concave. tt follows that there 1s a unique

e —
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maximum~-likelihood estimate and, furthexmore, that the likelihood
equations (3.8) have at most one solution on the interior of each
face of the proportion simplex. Consequently, each component of

the set of solutions of the likelihood equations consists of a

must converge to one such

single point; and {o(j))j_o L ..

point. But if (o(j) is convergent, then its 1limit

}j-.o/l,z'..-
must be the maximum-likelihocod estimate by Theorem 2 of Peters

and Coberly [100] or Theorem 1 of Peters and Walker ([102].

Despite the uscfulness of Theorem 4.1 in characterizing the
set of limit points of an iteration sequence generated by the =M
algorithm, it leaves unanswered the questions of whether such a
sequence converges at all and, if it does, whether it counverges
to a maximum-likelihood estimate. In an attempt to provide
reasonable sufficient conditions under which the answer to these

questions is "yes", we offer the local convergence theorem below.

Theorem 4.3: Suppose that Conditions 1 through 4 of Section 3 are
satisfied in n , and let N' be a compact subset of N which
contains @ in its interior and which is such that
p(xlo) = p(x|¢*) almost everywhere in x for ® € N' only if
= o . Suppose further that with probability 1, the function
Q(o|¢') of the E-step of the EM algorithm is continuous in @
and o in o and both Q(@l@') and the log-likelihood
function L(®) are differentiable in @® for & and o in n°
whenever N is sufficiently large. Finally, for 0(0) in n* ,

denote by (@(j)]j_o 1,2, a sequence generated by the EM
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algorithm in ' , i.e., a sequence in nN' satisfying

0(j+1) € arg max Q(0|¢(j)) r J - d;l,z,-~-.
Qen'

Then with probability 1, whenever N 1is sufficiently large, the
N

unique strongly consistent maximum-likelihood estimate & is
well-defined in Q' and o - lim ¢(j) whenever ¢(0) is

j-ooo

sufficiently near @“ .

Proof: It follows from Theorems 3.1 and 3.2 that with probability
1, N can be taken sufficiently large that the unique strongly
consistent maximum-likelihood estimate ON is well-defined, lies
in the interior of nN' , and is the unique maximizer of L(®) in
n' . Also with probability 1, we can assume that N is
sufficiently large that Q(Ol@') 18 continuous in ¢® and &' in
n' and Q(@l@') and L(®) are differentiable in & for @
and o' in N' . Since L(9) 18 continuous, one can find a

N

neighborhood A" of & of the form

A" = (0 €A’ : L(®) > L&) - €)

for some ¢ > 0 which lies in the interior of n' and which is

such that ¢N

18 the only solution of the likelihood eguations
contained in it. 1If 0(0) lies 1n % , then {Q(J)}
3-0,1,2,"’
must also lie in N" since L(9®) is monotone increasing on
(0(3)} . It follows that each 1limit point of
j"Ooerl"'

(o(j)) - ... lies in 0" and, by statement (vi) of Theorem
3=0,1,2,

~———

———
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4.1, also satisfies the likelihood equations. Since QN is the

only solution of the likelihcod equations in N" , one concludes

N o 1inm o)

J =

that ¢

As in the case of Theorem 4.1, Theorem 4.3 is stated sc that
it is valid for the EM algorithm in general. It should be noted,
however, that Theorem 4.3 makes heavy use of Theorems 3.1 and 3.2
as well as Theorem 4.1; and so for mixture density estimation
problems, i1t pertains as 1t stands, strictly speaking, to the
case to which Theorems 3.1 and 3.2 apply, namely that in which
the sample at hand is of Type 1 and L(®) = Ll(¢) given by (3.1)
and Q(olo') = Ql(olo') given by (4.1). Of course, Theorems 3.1
and 3.2 and, therefore, Theorem 4.3 can be modified to treat

mixture density estimation problems involving samples of other

types.

’
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5. The EM Algorithm for Mixtures of Densities from Exponential

Families

Almost all mixture density estimation problems which have
been studied in the literature involve mixture densities whose
component densities are members of exponential families. As it
happens, the EM algorithm is especially easy to implement on
problems involving densities of this type. Indeed, 1in an
application of the EM algorithm to such a problem, each

successive approximate maximum-likelihood estimate 0+ is

uniquely and explicitly determined from its predecessor o° '
almost always in a continuous manner. Furthermore, a sequence of
iterates produced by the EM algorithm on such a problem is likely

to have relatively nice convergence preoperties.

In this section, we first determine the special form which
the EM algorithm takes for mixtures of densities from exponential
families. We then look into the desirable properties of the
algorithm and sequences generated by it which are apparent from
this form. Finally, we discuss several specific examples of the
EM algorithm for component densities from exponential families

which are commonly of interest.

A very brief discussion of cxponential families of densities
is in order. For an elaboration on the topics touched on here,
the reader i3 referred to the bock of Barndorff HNielsen [6]. A

k n

parametric family of densities q(xle) , e enc R, on R" is

said to be an exponential family if its members have the form
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1l n

T
0°t(x) ¢ R, (5.2)

q(xle) = a(e) "bix)e

where b : RN - Rl .t : RU = Ry . and a(8) is given by

T
a(g) = I b(x)ee t(x)dn

Rn

for an appropriate underlying measure g on R® . It is, of

course, assumed that b(x) » 0 for all x ¢ R

and that
a(8) <= for 6 € 1 . Note that every member of an exponential

family has the same support in rR", namely that of the function
b(x) .

The representation (5.1) of the members of an exponential
family, in which the parameter e appears linearly irn the
argument of the exponential function, 1s called the "natural"®
parametrization; and 6 is called the "natural"™ parameter. If
the set N 1is open and convex and if the component functions of
t(x) together with the function which is identically 1 on R"
arxe linearly independent functions on the intersection of the
supports of b(x) and u , then there is another parametrization
of the members of the family, called the "expectation" or "mean

value" parametrization, in terms of the "expectation" parameter

e = E(t(x)le) = j t(x)q(xle)an .
R
Indeed, under these conditions on N and t(x) , one can show

that

e o s A b——— ——r— A o et o
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(ecexylety - ey ley1Tor-e) > 0

whenever e' » @ ; and it follows that the assignment
8~ p = E(t(X)la) is one-to-one and eonto from N to an open set
1 c Rk . In fact, the correspondence 6wp = E(t(X)le) is a
both-ways continuously differentiable mapping between fi and n .
(See Barndorff-Nielsen [6; p. 1l21].) So under these conditions
on 1 and t(x) , one can represent the members of the family as
T

p(xlo) = q(xle(e)) = a(e) b(x)efP) TX) |y ¢ RV, (5.2)
for p en, where 6(p) satisfies ¢ = E(t(X)l6(p)) and
a(e(r)) 1is written as a(p) for convenience. Note that p(xlp)
is continuously differentiable in £ + 8ince q(xle) 13
continuously differentiable in 6 and e(e) is continuously

differentiable in o

Now suppose that a parametric family of mixture densities of

x x b4
the form (1.1) is given, with ¢ =« (al,---,am,pl,---,pm) the

*true” parameter value to be estimated; and suppose that each
component density pi(x|pi) is a member of an exponential

family. Specifically, we assume that each pi(x|pi) has the

n

"expectation” parametrization for P, € n1 c R 1 given by

T
1 04(py) ty(x) n

pi(x‘pi) = ai(oi)— bitx)e » X € R,

n
where b1 : R" - R1 ' t1 : R - R i ' ax(px) is given by
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8, ()7t (x)
a;(»;) = J b,(x)e du
R
ny n
and 91 : ni - < . Here, u is a measure on R
appropriate for the mixture density p(xlo) : and it is understood

n

that bi(x) 20 for xc R and that ai(pi) < o for Py € ni .

It 4is also assumed that the component functions of ti(x)

together with the function which is identically 1 on R?  are

linearly independent on the intersection of the supports of

bl(x) and g and that the assignment oy ei(pi) maps N to

i
n

a convex open set ﬁi c R

in a one-to-one, cnto way so that
n

Gi(pi) is the unique solution in R i of Py - E(t(X)'ai) for

Py €0, . These assumptions allow us to mak2 use of the

*natural” parametrization of the family to which pi(xlpi)

belongs using the "natural" parameter Oi = ai(pi) .

To investigate the special form and properties of the EM
algorithm for the given family of mixture densities, we assume
that PyrcccaP are mutually independent variables and considecx

for convenience a sample S1 - {xk)k-l,-- of Type 1. (a

.,N
discussion similar to the following is valid mutatis mutandis for

(o4

samples of other typec.) If ¢ = (ai,--.,a;,pi,...'pc

m) 18 a

current approximate maximizer of the log-likelihood function

Ll(O) given by (3.1), then the next approximate maximizer

o - (a;.-°',a;.p;.'--,p;) prescribed by the M-step of the EM

algorithm satisfies (4.5) and (4.6). Por i = 1,---,m , what p:

satisfy (4.6)? If one replaces each pl(xklpl) in the sum 1n
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(4.5) by {its expreseion in the "patural®™ parameter 91 '
differentiates with respect to 6, , equates the sum of

i
derivatives to zero, and finally restores the "expectation®

parametrization, then one sees that the unique o; which

satisfies (4.6) is given explicitly by

c c c C
oy = 1 g t,(x,) figiifkl?l) N ayp, (xlo])
kel LR pex o) Tkl Tpexg 105

) (5.3)

(s in the case of (4.8) and (4.9), the factors ai

the numerator and dencminator for aesthetic reasons only.)

are left in

Not only are (4.5) and (5.3) easily evaluated and
heuristically appealing formulas for determining o' from o° ‘
they also provide the kevy to a global convergence analysis of
iteration sequences generated by the EM algerithm in the case at
hand which goes beyond Theorem 4.1. Theorem 5.1 below summarizes
such an analysis. In order to make the theorem complete and
self-contained, sgome of the general conclusions of Theorem 4.1

are repeated : its statement.

Theorem 5.1: Suppose that
3 _ (3) ... (3)Y (3) ... . (I)
{® (ay77, L SN o )}3_0'1‘2'_'. is a sequence
in N generated ky the EM iteralion (4.5) and (5.3). Then
(1)
Ll(O) incrcases monotonically on (& )3_0'1'2'_.. to a
k
{possibly 1nfinite) 1limit L . FPurthermore, for each i,
(pij))j"l 9 e is  contained in the convex hull of

(t;(x )} y,... 5y - Consequently, the set ¢Zi of all limit
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points of (0(3)} is compact; and the 1likelihood
J -0 ’ l ; 2 ’ LI
equaticns (3.5) and (3.8) are satisfied on JC = Nnn. If

LI A A x
L»*® , then L is finite and each @ ¢ & satisfies L(®) =~ L
and is a fixed-poant of the EM iteration. Finally, 1if

X=x cn , then &£ is connected as well as compact.

Remark: If the convex hull of {ti(x is contained in

k) k=1, ,N

n, for each 1, then § #wX = cn and all of the conditional

conclusions of Theorem 5.1 hold. The convex hull of
(ti(xk))k-l,~°-,ll is indeed contained in (11 for each 1 in
many (but not all) applications. (See the examples at the end of

this section.)

Proof: One sees from (5.3) that for each 1i , p; is always a

convex combination of the values {ti(x and it

k)]k-l""'N '

follows that {pij) is contained in the convex hull

}j-O,l,z,"‘
of (ti(xk))kul,---,N for each 1 . Since these convex hulls

are compact sets, one concludes that ¥ is compact.

Now each density pl(xlpi) is continuously differentiable
in £y on ni . aad so it is clear from (3.1) and (4.1l) that
Ll(O) and Ql(oio') are continuous in e and ! and
differentable in Pyt Py AN N . Furthermore, 1t is apparent
from (4.5) and (5.3) that 0+ depends continuously on o° ; and

one sees from the discussion following Theorem 4.1 that

nm oG — o) a0 1t X =Zcna. In light of these
j-oao

points, one verifies the remaining conclusions of Theorem 5.1 via
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a straightforward application of Theorem 4.1 (including statement
(vi)'); and the proof is complete.

One can also exploit (4.5) and (5.3) to obtain a 1local
convergence result which goes beyond Theorem 4.3 for mixture
density estimation problems of the type now under consideration.
Theorem 5.2 and its proof below provide not only a stronger local
convergence statement than Theorem 4.3 for a sequence of iterates
produced by the EM algorithm but also a means of both quantifying
the speed of convergence of the sequence and gaining insight into
properties of the mixture density which affect the speed of
convergence. This theorem is essentially the generalization of
Redner [108]) of the local convergence results of Peters and
Walker [10l] for mixtures of multivariate normal densities, and

its proof closely parallels the proofs of those results.

Theorem 5.2: Suppose that the Fisher information matrix 1(®)

given by (2.5.1) is positive-definite at o and that
1 3 ®

3 3 3 3
® = (al""'am'pl""'p ) is such that a

m { >0 for

t=1,---,m. Por %7 in n, denote by (Q(j) the

}3-0,1'2,...
sequence in N generated by the EM iteration (4.5) and (5.3).

Then with probability 1, whenever N is sufficiently large, the

unique strongly consistent solution ¢N - (ag,---,ag,pg,---,p:) of

the likelihood equations is well-defined and there is a certain
norm -1l on n in which (o(j)} converges linearly
4=0,1,2,---

0(0) N

to o whenever is sufficiently near & , i.e., there is

a constant X , 0 € x < 1 , for which

[y e—
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NoO3*1) _ NIl < a o3 — oM, 3 = 0,2,2,---  (5.4)

whenever 0(0) is sufficiently near ON .

Proof: One sees not only that Condition 2 of Section 3 1s
satisfied but also, by restricting 1 to be a small neighborhood
of o' if necessary, that Condition 1 holds as well for the
family of mixture densities under consideration. It follows from
Theorem 3.1 that with probability 1, o is well-defined whenever
N is sufficiently large and converges to 0' as N approaches
infinity. It must be shown that with probability 1, whenever N
is sufficiently 1large, there is a norm {1l on N and a
constant A , 0 € A\ < 1 , such that (5.4) holds whensver 0(0) is
sufficiently near oN . Toward this end, we observe that the EM
iteration of interest s actually a functional iteration
®+ - c(ac) . where G(®&) 1is the function defined i1in the obvious
way by (4.5) and (5.3). Note that G(®) is continuously
differentiable in 0N and that any ® which satisfies the

N

likelihood equations (3.5) and (3.8) (and d o in particular)

18 a fixed point of G(®) , 1.e., 3 " 0(6) . Consequencly one

can write

ot - oV = ¢(0%) - c(oM)
- ¢ (oY) (6%-0%) + o(lloS-oNI2) (5.5)

for any o in N near oN and any norm - on n , where
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G'(QN) denotes the Prechet derivative of G(9) evaluated at
0" . (For questions concerning Frechet derivatives, see, for
example, Luenberger [83].) We will complete the proof by showing
that waith probability 1, G‘(ON) converges as N approaches
infinity to an operator which has operator norm less than 1 with

respect to a certain norm on n .

For convenience, we introduce the following notation for

{i=~1,--,m:

8,x) = p,(xloy/pixley

.
T N CCO R I CHEIE R NETRLTR

gD
-1 N
.’i(X) ai [ti(x) - pil .
m
Regarding an element ® ¢ N as an (m + [ ni)-vector ia the
=1
natural way, one can show via a very tedious calculation that
N m wm
G'(®') has the (mn+ [ ni)x(m + T ni) matrix representation
iel i=1

N 1 N T
G'(d) = dxag(l,---,l,ﬁ ktl ﬁl(xk)clvl(xk)vl(xk) R

N
T
kglﬂm(xk)omvm(xk)vm(xk) )

2l

-1 -1 N
N N 1 T
1 Oyr°ttean °m)(§k§1V(xk)v(xk) } .




ORIGIVAL PECIW
OF POCR QUALHY
where ‘

V(X) = (By(X), e B (X),@,8, ()7 ()T, e e a8 (v (x)T)T .

(Since QN converges to 0* with probability 1, we can assume
that with prokability 1, each a? is non-zero whenever N |is
sufficiently large.) It follows from the Strong Law of Large
Numbers (see Loé&e (82]) that with probability 1, G'(ON)

*®
converges to E[G'(® )) = I - QR , where

x x
Q= diag(al,-o~,am

and

R - I vix)vix) Tp(xlo )au .
]"

It is understood that in these cexpressions defining Q and R ,

o and its components have been replaced by o* and its

components.

It remains to be shown that there is a norm |l-ll on n
with respect to which E[G'(¢*)] has operator norm less than 1.
Now Q@ and R are positive-definite symmetric operators waith
respect to the Euclidean inner product, and so QR is a

positive-definite symmetric operator with respect to the 1inner

product < -, 0> def ined by U,wWy = uTo M for
m

(m + ¢ ni)—vectors U and W. Consequently, to prove the
i=1

theorem, it suffices to show that the operator norm of QR with

respect to the norm defined by <-:,:> 18 less than 1.

-

R e

-t e, o b

e et o ——A s o
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Since QR is postive-definite symmetric with respect to

<*,*> , we need only show that <U,QRUY < (U,U> for an arbitrary
m

(m + 181 ni)—vector g = (01.---.0m.v§.-~-.v$)T . One has

{U,QRUY = UTRU

- ( g 0.8, (x) + g Tra® 2 clo*

e 181 £y vila;8,(x)7,(x)]})7p(x1® )du

R

m -1
- J (T [6,0] +¥(y,(0)]a;8,(x)) p(xlo")au
o =1
m 1 T 2 %
< izl[oiai + oy ()1 %p (xlo yan .
Rn

The inequality is a consequence of the following corollary of

Schwarz's ainequality: If L » 0 for i =21,¢¢e,m and |if
m m 2 mo,

T ny o= l, then (¢ eini} < T Elni for all
i=1 i=1 i=1

(&4 o 1,--+,m ° Since

[ v, (x)p, (xlo]dau = 0 ,

Rn

one continues to obtain

moo2 "2 q T % *
<U,QRU> < 121[°1a1 + ¥y, (x)y () ¥, lap,(xlo))au
n -
R

= (U,U

PR
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This completes the proof.

It is instructive to explore the conseguences of Theorem 5.2
and the developments in its proof. One gsees from the proof of
Theorem 5.2 that with probability 1, for sv.ficiently large N
and 0(0) sufficiently near o  an inequality (5.4) holds in
which Il.ll  is the norm determined by the inner product <-,->
defined in the proof and A\ 1is arbitrarily close to the operator
norm of E[G'(o‘)] = I - QR determined by H-fl . since QR 1s
positive-definite symmetric with respect ¢to LI T this
operator norm is just p(I-QR) , the spectral radius or largest
absolute value of an eigenvalue of I -QR . Thus with
probability 1, one can obtain a quantitative estimate of the
speed of convergence to oN for large N of a sequence generated
by the EM iteration (4.5) and (5.3) by taking X ~ p(I-QR) in
(5.4).

What properties of the mixture density influence the speed

of convergence to QN of an EM iteration sequence for large N ?

Careful inspection shows that if the component populations in the

mixture are "well separated"™ in the sense that

® 4

p,(xlp.} p_(xlp,)
i 3 J 3 ~0 for x € R", whenever i » J .
p(xi® ) p(xid )

then QR ~ I . 1t follows that p(I-QR) ~ 0 , and an EM
iteration sequence which converges to o exhibits rapid linear
convergence. On the other hand, if the component populations ain

the mixture are "poorly separated" in the sense that, say, the
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th

i and jth component populations are such that

n

P (xlp*) P (%Ip*)
1 1 .3 for x ¢ R,

P(X1®)  p(x10")

then R 1is nearly singular. One concludes that p(I-QR) ~ 1 in
this case and that slow linear convergence of an EM iteration

N

segquence to @ can be expected.

In the interest of obtaining iteration sequences which
converge more rapidly than EM iteration sequences, Peters and
Walker [101l], [102]) and Redner [108] considered iterative methods
which proceed at each iteration in the EM direction with a step
whose length is controlled by a parameter € . In the present

context, these methods take the form

ot - F (0°) = (1-€)o% + ec(o®) , (5.6)

where G(®) is the EM iteration function defined by (4.5) and
(5.3). The 1dea is to optimize the speed of convergence to 0“
of an 1iteration sequence generated by such a method for large N
by choosing € to minimize the spectral radius of
E[F;(Q‘)] = - eR . As in [1l01], [102] and [108)}, one can
eas1ly show that the optimal choice of ¢ is always greater than
one, lies near one if the component populations in the mixture
are “well-separated® in the above sense, and cannot be much
smaller than two {f the component populations are “"poorly

separated™ in the above sense. The extent to which the speed of

convergence of an iteration sequence can be enhanced by making

.
————i
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the optimal choice of € in (5.6) is determined by the length of
the subinterval of (0,1} in which the spectrum of QR 1lies.
(Greater improvements in convergence speed are realized from the
optimal choice of € when this subinterval is relatively narrow.)
The applications of iterative procedures of the form (5.6) are at
present incompletely explored and might well bear furthex

investigation.

We conclude this section by briefly rzeviewing some of the
special forms which thne EM iteration takes when a particular
component density px(xh’i) is a member of one of the common
exponential families. We also comment on Some convergence
properties of sequences [pij)}j-o,l,z,--- generated by the EM
algorithm in the examples considered. Hopefully, our comments
will prove helpful in determining convergence properties of EM
iteration sequences (°(j)}3-o,1,z,... through the use of Theorem
5.1 or other means when all component densities are from one or

more of these example familaies.

Example 1l: ©Poisson density. In this example, n =1 and a

natural choice of ni is n1 - (pi € Rl: 0 < Py < «} . For

p1 € n1 , one has

-9
1 i x
pl(xlpl) %7 © Py x = 0,1,2,:+° ;

and the EM 1iteration (5.3) for a sample of Type 1 becomes
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k=1 p(xkloc) k=1 p(kac)

Note that p; is always contained in the convex hull of

[xk)knl,---,N  which is a compact subset of ni . Therefore, the

set ot limit points of an EM iteration sequence
(1)

{og }j-O,l.Z,--- is a nonempty compact subset of 0, .

Example 2: Binomial density. Here, n =1 and one naturally

chooses ni to be the open set (pi € Rlz 0 < Py <1} . For

Py € ni ' pi(xlpi) is given by

Vi« VX
py(xlo) = ( ela-0)) P Xm0, 1,0y,
for a prescribed integer vy - In this case, the EM iteration

(5.3) for a sample of Type 1l becomes

c c c c
ot el poy JiPiOP) R iRy (xcley)
i Vi k=1 ¥ p(x, 10°) k=1 p(x,10°)
k k
Since pi(xlpi) is non-zero only if x = 0,1,--~,vi one sees
from this expression that the set of limit points of an EM
=0,1,2,-- is a nonempty compact

subset of i, = (0, € rl. o < o < 1) .

iteration sequence (pij)}j

Example 3: Exponential density. Again, n =1 and one takes

1,
n1 - (p1 € R7: 0 < 4 < @} . Por Py € n1 . one has

v o mewan o -
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-x/o
pyxloy = e 1, 0cxca.
i .

The EM iteration (5.3) for a sample of Type 1 now becomes

(o . o4 [« C
k=1 F p(xkl®°) k=1 p(xkl¢c)

and one sees that the set of limit points of an EM iteration

sequence {pgj)}j-o,l,Z."' is a nonempty compact subset of n, .

Example 4: Multivariate normal density. In this example, n is

an arbitrary positive integer; and Py is most conveniently

n

represented as o, = (ui,zi) . where By € R and L

i i is a

positive-definite symmetric nxn matrix. (Of course, this
representation of Py is not the usual representation of the
"expectation” parameter.) Then ni is the set of all such Py v
and pi(xlpi) is given by (4.7). For a sample of Type 1l, the EM
iteration (5.3) becomes that of (4.8) and (4.9).

One can see from (4.9) that each ZI is in the convex hull

+ +.T

of {(xk "i)(xk ”1) ]k-l,---,N r a set of rank-one matrices
which, of course, are not positive definite. Thus there is no
guarantee that a sequence of matrices (Eij)} 0.1 produced

j=0,1,2,-

by the EM iteration will remain bounded from below. Indeed, 1t
has been observed in practice that sequences of iterates produced
by the EM algorithm for a mixture of multivariate normal

densities do occasionally converge to "singular solutions' (cf.
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Duda and Hart (44]), 1i.e., points on the boundary of nl with

associated singular matrices.

It was observed by Hosmer ([68] that if enough 1labeled
observations are included in a sample on a mixture of normal
densities, then with probability 1, the log-likelihood function
attains 1its maximum value at a point at which the covariance
matrices are positive definite. Similarly, consideration of
samples with a sufficiently large number of labeled observations
alleviates with probability 1 the problem of an EM iteration
sequence having "singular solutions"™ as 1limit points. For
example, 1f one considers a sample S = sl u 53 which is a

stochastically independent union of a sample 5, = {xk)k-l,---,N

m
of Type 1 and a sample S, = U (z ..}, . ... of Type 3, then
3 im1 ix’ k=1, ’K; !
the EM iteration becomes
c c
. 1 N aipi(xklpl)
% = ®K e, * Kyl
k=1 p(xklo )
c c K c c
N ap, (% 190) i N a'p,(x, 10;)
u:-(zxk_u_ic_i_.{. zzik}/(z_}_i;k_c_i_.‘,xi}
k=1 p(xklo ) k=1 k=1 p(xklo )

c c
N ap. (X 19;)
z; - ( E (xk-“;)(xk"#:)fr‘_i'—i_}_(?l—
k=1 p(xklw )

K c c
i N a p,(x, 19.)
+ +.7T i1k 71
+ Lz - )(z . -u ) }/{ L ——7— + K/},
k=1 ik T ik T k=1 p(xkloc) i

o ———
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m
where K = T K
i=d

EI i3 bounded below by

{ - One sees from the expression for ZI that

K c c
1 N oap,(x,107)
-t 5T A L R

(L (s (20m) 1/ E 2

—_—— - + K ’
k=1 p(xkloc) 1)

which is in turn bounded below by

K
L F (2 Tz ~2)7T)
WK (PP 2 '

where

Ky

2 = 4 .
Ki k=1 "1k
Now this last matrix 1s positive-definite with probability 1
whenever K1 >n . Consequently, if K1 >n, then with
probabilaity 1, the elements of a sequence {E(j)}

1 j=0,1,2,+-:
produced by the EM algorithm are bounded below by a positive
definite matrix; hence, g8uch a gsegquence cannot have singular

matrices as limit points.
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6. Performance of the EM Alcorithm

In this concluding section, we review and summarize features
of the EM algorithm having to do with its effectiveness in
practice on mixture density estimation problems. As always, it
is understood that a parametric family of mixture densities of
the form (1.1) is of interest and1 that a particular

* 3 3 x
@ = (ajer-ciappytc,0 ) is the "true” parameter value to be

estimated.

In order to provide some persvective, we begin by offering a
brief descraiption of the most basic forms of several alternative
methods for numerically approximating maximum-likelihood
estimates. In describing these methods, it 1is assumed for

convenlience that the sample at hand is a sample

S, - (xk}k-l,---,N of Type 1l described in Section 3 and that one
can write & as a vector & = ({l,-‘-,ev)T of unconstrained
scalar paramete~trs at points of interest in n . Each of the

methods to be described seeks a maximum-likelihood estimate by

attempting to determine a point & such that
VL, (&) - 0 (6.1)
-1 ' :

where Ll(a) 18 the log-likelihood function given by (3.1). The
features of the methods which concern us here are their speed of
convergence, the computation and storage required for their
implementation, and the extent to which their basic forms need to

be modified in order to make them effective and trustworthy in
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The first of the alternative methods to be described 1is
Newton's method. It is the method on which the other methods
reviewed here are modeled, and it is given as follows: Given a
current approximation ®° of a solution of (6.1), determine a

next approximation ot by

+ c l

o' = 0% - H(e®)™ vQLl(oc) ; (6.2)

The function H(®) in (6.2) 1is the Hessian matrix of Ll(o)

given by (3.10).

Under reasonable assumptions on Ll(o) . one can show that a

sequence of aiterates {O(j)} produced by Newton's

3=0,1,2,.
method enjoys gquadratic local convergence to a solution & of
(6.1) (see, for example, Ortega and Rheinboldt [95]). This is to
say that given a norm Hell on n  there is a constant g such

that if 0(0) 18 sufficiently near & r then an inequality
HoG3*D) _ 81l < glleo(3) - 8112 (6.3)

holds for Jj = 0,1,2,... . Quadratic convergence is ultimately
very fast, and it is regarded as the major strength of Newton's
method. Unfortunately, there are aspects of Newton's method
which are associated with potentially severe problems in some
applications. ¥For one thing, Newton's method requires at each
iteration the computation of the v x v Hessian matrix and the

solution of a system of v linear equations (at a cost of 0(v3)

e w i s man e
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arithmetic operations in general) with this Hessian as the
coefficient matrix; thus the computation required for an
iteration of Newton's method is likely to become expensive very
rapidly as m,n, and N grow large. (It should also be
mentioned that one must allow for the storage of the Hessian or
some set of factors of it.) For another thing, Newton's method
in 1its basic form (6.2) 1requires for some problems an
2(0)

ampractically accurate initial approximate solution in

order for a sequence of iterates {o(j))j=0,l.2,... to converge
to a solution of (6.l1). Consequently, in order to be regarded as
an algoraithm which is safe and effective on applications of
interest, the basic form (6.2) is likely to require augmentation
with some procedure for enhancing the global convergence behavior
of sequences of iterates produced by i1t. Such a procedure should
be designed to insure that a sequence of iterates not only
converges but also does not converge to a solution of (6.1) which

is not a local maximum of Ll(é) .

A broad class of methods which are based on Newton's method

are quasi-Newton methods of the general form

+ c 1l

- c
P =07 - B VQ»L]_(Q) ’ (6.4)
in which B 18 regarded as an approximation of H(@c) . Methods
of the form (6.4) which are particularly successful are those in
which the approximation B =~ H(@c) is maintained by doing a

secant update of B at each iteration (see Dennis and Moré {401

or Dennis and Schnabel [41]). 1In the applications of interest

—y
F—
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here, such updates are typically realized as rank one oxr (morc
likely) rank two changes in B . Methods employing such updater
have the advantages ove:r Newton's method of not requiring the
evaluation of the Hessian matrix at each iteration and of being
implementable in ways which require only 0(v2) arithmetic
operations to solve the system of v 1linear egquations at each
iteration. The price paid for these advantages is that the full
guadratic convergence of Newton's method is lost; rather, under
reasonable assumptions on Ll(o) + a sequence of iterates
(°(j))j-0,l,2,... produced by one of these methods can only be
shown to exhibit local superlinear convergence to a solution ®
of (6.1), i.e., one can only show that if a norm -1 on n \is

o'®) 15 sufficiently near & (and an initial

given and if

approximate Hessian B(O) is sufficiently near H($)) . then

there exists a sequence {pj)j_0 1,2 which converges to zero
P ALy Lo

and is such that
Ho(3*L) _ 8l < pjllo(j) - 8l

for j =-0,1,2,... . Like Newton's method, methods of the
general form (6.4), including those employing secant updates, are
likely to require augmentation with safeguards to enhance global
convergence properties and to insure that 1iterates do not
converge to solutions of (6.1) which are not local maxima of

L, (@)

Finally, we describe a particuiar method of the form (6.4)

which is specifically formulated for solving l!kelihood



Wi e A YR

equations. This is the method of scoring, mentioned earlier in
connection with the work of Rao [107] and reviewed in a general
setting by Kale ([74], ([75]. (Kale [74]1, [75] also discusses
modifications of Newton's method and the method of scoring in
which the Hessian matrix or an approximation of it is held fixed
for some number of 1iterations in the hope of reducing overall
computational effort.) In the method of scoring, one ideally
chooses B in (6.4) to be

B = -NI(¢%) , (6.5)

where I(®) 1is the Fisher information matrix given by (2.5.1).
Since the computation of I(®°) is 1likely to be prohibitively
expensive for most mixture density problems, a mor. .r,ealing

choice of B than (6.5) might be the sample approximation

N
B = - kzllvolog p(x, 10%)11v, 109 p(x, 10517 . (6.6)

The choice (6.6) can be justified in the following manner: The

Hessian H(®) is given by

N
H(®) = - L_[Yplog p(x, |®)1[v log p(x, 1917 +

k=1

N
1 T
+ k§1 P(Xk ) vov®p(xk|®) . (6.7)

&
Now the second sum in (6.7) has zero expectation at ¢ = @ ;

furthermore, since the terms Volog p(xk'O) must be computed in

P
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order to obtain voLl(O) . the first sum in (6.7) is available at

the cost of only O(sz) arithmetic operations while determinina
the second sum is likely to involve a great deal more expense.
Thus (6.6) is a choice of B which is readily available at
relatively low cost and which is 1likely to constitute a major
part of H(oc) when N 1is large and o€  is near 0. . It is
rlear from this discussion that the wmetnod of scoring with B
given by (6.6) is an analogue for general maximum-likelihood
estimation of the Gauss-Newton method for nonlinear least-squares
problems (see Ortega and Rheinboldt [95]). 1If the computation of
l(oc) is not too expensive, then the choice of B given by

(6.5) can be justified in much the same way.

The method of scoring in its basic form requires O(sz)
arithmetic operations to evaluate B given by (6.6) and O(v3)
arithmetic operations to solve the system of v linear equations
implicit in (6.4). Since these O(sz) arithmetic operations
are likely to be considerably less expensive than the evaluation
of the full Hessian given by (6.7), the cost of computation per
iteration of the method of scoring lies between that of a quasi-
Newton method employing a low-rank secant update and that of
Newton's method. Under reasonable assumptions on Ll(O) ., one
can show that with probability 1, if a solution & of (6.1) 1is
sufficiently near ®l and if N is sufficiently large, then a
sequonce of iterates (o(j)}j-o,l,z,... generated by the method
of scoring with B given by either (6.5) or (6.6) exhibits local

linear convergence to ) . L.e., there is a norm lI-l on n and

ES ]
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aconstant A , 0 € A\ < 1, for which

Ho(3*1) _ 811 < allo®) -8t , 3 ~ 0,1,2,... (6.8)

x
whenever ®(°) is sufficiently near . 1£ 8 1is very near ¢

and if N is very large, then this convergence should be fast,
i.e., (6.8) should hold for a small constant X . Like Newton's
method and all methods of the general form (6.4), the method of
scoring is likely to require augmentation with global Eonvergence

safeguards in order to be considered trustworthy and effective.

Having reviewed the above alternative methods, we return now
to the EM algorithm and summarize its attractive features. Its
most appealing general property is that it produces sequences of
iterates on which the log-likelihood function increases
monotonically. This monotcnicity is the basis of the general
convergence theorems of Section 4, and these theorems reinforce a
large body of empirical evidence to the effect that the EM
algorithm does not require augmentation with elaborate safeguards
such as those necessary for Newton's method and gquasi-Newton
methods in order to produce iteration sequences with good global

convergence characteraistics.

More can be said about the EM algorithm for mixtures of
densities from exponent.ial families under the assumption that
Prr-c P, are mutuvally independent variables. One sees from
(4.5) and (5.3) and similar expressions for samples of types

other than Type 1 that it is unlikely that any other algorithm
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would be nearly as easy to encode on a computer or would require
as little storage. In view of (4.5) and (5.3), it also seem:.
that any constraints on @ are likely to be satisfied, or at
least nearly satisfied for large samples. For example, it is
clear from (4.9) that each Z; generated by the EM algorithm for
a mixture of multivariate normal densities is symmetric and, with
probability 1, positive-definite whenever N > n . Certainly the
mixing proportions generated by (4.5) are always non-negative and
sum to 1 . It is also apparent from (4.5) and (5.3 that the
computational cost of each iteration of the EM algorithm is low
compared to that of the alternative methoda reviewed above. In
the case of a mixture of multivariate normal densities, for
example, the EM algorithm requlires O(mnzN) ;rithmetic
operations per iteration, compared to at least
[Ol(m2n4N) + 02(m3n6)] for Newton's method and the method of
scoring and [ol(ngN) + 02(m2n4)} for a quasi-Newton method
employing a low-rank gsecant update (All of these methods
require the same number of exponential function evaluations per
iteration.) Arithmetic per iteration for the three latter
methods can, of <course, be reduced by retaining a fixed
approximate Hessian for some number of iterations at the risk of

increasing the total number of iterations.

In spite of these attractive features, the EM algorithm can
encounter problems in practice. The source of the most serious
practical problems associated with the algorithm is the speed of

convergence of sequences of iterates generated by it, which can
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often be annoyingly or even hopelessly slow. In the case of
mixtures of densities from exponential families, Theorem 5.2
suggests that one can expect the convergence of EM iteration
sequences to be linear, as opposed to the (very fast) quadratic
convergence associated with Newton's method, the (fast)
superlinear convergence associated with a gquasi-Newton method
employing a low~rank secant update, and the (perhaps fast) linear
convergence of the method of scoring. The discussion following
Theorem 5.2 suggests further that the speed of this linear
convergence depends in a certain sense on the separation of the
component populations in the mixture. To demonstrate the speed
of this linear convergence and its dependence on the separation
of the component populations, we again consider the example of a

mixture of two univariate normal densities (see (1.3) and (l1.4)).

Table 6.1 below summarizes the results of a numerical
experiment involving a mixture of two univariate normal densities

4
for the choices of @ appearing in Table 3.3. (These choices
« *
were obtained as before by taking a = -3, oi - og = 1, and

r b 3
varying the mean separation By = By - For convenience, we took

% 1 3
By = —i4 ) In this experiment, a Type 1 sample of 1000
observations on the mixture was generated for each choice of

4
¢ ; and a sequence of iterates was produced by the EM algorithm

(see (4.5), (4.8), and (4.9)) from starting values
0 0] ® ®

a{® - al® - 5, u{® - 1.547 , u{® - 1.54, . and
500 ,(0)

ol - 02 = .5 . An accurate determination of the limit of

the sequence was made in each case, and observations were made of

-~
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the iteration numbers at which various degrees of accuracy werc
first obtained. These iteration numbers are recorded in Table
6.1 beneath the corresponding degrees of accuracy; in the table,
"E" denotes the largest absolute value of the components of thec
difference between the 1indicated iterate and the limit. In
addition, the spectral radius of the derivative of the EM
iteration function at the limit was calculated in each case (cf.
Theorem 5.2 and the following discussion). These spectral radii,
appearing in the column headed by "p" in Table 6.1, provade
guantitative estimates of the factors by which errors are reduced
from one iteration to the next in each case. Finally, to give an
idea of the point in an iteration sequence at which numerical
error first begins to affect the theoretical performance of the
algorithm, we observed in each case the iteration numbers at
which 1luss of monotonicity of the log-likelihood function fairst
occurred; these iteration numbers appear in Table 6.1 in the

column headed by "LM".

In preparing Table 6.1, all computing was done in double
precision on an IBM 3032.3 Eigenvalues were calculated with
EISPACK subroutines TRED1l and TQLl, and normally distributed data
was obtained by transforming uniformly distributed data generated
by the subroutine URAND of Forsythe, Malcolm, and Moler [46]

based on suggestions of Knuth [79].

3. We are grateful to the Mathematics and Statistics Department
of the University of New Mexico for providing the computing
support for the generation of this table.
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uy-ny [B<107! |E<207? |E<107 |Re20™ [E<20™ |E<207® |E<2077 [E€20™® | | o
0.2 2078 2334 2528 2717 2906 3095 3283 3472 | 3056 |.9879
0.5 710 852 985 1117 1249 1381 1513 1643 [1361 |.9827
1.0 349 442 526 610 693 77 861 949 779 |.9728
1.5 280 414 537 660 783 506 1028 1151 887 |.9814
2.0 126 281 432 582 732 883 1033 1183 846 |.9849
3.0 2 31 62 93 124 155 185 216 173 }.9280
4.0 1 6 16 25 35 44 54 63 55 | .7864
6.0 1 1 2 3 4 5 7 8 8 |.2143

Table 6.1: Results of applying the EM algorithm to a problem involving a Type 1

sample on a Qixturg of two univariate normal densities with
aI = .3, ai = og = 1.
A number of comments about the contents of Table 6.1 are in
order. First, it is clear from the table that an exorbitantly

large number of EM iterations my be required to obtain a very

accurate

numerical

approximation

of

the

estimate 1if the sample is from a mixture of poorly

component populations.

However,

in such a case,

maximum-likelihood

separated

one sees from

Table 3.3 that the variance of the estimate is likely to be such

that

it may be

poi

ntless

to

seek very nmuch accuracy

in

a




numexical approximation. Second, we remark on the pleasing
consistency between the computed values of the spectral radius of
the derivative of the EM iteration function and the differences
between the iteration numbers needed to obtain varying degrees of
accuracy. What we have in mind is the following: If the errors
among the members of a linearly convergent sequence are reduced
more or les3s by a factor of p , 0 < p <1, from one iteration
to the next, then the number of iterations Ak necessary to
obtain an additional decimal digit of accuracy 1is given
approximately hy Ak =~ log 10/log p . This relationship between
Ak and p is borne out very well in Table 6.1. This fact
strongly suggests that after a number of EM iterations have been
made, the errors in the iterates 1lie almost entirely in the
eigenspace corresponding to the dominant eigenvalue of the
derivative of the EM iteration function. We take this as
evidence that one might very prcfitably apply simple relaxation-
type acceleration procedures such as those of Peters and Walker
{101], {102] and Redner [108] to sequences of iterates generated
by the EM algorithm.

Third, in all of the cases listed in Table 6.1 except one.
we observed that over 95 percent of the change in the log-
likelihood function between the starting point and the limit of
the EM 1iteration sequence was realized after only five
iteratlons, rega.dless of the number of iterations ultimately
required to approximate the limit very closely. (The exceptional

® ®
case 13 that 1in whaich ”l - ul = J).0 ; in that case, about 83
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percent of the change in the log-likelihood function was observed
after five iterations.) This suggests to us that even when the
component populations in a mixture are poorly separated, the EM
algorithm can be expected to produce in a very small number of
iterations parameter values such that the mixture density
determined by them reflects the sample data very well. Fourth,
it is evident from Table 6.1 that elements of an EM iteration
sequence continue to make steady progress tcward the limit even
after numerical error has begun to interfere with the theoretical

properties of the algorithm.

Fifth, the apparently anomalous decrease in p occurring
when u; - u; decrecases from 2.0 to 1.0 happened concurrently
with the iteration sequence limit of the proportion of the first
population in the mixture becoming very small. (Such very small
limit proportions continued to be observed in the cases u; -

u; = 0.5, 0.2 .) We do not Xknow whether this decrease in the
limit proportion of the first population indicates a sudden
movement of the maximum-likelihood estimate as u; - u; drops
below 2.0 or whether the iteration sequence limit is something
other than the maximum-likelihood estimate in the cases in which
u; - u; is less than 2.0 . Finally, we also conducted more
than 60 trials similar to those reported on in Table 6.1 except
with samples of 200 rather than 1000 generated observations on
the mixture. The results were comparable to those given in Table

6.1. It should be mentioned, however, that the EM iteration

sequences obtained using samples of 200 observations d:id



occasionally converge to "singular solutions,"™ i.e., 1limit’
associated with zero component variances. Convergence to sucl.
*singular solutions® did not occur among the relatively small

numkter of trials involving samples of 1000 observations.

At present, the EM algorithm is being widely applied not
only to mixture density estimation problems but alco to a wide
variety of other problems as well. We would like to conclude
this survey with a little speculation about the future of the
algorithm. It seems likely that the EM algorithm in its baaic
form will find a secure niche as an algorithm wuseful ir
situations in which some resources are limited. For example, the
limited time which an experimenter can afford to spend writing
programs coupled with a lack of available library software for
safely and efficiently implementing competing methods could make
the s8impli. vy and reliabilaty of the EM algorithm very
appealing. ’ the EM algorithm might be very well suited for
use on small computers for which limitations on program and data

storage are more stringent than limitations on computing time.

Although meaningful comparison tests have nct yet been made,
it seems doubtful to us that the unadorned EM algorithm can be
competitive as a general tool with well-designed general
optimizatjion algorithms such as those implemented in good
currently-available scftware library routines. Our doubt is
based on the intolerably 3slow convergence of sequences of
iterates generated by the EM algorithm in some applications. On

the other hand, it 1s entirely possible that thec EM algorithm



i

could be mcdified to incorporate procedures for accelerating
convergence and that such modification would enhance 1its
competitiveness. It is also possible that an effective hybrad
algorithm might be constructed which first takes advantage of the
good global convergence properties of the EM algorithm by using
it initially and then exploits the rapid local convergence of
Newton's method or one of its variants by switching to such a
method later. Our f{-eling is that time might well be spent on

research addressing these possibilities.
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* ABSTRACT

"Kriging" 1is the name of a parametric regression method

used by hydrologists and mining engineers, among others. Features

(R

of the kriging approach are that it also provides an error estimate

and that it can conveniently be employed also tco estimrate the

integral of the regression function.

In the present work, we describe the kriging method and explore

some of its statistical characteristics. Also, some extensions

of the Watson method are made and theory so that it too displays

the Xriging features. Theoretical and computational comparisons

of the kriging and Watson appraoches are offered.
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Regression Methods for Spatial Data*
by S. Yakowitz and F. Szidarovszky

Systems & Industrial Engineering Department
University of Arizona

1. Background and Scovoe of this Study

Specialists in hvdrologyv, mining, petroleum engineering, and
other geoscience-based subjects have recently exhibited considerable
interest and enthusiasm for a methodology known as “"krigaing". To
name only a few recent (nostly water-resource oriented) works, we
mention in this regard, Bakr et al (1978), Chirlin and Dagan
(1983}, rtavid (1977), Delhomme (1978, 1979), Dendrou and Houstis
(1978), Gambolat: and Giampero (1979), Gambolati and Volpi (1379),
Gelhar et al (1979), Huijbrecrs (1278), Journel (1974, 1977),
Journel and Huijbregts (1978), <nd Villeneuve et al (1279). The
name “"Kriging" derives, according to Journel (1977), from Xrige (1951),
where the basic i1dea was first outlined. I!Matheron (1963) should
be credited with 1ts early dissemination. In the present section,
we wlll carefullv examine the statistical problems whach the
kriging method 1s intended tc sclve, and in Secticn II, we will
reveal the popular kriging algorithms themselves and derive thexr
croperties. It turns cut that there are certain unsatisfactory
aspects to the current kriging techniques, and yet prior to the
present study, they appear to be the only methods appropriate for
the problems i1n their domain. However, methods of nonparametric
regressicn are certainlv somewhat relevant. 1In Section III, we

have provided an extension of nonvarametric regression theory to

1ncrease :ts relevance to kriginag problems.

*Some of the resualts of this work nave been annoanced in Szidarovszky
1Y, and also in a presentation at the SIAM Conference

-

ané Yakowitz (198
on Deep Mineral Ixploration, Tucson, October, 1981.
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Let f(x) and n(x) be uncorrelated r=al-valued functions defined
on a domain X ir R". Suppose {(xi,yi)}iz1 is a sequence of "noisy"
function pairs; that is, suoppose

v; = f(xi) + n(xi), 1<i<N. (1.1)

The interpretation is that f(x) is a function whose values are to

be estimated, and n(x) revresents a noise if a
measurement is taken at position x. We discuss below two problems

which are central to the kriging literature:

Problem 1l: Let x*cX be specified. It may or may not be among the

sample pairs. ©On the basis of the sample pairs ((xi'yi)}igl'
(a) Provide an ectimate fV(x*) of £(x*), and

(b) Provide an estimate of the expected squared error

BL(Eg(x%) = £x*))%]x ,oiux ], (1.2)

Remarks. The goal of vart (a) coincides with the objectives of
"nonpararetric regression" methods, but to our knowledge, 1nvesti-
gators in this latter area have not concerned themselves with task
(b). Because practitioners desire to estimate piezometric head

1n o1l and water agquifers or the grade of an ore body as a function

of

75}

<

osi1tion, the dimersion m of the domain X s often 2 or 3.

A

[a]

Problem 2. Let {(xl,yl)}i=l be as above and let D be a subregion

of demain X.

{2) Zstimate the integral fI{x)dx, and
D

Provide a formula fcr the (sample-devendent) exrected sguare

error of this estimate.
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Remark. An application motivating Problem 2 is that of estimating
the total weight of metal which can be extracted from the ore body
occupying volume D, given imperfect assay estimates of the grade
at distinct locations.
forestry and
Problems 1 and 2 seem to have their roots in the/geostatistics

literature. In fact, it seems that'beostatisticd'is almost synon-

ymous with kriging. Wé have ro doubt that oroblems

1 and 2 are important and interesting. In this connection, in a
review of a geostatistics book, Watson (1977) has written, "The
time is certainly ripe for a more seriocus attack on the estimation
of the earths' resources,..."

2. Introduction to Kriging Methodology

In the kriging aporoach, it is presumed that f£(x) and n(x) in

(1.1) are realizations of stochastic processes uncorrelated from

N

one anotiaer with finite second moments. It is further assumed that

f(x) 1s a realization of an intrinsic random function (IRF); that 1is,

. R J perhaps unknown
for some functions L¢i(x)}l=1 known to the user and/constants

A 4. « ., @

1 g+ for all x, h such that x, s+heX,
E{f(x+h)-£(x)] =3§l aj(¢] (x+h)—¢3(x)) (2.1)
and, indevendently of X with "var" signifying "variance",
1/2 var [f(x + h) - £(x)] = y(h). (2.2)

The constants {aﬁ: 1<-<J} and the function y(k) are quantities
which must be inferred from the data {(xl,yi)}iil. In what follows,
it 1s presumed always that J<N. The function vy (h) 1s called the
variogram. Even in the case in which the mean E[f(x)] 1s known

to be constant in x {(i.e., J=1, ol = 1), the hypothesis of

o e e s L~ o~ e - - —_- L - g
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"intrinsic random function" is weaker than second-order stationarity.
For example, Brownian motion is an intrinsic random function,
but it is well-known to be a nonstationary process.

The kriging method is composed of two activities, (i) Inferring
the variogram from the data, and (ii) Assuming that the inferred
variogram is indeed exact, providing a best linear unbiased
estimator and associated error variance, as reguired by Problem
1l or Problem 2.

Activity (ii) is a standard least-squared problem, and is
consequently by far the best understood of the two facets of

kriging. There are some i1nconsistencies in the fundamental

definitions and results in the kriging literature. For example,
the definitions of "intrinsic random function" given by David (1977)
and Matheron (1971) do not coincide. The discussions of noise

and the "nugget effect" have likewise been inconsistent. The
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equations for kriging in the presence of noise as given by Rendu (1980),

for example, agrees with our calculations, but differs from formulas
offered by other authors (e.g., Jaurnal (1978)). 1In view of these
1nconsistencies, we have elected to derive the "universal kriging"

equations for prediction with known variogram from first principles.
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Linear estimation from known variograms

To begin with, suppose the noise term in (1.1) is zero. Let

us assume that the variogram y(h) and the mean function components

{¢i(x)}, of the expectation (2.1) are given. The assumption that
one of these functions, say ¢1, is 1, seems to be a universal

and perhaps unavoidable assumption which we also will adopt. To

begin with, let us discuss the solution of Problem 1. The objectave

is to choose the parameters {\1}121 so that the linear estimator

fN(x*) = klyl + \2y2 + ... + xNyN (2.3)
minimizes
EL(E(x*) - £(x* 1), (2.4a)
subject to
(2.4b)

F(fN(x*)] = E[£(x*)].

/
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In view of the assumed form (i.l) of the mean value function, a
sufficient (but not necessary) condition for the unbiasedness

equation (2.4b) to hold is that

1

n~Z

0y (%) = 4500, 1gia (2.5)

Equation (2.5) with ¢l = 1, implies that

N
LA, = 1. (2.6)

Use this fact, with the unbiasedness of the estimator fN(x*) of
f(x*) = £*,to conclude that, with "cov" signifying "covariance",

N a
2, .
E[(£f* - I Xiyl) ] = var(£* - ) Xiyi)

i=1 i=1

- _ (2.7)
= var(Eli(f* yi))

= K - X -
i g xixjcov[(f y;). (f yj)l-

Now observe that

¢ov[(f*-vi).(f*-yj)] 1/2 [—var((f*-yi) - (£* - yj))

+ var(f*- y;) + var(f* - yj)] (2.8)

= - - * - * - Y.,
Y(xi xJ) + y(x xl) + yv(x xJ

Odre ma<es these substitutions into (2.7) and after some algebra,
sees that the Lagrange multiplier technique for minimizing

E[(f(x*) - fN(x*))zl subject to (2.5) yields

J
Cou_d.(x,), l<a<N {(2.9a)
j=1 J ] -

-
<
-
®
-~
]
o
“<
*
-~
~
=
A
I
\
[

(2.9b)
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The variables u_ are the Lagrange multipliers. Journel (1977)

calls the above linear equation the universal kriging system.

From substitution according to (2.9) into (2.7), one con-

cludes that the mean squared prediction error is given by

M J
EL(E* - £.(x*))?] = AgY(RF = x) = T ue(x*) (2.10)
i=1 j=1 7

If the noise term n(x) in (1.1) has zero mean, one accounts
for its presence by noting that, because it is presumed uncorrelated
from the f-process,
N X - = K o & - X - -
cov((f yi)Af y)) cov((f = ni)Af fj nj))

= cov((£f* - fi)Af* - fj)) + cov(ni,nj).

In the above equation, we have, of course, intended that n; signify
n(xl). As a result of the above, one readily sees that in the

presence of noise (2.9a) should be replaced by (2.9'a):

N
« - - = - *
k:lxk(y(xi %) =2covin(x;)n(x.)) = y(x; = x*)
= (2.9'a)
J
+ T u.d_(x.), 1l<aicN.
j=1u3¢3 i) 1224
Let us now investigate the modifications necessary for solution
replace
of Problem 2 described in Section 1. Assume fdx=l. 1In this case, we A
D
the objective (2.4) by the task of minimizing
E[(/£(x)dx - IA y,)°] (2.11a)
D i
subject to
E[Zklyl] = E[/f(x)dx]. (2.11b)
D

The preceding kriaging analvsis leads,in the integral estimation

case, to the following universal kriging system:

il e b Ao A e - s e im kR A it an et wmdoma et - wmar ame o wme = 4] e e e M e - ——
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E MY (egmxy) = Ly Gegmx)dar T ugey(xg), 1edeN,

k=1 j=1
{2.12)
N
L A 0. (x;) = fd(x)dx, 1<j§<J.
g=y 173774 D) -

The expected squared error of the integral estimate is given

by
[ N 2 N
E[(ff£(x)dx = Z A,y.) )= T A, fy(x.-x)dx
D j=1 4 g=1 ip 1
J (2.13)
-1 ujf¢j(x)dX-ffy(x-x')dxdx'
j=1 ‘D DD

Inference of the variogram

The task of inferring a covariance function or power spectral

density from data is known by experienced statisticians to be some-

what delicate, and one which furthermore requires a considerable
guantity of data. The subtleties of the covariance inference
oroblem translate directly to the task of inferring a variogram

from data.

There are some very real difficulties with variogram estimation

in the published kriging applications. To avoid effects of "non-

stationarity", oractitioners tend to have a single variogram apply

onlv to a relatively small region X of domain points of f(x). More-

over they have not developed procedures to ascertain whether the
intrinsic random function hyorthesis 1s tenable for their applica-
tions. & varticular difficulty is that in the bounded domain case,

eracic tnenrems are inaoolicable to the tagk nf Aemnnatrating

consistency. To our knowledge, with the exceotion of certain extrame

cases such as white rnoise, no methods for inferring the covariance

function from sample pairs {(x

O SV e emmaae e e s et e d e 4 nean 4 e - -

1o £(x:)))}, £(1) a fixed sample function.
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are known to be consistent.

We now concern ourselves with outlining the present practice

w1th regard to varicqram inference. The recommended procedure
parametric

is to choose %Afamlxv of varioarams from the five or six pooular
families mentioned in the literature, and then to select the

variogram from the chosen family which agrees best, in some sense,
N
with the covariance function constructed from the data {(xi.yi)} .
i=1
We list 1in Table 2.1 some of the prominent variogram families.

a

Monomial Yg(h) =« |h|

ot ol _L(hly3) n o
Spherical =
pherica Yg(h) o) o

Exponential Yg(h) = w[l-exp (-|h}/a)}

Gaussian Y3(h) = wll-exp (‘lhlz/az)]
where 8=(a,w)

Table 2.1

A Listing of Popular
Variogram Families

There seerms to be no eensensus in che literature on nethodoloov
for the selection of a parametric family from Table 2.1 on the bas:is
of an observed sample 1(x 'y )}1 =1° Some heuristic approaches are
proposed by David (1977). Concerning the task of selection of the

member Yg{(h) the foremost criteria seem to be (1)least squares,

e AL Ve ke e e ekt SR e b §mmdah AR # e et hm B e G S M st e < ARre e ek ¥ st aarns
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and a gecmetric procedure (David (1977)).
(ii) cross validatior,/ In the least squares approach, one selects

the parameter 8* so as to minimize ~
I,(8) = Ey_(h )=y, (h.))>
1 v BV 8 v ’
the index v running over some finite collection of arguments hv

and Yn(h) being some sample approximation to the variogram, such as

of such points selected.
where j(h) is an index selected so that x. - xJ = h and N(h) is the number/ .

"drift" is J
If/ though to be present (that is, if éj' j > 1, in (2.1) is not zero),
then this approach entails some serious conceptual difficult:es.
Matheron (1971, Chapter 4) has addressed these difficulties.

The cross-validation approach to parameter selection is as follows.
Let P(xJ,S) be the universal kriging estimate of f(xj) on the basis

of the sample points {(xl,yi)}i¢ and parametric variogram ya(h).

J
One then chooses 8* to minimize the squared error of the predicted

values, which is

2
(YJ P(G,xj)) .

ractitioners insist, gquite rightly, that one should not select
a variogram entirely algoraithmically, but with attention also to

past experience with similar geological data.

.
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Convergence and Consistency

With the exception of studies by Matheron (1971,1973), the
literature of kriging tends to be oractical and pragmatic. Major
issues of consistency and convergence rates have not been addressed.
In the developments to follow, we attempt to obtain initial results
in these areas.

As has been noted earlier, there is no consistent variogram

N

estimator based on cbservations {(xi,’-c'-(xi))}i= for Xs in a

1
bounded domain X and f a fixed sample of an intrinsic random function £.
In short, the variogram cannot be consistently inferred, even if

it 1s known to be a member of a given family such as listed in :

Table 2.1. On the other hand, as we will later demonstrate, under

- - e

certain circumstances, the kriging estimate will converge, with

increasing number of samples, to the correct value, even when the

variogram is not correct. An interpretation of these remarks is

that the kriging method can he effective for estimating values on

the basis of noisy samples, but that the associated error estimate

need not be consistent. This interpretation is bourne out by our

simulation studies. The fact that the estimate of the squared error
need not become more accurate with increasinag data i1s significant
because kriging ovractitioners and their clients place great value

on the error estimation feature.

Let us begin our analvsis of convergence of kriging estimate
under the simplest of conditions by assuming that
1) The observations are noiseless (n(xl)=0)

ii) +v(0) = 0, and v is continuous in a neighborhood
of the origan.

iii) There 1s no “"draift"; that is, J=1, and ﬁl = 1.

iv) The "true" variogram is known.

pe)
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Theorem 2.1. Let X be the dcmain of the intrinsic random function

f(x) and assume the conditions above are in force. 1If the infinite
sequence {xi} is dense in X, then for any x*eizgir fN(x*) as in
(2.3),

EL(E(x*) = £,(x*))°] » 0 as N » =, (2.14)

for
Proof. In view of ascumption (iii), every i, Y1=f(xi) is itself )

an unbiased linear estimator of f(x*), and so for N > 1.

EL(£(x%) = £.(x,0%] < EL(E(x*) = £ %] = 2v(x* = x).

Let x*(N) denote the member of {x.}.N

. . *
iti=1 which 1is closest to x*.

By the assumption that {xi} is dense, x*(N) - x* as N + =, and

therefore
}

E((£(x*) - fN(x*))Z] < E[(£(x*) - f(x*(N))2]= 2y (x*=-x*(N)) . (2.1:;
The pronosition follows by observing that, in licht of property(ii), :
y (x* - x*(N)) must converge to 0. The bound given by (2.15) may be
of some practical interest in itself. Ey J

The Browian motion process affords an exampie of a situacion
in which the best estimate is not consistent unless x* 1s an accumula-
tion point of the sample points :xl}. For Brownian motion is Markov,
and the best estimate of f(x*) will depend only on the points -
(xa, f(xa)) and (xb,f(xb)), where X, 1S the largest domain sample -
less than x* and Xy the smallest sample greater than x*.

There are many common situations in which the hypothesis
that {xi: 1s dense in X will be satisfied. One important case 1is
“hat in which the xl's are selected indenendently from X according ..
to a measure that assions positive orobabilitv to everv open set

(such as when the probabhility dens:ity function exists and 1s positive).
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Corollary. Assume that the hypotheses of Proposition 1l are
in force and additionally that X is open, and has finite Lebesgue
measure y(h) has a continuous second derivative and the samples
identically and in a neighborhood of x*.
{xi} aresindeper.‘ently distributed on X with pdf bounded awav from 0 / Then for-

some fixed constant C and all N,

E[(E(x*) - £(x*))?] < c/n2/my, (2.16)

m being the dimension of the space containing X.
Proof. Since y(h) 1s an even function, its first derivative or

gradient must be 0, and we have

v = xra) = (1/2) (x* = x0Ty B (6) xr -x ()
o (Jixr - xxa) |12 (2.17)
It 1s known (c.g., Yakowitz et al (1978), p. 1299) that under the
independent, uniformly distributed sample case, for all points

X*zX and some constant Cl'

E[f!x* - x*(N)HZ] < Cl / (N(Z/m))’ N=1,2,... . (2.13)
From the agrument in that reference, one can conclude that (2.18)
nolds whenever the pdf is bounded away from 0 in a neighborhood
of x*. The Corollary now follows rfrom (2.17) and (2.18). E;ﬂ

From our experience in groundwater analysis, where the

domain points correspond to well locations, the hypotheses of
the corollary are of some use. On the other hand, for some ore
sampling strategies, it may be more reasonable to assume that the
xl's form a grid cf similar-sized rectangles. For such regular
patterns, one may conclude that (2.18) 1s true withocut expectations,

and hence the conclusions of the Corollary remains valid.
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We will now discuss convergence of the kriging estimate when
accounting for drift., Assume that x* is a limit point of {xi}.

Assume furthermore that for some subseguence Xo reeesXy the matrix
1l J
3%{¢i(xn )}i §=1 is nonsingular. (Otherwise, there is no hope of
j ’
being able to obtain estimates satisfying (2.5) for arbitrary

Qi(x*) values.) For N>n define the linear estimate

Jl

J .
%\ o - i
fN(x ) = (1 aN) £{x*(N)) + GN iillN f(xni) ’ (2.19)

where x* (N) is, as before, the nearest neighbor (among the first

N samples) *to x*, and

ay &l lx* - xram ||, (2.20)

in order to assure that tl.e constraint condition (2.5) holds,

1

we set ¢(x) = (¢l\x),....¢J(x))T and determine 2 =(AN,...,A§)T by

LN

ay @ Ay = B06%) = (1= ay) ¢ (x*(M). (2.21)

~

The cons’stency of the estimate fv(x*) will follow if only we can
4

show that the secuence {\N} remains in a bounded region. Toward

that end, note that after taking a Taylor's series expansion of

2(x*) - 3(x*(N)) and daviding by ays W2 may rewrite (2.21) as

S Ay = 2 (x*) = (L/oyg) Vo (x* (N)-x*)
+ 1/aNo(l!x* - x*(N) (), (2.22)
B I Bk iy S T ey e I A At s
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where the matrix AL 236z 1g

/ OF pogg >

7 ¢l(x*)‘ QUAL]n

2 & - (2.23)
. *

\7 ¢J(x*7
From (2.22), we see that lN remains bounded when ay is chosen
according to (2.20). In fact,

gl <t M iHvel |+ Heten 1+ o). @

We have demonstrated above that the constrained linear predictor

fN(x*) converges to f(x*). By an earlier arqument, this, in turn,

converge. 4

implies that fV(x*), the best l:near unbiased estimator must likewise /

The interested reader can apoly the convergence analysis of the

for estimation with drift by

preceding discussion to achieve convergence bounds/using structures
the preceding
in the proof oqACorollary.

Qur attention now turns to the case that noise n(xi) is present
in the observation law (l1.1). For simplicity, assume that J=1, and
¢l=l. If n(-) is a continuous function, then apparently consistent
1dentification of f(x*) is not vossible since local samples cannot
distinguish between the effects of signal and noise. However, the
linear estimate provided by the universal kriging equations is an
appropriate procedure and in fact coincides with what is known to
communication engineers as a “"smoothing filter". 1If {n(xl)}
are independent variables, then, as we now demonstrate, under some
circumstances, consistent estimation of f(x*) is possible. Toward
verifying this assertion, as in earlier arguments, we find a linear
estimator whose properties are understocd, and then appeal to the

fact that since the kriging estimate 1s optimal in the least

squares sense, it must be at least as good as the estimator under

consideration.
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For the particular task at hand of verifying con-

sistency in the prescence of independent noise, it is sufficient to

call attention to the fact that ?ﬁ§n$(1977) has discussed a general
NPR

class of nonparametric regressioquormulas of the form

N

* = x .
fN(x ) 'E v, wi'N(x ,xl,...,xN).
i=1
N
The weights W, can be taken to add to 1l (1.e., I w,. . =l), so
i,N j=1 1

the unbiasedness condition (2.5), with J=1 holds.
His results imply that if x* and x; are i.i.d. observations, and

1f £(+) is measurable, and provided the weight functions w, . (°)

i,b
satisfy cetain natural properties, then fN(x*)*f(x*) in the mean

;;;ard applying §€;ﬁe's result; to the 1issue oi coasistency
of kriging estimates in the noisy observation case, let f(.) denote
a realization of the intrinsic random function £(-). Then if
yl=f(xl) + n(x ), the seguence i(Xi.yl)} constitutes i.i.d.
observations and the hypotheses of Stone's convergence result

holds, provided £(-) is so much as measursable and a few technical

assumptions of little practical concern hold. So we conclude that

E[(E (x*) - E(x*))?1+0, as Ne=.

It may be concluded that 1f the noise measurements and the sample

functions £ are uniformly bounded, then convergence occurs without
on sample function T ;

the cond:itioning/ alternatively, without the boundedness assumption,

ornecan assert that convergence in the mean i1s assureld outside an

f-set of any positive measure. From results in the next section,

1t may be seen that 1f one 1is willing to assume that the sample

functions are twice-continuously differentiable, then convercence

1n the mean 1s on the entaire f-space without the set qualification.

Convergence 1in the mean of the linear estimate £ implies, of

N

course, mean convergence of the kriging estimate.
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FPor certain specirfic NPR estinmatesg, rates of convergence are
known (e.g., Fisher and Yakowitz (1976), Parthasarathy and Bhattacharya
(1961), Sacks and Spiegelman (1980), Schuster and Yakowitz (1979)).

The strongest results related to convergence of point NPR estimates
known to us are that of Schuster (1972) for one-dimensional xi's,
and for m-dimensional xi's, the result to be demonstrated in the
rcxt section, that for mN(x*) the Watson NPR estimate for f(x*),

that with scme provisds to be specified in Section 3,

Ef (m, (x*) - £(x*N?] = o(n~ /(M4 + 1)),y (2.24)

This convergence rate will be seen to be optimal, in a certain sense.
In evaluating the convergence statements concerning kriging

up to this point, it should be emphasized that they are valid

only if £(-) really is an intrinsic random function and the

variogram and drift functions are known perfectly.

Our next discussion of kriging convergence is directed at
Problem 2 of Section 1, i.e., the integral estimation problem.
For roblem 2, as has been observed earlier, one must modify the
universal kriging equation development by replacing £* in (2.7)
by ff(x)dx. The effect of this substitution is that Y(xl - X¥*)
andD@j(x*) are replaced by éy(xi - x)dx and é@lbddx in (2.9%a)
and (2.9b), respectively.

Let I(f) denote the universal kriging estimate of /f(x)dx

D

obtained by the modifications just mentioned, and let fv(x*)

denote the kriging estimate of f(x*). Recall our assumption that

fdx=1. Then we have the following
D

Theorem 2.2.

I(f) =/ frﬁx) dx. (2.25)
D
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Proof. One may express (2.%a,b) in matrix form as ! i
Atxt) = a7 gam) (2.26) !

= T
Where l(x*) = (\l,-.-,AN, ul,...'uJ) R cl(x*) = Y(xi - x*)' lf_iiNl

ci+N(X*) = ¢i(x*)l lf_iiJ,
and |

A, = . - i . - .
i3 Y(xl XJ), lillJiNc AJ+N'i- AipJ+N = d,J (xl)' liliN' lf_]:J- E

From (2.3), we s th i i =
’ ee at 1f we deflne_g_- (f(xl)"'°'f(xN)' 9,...,0), ther

£(x*) = 8 a"le(xr). (2.27)

Now it is clear from (2.12) that for the integration problem,

universal kriging eguation may be represented as i

1(£) =8 A% se(ndx = /8 A le(xax = SEgx) ax  (2.28) _
-7 D D D -
and our propcsition is established. B -
The predicted mean square error was given in (2.12). But o !

the following evident result 1s useful:

-~

Corollary: R
1 /=
FIMI(E) = [E(x)dx)?) < fn‘/‘{(fN(x)-f(x))21dx)1/?]2 (2.29) T
D D &
Proof. - K
i
EL( JE (x) = FE()Z) = [/ cov(£(x) - £(x), £(x) - £y(x))dx d& o
- {
1/2 2 - :
< § fvar (£ y(x)) dxj} . !
—[D ) ] 2
1
Frem the corollary, i1t 1s apparent that earlier bounds with . |
]
{

respect to convergence of kriging point estimates can be directly
applied to bounding the convergence of integral estimates as the
number of sample pairs increases. Moreover the above analysis 1is )

applicable to estimates of other linear functionals L(£) of tae
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The final theoretical topic we shall broach, in connection with 3
kriging convergence, is the effect of incorrect variogram on the
estimate fN(x*). For simplicity, assume the no drift case. It ~

1s fairly clear : at if the variogram is in error, there is 1little

hope of estimating E[(£f(x*) - fN(x*))2] correctly.

- e - —

Example. In this example, we show that it 1s possible for the krigirg

predictor to be exact, while the variogram (and hence the error

estimate) to contain significant error. Suppose Y2=byl, where b
is any positive constant. If A;(Al,...,xn) is the minimizer of

(2.7), subject to the constraints (2.5), with y=y;, then A will

also be the constrained minimizer of (2.7) with v=Y5+- Thus if
a presumed variogram is so much as approximately prcportional to |
the correct one, the estimate fN(x*) will be reliable. But from '
(2.10), one sees that (i1gnoring the drift term) the error estimate '

under P will differ from that under Yy by the scale factor b.
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Let l(l) and _3_((2)

be the solutions of the universal kriging
equation (2.9a,b) under variograms Yy and Yor respectively.

Suppose that for some positive number 6§ and all h, IIYl(h) - Yz(h)||<5.
From a standard numerical analysis formula (e.g., Szidarovszky

and Yakowitz (1978), p. 214), we have that for § < ||A]]|/T (A),

A -2 @ crm (1 Presdlall-s T (2.30)
where A is the matrix determined in connection with (2.26) and

ra) = [{all (a7

in the condition number. Some insight into the potential pernicious-
ness of variogram error can be inferred from (2.30) by considering
that the linear equation associated with least squares problemns

frequently is ill-conditioned because of collinearity effects.

This phenomenon is evidenced by large condition number T (A).

Let E, and E, be expectations of square differences determined ;

variograms . ,
by/yl and Yy respectively and (2.8). From earlier developments, we ‘

can be assured that if the kriging equation (2.9) uses y = o -

E,L(E(x%) = £ (x*)) 2] » 0 i

provided only that {xl} is dense in X. In the noiseless case, El . {

and EZ determine metrics dl and d2 (2.3) on ¥ = span {£f(x) : xeX; - t

[}

according to " ‘
. 2.1/2 -

cffrZ) = (EJIY - 21512, 3= 1,2; y,zeY. (2.31) f

!

-~ ;
Thus VY 1s the smallest Space containing all linear predictors.

> under !
2 - j

wiaich dl and 52 determine eguivalent topologies remains a subject

The task of finding the circumstances relating to Yy and

Ity

for future research. At this point, one can guickly confirm that - '

if Vl = (af(x) : a real, xcX) is dense in Y, with respect to both

o £, 4, e 3 - ' vt
- "”"’gf' m"”‘ S v Qs ey il



metrics, and 1f both variograms are continuous and have thexr
unique minima at tne origin, then (2.31) impnlies convercence with
respact to El. For under these assumptions, for any unbiased
linear predictor fox*) in Y, there 1s a domain point % ané 2

random variable f(xN)sVl such that

4 (£ B (x%)) ¢ /N, 3 = 1.2, (2.32)
Yote that in view of (2.31),

dJ(f(xN),f(x*)) = Zyj(xN-x*), 1=1,2. (2.33)

So 1f 4l(f(x*),fq(x*))*0, then xN*x*. Now (2.32) and (2.33}

irply =hat dz(f(x*),fN(x*))*O.

Unfortunately, it is not always the case that converaence in

d2 1mplies convergence with respect to dl'

cxample. Let s be a bounded variogram and 18} and unbounded

function (as in the Brownian motion case). Suppose that g,,
.4

converges to f(x*) witn respect to both metrices dl and d2. Defin

£y (x*) = (l-\N)g“ + A flzy) (2. 34)

where . is a sequence of

\ numbers convergina to 0 and

-

z., are ocints 1n X such that fo* - zu) > 1/Y . Then still
: A 3

o)

5 (3 (x>, fv(x*)) - 0, but dl(f(x*), fN(x*)) will be anvroximated by

{‘/lv)vxx* - zq), which is bounded awav from 0. An unsettling ascect
. = &

of this examole 1s that one mas verv well anticipate that for

reiatively large sample sizes, least scuares estimates may well

(%]

S3ian some welcat to samples X with domain noints far frem x*.

'3

nese Toints could cause havoc 1if E[(f(xn) - f(x*))2] 1S much

p o

arger than anticipated. In Xriging oractice, it 1s common to assumc

<12t variograms are bounded by "sills".

- » -

. s, % o L o g

g ey e . B R o e i e s :x,»_uzﬁyu T Lt
S T o 5 st ST i ok X 9 $e

‘

et e mew w e T

— .




ORIGINAL PAGE IS 366
-~ "\rv\'z-‘i - !:L!TY

-

3. Nonparametric Regression Zpplication

The intention of the present section is to reveal extensions
of nonparametric regression which make this approach more suited to
Problems 1 and 2 of Section 1. In the section to follow, a
comparison of properties of kriging with those of nonparametric
regression will be offered.

The particular nonparametric regression (NPR) methed to be

investigated here is the kernel estimator provosed by Watson (1964).

The two developments revealed here are (i) aformula for the
asymptotic expected square error, and (ii) a data-based asproximation
of the mean squared error. The discussicn closes by showing that
the asymptotic convergence of the NPR estimates 1s, in a certain

sense, optimal.

Let (X,Y) denote jointly distributed random variables. The
dimension m of X 1is arbitrary, but Y is real. Nonparametric re-

sression methods are intended for the problem of inferring

tne conditional expectation (1i.e., regression function)

.

m(x) = E[Y, X=x] {3.1)

on the basis of an observation 5(xl,yl)‘l“l of the segquence

]

: \
(kl,Y 1.

To begin with, let us phrase Problem 1 of Section 1 1n NPR
that
terms. Ore presumesAthe random vector (X,Y) satisfies

n{X) + n(x), (3

wherz 1 1s a fixed deterministic but unknown "regression funcioion"

In PR, tne distribution of the noise nix) mav desend o7 the domain

The Jatscn NPR esinator 1is
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. 1
. mg (x) = !;lyi k((x; - x)/aN)]/DN(x) (3.3) :
) N ;

where DN(x) = I k((xl - x)/aN), ay is a positive number, and ]
- i=1 ' !

k(+) is a probabilitv density function chosen by the user. By way

. of convergence results, it is known (Schuster and Yakowitz (1979))

7 st e L. ol
-

that if {aN}, k(x), and the (X,Y) variable satisfy certain lenient

»

conditions, then for any aiven €>0, there 1s some constant C such that

e

for every N, . 2
- Plsup mg(x) - m(x)i>e]<C/(NaN). (3.4) ’

It 1s often not practical to compute the constant C and in anv
event, the bound above 1s typicallv pessimistic.

Since in kriging squared-error is the essense,

g P e

our analysis at this point is directed toward establishing i

the behavior of E[(mN(x) - m(x))2] as the number N of observations
i1ncreases. Toward that end, let h(x,y) and g(x) be the pdf's of
(X,Y) and X, respectivelv. Let w(x) =/ y hix,v)dy, thus

n{x)=w(x)/g(x), and define for some m-tuple x, and 1l<1<l :%

- ~ — - —— - e
B b i e £ AT B 8 i i, S b i o s N e o ST T Tl Mkt i 2 e S e 8B T L e T o i




CRICIMAL Pt 1o

Uy = K((x* - %) /ag) /ag" OF POOR QUALITY

VNi T YiUNl' (3.5)
UN = 1/N UNi : 1<i<N,

VN = 1/N Z VNi : 1<i<N.

Throughout this section, we will assume that the kernel pdf k(u)

1s selected so as to satisfy the properties (1) to (1v) below:

(i) k(u) and ||uk(u)|| are bounded,
(ii) fuk{u) du =0,

2y (u) du < =,

(iii) Siluii
(iv) the functions g(x) and w(x) are twice contin=-
uously differentiable and the second partial deriva-

tives of g(x) are bounded,

(v) the second moment of Y if finite.
The odf of the multivariate normal law satisfies properties (1) to (121).
The convergence facts we will need are given in the state-
ment below.
Theorem 1. Let m be the dimension of the sample vectors Xy oXogseoo

and assume g(x*) > 0. Then

(@) var (v,} and var (U,) are both 0(1/(N anm)),
(b)  (E[Vy] - w(x*)) and (E[Ug] - g(x*)) are both 0(a ).
(e} If ay = N~ (1/(3*+4)) ipen for some seguence of events E.

such that P[EN] ~ 1,

-1
E{(ng(x*) - @(x*))> g ] = o (L * o/

. =N ). (3.6,

'Q

rty

rcC

This theorem 1s very rnuch 1inspired bv develorpments cf

wn
o]

u

[

c ter (1972). Thus part (a) s essen+tially formula (1) in the

prcof of his Lemma 1, but extended here to m variables. In

Sty
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i
particular, after a change of variables to u = (xi - x*)/aN we 3
have i

2
E[(U)°)

a;" fk(-w? g(x* - ayu)du

i

gix*) /a. ™) [/k% (u) du + 0(aL)]
€ X aN (u u aN .

Similarly, one may confirm that

E[UNi] = g(x*) [fk(u)du + O(aN)].

Now use that the variables are uncorrelated to get var(UN) = 0((aNmN)-l;.

The demonstration for var(VN) proceeds in the same fashion. The

proof of part (b) is essentially that of the first part of Lemra 2

wn Schuster (1972). Thus after the change in variable, and use of assured
property (11) above,
E[UNll - g(x*) ="k(~-u) (g(x* - agu) - g(x*)] du

i(aN2/2)sup,!lg"(x)ilfl!u{[zk(u) du = O(anz)

Clearly, UM and UW‘ have the same expectation. The analysis of
. v,

E[Vw} proceeds in a similar fashion,

Toward demonstration of (c), define EV to be the event that

Ug>(1/2131x*) and v 2 wix*) .

N N 4
view of parts a and b and Chebyshev's inequality, the probability

£ E - - - - -
o< i, converges to l. Also, note that var(LN!:w)ivar(bv)/P{Ex, ané

var(Vy E.)-var(Vy)/Pif.l. Now under E

TN’
nL e - wa b - 0
AR mTeat) = (Vugix*) - Unw(x*)),’dyg‘x')'

‘, v
2@ ) Wi (U, - g(x*)) | *gixX*) V= wix*) )

fFacrt &' now~ 15 easily seen to be a consequence c¢f (a‘ and (o, i}

i - b e
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Our attention now turns to derivation of a data-based

——
Ppa—

estimate of the mean squared error of the NPk point estimate mN(x):

iy |
2 2 . Vo
=E - Ix~= > 1< < N . 3.7 P -~
TTAXI=E [ (my (x) -m(x)) 7| §¥%50 27 < ] (3.7) Py
Observe that since the terms {Vvi}i in (3.5) are uncorrelated, }; .
2 2, N 2,.2 3
eT(x)A(L/Dy(x)7) (T Eln(x;)"]k"((x-x,}/ay)). (3.8)
i=1 : ‘

The only term in (3.8) which is not known to the statistician is
E[n(xi)zl. But this can be approximated from the sample by defining

e to be any positive number less than 1 and defining

2 2, _ A . 2
Eln(x;)7] = 1/N (-(yj—mN(xJ)) ),

(3.9)
jes(i,N)

where S(i,N) is the set of indices of the N® nearest nerghbors in
{xk}§=l of x;. Since in view of (3.4), ’) .s converging, in N,
to m(x)=E(Y:X=x], uniformly zn - . otinga «.va probob.ility 1, the
radii of the sets S(3,N) becc- wvanishingly small as N=—e, 2t 1%
evident that the estimate

-~ \] ~ bl

2 . 20 2,,.¢ ., .

o (x)=(l/DV(\H L Eln{x ) Ix ((z=-v 3/ z2_,. (3.10)

z h 1 . n
1=1

satisfies the relation

t2 2

17 (x) /-7 (x)~-1 as N-=, 1.p. (3.11;

; 2
Note taat the estimator -7 (x) cepends solely on the statistic:ians
crorces of kX (-) and la(n)!, and the observed seguence < (x_,y_)
J
Fror tnhe Theorem, one may conclude that 1€ a, tends to zero siightl

N
o (1/(m+ 4
£astar tnan (1/&,( ’ )), then tne variance error part of (a) -snll
dz-minate, ve: need ~ot seriously degrade the rate of convarcence 11

(3.63. <Jnder this circumstance, 77 (x) will be an asyrototically
square
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One can confirm that for any §>0, as aV*O, the contribution

such that 'x - xlif>€, becomes negligible,

+

in (3.10) of terms xi

and in practice, we have found that

az(x)=E[n(x)2], (3.12)

gives a reliable approximation of the error variance, Similarly,

one can show that for any points xl,x2

- . - N 1

Cov(x,x )=[(l/DN(x )DN(x ))iilk((x -xl)/aN)k((x -xl)/an)]

- - (3.13)
[E(n(x )EMm (1) 2)1Y/2,

is asymptotically accurate.

This relationship is useful in applying the NPR approach to

Problem 2, of Section 1, as is now seen.

Our procedure for approaching Problem 2 1s to apply numerical quadrature to
the function mg(x). Specifically, let f(tj,w])}Jfl be gquadrature
points and weights for integrating over the desired domain D. The

nonparametric estimate IN is then defined by

M
I, = L w.m.,{t) 4
N o ]mh 3 ! (3.14)
n
which is an estimate of I = ¢ w.m(t ),
i=p J 3
The error
I,, - /m(x)dx
N D
has two components,
Ig - Jm(x)dx = [IN - I} [T - éP(x)dx), {3.15)

D
the first bracketed term being the error due to anpproximation of

the function nix) by my(x) 1n tne quadrature formula, and the secord
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arisi ; ; . .
ing from quadrature truncation error in approximating the inte-

gral. Methods for bounding the latter source are found in the

humerical analysis literature (e.q., Szidarovszky and Yakowitz,
(1978), Chapter 3). For example, if D is an m-dimensional unit
cube, and one applies a product trapezoidal quadrature rule (keeping
in mind that the tj‘s in {3.14) can be chosen arbitrarily), one can
verify that, provided m(x) has continuous second derivatives,
b1 - rmix)dx | = O(hz), h being the step size for the guadrature
formula.

The variance of the first source is given by Zwle Cov(ti,tj),

which can be approximated by

2, _ - p
E[Iy - I)7] = ~£wiwj Cov(ti,tj). 1<i,j<M,

where the term Cov is the covariance approximation given ain {3.13).
As we have noted, as N+=, the covariance terms become necligible

and useful approximation is that, in terms of (3.10),

=2

ElI, - D2 =t w? 3%¢e,). (3.16)

i i
1=1

The final consideration of this section concerns a certain
optimality property of NPR convergence. In view of (3.6) and the
Chebyshev ireguality, one can conclude that for r*=2/(m+4), and

for any regression function m(x) and noise process n({x) satisfyinc

-1
the tneorem hypothesis, 1f au*o proportionally to :-(m*4) ., then
for r=r*
lim lim sup [P[Emw(x*)-m(x*)'»c Nr]+0. (3.17)
Co N

Thus, in tne terminology of Stone {(1980), the NPR estimate achieves

convergence rate r*. But according to the Theorem of that work,
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for any NPR estimator of a twice continuously differentiable
regression function of m independent variables, r*=2/(m+4) is
the optimal rate: there is no estimator for which (3.17) holds

for some r>r*.

4. A Comparison of Convergence Properties of Kriging and

Nonparametric Regression

Assume that the intrinsic random function (IRF) hypothesis
holds, and there is no drift (J=1, ¢l=l). As mzntioned at the close
of Section 2, the nouparametric regression (NPR) approach 1is
applicable, if the sample domain points {xl}ii:l are chosen randomly and
if, :xi}izl with probability 1, the sample functions f(x) of the
IRF are continuous at x*, then mN(x) converges to f(x) in the mean.
If the sample IRF's are twice-continuously differentiable, with
probability 1, then Theorem 3.1 gives convergence rates.

Toward addressing parts b of Problems 1 and 2 of Section 1,
we have provided error formulas (3.10) and (3.16) which are
asymptotically accurate provided only that the sample functions are
continuous at x*. These convergence properties hold regardless of
whether noise n(x) in (1.l1) is present. But all these statements
have bean predicated on the assumption that the fxi}lil values are
actually a random sample. However, under fairly lenient assumpt:ions,
Schuster and Yaxowitz (1980, Theorem 2) have shown i1n the univariate
case that mN(x) converges uniformly in x to f(x) provided only that
the xi's are dense. Undoubtedly such results can be éxtended to
bear on kriging-type problems more focefully, and citations of
related results (especially concerning the Priestly-Chao estimator)

are to be found in the above reference.
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Now 1t is clear that if the variogram is known exactly,
becaus~s the kriging estimator is the best unbiased linear
estimator, then the expected square error of the kriging estimator
fN(x) 1s no greater than that of the NPR estimator, which is also
linear and unbiased. On the other hand, in the noisy case, it 1s
not known at this point whether its asymptotic convergence rate is
faster than the NPR rate given in Theorem 3.1. In summary, when
the IRF hypothesis i1s true and the variogram is known to the
statistician, the kriging estimate is better in the least squares
sense than the NPR estimate, and its error estimators (2.10) and
(2.13) are exact, whereas the NPR error estimators are only
asymptotically accurate.

On the other hand, if the IRF hypothesis cannot be relied on,
or even when it can, if the variogram is not known (even if it is
known to be in one of the parametric families of Table 2.1), then
nothing can be said about the convergence of either the kriging
estimator or the error function, whereas NPR convergence condirtions

we have alluded to may well be satisfied.

5. Some Illustrative Computations

We hope to eventually publish results summarizing our extensive
computational experimentation on kriging and alternative procedures.
For now, we provide a brief illustration of the preceding material
by reporting just a few computations. In this particular case study,

the function f(x) 1s chosen to exactly satisfy the kriging hypotheses:
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It is a realization of the Gaussian process with mean 0 and variogram
y(h) = C(1 - exp(-25h)). (5.1)

We have plotted f£(x) in Figure 1. The sample function £(x) was
simulated according to an algorithm described in Newman and Odell
(1971) and is exact (within machine error) to the extent of one's
being able to provide independent Gaussian observations. These
we approximated by the Box-Muller algorithm (described in Yakowitz
(1977)) using the CDC random number generator RANF,

In Table 2.2, we report the results of applying the kriging
method with exponential variogram to 50 uniformly chosen domain
points from the domain X = [0,1]. (RANF was used to obtain these
voints also.) In the first listing, we give the approximation at
eight equidistant domain points, of the kriging algorithm in which
the exponential parameter has been set to its correct value. This
is,therefore,kriging under the ideal conditions of the variogram
being known. In the second exponential listing, the variogram
parameters a and w were obtained by least-squares fit according to
current practice. In Table 2.3, we have repeated the calculations,
but Gaussian noise n(xl), with standard deviation ¢ = 0.5, was added
to each value f(xl). In Table 2.3, we have repeated the calcualtions,
using exactly the same (xl,yl) sample values as in the construction
for Taple 2.2, but here we have assumed that the variogram is
spherical (the parameters again being calibrated by a least squares
procedure). Also, we have applied the same simulated data to the

Watson nonparametric regression method.
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One will notice that in all cases, the estimation capabilities
exhibited by the various rules are quite comparable. Interestingly
enough, the spherical variogram is also competitive, even though
the model is wrong. But, esvecially in the noisy case, the
spherical rule is much less accurate than the other rules in
approximating the errors.

Deihomme (1979 has claimed that classical function interpola-
tion and approximatcion methods are not effectzve with intrinsac
random functions. Our experience with cubic splines, Lagrange in-
terpolation, and least squares approxmiation concurs with this
assessment. In Table 2.4, we present the estimates obtained from
using the IMSL cubic spline package on the data points used for
calculations in the preceding tables.

We applied the kriging integration algorithm to the function
f(x) which has served as basis for the calculations reported in the
preceding tables. The same data pairs {(xl,yi)} were used. The
results of the integration estimation studies are summarized in

Table 2.5 below.
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Exact Valuc of ff(x) dx =-0.089

No Noise Noise, o0 = 0.5

Approximation Estimated Standard Approximation

Estimated Sta.
Deviation of Error

Deviation of -

Exponential Variogram, -0.051 0.93 0.126 0.927

with a = 1/25

Exponential Variogram, -0.053 G.94 0.088 0.94

fitted parameter

Spherical Variogram -0.043 0.13 0.079 0.34

Watson Method -0.056 0.19 0.069 0.21
TABLE 2.5
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ABSTRACT

o —n _—y  — T y pas

Laplacian smoothing splines, smoothing splines on the sphere and smooth-
ing pseudo splines on the sphere are presented. The method of generalized
cross validation to choose the smoothing parameter is described. PAn applica-
tion of these methods to estimate divergence and vorticity of the atmosphere

from wind speed and wind direction is provided.
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1. Introduction

This report portrays the status of current research into a meteorological
application which involves the use of multidimensional smoothing splines.
Aspects of meteornlogy, theoretical and applied mathematics, statistics,
numerical analysis and computer science are involved in the analysis. A more
detailed dissertation involving this problem is provided in Wahba and
Wendelberger (1980), Wendelberger (1981) and Wendelberger (1982). The re-
levance to problems encountered in remote sensing are mentioned in a very
general way throughout, Research topics involving the application of muiti-
dimensional smoothing splines are provided.

To review the work being done in this area there are sections about
Laplacian smoothing splines, smoothing pseudo splines on the sphere and the
method of generalized cross validation. These three sections are followed by
one which involves the analysis of meteorological data which {s of the type
which may be encountered in the application of remote sensing. The last sec-

tion proposes some future research areas.

2. The lLaplacian Smoothing Spline

A Laplacian smoothing spline (LSS) is a function defined from Euclidean
d-space, R4, to R which arises as the estimate from the statistical model pre-
sented below. The term model is meant in the broad sense of Box (1981). In
that sense we tentatively entertain the assumptions, provide a solution using
the data and then check the validity of the assumptions. In this section we
present the assumpti,ons which this model entertains and provide a solution
using the data. The question of model validity will not be dealt with here.

In the model, the data z{ ¢ R, i=1,...,N consist of a fixed component and

a random component. The fixed (or signal) component, Lif, in its most general
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form, is a continuous linear functional Ly, i=1,...,N, of a function
f ¢ X, X the appropriate Sobolev space, Adams (1975), to R. The random (or

noise) component ey ¢ R satisfies
Eef =0, i=1,...,N, 2.1
E ej? = Var ef = 020§2, i=l,...,N, 2.2
for 02, 042, constants with o2 unknown, @42 known and the

e{, i=1,...,N are independent. 2.3

In 2.1 and 2.2 E means mathematical expectation with respect to the error dis-

tribution of ej, In 2.2 the of are known weights which should be thought of

as relative measurenent error variances. The fixed and random components are

additive;

Z'{ = Lif + e'i, 1=1.000,No 204

We concern ourselves here with the evaluation functionals, Lif = f(ti),
where ti ¢ R4, i=1,...,N and the tj are considered to be known without error.

Then 2.4 becomes

Z‘l = f(ti) + ei, 1=1’0Q.’NC 205

Applications of remote sensing may involve continuous linear funceionals other
than the evaluation functionals. For a further discussion of the use of gen-
eral continuous linear functionals see Wahba and Wendelberger (1980).

To recover an estimate of feX, say g, from the observations z =
(21,...,2§)7 we require that f be smooth. By smooth it is meant that Jn(f) is

small where
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My m! 2" f(t) 2
Jm(f) = T I [ ] dt, 2.6
v=1 a1,vl,...,0d,uf RO o OV od,v
1 .~--natd

. m+d-1 T
for M' =\ d-1/, t=(t),...,td) and the aj,v,e..,ad,v are the M' unique

combinations of {0,1,...,m} such that al,v + eee + ad,y = M. The smoothness
function is incuced by the Sobolev space X of which f is a member,

Besides being smooth f should also be close to the data. To measure

closeness define

C(f) = = ([f(ti) - 2i]/04) . 2.7

As defined here closeness and smoothness are conflicting criterea. To measure

the tradeoff between the two we introduce the parameter X . The choice of A

will be discussed in section 4. The estimate g of f is chosen as the minimiz-

er of

C(f) + A dn (F). 2.8

The minimizer of 2.8 can be shown to be of the form

N M
g(t) = I cin (t,ti) + & dvou(t) 2.9
i=1 9 =1

m v
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where

$v(t) = the M polynomials of total degree less

m-1
than m which span Pq , 2.10
emhg
M = d /, 2.11
m-1
Pd = the space of all polynomials of total degree

less than m,

n = a function of |t-ti| which depends on Jn and
is rigorously defined in Wahba and Wendelberger (1980),

¢ = {€1,e0e,ch)T> d = (d1,...,dM)T are constants which arise &s the solu-

tion to the linear system

(K+ NADg2) c+ Td =12 2.12
and

TTe =0 2.13

where qu = diag (012,...,0N2) and the N by N matrix X and H by M matrix T
depend only on ti, i=1,...,N and Jdp{-).
The estimate g along with the assumptions stated in this section and

those made in section 4 involving the choice of X constitute the Laplacian

smoothing spline model.

The Laplacian smoothing spline is given by 3 in 2.9. In remote sensing

applications which involve a small section of a sphere (the earth), the

Laplacian smoothing spline is appropriate. However, for applications which
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ABSTRACT
Laplacian smoothing splines, smcothing splines on the sphere and smooth-
ing pseudo splines on the sphere are presented. The method of generalized
cross validation to choose the smoothing parameter is described. An applica-
tion of these methods to estimate divergence and vorticity of the atmosphere

from wind speed and wind direction is provided.
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1. Introduction

This report portrays the status of current research into a meteorological
application which involves the use of multidimensional smoothing spiines.
Aspects of meteorology, theoretical and applied mathematics, statistics,
numerical analysis and computer science are involved in the analysis. A more
detailed dissertation involving this problem is provided in Wahba and
Wendelberger (1980), Wendelberger (1981) and Wendelberger (1982). The re-
levance to problems encountered in remote sensing are mentioned in a very
general way throughout, Research topics 1nvolv}ng the application of multi-
dimensional smoothing splines are provided.

To review the work being done in this area there are sections about
Laplactan smoothing splines, smoothing pseudo splines on the sphere and the
method of generalized cross validation. These three sections are followed by
one which involves the analysis of meteorological data which is of the type
which may be encountered in the application of remote sensing. The last sec-

tion proposes some future research areas.

2. The Laplacian Smoothing Spline

A Laplacian smoothing spline (LSS) is a function defined from Euclidean
d-space, R4, to R which arises as the estimate from the statistical model pre-
sented below. The term model is meant in the broad sense of Box (1981). In
that sense we tentatively entertain the assumptions, provide a solution using
the data and then check the validity of the assumptions. In this section we
present the assumptious which this model entertains and provide a solution
using the data. The question of model validity will not be dealt with here.

In the model, the data zj ¢ R, i=1,...,N consist of a fixed component and

a random component, The fixed (or signal) component, Lif, in its most general
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form, is a continuous linear functional Lj, i=1,...,N, of a function
f ¢ X, X the appropriate Sobolev space, Adams (1975), to R, The random (or

noise) component e§ ¢ R satisfies
Eef =0, i=1,...,N, 2.1
E e = Var ef = 020§2, 1=1,...,N, 2.2
for 02, 042, constants with o2 unknown, 012 known and the

ey, i=1,...,N are independent. 2.3

In 2.1 and 2.2 E means mathematical expectation with respect to the error dis-

tribution of ej, 1in 2.2 the oj are known weights which should be thought of

as relative measurement error variances. The fixed and random components are

additive;

Z{ = Lif + ei, i=1,...,N. 2.4

We concern ourselves here with the evaluation functionals, Lif = f(tj),
where ti ¢ Rd, i=1,...,N and the ti are considered to be known without error.

Then 2.4 becomes

21 = f(ti) + ei’ 131)0"{"‘ 2.5

Applications of remote sensing may involve continuous linear funccionals other
than the evaluation functionals. For a further discussion of the use of gen-
eral continuous linear functionals see Wahba and Wendelberger (1980).

To recover an estimate of feX, say g, from the observations z =
(21,...,2§)T we require that f be smooth. By smooth it is meant that Jp(f) is

small where
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M m! 2 (t) 2
In(f) = ¢ [ r ] dt, 2.6
V=1 Gl,v!,...,cd,v! Rd at all\’ ad,V
1 ,o.o.atd

-

. m+d-1 T
for M' =\ d-1 /, t=(t1,...,td) and the a},v,e..,ad,v are the M' unique

combinations of {0,1,...,m} such that @l,v + eee + ad,y = M. The smoothness
function is induced by the Sobolev space X of which f is a member.
Besides being smooth f should also be close to the data. To measure

closeness define

N 2
C(f) = -21 ([f(t]) - z-.]/o-l) . 2.7
1=

As defined here closeness and smoothness are conflicting criterea. To measure
the tradeoff between the two we introduce the parameter X ., The choice of
will be discussed in section 4. The estimate g of f is chosen as the minimiz-

er of

C(f) + X dm (f). 2.8

The minimizer of 2.8 can be shown to be of the form

N M
9(t) = I Cin (t,t{) + E dupu(t) 2.9
i=1 val

m
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where

év(t) = the M polynomials of total degree less

m-1
than m which span P4 , 2.10
emh9
M - d /, 2.11
m-1
Pd = the space of all polynomials of total degree
less than m,
nJ = a function of [t-tj| which depends on Jn and
m

1s rigorously defined in Wahba and Wendelberger (1980),
¢ = {€},...,cN)Ts d = (d1,...,dM)T are constants which arise as the solu-

tion to the linear system

(K+ NDg2)c+Td =12 2.12
and

Tlc =0 2.13

where Daz = diag (012,...,0N2) and the N by N matrix K and N by M matrix T
depend only on ty, i=1,...,N and Jn(°).

The estimate g along with the assumptions stated in this section and
those made in section 4 involving the choice of A constitute the Laplacian
smoothing spline model.

The Laplacian smoothing spline is given by 3 in 2.9: In remote sensing

applications which involve a small section of a sphere (the earth), the

Laplacian smoothing spline is appropriate. However, for applications which
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involve a large area of a sphere we require splines which have the surface of
the sphere, rather than Rd, as their domain. These splines are developed in

the next section,

3. Smoothing Splines on the Sphere

Smoothing splines on the sphere, as investigated by Wahba (1981), are
developed both as an extension of one dimensional periodic polynomial splines
and as a restriction of three dimensional thin plate (Laplacian) smoothing
splines to the surface of the sphere, The derivation of smoothing splines on
the sphere parallels that of Laplacian smoothing splines. In this section we
provide the modifications of section 2 which are required to obtain smoothing
splines on the sphere,

The first modification is that the independent variable space ,Rd, is re-
placed by the surface of the sphere, S. This means that the tj in 2.5 become
ti €S, i=1,...,N. In particular tj = (¢1,2i)T, ¢i = latitude and Aj =
longitude, i = 1,...,N.

The second modification is that in 2,11 M = 1. This means in 2.9 and
2.10 there 1s only one polynomial ¢1(t) = 1, Intuitively, this arises because
of the necessity of having a periodic solution.

The third modification is that Jy(«) in 2.6 1s replaced by Km(+). Km(*)

1s a restriction of Jp(+) to S. For the specific form of Km(+) see Wahba

(1981).
The fi;th modification 1s that nJ (t.ti) both in 2.9 and in the defini-
m
tion of X 1 2.12 is replaced by
*  2v+]
n {t,ty) = I ———— Py (cos{A(t,ti))), 3.1
Km v=l Vi(v+])m

i

i
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where cos(A(t,t{)) equals the cosine of the angle between t and ti. Also,
Pv(+) is the v-th Legendre ploynomial. '
Modifications one through four provide the smoothing spline on the sphere

winich is given analogously to 2.9 as

N
h(t) = I cin (t,ti) +d1, m = 2,3,.c.. 3.2
f=1 Ky

To obtain and evaluate the smoothing spline on the sphere, 3.1 must be
evaluated. Wahba (1981) notes that the series given in 3.1 cannot be express-
ed in terms of elementary functions. To compute smoothing splines on the
sphere, the accurate and fast evaluaticn of 3.1 is necessary. To alleviate
the difficulties which this entails, she derives smoothing pseudo splines on
the sphere.

To obtain these splines Kp(.) is replaced by a tepologically equivalent
norm lp(+). In both 3.1 and 3.2 Kn(*) is replaced by Lm(), with
specific expressions for nhn(t,ti) given in Wahba (1981). For illustrative

purposes we provide for m = 2

n (tti) - In(1+(2/(1-2)) /%) [322-22-1]/2

2
3.3

-6[(1-2)721%/% + 2 - 32/2,

with z = cos(A(t,tj)). The smoothing pseudo spline on the sphere is thus

eas1ly computed by using expressions like 3.3 to obtaim n (t,t,),
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4. Generalized Cross Validation

In applications the smoothing parameter A is unknown. To determine an
estimate of this parameter, Craven and Wahba (1979) and Golub, Heath and Wahba
(1979) have suggested the use of generalized cross validation. To enhance the
understanding of this method a short synopsis of its development is given.

The method of cross validation (presented here as related to LSS's) is
developed in response to the question: How well may one expect LSS's to pre-
dict the true functional value f(t) at some point t?

Simple cross validation (SCV) suggests predicting the true functional
values of data different from that used in the analysis to assess this pre-
dictive ability. In 5CV's simplest form this entails dividing the sample into
two pieces of similar size, using one sectiorn for optimization and the other
for testing., In addition, in order to gain more informatioa from the data,
the two pieces may be interchanged and the optimization and testing performed
on each,

SCV is alright if there is an ample supply of data so that halving or
doubling the data has Tittle effect on the quality of the estimator. To
lessen this effect Mosteller and Tukey (1968) propose single cross validation
(1Cv), (called ordinary cross validation by Wahba (1979)), which is described
suitably by them as follows:

"Suppose that we set aside one individual case, optimize for what is left,
then test on the set-aside case. Repeating this for every case squeezes
the data almost dry. If we have to go through the full optimization cal-
culation every time, the extra computation may be hard to face. Occa-
sionally, one can easily calculate, either exactly or to an adequate ap-

proximation, what the effect of dropping a specific and very small part
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of the data 'will be on the optimized result., This adjusted optimized re.

sult can then be compared with the values for the omitted individual,

That 1s, we make one optimization for all the data, followed

by one repetition per case nf a much simpler calculation, a calculation

of the effect of dropping each individual, followed by one test of that

individual. W4hen practical, this approach is attractive."

To descrite 1CV mathematicclly we require some notation. Let fx(j) be
the solution to the minimjzation of 2.8 with the jth point removed from the
analysis. Similarly, Do(J) is the N-1 by N-1 matrix composed of Dg with its
J-th row and column removed. To “test on the set aside case" we require that

(3)
[(fa (ty) -zJ')/cj]2 be small. “Repeating this for every case" and averaging

to yield an overall test gives

N
Vo’ (1) = (1/N) jzl [(fx(j)(tj) - 2§)/037%. 4.1

1CV uses the A which minimizes Vp%(1), Wahba and Wold (1975).

To minimize Vmo(x) directly is not a trivial computational matter. For
each proposed value of A a system of the form 2.12 and 2.13 (of order N+M-1
instead of N+M) must be solved for each of the N values left out of the anal-
ysis. This entails solving a linear system of order N+M-1 N timesi As noted
earlier, "if we have to go through the full optimization calculation every
time, the extra computation may be hard to face." Following the i1dea of
Mosteller and Tukey we seek a cemputational simplification for the minimizer
of Vp?(2).

The simplified form for 1CV was first noted by Craven and Wahba (1979),
Golub, Heath and Wahba (1979) and given in a slightly more general form in

Wahba and Wendelberger (1980). The 1CV function may be written
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N
Va®(x) = (1/M) §& ) - zi)/(oj(1-a55 (). 4.2

ajj(A) is the jth diagonal element of An(A) which is defined by

fa(t1)
An(r)z = :
fA(tn)
where g is the solution of 2.8. Ay(A) may be thought of as mapping the vector
z into the smoothed values.

In this form "we make one optimization for all the date" by calculating g
which is then "followed by one repetition per case of a much simpler calcu-
lation, a calculation of the effect of dropping each individual." Here find
a8jj(A) and use (4.2).

Evaluation of this formulation of Vm°(x) involves solving a linear system
of size N+M te find g and one of size N to find ajj(a). This is a consid-
erable improvement over using 4.1 directly. Because of a
mathematical simplification the amount of computation needed to minimize
Vmo(x) can be substantially reduced. From a practical point of view this
makes the use of cross validation very attractive.

When applying cross validation to problems other than LSS's, this last
step of finding “"what the effect of dropping a specific and very small part of
the data will be on the optimized result" 1s very important and should not be

overiooked. In fact, this step often makes cross validation computationally

feasfble, whereas, without this insight it may be impractical.
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Finding the minimizer of Vm®{1) requires evaluation of vmo(x) at differ-
ent values of X as determined by a search routine, Hence, although the mini-
mization is possible, we need to repeatedly solve larce linear systems with
the number of soluti.. times being a function of the search routine employed.,

In %no(x) of 4.1 each deviation of fk(i)(ti) from tha observed value zj
is treated symmetrically. This choice is arbitrary and is chosen for simpli-
city. A more general approach is to weight each term of 4.1 nr equivalently
4,2 to yield

N

Va(fa) = (/) T WLIEA(tD) - 21)/(oi(1-211 ()" 4.3
Before discussing the choice of these weights, the following definition is
needed.

Definition:

N
Fn(2) = E(1/N) 2 L(F(21) - 9(t1))/on]”

1s the expected weighted (by oi) mean squared error between the true function
(f) and the spline (g) evaluated at the independent variables {ty). E denotes
mathematical expectation with respect to the error distribution of the random
errors as described in the model of Section 2.

If we want Ry(A) to be small, then the generalized cross validaticn value
of X shoula be used as the smoothing parameter value. Using 1CV as motivation
Craven and HWahba (1979) and Golub, Heath and Wahba (1979} have shown that the

A which minimizes Vp(1) with weights

N
Wi = (1-a11(x))Z/(l-N-lJrlaJJ(x>)2

Rodm

- —
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is an estimate of the A which minimizes Ry{A). Using these weights in 4.3
gives the generalied cross validation {unction (GCVF)
N -xN 2
Vm(2) = (1/N) 181[(9(ti)-21)/(0i(1-n jz_ajj(k)))] . 4.4
= LY
The minimizer of 4.4 is called the GCV estimate of A.

Yhe GCVF can be rewritten as

Vm(A) = (1/N)[ Do~ (1 - An(2))z]|2/((1/N)Tr(I-An(a)))%, 4.5

where Tr is the trace, -

Wanba (1981) has proposed

oe? = ||Do™ {I-An(2))z[|?/Tr{I-An(1}) 4.6

as an estimate of the error variance o%, This leads us to consider dfa =

Tr(I-An(1)) as the enuivalent .egrees of freedom of error Wahba (1982). Using

these notions we rewrite the GCVF as

Vm(A) = Noe?/dfe . 4.7
The method of GCV may be viewed as minimizing the cstimated error vari-

ance per error equivalent degrees of freedom.

5. Estimation of Height, Wind, Divergence and Vorticity

In this section we provide a prelwminary report cf the anaiysis of some
meteorological data. For a discussion of the analysis of Monte Carlo experi-
ments using Lapiacian smoothing spiines see Wendelberger {1981) and Wahba and
Wendelterger (1930). The datz to be analysed are obtained from the irregular-

ly spaced North American radiosonde network during the Ohio storm of 00 Z

January ¢5, 1978.
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The heigh®, hj, wind speed and wind direction are reported with measure-
ment error at the 850, 700, 500, 400, 300, 250, 200, 150 and 100 mb pressure
tevels. To analyse the wind the uj (east) component and the vi (north) com-
ponent are obtained from the wind speed and wind direction measurements. Us-
ing those stations and levels for which all three components,

(hi, ui, vi) are obtained yields 112, 117, 116, 116, 113, 114, 109, 108 and 93
observations, respectively, for each pressure level.

Using the Laplacian smoothing spline model the method of sections 2 and 4
with m = 4 provides three fitted surfaces hp, up and vp for each pressure
level p. Figure 1 provides the height field, hp, for p = 850, 500 and 200 mb.
The synoptic patterns are in general agreement with the National Meteorolog-
ical Center's analysis. Figure 2 gives the isotachs and streamlines for up
and vp with p = 850, 500 and 200 mb. The isotachs are levels of constant wind
speed and the streamlines denote the wind direction.

The vorticity, V, and horizontal divergence, D, may be obtained from

<
"

[(3v/ax)/cos¢ - du/3d + u-tandl/R 5.1

and

o
"

[(3u/ar)/cos¢ - 3v/ag - vetand]/R 5.2

where R is the radius of the earth, ¢ = latitude and X = longitude. Figure 3

15 obtained from 5.1 and 5.2 using up and vp for p = 850, 500 and 200 mb. The
500 mb vorticity pattern is in excellent agreement with the National Meteoro-

logical Center's analysis which is unavailable for comparison at the other

levels.
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Figure 1: Height Fields, X 10 meters
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Figure 2:

(2f) 850 mb Streamhnes

Isotachs (m/sec) and streamlines.
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{3e) 850 mb Vorticlty

3

(31) 850 mb Divergence

Figure 2: Vorticity and divergence, X 1073/sec.
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The results presented here will be supplemented with estimates of the ac-
curacy of these fields by the method presented in Wahba (1981). The smoothing
pseudo splines on the sphere will be employed to obtain h, u, v and the re-

sulting divergence and vorticity estimates.

6. Further Research

In this section we 1ist some further research ideas.

The current computetional method used for Laplacian smoothing splines re-
quires a spectral decomposition of an N-M by N-M matrix, Hendelberger (1981).
It seems likely that the calculation of all N-M of the eigenvalues and eigen-
vectors 1s unnecessary. An algerithm which determines how many eigenvalues
are needed would be.extremely useful; then a truncation algorithm could be
obtained to compute the spline, Bates and Wahba (1982).

Often, given N observations for which the analysis has been performed, we
may need to update or downdate this set of observations by the inclusion or
exclusion of a single observation. An algorithm which does not require the
spectral decomposition to be performed on the new N-M+l by N-M+1 or N-M-1 by
N-M-1 matrix would be very valuable. We could then generalize
this to updating ard downdating by a small number of points. The usefulness
of this type of algorithm is very apparent in the example provided in section
5.

In remote sensing applications different continuous linear functionals Lj
will be required. These need to be identified and their fast and accurate
cemputational algorithms need to be designed. For a specific example see
Nychka (1983).

In remote sensing applications, experiments need to be designed which

will demonstrate the utility of smoothing splines. These will include Monte

el
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Carlo runs with data similar to that obtained in practice and confidence
statements about the estimates obtained.

Methods to check the validity of model assumptions must be devised. A
probability plot of the residuals is one such method, see Wendelberger (1981)

and Wendelberger (1982).
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ABSTRACT

Laplacian Smoothing Splines (LSS) are presented as generalizations of
graduation, cubic and thin plate splines. The method of generalized cross
validation (GCV) to choose the smoothing parameter is described. GCV is used
in the algorithm for the computation of LSS's. An outline of a computer
program which implements this algorithm is presented along with a description
of the use of the program. Examples in one, two and three dimensions
demonstrate how to obtain estimates of function values with confidence
intervals and estimates of first and second derivatives. Probability plots

are used as a diagnostic tool to check for model inadequacy.
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1. Motivation

A Laplacian smoothing spline (LSS) is a statistical tool used to model a
smooth but otherwise unknown function. The fitted spline provides an analytic
function which may be utilized to estimate derivatives, integrals or values of
the underlying function. For data analysis purposes a graphical display of
the fitted spline (or cross sections for multidimensional problems) often
provides insight which might otherwise remain masked by the irregularly
spaced, multidimensional and "noisy" data. The residuals, which are the
observed values of the dependent variable minus the corresponding fitted
spline values, may be utilized as an aid in model checking. A probability
plot of the residuals provides a vehicle to detect possibly discrepant
observations (outliers). With the above i1deas as the eventual objective we
first elucidate the functional form of the LSS and then describe an algorithm
for its computation.

When someone mentions a line, cosine or an exponential we all have a
visual image of "feel" for the function in question., Using the following
example we hope to provide an intuitive feeling for an LSS.

In one dimension imagine a long, thin, perfectly ~igid rod (a line) lying
on a frictionless plane with coordinate axes (t,z). We represent this rod as
a function of t, say g(t). Assume that we are given N points fn the plane
{(t,2):(t,z)=(t4,21), i=1,...,N}. The ti are considered to be distinct and
known without error. The zy are measurements of a true but unknown function f
evaluated at ty plus some "noise" ey. The ej are independent random

variables, each having mean zero and finite variance.
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With the previous setup imagine that an ideal spring is attached to data
point (tj,zj) and to the rod (ty,9(ty)) for each i, i=l,...,N. This fixes the
springs to remain parallel to the ordinate axis. What position will the rod
g(t) assume?

Physics provides a means to answer this question., The rod will assume
the position which minimizes the energy of the springs. The energy of an
ideal spring is equal to some positive constant k, (called the spring
constant) times the square of the length it 1s stretched. Thus the cumulative
energy of the N springs is

N 2

1-2-1 ki(zy - 9(t4))? .

This is minimized when g i{s the least squares line (provided we restrict g to

be rigid) therefore the least squares line is the position the rod will assume
if ki = kg, 1=31,...,N, ko some constant. If the ki are not all equal then the
rod will assume the position of the weighted least squares line. Notice that

this spring idea provides an intuitive explanation for minimizing the residual
sum of squares in regression.

The situation is analogous 1n two dimensions: a thin plate of infinite
rigidity (nol bendable) would assume the position of the least squares plane.
The situation in three dimensions, although not as easy to visualize, 1s
analogous. There are further restrictions on the tj which are rigorously
given in (2.6).

We have thus far assumed that the rod is rigid. This is not necessary

and may not be a good representation of the physical phenomenon under

Gd Hd Bd 8.4

b Geeed

L2

o



1

LI~

HE e

[ VN ]

!

o
.

»-

-~ - P
M

¥y ca -y € -
. . .

¢ -y
a

ORIGINAL PaAST 13 al
CF POCR QUALY

consideration. So we relax the rigidity assumption and assume that the rod is
flexible. If zero energy were requirad to flex the rod then the minimum
energy position which the rod would assume is that of a function of
interpolacion. Since the residuals are zero, this configuration has zero
energy and thus is a minimum. By this explanation it is readily seen that tha
function thus obtained is not unique. This anomaly will be alleviated by
requiring energy to flex the rod.

Consider the more realistic case where the ro? is flexible and takes
energy to flex. The spring of a diving board is testimony to this. Note that

the bending energy of a rod 1s (r/e?2)J2(g), where p/o? is a constant and

J2(g) = fLe{2)(x)F2ax (1.1)

Therefore the bending energy is proportional to curvature which may be
meesured as Jda2(g) in (1.1).

To find the position which the rod will assume under these conditions is
equivalent to finding the function g which will minimize the total energy of
the system

N

iflki(li - 9(t§))2 + (o/0?) J2(3) (1.2)

or eauivalently the minimizer of

N
(1/N) 18 o%ki(zy - 9(ty))2 + (o/N)J2(9) . (1.3)

The function from a certain class of functions, X, which minimzes (1.3)

can be shown to be a precewise cubic spline., The function space X 13
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rigorously defined in Wahba and Wendelberger (1980). Here X should be thought
of as a space of smooth functions which map R4 into Rl. There is much
literature about cubic splines in one dimension. To this author's knowledge
the earliest work on LSS's is that of Schoenberg (1964); other important work
on splines is given in Craven and Wahba (1979), Duchon (1976), Prenter (1975),
and Refinsch (1967).

The one dimensional case generalizes to two dimensions. In two
dimensions the splines are called thin plate splines because of the analogy of
minimizing the energy of a thin plate of infinite extent. The earliest
suggested application of thin plate smoothing splines seems to have been by
Harder and Desmarais (1972). They suggested that spring forces may be applied
at the points of interpolation. This inspired the spring analogy given here,
This spring concept is equivalent to LSS's in either one or two dimensions
{with m=2 in (2.1}). Much recent work on LSS's has been done by Wahba (see
Wahba (1979) and the references cited there).

In two dimensions J2(g) becomes

= @« 2 o) 3%g(x],x2)
Ja(g) = [ |t (.»)[———9—--]2 dxy dxo . (1.4)
- o yx() axl\) 3x2_-\)
Jo(g) is proportional to the bending energy of a thin plate (under simplifying
assumptions); for details see Meinguet (1979). However, in two dinunsions the
solution is no longer a piecewise cubic but rather takes the form
N
g(t) = I ¢y't32In(ry) - g + dixy + d2x2 , (1.5)
= j=l

where T, 1s the Euclidean distance between t and t;, that is 132 = |t-t,]2

£}

i

e

34
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= (ti1 = x1)2 + (ti2 - x2)%; tjj is the JM component of ty, j=1.2,
t= (x1,x2); ci' and dy are constants, i=1,...,N, v=0,1,2,

To aid in understanding (1.5) the function 1g2In(tg) is plotted in Figure
i.1 for Eo = (0,0) and xp = 0, Rotation of this function around the
ordinate axis and centering at the point Ei will produce the radially
symmetric function tj2In(tij). Using (1.5) an LSS is seen to be composed of a
linear combination of these radially symmetric functions plus a plane. The
plane has zero bending energy but generally does have nonzero spring energy.
Linear combinations of the radially symmetric functions can be forced to
interpolate the points and hence may have ze-o spring energy but generally
have nonzero bending energy. This tradeoff between bending and spring energy,
or smoothness and infidelity to the data (terminology of Wahba (1979)), leads
one to consider the minimization problem of Section 2 as a generalization of
these ideas. The one and two dimension examples with m=2 are special cases of
this generalization.

HWe see that the motivation for one and two dimensional LSS's is quite
simple (at least for m=2). Attach springs to the data points, constrain them
to lie perpendicular to the independent variable space R4, then let the curve
or surrace conform by simple bending to the minimum enerqy configuration.

The Laplacian smoothing spline was suggested by Duchon (1976) as a
multidimensional generalization of the thin plate (or “plaques minces"), d=2,
interpolating spline. An LSS 1s also a multivariate generalization of the one
dimensional, d=1, "graduation' spline of Schoanberg (1964). Furthermore, the

“graduation” spline is a generalization of the familiar cubic smoothing
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spline. The terminology “Laplacian smoothing spline" was suggested by

Professor I. J. Schcenberg. An explanation for using the term “Laplacian” is

given in Wahba (1979).
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2. Characterization

Let zj = f(t{) + ey, i=l,...,N. The tjeRd are known exactly. We assume
that the function f is smooth but otherwise unknown. By smooth it is meant
that the function is well approximated by a function geX; X is rigorously
defined in Wahba and Wendelberger (1980). X may be thought of as a space of
functions which approximate well a large class of functions of which f is a
member. The ej are independent, zero mean and finite variance random
variables with variance-covariance matrix o2D4? = o2diag(c}2,...,0§2). Here
o2 is an unknown constant. For example, if we know that all the variarces are
equal then we may take 1.0 = 012 = ,.. = o§? in what follows. The 042 used
here are inversely proportional to the ki of Section 1, that is, ki = (s0j)~2.
The 012 may be thought of as relative weights of the measurement errors ej.
The zj are observed dependent variables in Rl and the corresponding E‘ are
independent variables in R4, 1=1,...,N,

A Laplacian smoothing spline is the function g which is the solution to
the problem.

Find geX, X a suitable function space, such that

N-1][0g=1(z-g) |12 + (p/H)Im(g) (2.1)
attains its minimum. Here define

2= (21,.00520) 7, 9 = (915000,00)T, 94 = 9(t:), |[Dg™2(2-9) |2

= (2-9)T05"2(z-9), Do~} = diag{oy-1,...,on7t)
where superscript T means transpose throughout. Also,

m
" m a%g(t)

In(g) = £ lo..f € 1%dx},...dxq; (2.2)
v=l a] yl,eeayad,vl-= -= 3x1%1,v,...,3%4%,v
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t= (x1,...,xd)T; M = (mﬁfil); the aj y, «es,0d,v are the M' unique
combinations of {0,1,...,m} such that aj y+...tad,v = M.

In the case presented eariier with d=2 and m=2 we have M'a3 and
(01,v.°2,v) takes on the M' unique values (1,1), (2,0) and (0,2). In this
case (2.2) reduces to (1.4).

The solution to the minimization problem is unique and given in (2.3).
N M
g(t) = I cipqriZ™d(inty)leld) + T duu(t) , (2.3)
- j=l val hd

where Ig is the indicator function of even integers, that is Ie(d)=1, for d

even and Ia(d)=0, for d odd;

(-1)d/2+1+m/(22m'lnd/2(m-1)!(m-d/Z)!), d even
m,d " (2.4)
r(d/2-m)/(22mnd/2(m-1)1), d odd
and ¢, are the polynomials of total degree less than m,
Plv Pdv
¢V(E) 2 §y(X]seeesXd) = X1 e-oXd . (2.5)

Here the ¢, are unique; pjyv ? 0, 121,...,d and piytesc*pdy < M, vel,... M,
M= (m+g-1). Define the M by d matrix P to have ivth element pjy. Also,
2m-d > 0 and (2.6) holds.

M
vilav¢v(21) a 0, i=l,...,N implies ay = 0, v=l,...,M . (2.6)
(Condition (2.6) requires that the matrix Ty of Section 5 step (ii) be of rank
M) ¢ = (Clyeeench)T and d = (d1,...,dy)T are obtained by solving the Tinear
system

(K + 952002)5 +7d =2 (2.7)

e Tt e e
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and

TTS =0, (2.8)

In (2.7) K is the N by N matrix with ijth element
em'dfijzm'd(1n(T{J))Ie(d). In (2.7) and (2.8) T is the N by M matrix with
ivth etement su(ti). In (2.7) Dg? is the N by N diagnal matrix with {ith
entry g42. o2 is an unknown proportionality constant which along with p is
absorbed into A using NA = pa? to yield (2.G) from (2.7).

(K + moaz)g +Td =z (2.9)

The approach of Harder and Desmarais (1972) provides us with a physical
interpretation of the parameters at least in the d=2 case. p=Nio~2 is the
plate "rigidity" which is a constant. The value of p depends on the material
and the thickness of the plate. The spring constant kj is equal to the
reciprocal of the varfance or (ocj)=2. The “load" at the jth point is
Py = pcj = (ocj)'zrj = kyrj, where rj is the unnormalized or unscaled residual
at that point; i.e., rj=2zj - g(EJ), j=l,...,N or r=z- KE - Tq.

For a discussion of a more general problem and the derivation of the
solution the reader is referred to Wahba and Wendelberger (1980). We note
here that if the ej are not independent but instead have positive definite
covariance matrix proportional to I then 002 and Dg=1 are everywhere replaced
by L and the symmetric inverse square root £=!/2 to obtain the solution.

To this point we have assumed knowledge of the smoothness parameter A.
However it is generaliy unknown. Before describing a method to dynamically
choose X\ from the data at lLand we provide an example to exhibit its i1nfluence

on the LSS.

Trtaks e neen b

eiid By

!

4
—

]

I |

derf

4

o



e g m—n g

S

ey mw gavan e = e .

s B S

l.’

L
»

re—y

P

-

[T

& oy
O

+

ORIGIVAL PACE IS
OF POOR QUALITY 419

3. Example 1 —Variation of the LSS with i, d=l.

A company which makes and repafrs small computers wants to forecast the
number of service engineers that it will require over the next few years. To
do this requires, among other things, knowledge of the length of a service
call. The length of a call §s a function of the number of components within
the computer which must be repaired or replaced. The information in Table 3.1
was collected on 24 service calls; the data are from Chatterjee and Price
(1977). We would 1ike to fit a spline to the data in order to forecast the
length of a service call.

We fit a spline to the data using the algorithm given in Section 5. The
smoothness parameter, A, is dynamically chosen from the data using the method
of generalized cross validation (GCV). By showing the {nfluence of A on the
LSS of this example we hope to provide a clearer understanding of the role of
GCV in choosing the smoothness parameter. The results of the following
sections will be easier to understand with this example in n&nd. Exactly what
the GCV choice of X is will be presented in Section 4.

Figure 3.1 shows a plot of the data and the corresponding spline for five
different values of A, Because there are only 24 observations of which only
17 have unique independent variables we should not be surprised if the GCV
estimate (to be described in Section 4) of X, which is a large simple result,
does not perform well, The confidence intervals are calculated using method
of Wahba (1981); the formula used for their computation is given in Example 2

of Section 6.
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TABLE 3.1

EXAMPLE 1 - REPAIR TIMES

Length of Calls
(Minutes)

23
29
49
64
74
87
96
97
109
119
149
145
154
166
162
174
180
176
179
193
193
195
198
205

Units Repaired

e et g g€ b P S

(Number)

—t b b
OO WWRNANL S WA -

—
Yt

N 4=t ot et b s Pt Pt
oD~ EENNN

420

-3



)

o

£ N BT X,

i

santilii e mnsiusiatain s et ettt S di st deba dat el i

250.

225.

200.

175.

150.

125.

100.

MINUTES

1S.

S0.

-
o
o
o
s
C
™
-

Figure J.1a:

-

€ et LR }
t . 0 .

M= 2

LAMBDA = 0.00

4. 8. 12. 16.

Example 1 with A = 0.00

20.

MINUTES

Figure 3.1b:

Rt I SR et B s B 1o TR
M = 2
LAMBDA =.0166
250-;—
225.
200.F
- 82
175.F 32
-F 2
- SE
1501~ ggg
- > )
o - ra
1%.; 3G
100.{-
75.F
Su-E
25.F
(]
b. 4. 8. 12. 16. 20.
UNITS
P9
~

Example 1 with A = 0,0166

2t |



e ar e s e

.

M =2 M =2
LAMBDA = .166 (GCV) LAMBDA = 16.6
250. 250.
225.f 225.F
: E
200.F 200.
- "
o - o0
175.F 176.1- %?‘;
- : g
150.F 160.- %?‘
I A 23
Wk - 126.F =0
o C 2 - =
= - z - 3@
= 100.F = 100.F
75.F 15.F
s0.F 50.F
25.E 25.}
0. ; 0
b. 4. 8. 12. 16. 20. b
UNITS UNITS
-9
N
Figure 3.1c: Example 1 with x = ,1606, Figure 3.1d: Example 1 with A = 16.6 i

the GCV choice

— - - =D o= i Ead bl Bed B

et et ™

e



[

M =2
LAMBDA = INFINITY

250 L]
22§5.

200.

lzsl

MINUTES

100.
5.
S0. X

25 .~ X

4. 8. 12. 18. 20.
UNITS

Figure 3.le: Example 1 with A = =

LSRN P vt Sonaem b~ . -~ - —— —y —— r——a.
* .

d UNIDIHO

a0,
20T

1’.

ALIVND ¥o0d 40

o
[

XA



424

Considering the brief explanation of the problem given here the GCV
choice of A, as used in Figure 3.lc, seems reasonable to use in predicting the
number of minutes spent. The GCV choice of X appears to be the most visually
pleasing and consistent with how we would expect the number ¢f minutes spent

on a service call to be related to the number of computer compcnents repatred.
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4. Generalized Cross Validation

In the exarple of Section 3 the smcothing parameter X 1s unknown, To
determine an estimate of this parameter Craven and Wahba (1979) and Wahpa and
Wold (1979) have suggested the use of generalized cross velidation. A short
synops's of the development of this method {s given to enhance the
understanding of it.

The method of cross validation (presented here as related to LSS's) 1s
developed in response to the gquestion: How well may one expect LSS's to
predict the true functional value g(E) at some point E?

Simple cross validation (SCY) suggests predicting the true functional
values of data different from that used in the analysis to assess this
predictive ability In its simplest form this entails dividing the sample
fato two pleces of similar size using one section for optimization and the
other for testing. In addition to th{s, in order to gain more information
from the data, the two pieces may be interchanged and the optimization and
testing performea on each.,

SCV is alright if there ts an ample supply of data so that halving or
doubling it has little effect on the quality of the estimator. To lessen this
effect Mosteller and Tukey (1968) propose single cross validation (1ICV),
(called ordinary cross validation by Wahba (1979)), which is described
suitably by cthem as follows:

“Suppose that we set aside one individual case, optimize for what s

left, then test on the set-aside case. Repeating this for every case

squeezes the data almost dry. If we have to go through the full
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ortimization calculation every time, the extra computation may be hard to

face. Occasionally, one can easily calculate, either exactly or to an

adequate approximation, what tha effect of dropping a specific and very
small part of the data will be on the optimized result. This adjusted
optimized result can then be compared with the values for the omitted
individual. That is, we make one optimization for all the data, followed
by one repetition per case of a much simpler calculation, a calculation
of the effect of dropping each 1ndividual, followed by one test of that
individual. When practical, this approach is attractive,"

To describe 1CV mathematically we require some notation. Let gx(J) he
the solution Lo the minimization of (2.1) with the jth point removed from the
analysis. Similarly, DG(J) is the N;1 by N-1 matrix composed of Dy ;1th its
jth row and column removed. To "test on the set aside case" we require that
[(g‘(J)(EJ) - z3)/0j]% be small. “Repeating this for every case" and

averaging to yield an overall test gives

VmO() = (1/N).2 Llanldd(ty) - 25)70532 . (4.1)
1CV uses the A wh1cg=;1n1mizes V(1)

To minimize VO(X) directly ¥s not a trivial computational matter. For
each proposed value of X a system of the form (2.8) and (2.9) (of order N+ii-1
1nstead of N+M) rmust be solved for each of the N values left out of the
analysis. This entails solving a linear system of order N+#M-1 N times! As
noted earlier "1f we have to go through the full optimization calculation
every time, the extra computation may be hard to face.™ Following the 1dea of

Mosteller and Tukey we seek a computational simplification for the minimizer

of VaO(1r).
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The simplified form for 1CV was first noted by Craven and Wahba (1979)
and aiven in a slightly more general form in Wahba and Wendelberger (1980).

The 1CV function may be written

N
Vno(2) = (I/N)jtlt(gx(gj) - 25)/(oj(1-255(2))) 1% . (4.2)
ajj(1) is the jth diagonal element of Ap(1) which is definad by
9x(t1)
An(M)z = .
ax(tn) /

where g) is the solution of (2.1). Agp(A) may be thought of as mapping the
vector 2 into the smoothed values.

In this form "we make one optimization for ail the data"™ by calculating
gy then “followed by one repetition per case of a much simpler calculation, a
calculation of the effect of dropping each individual." Here find ajJ(x) and
use (4.2).

Evaluation of this fermulation of Vp0(X) involves solving a linear system
of size N+M to find gj and one of siza N to find a;j(r). This is a
considerable imarovement over that of using (4.1) directly. Because of a
mathematical simplification the imount of computation needed to minimize
Vm@(A) can be substantially reduced. From a practical point of view this
makes the use of cross validation very attrastive.

When applying cross validation to problems other than LSS's this last
step of finding "what the effect of dropping a specific and very small part of

the data will be on the optimized result" is very important and should not be
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overlooked. In fact, this step often makes <ross validation computationally
feasible whereas without this insight it may be impractical.

Finding the minimizer of Vu@()) requires its evaluation at different
values of X as determined by a search routine. Hence, although the
minimization is possible we need to repeatedly solve large linear systems with
the number of solution times being a function of the search routine employed.

In VpO(A) of (4.1) each deviation of 3A(f\(51) from the observed value zj
is treated symmetrically. This choice i< arbitrary and is chosen for
simplicity. A more general approach {s to weight each term of (4.1) or
equivalently (4.2) to yield

N
Vn(2) = (l/N)ii—'l“f[(gl(Ei) - zi)/(oi(1-a11 (1)) 2. (4.3)

Before a discussion of the choice of these weights the following definition is
needed.

Definition:

N

Ra() = E(1/M) T [(F(21) = ar(t1))/oi]?
is the expected weighted (by o4) mean squared error between the true function
(f) and the spline (g)) evaluated at the independent variables (51). Here E
denotes mathematical expectation with respect to the error distribution of the
random errors as described in the model of Section 2.

[f we want Rp(\) to be small then the generalized cross validation value

of X should be used as the smoothing parameter value. Using 1CV as motivation
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Craven and Wahba ,.979) and Golub, Heath and Wahba (1979) have shown that the

A which minimizes Vg(2) with weights
N
Wi = (1-&11(X))2/(1-N“J‘~'1c’:j,1(’k))2

is an estimate of the A which minimizes Ry(A). Using these weights in (4.3)
gives the generziized cross validation function (GCVF)
N N

Vm(2) = (1/N)121[(9x(§i)-zi)/(01(1-N"Jflajj(k)))32 . (4.4)
The minimizer of (4.4) is called the GCV estimate of A,

The GCVF can be rewritten as

Vm(2) = (1/N)][Do=2(T = An(A))z[|2/((1/N)Tr(I-An(2)))? ; (4.5)
where Tr {is the trace.

Wahba (1981} has proposed

oe? = [10g=1(1-An(1))z] |2/Tr(I-An(1)) (4.6)

as an estimate of the error variance o2, This leads us to consider
dfe = Tr(l1-Ag(X)) as the degrees of freedom of error. Using these notions we

rewrite the GCVF as
Vm(}) = Nog2/dfa . (4.7)

The method of GCV may be viewed as minimizing the estimated error
variance per error degrees of freedom. This may further be thought of as a

form of parsimonious model selection.
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In the next section we see that the computation of Vn(1) is reduced to
essentially the singular value {or eigenvalue-eigenvector) decomposition of a
symmetric positive definite N-M by N-M matrix (M is usually a small integer).
The above decomposition makes it possible to form V,()) by simple scalar
operations for each value of A, Thus we have taken the ideas of Mosteller and
Tukey one step further. This algorithm is much simpler than the original
analysis at essentially the cost of a one time eigenvalue-eigenvector
decomposition; i.e., changing the dependent variable (but not the independent
variables) does not necessitate another spectral decomposition. Thus, many
data sets which have 1dern%ical independent variables but different dependent
variables may be analyzed quite easily and inexpensively.

When using GCV with a small sample size we may run into problems. The
most frequent small sample problem with GCV is that A = 0 or X = = js chosen
when physical considerations dictate that it should not be. X = 0 implies
that we are interpolating the dependent variable. This should be done 1f the
true underlying rigidity o is zero. X equal to infinity implies that we are
fitting a polynomial of degree m-1 by least squares. This should be done if
either the variance is large (relative to the dependent variable) or 1f the
true underlying rigidity is infinite (i.e., the true model is a polynomial).
If 1t 1s clear from other considerations that the value of A chosen 3is not
indicative of the actual underlying mechanism then that particular value
should not be used and the model assumptions should be checked for
violations.

The choice of m can also be made by GCY, see Lucas {1378) and Wahba and

Wendelberger (1980).
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5. Algorithm

The user must supply N independent variables, SfCRd, i=l,...,N, and their
corresponding dependent variables, zicRd, i=l,...,N to compute the LSS at a
point EeRd. Assume that the model described in Sectfon 2 holds. In
particular, assume the independent variables E1 are known without error and
the dependent variables z§ consist of the true function value at ti, f(Ej),
plus "noise," ey, zi = fgti) + e{. The ey are independent with finite
variance 02042, 02 an unknown constant.

To produce the coefficients c and g needed to evaluate the spline we
solve the linear system of equations

(x + NA*DGZ)E +Td =2z
and

TTS =0,

In this system A* is the optimal value of the smoothing parameter XA as
determined by the generalized cross validation function. If A* is known then
the solution of the above linear system could be accomplished for relatively
large values of N. However, it is usually unknown and must be calculated in
order to solve the system of equations.

The method currently used to determine A* requires the solution of a
symmetric N-M dimensional eigenvalue-eigenvector problem. This is the current
computational barrier to solving problems with large numbers of observations.

The algerithm presented in Wahba and Wendelberger (1980) requires the
inversion of a matrix of order M and two eirgenvalue-eigenvector decompositions

of symmetric matrices, one N by N and the other (positive definite)
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N-M by N-M. The algorithm presented here requires the solution of a
triangular system of order M, the QR-decomposition of an N by M matrix and the
singular value (or eigenvalue-eigenvector) decomposition of a symmetric
positive definite N-M by N-M matrix. This algorfthm is faster and requires
fewer operations, primarily b2cause of the replacement of one N by N
eigenvalue-eigenvector decomposition by the QR-decomposition of an N by M
matrix (M < N).
This algorithm provides for replicated points. A replicated point is one
for which there is more than one observation of the dependent variable for a
particular value of the independent variable. Let the total number of unique
(1ndependent variable) points be Ny and define Ng = N - M - Ny. Then the
computational algorithm is as follows:
(1) Compute T4 = Dg~!T.
(11) Perform the QR-decomposition described in Dongarra, et al., (1979), of
To.
To = (01,02) x (RT,0)T .
(111) Calculate B = QpTD4~1KDg"1Q2 .
(iv) Decompose B = (Uj,U2)0ge (U1,U2)T ,
using the singular value decomposition of B, as described by Golub
and Reinsch (1970) or using the spectral deccmposition of B as

described by Smith, et al., (1976); where

g Ty Ve S B reer A o e e - oY O S— e s g ars wre s g v e
S RIS B AR T I o R AL AT I RN A B e o e T e B L oy ety T e TR TR
AN S Anatd

bod A ] En

2 -*.m..',ﬁ



ORIGINAL PACT IS 433
OF POOR QUALITY

< Dg* - diagonal matrix of the eigenvalues (bf) of B, which is of
i' dimension N-M by R-M,

Dg - diagonal matrix of the positive eigenvalues (bj) of B, which
17? is of dimension Hy by Ny,
.. Uy - the eigenvectors of the positive eigenvalues of B, which is of
i dimensfon (N-M) by Ny, and
- Up - the eigenvectors of the zero eigenvalues of B, which is of
1~ dimension (N-M) by Ng.
T (v) Formw = UlTQZTDO-li.
- Wl (W, Ny)
;O (vi) Obcain A* as the minimizer of
i NN NN
- N E [wi/(bi/N + 2)12/( T (1/(bi/N+1)))3,
: i=l i=1
- A # « and N-M = Ny
3 Ny

N[25T02Q2T2¢ - wiw + A2 T (wi/(bi/N+r))2]+ (5.1)

3 V) = NN =
- (N-M-meifl(l/(b1/N+x)))2,
- A * » and N-M * Ny
N 257020272/ (N-M)2, A = =

where Za = Dq-lz .
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(vii) Calculate

Do-1Q2U108=1U1T02Tzg , A =0
Do~1Q2U1[(DB+NAI)=11U1TQ,Tz,

- 0 <X <®and N-M = Ny

(5.2)

Da°‘02U1[(DB+"XI)"-(NX)'11]U1T02T§a

+(m)-lno-lozczT§o » 0 <X <= and N-M # Ny

0, A=w,

(vi1i) Solve the triangular system,
Rd = QITDO"(E - Ke) for d,
(ET = (dy,e..,dy) .

An important aspect of this method is the relatively small cost of
reconstructing a new LSS hsing the identical independent variables while
changing only the dependent variables. To see this notice that the bulk of
the computational effort is in steps (1) through (iv) which do not require
knowledge of the dependent variables. These steps depend upon the independent
variables and Dg. To construct a second LSS with the same 1ndependent
variables and identical D4y we need only save the matrices Ui, Dg, Dg, Q1, Q2
and R. With these matrices we perform steps (v) through (viii) to produce a
spline for another set of dependent variables, say f" with 11ttle additional
computational effort.

The fact that obtaining another spline from 5' 1S easy requires further

consideration. It is made possible because of the necessity to minimize the
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GCVF. This minimization provides the mechanism to eastly calculate < and Q in
steps (vii) and (viii) of the algorithm, If A* was somehow known a priori
then we could go right ahead and solve the linear system (2.8) and (2.9) at a
much less one time cost. However, even with A* known, if we had many new data
sets 5' then for some number of them it indeed would be easier to do the
spectral decomposition once and for all.

Instead of saving U, Dg, Dg» Q1, Q2 2nd R we actually save Q2U1, Dg» DB»
Q1T04"!K and the QR-decomposition of T4 to retrieve R, Q2027 and Q. By using
these matrices we can perform steps (v) through (viif) quite inexpensively.
The QR-decomposition can be stored in the storage which has been allocated for
To plus M additional storage locations. QlTD°'1K is retained so that it is

unnecessary to reevaluate K.
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6. Example 2--Franke's Principal Test Sunction, d=2.

Example 2 is a Monte Carlo experimsnt to demonstraie the surface (d=2)
which may be obtained by using an LSS with GCV, The "principal test function"
of Franke (1679) is used as the true function f. This surface consists of two
Gaussian peaks and one Gaussian dip superimposed on a surface sloping towards
the first quadrant. The surface is defined by

f(x.y) = .75 exp -[[(9x-2)%+(9y-2)2]/4]

+ .75 exp -[[(9x+1)2/ 49]+[(9y+1)/10]]
+ .50 exp -[[(9x-7)%+(9y-3)21/4] -
- .20 exp -[(9x-4)2+(9y-7)2]

bod  bored ] el o ]

A plot of the surface f is given in Figure 6.1.

The surface is reconstructed from 169 “noisy" observations on the grid

2j-1 2k-1
G = {ty|tj=(mmm—m,—), 1=13(j-1)+k; j,k=1,...,13} . !
=~ 26 26 '

P

The "noisy" observations are o3

zi = f(ty) + ey with ej~N(0,02), i=1,...,169, 02=(.03)2.

o vrmm vmne &

The e, are generated by the pseudo random number generator RAENBR at the

Madison Academic Computing Center, MACC (1978). The LSS with m=2 and the

—en

smoothing parameter chosen by GCV is plotted 1n Figure 6.2. The c¢loseness of
fi1t can be qualitatively seen by overlaying Figqure 6.2 on Figure 6.1.

For this example the calculated 0o2=(,026)2, (using (4.6)), compares
favorably with the true o?=(.03)2, Using gg? to obtain confidence intervals
for the true curve at the grid points G as 1n Wahba (1981) gives the 95%

confidence intervals
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Figure 6.1: Example 2--Frank 's Princip.e Test Function
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(i) * 1.960eoi(aji(A*))1/2 , d=l,.00N
Figure 6.3 gives the cross section along the grid showing rLhe true curve,
spline fit, observation and 9:% confidence interval at each point for each
value of xi¢, i=1,...,13,

The umber of 95% confidence intervals which cover the true surface is
known because the true surface is known, For this exarple 162 or 95.9% of tne
intervals cover the true surface. This is a favorable comparison since the
expected number is 161. This example was not chosen because of this agreement
but rather was the only one run by prior decision.

The example given here uses points on a grid only for clarity of display.
For other d=2 Monte Carlo results see Wahba and Wendelberger (1980). The

meteorological examply given there uses 1rregu\arly spaced points.
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7. Example 3—Derivatives and Qutliers, d=3.

Example 3 is a Monte Carlo experiment with d=3 and true function

f(x1,x2,x3)=(20)~3/2 exp [(x}2+4x22+9x32)/(-2)].

Contours of f, f' and f'' are given as the solid lines in Figures 7.4, 7.5 and
7.6.

Three hundred points Ei, i=1,...,300 are taken from a uniform
distribution 1n R={(x],x2,x3)|-2¢x1€2, -1<x2<1, -2/3¢x3<2/3}. The true
function f is evaluated at each of the points ti and added to a Gaussian
pseudo random variable with standard deviation 0=.0025 to yield observation
Zij. The peak height of f is approximately .0634. o is roughly 4% of the peak
height and therefore these data have a "typical® noise level,

A value of m=4 was chosen for this example in order that the second
derivative of the spline could be used as an estimate of the second derivative
of f. If k is the order of the derivative desired then 2m-2k-d nust be
positive. MHere 2x4-2x2-3 =1> 0 ;nd so the second derivative of the LSS will
be a good estimate of the second derivative of f; for details see Wahba and
Wendelberger (1980).

The estimate oge for this experiment is .0024 which agrees nicely with the
true value of .0025.

Contours of the true function and the fitted spline, g, are plotted in
Figure 7.4 for 4 values of x3. B8ecause of the symmetry of the true surface it
was not plotted for negative values of x3. The true function and the fitted
spline are close to one another near the center of the region ard this
closeness degrades as we approach the boundary in each of the three

directions.

—t Bl B Em

! &d ]

a
"~

B g

.~
[

LY

-~e




1

| o Y AT
. .

ORIGINAL PSTE 8
OF POOR QUALITY

445

‘ l..zo
m“— B s MC
£z 82
e o
24 ] 2
nm_ p °
WM_ - ; Lo. > ml
I ] 2
i K
=g . m
i T ¥
4&
L]
STV ITUTE SUPTU IUNTE SUNEY N RO W
- < %2 o - -4 - . Q ] 3 G -
- - . ﬂu 4 - - - 1] q q
~ L2 £+
| _
¢ 4
: ]
’ e
’ 4
| - . _
MO p m-. m
] - 3 3
X 83 I
g, v 2 m
: cg! - nm )
2§ 48 = i3 = I
't e _
e ) gi
w“ - mm I
2, i~ .
S5:! q. .M-I
A 3
¥ L] a ".
adaaaal e el aa ol 2t aa g baaaa b aaa o gt __”
[=) ) (=) [ o . - o “ © ']
- L - 1] -
; ;
x x
h
.- Figure 7.4: Example 3--solid line 1s f, dashed line is g.
(F Tl i e e R S R T T st ST B s e b g N et g S s v




b

L oo 2 Lev? ey * e g s - ~
dat Bt S el o e S 1 Yee, TR

GINAL PACE 1S 446

The contours of the derivatives of f and gi1* with respect tc x1, x2 and
x3 are given in Figures 7.5a, 7.5b and 7.5c, respectively. The contours of
the second derivatives of f and gx* with respect to xixy, X}x2, X1X3, X2X2,
xpx3 and x3x3 are given in Figures 7.6a, 7.6b, 7.6¢, 7.6d, 7.6e, and 7.6f,
respectively. The same qualitiative behavior is displayed by these
derivatives as of the function with the degradation occurring relatively more
rapidly as the boundary is approached. Figure 7.6f which is (32)/(3x33x3) of
f and g)* displays a particularly good fit near the center of R.

LSS's may oe utilized to detect outliers in multidimensional noisy data
provided that the model of Section 2 is (nearly) appropriate. The model
requires that the observations are unbiased, i.e., that Eftf. The errors
should be additive and have a known relative error 'structure, Dy. For the
purpose of the outlier study here we shall further assume that each error ey
has a Gaussian distribution,

To what extent the assumption of normality may be rg}axed in practice
requires further study. The smoothness assumption requires that f(E) is
a smooth function of t. This rules out “cliff" functions or those with
discontinuities. By using a probability plot of the residuals the example
discussed here, which satisfies the above requirements, will be used to
demonstrate an outlier detection method.

Data sets with outliers need to be constructed. To accomplish this
choose the two points of Ei’ i=1l,...,300 which are nearest to and farthest
from the origin, which is the center of the data region. These two points are

ty = (-.056, -.032, -.042) and ty = (1.985, -.879, -.325), respectively. To

w2 LTS X « A - ~ - . -
L U o W2 Tl Bt S A Nt et e e L S e e gttt ot eday whr Y

i

= ed o] B B B2E)

-

i i

et g oy

-
1
i

3

aee

S leozad




oo LSy P - ———

[,

———

ORIGINAL PAGE
OF POOR QUALITY

447

FARST OURIVAYIVE MiTH RCSPCCE 9 X0
M:1300 R:4 SiCHAs 0028 WD &

sadatiaaatlsazataaaatoaaatog

X

RESPELY 10 X4,

FINST OERIVATIVE uiTH

We300 Med $1GnAe €08 A3v @

IRV SURTE EUSTR SN TN SUNTE SUWEY
. ] - Qo ., w °
d - . H d d
- - ‘ -
. ]

X

X1

FIRSY OLRIVATIYE Mi3M RLSPECT TO Xy
M:300 Asé SICBA: 0023 XX O

S

Ay
~
. )

LR LA ] " L2 B )

1
-2

I e Aia o a boa o a4 L 4 a2 a4 i a4
o " o v L-1

tx

FIn3T CERIVATIVE HETH RTSPECT 7O X|.

N:300 Aad $1CnRe 0028 %32 2

X1

Figure 7.5

T PN T T e L,

a: Example 3--Sol1d line is df/dx), dashed line is dg/dxj.

v

3 -

e

T R e RPN

- b " ) - < v S IS s b LT
Rt it S e IS e 2 I A e 5 i S SN R S R R L e e (o




448

cn 13
B8

Nul. PR

ORIG!

QUA

OF PGOR

o - . » - ~- ’ . fovm . .
Citad ] t 3 — 4 { ® t " [} * ' . . . [ H i 3 t— | gand o » '
1} 1"
Mo.—- -0 -
1 4
p 4
4
- “u‘ QJm -
] ”
-o- ] Jo ]
- E
4 4
4 J
e E
49 -18*
1 h
4
4
-’ L et ] 4
- - LS T T 1] ) rd <01
¥ S T i W f p
9 a1t 3200 syuals yau OOt 3 *CX  $ICO :wuOiS v:il 00l
"IN 0L 1)24%3% HIIRN JALLWAIVIS & 3R 0L 1334834 HLIW JATLVAIEID 48814
¢
14 x
] . ]
uo 1- ~40 t-
-
: “
g 4g° -
] 1
] ]
- - - E 4
EXXR PO L 3 ma. ]
..S. -1s
X h .+
’ 1 e
’ o 4
LTS
. 4
’ Ho 1 et
® SCX $200 swualg pek 00tTH 0 3C1 $200 3VWOLS vru OOCtN
TR 08 1314SD8 HIIN JALIWATNIG 1SM1) CIN 03 1314799 wL1IW JANINATYID 1SHNS

ey e
A SN TR )

&

3

3

o

i

T

FITpe rb vy

4 Rag

il R BT ST S e

o dus s

Example 3--solid line 1s df/dxp, dashed line 1s dg/dxp.

SRl e

.

.

Figure 7.5b

L;suu‘ by R Ay e T U A



449

IS

aL vk
OF POCR QUALITY

ORIGW

1x 1x
-N - -o -—l o“l
T r LA T T—v—7 T ]
<40 - <0 -
4 B
p 1
49 - s -
4 4
1 4
Jo- X Ho 3
; ]
] .
J L
BLY -1y
4
] ]
b 1
Jo-s ]
-Jo° [}
] ]
9 *CX $200 swdlg dvu DOL* 3 "CL 3280 twUIIS erv SOLN
“E2 01 BIRI338 MiIN JALINKINIG SM812 €2 91 134839 N3IN Jalivaiedd 18814
1 1%
<o ¢~ <40 -
4 4
-4g - 45 -
- -
- -
4 4
do. % luo 5
-1 1S
4 1
3 ]
4
T Jo-t do v
4
o ttR 9200 *wwnIg viw DOCtE 0 61 300 ‘WIS etw 0OK'N
“CE 95 §I24tv UIIn Jalivaled 13314 €2 0% 3315800 miiw Dalivalnda gtuly
e ————— e e e et ——— fmeete s aw

oS b wnany

Example 3--solid line is df/dx3, dashed line 1s dg/dx3.

Figure 7.5¢

rr——

i.:«* b s S 5

|

WA AR P

-
a

I TE S e AP

22y

o e

LRy

P

Fas.

o e s v

28

e e

TS R R A

PN

b e L T,




- 5
-
a
[=
e ]
[1+]
~ 2nD OCEEvATIVE Wit RESPECT 18 XML N0 DLRIVATIVE witw REIPLCT T8 XL.KY
;,. W:)00 Al 31l 0038 23 O N300 A0 SICRAS 002F X3s 4
& < s
L] § O 1.0
s L
< [ 'S, .
g [ 1od \ N 1 ad
hJ] 3 L ] L
— - -
® s of - o of
w - 9
S ' L
: ! : -
n 8 H - i
=] =S¢ HE 01
= s ) [
- [ Y] [
a 3 t ‘. * o (@} (o]
—_ -1 of ls . -1.0} m 3
= A 1 =
5 n 6
® 2
o5
— &
w e
a, QT
- <z
e [ 1
— . 1 -
~ ]
-
a MO OCRIVATIVE M1TH RESPECY T8 N1.X) 2%0 DERIVATIVE xITN RCIPECT 1O X1.MY
I N300 Med SICM 0025 X3s 2 M:300 As4 BICRAs 0028 33
S s e * 1.0k
3 1 of 1.0f
a H [
[ ' [
—t | [ . . L
5 5F : ]
1 L ! .- L
@ 5 o ™ # SOp i
x } "\, 8
o ! ' - .t
s N 9 [ A -
¢\ t& L 1rae b
4 . sk ey -
J [»% 5 - ti : i o
2 > s b ' u
e — [ sy, +
1 ~N L ey, L
9 . . Vr e -
. 1 OF l ;. Y . -I-O_ N
. L
G 1. 2. wm
¥ (=]
. xi
4
-
13
. .
~ . ——— S
[ R} : [ . --.: - . R ! . - — R



BRI RS |

eyt

o R e Tt
Ll

i

MR s Y

il

T TR I R B R TY.

Y, 7P VAP T e B TP Y RN

T

qg9°/ aJ4nbig

*explxp/b,p s} 3ui| paysep ‘prpr/;zp S1L |auL| pL]os--f ajduex3

e o

200 OERIVATIVE METn REIPLCY 13 X122
T8

#1309 Ad SECAA: 0O°8

IN0 CERLVATIVE wits REEPLCT T8 X152

NeddJ Al B1CAAS 0028 X3 4

] - [
t o ; . | 1.0}
’ " 4 b
s ¥ " S
[ L} 3
(] ] b
5 i K18
[ [} I
-_I N o
o .0 == 2o Moe ndil o .oF
- \ Tag -
' ~.e S
-5 . C
s ey 5
vy 8
o ' s
-1 0 ¢ «3.0p-
3 v i 1-op
[ 4 i 1 4 1
-1 [+] 1.
X
TR0 OCRIVATIVE MITM RESPECT T8 21,X2 M0 OLRIVATIVE WITH AESPECT T8 KI.X2

Be30Q Aaé SICHAs 0026 X3s ¢ N300 Asd S1CNAs 4"28 T3z 8
s of- 1.0F
[ s
- +
o o
S B3
8 X
3 -
~ g:. (] n[.
”x - » e 8
r . C
5 A 5
-8 -8}
F F
-1 o -t.0f

117nd ¥ood 40
g‘; 30vd TANDMO

LsY




™

[

ORIGINAL PAG

452

OF POOR QUAL:

s

et n .

Ho1- ot
]
4
p
e -{s -
4
4
400 B X
4
Py [}
p
p
p
p
—o0-t ot
§ 5TX 300 “4uOIE yuM CIteN 3 1Cx 4200 *wudi Peu OOLN
3T TX 0L 133487 WIIN JALIGATE O ONE TN BX 01 4334828 Xiln JAIIVATNIO On2
1x
* 4
<01~ -19 -
e -
] 3
8- Jg--
4 e
qor B o =
] M
Js- ds
.n |
4 9
- -
Jot .wo_

? (X 9200 PUUDIS st DOCTN
EX°TX 01 1234528 HiIn JATawalui0 Owd

9 SCX $200 1WWILIS #:v 0OC'N
IR°TX 01 1214820 w1 lm DATIWATYIO ON2
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Figure 7.6c
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construct data sets ks let each element of Zks equal the corresponding
element of z except for the kth,  The kth element is set equal to f(tg) - so,
0=,0025. Construct 215 analogously except that the 1th element becomes

f(E] ) + so.

Witk the data sets Zxs and Z1g probability plots in Figures
7.7 and 7.8 were obtained with MINITAB, Ryan, Joiner and Ryan (1976). The
probability plot is constructed by ordering the residuals r; from smallest to
largest and plotting them against their corresponding normal scores. The ith
smallest normal score as used by MINITAB is the (i-3/8)/300.25 percentage
point of the normal or Gaussian distribution. If the error distribution that
is postulated in the model is the correct one, then the probability plot
should be nearly linear. In the data sets constructed here the error
distribution is not correct because the kth or 1th point is biased and
contains no random component.

The numbers in Figures 7.7 and 7.8 indicate how many points are plotted
at that spot on the graph. An asterisk indicates one point and a plus sign
indicates that more than 9 points are overlapping. In Figures 7.7b, c and d
the outlier 1s fdentified as tne point which is separate from the points which
form the line. As the assumption of unbiasedness is more strongly violated 1t
shows up more obviously in the plot.

Figures 7.8a-d demonstrate that this outlier detection scheme is not
invincible and should be used in conjunction with other diagnostic checks.

The point E} has very high.leverage because it is on the boundary of the data

region. In linear regressian this is analogous to the points at the extremes
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8c: Residuals vs. normal scores for one outlier, f(ty) + 100, at tj.
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Figure 7.8d: Resdiuals vs. normal scores for one outlier, f(ty) + 200, at t3.
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of the independent variable range which also have high leverage. Because of
this the residual at E] is not large and does not show up in the probability
plots of Figures 7.8a-d. The leverage at E] is so large that it causes
another poini. the one in the lower left, in Figure 7.8d to appear as
descrepant. The probability plot provides a technique to check model
assumptions. However, as demonstrated here, this technique should be used in
conjunction with other diagnostic checks and with a good understanding of the
pitfalls which may be encountered.

Another diagnostic check which may be employed here is to plot the
residuals, ry, against the distance from ti to ti. This 1s analogous to
plotting the residuals against the independent variable in simple linear
regression. If a nonrandom pattern is observed, such as serial correlation,
then we have evidence that some model assumption is being violated. In
practice, E] {s unknown and hence it may be necessary to do all possible
plots, 1=1,...,N.

If a scaling Dy had been used then the scaled residuals Do"f would be
plotted 1nstead of re

The procedure described here is a diagnostic method by which some of the
model assumptions may be checked. Irregularly spaced multidimensional "noisy"
data easily mask outliers. This technique provides a means which may detect
these discrepant observations. It is presented here in the hope that it
becomes a routine method to check for model viclations in an analysis which
uses LSS's.

The three dimensional results presented here are new and quite promising.
A quantitative measurement of the goodness of fit of the estimated spline and
its derivatives to the true function 1s given in Wendelberger (1981). Further

Monte Carlo experiments will be performed in 3 and more dimensions.
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8. Running the program

To evaluate an LSS at any point, EeRd involves the execution of two
computer programs. The first of these, called MAIN, produces the coefficients
of the spline. The second, called EVALUATE, proauces the spline, gy m, a(t).
If 2m-2k-d is positive EVALUATE may also be used to produce the first (k=1) or
second (k=2) derivative of gN,r,r- Depending upon the particular problem at
hand the user specifies differe?t options to be exercised by the program.
These options will be explained card by card celow. Card i will be
abbreviated Ci and the commands are summarized in Table 8.1 with an example
runstream given in Table 8.3.

Cl is used to specify whether or not the coefficient arrays < and g and
the matrices X and P used to reconstruct the spline are written to u;lt 13. X
contains the values of the independent variables and P contains the exponents
of the polynomials in (2.5), where P 1s rigarously defined.

To accomplish storing the spline in unit 13 C1 should have SS13 1n
columns 1 through 4. [f EVALUATE 1s not going to be run then the contents of
unit 13 will be unused. In this case C1 should be DONT.

Someone other than the casual user may require other arrays and matrices
which are also written to unit 13. See subroutine WRT13 in Wendelberger
(1981) for details on the arrays and matrices which are written to umit 13.
C2, to be described 1n the next paragraph, writes into umit 14, See
subroutines AWRT14 and BWRT14 to determine the specific values which are

written to unit 14,
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TABLE 8.1

Input for MAIN

POSSIBLE VALUES FORMAT
SS13, DONT A4
SM14, UM14, DONT A4
SR15, SP15, VL15, DONT Ad
MGCV, USEL A4
(x)(Insert 1f C2 is USEL.) E15.8
VARI, STAN, SAME (Omit if C2 {s UM14,) A4
(d,N,m) (Omit if C2 is UMI14,) 315
Format of cards C8+1,...,C8+N. 18A4

(z1, t17, o1 er 012)

(z4) (If C2 1s not UM14.)

(24, tiT, of or o42) (If C5 fs STAN or VARL.)

Format 1s provided on C7. (See C7)
(zn, tNT, on or o?)

YES, NO A4
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o

C2 provides the ability to store certain matrices in unit 14 by using f}
SM14 in columns 1 through 4. The storage of these matrices makes it n
unnecessary to perform the bulk of the computations if a second analysis is to . -:
be performed. However, only the dependent variables may be changed for such a j;
subsequent analysis. The relative variances or standard deviations must be ;ﬁ
fdentical to the run which used SM14 on C2. -

UM14 in the first four columns of C2 provides for use of the matrices -3
which have previously been stored in unit 14, If the value of C2 is DONT then ]
the matrices are neither stored nor used. ‘

C3 provides a means to retrieve certain information during the execution T}
of MAIN‘and to store this information in unit 15, The first four columns of ‘
C3 must‘be SR15, SP15, VL15 or DONT. If C3 is SR15 the residuals
re= (E-gu,m'x(g)) are stored in unit 15 with the format (G24.18). If C3 is .
SP15 the ordinate and abcissa for each point of the plot of the GCVF as given N
in the output are stored. First the number (n) of pairs 1s stored in IS Ty
format followed by the ordered pairs (i,ln(V(l?a‘*b))), where 1 is an 1ndex -
number 1=1,...,n and In is the natural logarithm; the format used is o
(13,624.18). If C3 is VL15 then by/N, i=1,...,N-M with format (G2£.18) N
followed by W with with the same format are stored. If none of the above :I
are to be stored then C3 should be DONT.

The value of MGCV on C4 causes the GCVF to be minimized to determine A*. jI
If the user wants to supply a value of A then the value of C4 shoald be USEL. :I
In that case C4+ 1s used. C4+ should contain the value of X 1n (élS.B) format
to be stored 1n a single prucision variable. If C4 is MGCV then C4+ should -

not be 1ncluded in the 1nput stream.
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C5 is not used if the value of C2 is UMl14. Otherwise C5 is used to input
relative varfances or relative standard deviations or neither of these for the
errors of the dependent variable, If the relative variances are to be read
then C5 should be VARI; 1f the relative standard deviations are read then C5
is STAN; and if neither is read then C5 is SAME. The value SAME 1s equivalent
to that of entering all 1's as the relative variances. However, if SAME is
used then the program circumvents both multiplication and division by 1 since
Dg is simply the identity matrix.

C6 1s not used if C2 is UMl14. Otherwise C6 reads in the number of
independent varfiables (= dimension), the number of observations N and the
value of m to be used. The format used is (3I5).

C7 contains the format to be used to read in the data values., The format
should require at most 72 spaces incluy : {. & left- and right-most
parentheses.

The da&a follow in -1 through Ct+N. The data should be real rortran
variables, each data line should contain, in order, the dependent variable,
the independent variaole(s) and the relat:ive variance or standard deviation if
used. If C2 is UM14 then C8+) through C8+N . -uld conrtain only the dependent
variables. They snculd be ~.en '+ the identical sequence as the dependent
and independent variable(s} were when 2 had the value SMid.

The last card to be read is C9. It should contain one of the values YES

or HO . If YES then experimental confidence intervals are provided along

with degrees of freedom and an estimate of the variance (Wahba, (1981)). If

NO then these values are neither computed nor printed.
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To evaluate the spline (k = 0), first derivative (k = 1) or second
derivative~(k 2 2) the pregram EVALUATE {1s used. Previous to running EVALUATE
the program MAIN must have been run with Cl writing the coefficients to unit
13 (C1 must have been S5S13). EVALUATE will then read the matrices from umit
13 and calculate the spline, its first derivative or second derivative. The
kth derivative (k = 1 or k = 2) will be calculated only 1f 2m-2k-d is greater
than 0. A description of the 1i1nput stream for EVALUATE 1s given 1n Table
8.2 with a sample runstream given 1n Table 8.3.

C1 contains two integer values in (2I5) format. The first integer, N',
specifies the number of points Est at which the function is to be evaluated.
The second nteger should be one of O, 1 or 2 depending upon whether the
spline, first orr second derivative, respectively, is to be calculated.

The second card contains the format to be used to read in the N' points,
The format should require at most 72 spaces, including the left- and
right-most parentheses. The independent variables are read line by line 1n
the same sequence as that which was used to calculate the coefficients.,

C3 must be either SV15 or DONT. To store the values in unit 15, C3
should be SV15. This causes the values followed by the corresponding
1ndependent variable(s) to be written to unit 15, If C3 is DONT then the
values are not written to unit 15.

C3+ 15 used only if C3 1s SV15. Then C3+ should have the format which 1s
to be used to write the calculated value(s) followed by the independent
variable(s) into unit 15. This format may have at most 72 spaces includin .

both the left- and right-most parentheses.
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TABLE 8.2
Input for EVALUATIOHN
POSSIBLE VALUES

(N* k)

Format to read C4+l,...,C4+N',
SV15,D0NT

Format for 15 (Omit if C2 1s DONT,)

Independunt variable points
of evaluation, tT.

Format is provided in C2.

467

FORMAT

215
18A4
A4
18A4

(See C2)

.




Sample Runstreams

@XQT SMOOTH*SPLINE ,MAIN
SS13
SM14
DONT
MGCV
SAME
1 28 2
(F3.10,33X,F4.0)
@ADD CATA.
YES

@XQT SMOOTH*SPLINE,EVALUATE
200 0

(36X,F8.4)

SV15

(2€15.8)
@ADD PLOTDATA.,

BXQT SMOOTH*SPLINE.MAIN
$S13
uM1d

DONT
USEL
.00016E00
(F3.0)
@ADD DATA.
YES

@XQT SMOOTH*SPLINE.EVALUATE
200 O

(36X,F8.4)

V15

(2£15.8)
QADD PLOTDATA.

ORIAIMAL PAGE 1T
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TABLE 8.3

Comments

Implements the MAIN program.

Stores tne spline coefficients in unit 13.
Stores matrices in unit 14,

Doesn't store other values.

Minimize the GCVF to determine A*.

The relative variances are all the same.
One dimension, 24 observations, m=2,
Format of the input data.

Inserts data from Table 3.1 in runstream.
Provide confidence intervals.

Implements the EVALUATION program.

At 200 points evaluate the spline.

Format of the independent variables.
Store the spline and 1ndependent variable
values in unit 15,

Format of above.

Inserts abcissa points to be used for
plotting.

Implements the MAIN program.

Stores the spline coefficients in unit 13.
Uses the matrices stored 1n 14 by MAIN
above,

Doesn't store other values.

Use the following value of A,

Value of X to be used.

Format of the dependent variables.

Inserts data from Table 3.1.

Provides confidence i1ntervals.

Implements the evaluation program.

At 200 points evaluate the spline.

Format of the independent variable.

Store the spiine and independent variable
in 15,

Format of above.

Inserts abcissa points to be used for
plotting.
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C4+1 through C4+N' contain the independent variable(s) at which the
function is to be evaluated. These should be in the format given on C2. The
independent variable(s) should be in the same sequence as used to obtain the
coefficients with the program MAIN.

The programs MAIN and EVALUATE are written in ASCII FORTRAN Level 9R1 and
are running on the UNIVAC 1100/80 computer at the University of Wisconsin.
All calculations are performed in double precision.

The subroutines used by the programs MAIN and EVALUATE are named:
AWRT14, BWRT14, CALC, CALD, CALRES, CHECKQ, COLOFK, CONINT, DATAR, DERIV1,
DERIVZ2, E, ED1, ED2, GETASI, GETBM, GETR, GETRDE, GETTHM, GRAPHV, MAKEB,
MAKETS, MINVL]1, MINVL2, MQRDC, PRINT, PRNTLM, RCHECK, READ13, SPLINE, SVDS8,
VARDF, VLHELP, VOFL, WHATDO, WRT13, AND WRT15. GRAPHV, MINVL1 and MINVL2 are
modeled after similar subroutines of the one dimensional smoothing spline
program written by Fleisher (1979) and running at the Madison Academic
Computing Center (MACC). A description of the program structure is given in
Wendelberger (1981).

The following LINPACK subroutines are also used by the program MAIN:
DAXPY, DCOPY, DDOT, DNRMZ2, DQRDC, DQRSL, DROT, DROTG, DSCAL, DSVDC, DSWAP and
DTRSL. The code for these routines is not included here. It may be found 1n
the LINPACK USERS' GUIDE by Dongarra, Bunch, Moler and Stewart (1979). One
modification 1s made 1n the LINPACK subroutine DSVDOC: the parameter MAXIT is
increased from 30 to 60. This parameter sets the maximum number of 1terations
to be performed 1n the algorithm to determine the singular values and vectors

of B befaore termination due to nonconvergence. Increasing MAXIT to 60 1s

AP‘A_A'
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necessary because with large N, say N > 140, 30 i1terations may not be large
enough for some problems. An example with N=150 failed because MAXIT=30 was
too small. However, with MAXIT=60 example 3 with N=300 was successfully run.
In fact MAXIT=G0 has proved ample for all examples tried to date. The version
of the program described here uses the singular value decomposition to obtain
the spectral decomposition of B. A new modified version uses the EISPACK
(Smth, et al., (1976)) routines DTRED2 and DTQL2 to accomplish this task at a
much reduced cost and at no loss in accuracy. This is because the singular
value decomposition does not make use of the symmetry of B. The EISPACK

routines do make use of the symmetry of B and thus the cost of the

decomposition is roughly cut in half,
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1. Introduction

Sasakt (1960) introduced the 1dea of numerical
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Somie New Mathematical Methods for Variational Objective Analysis
Using Splines and Cross Validation

GRACE WAHBA' AND JAMI S WLNDEFLBIRGER®
Department of Statisucs Universiy of Wisconsin Madivon 5378

(Manuscnpt recesved 12 November 1979 an final form 9 Apnil PAD)

ABSTRACT

Let d4x.v p 1) be a meteorological field of interest sav, hewht temperure arcomponent of the
wind field ctc We suppose that data {d}}, concerning the ficld of the fom b, = L & + ¢, are
given where each L, i an arbitrary contimuous linear functional and ¢ 18 o meurement error The
data &, may b the result of theory, direct measurements remote soundings or 3 cammination of these
We develop a new mithematicat formalism exploming the method of Gencrahzed € toasVahidation (GCV),
and some recently developed optimization results for analyzing this dutr The smdized held @, .,
1> the <olution to the mimimization problem Find @ 1n 2 suitable spice of functionstty mimmize

\
NSO -d1o * + Mud) T
()]
where
L] ~ 2
Jul®) = b o [ ‘ - and }Jtd\lhdl
avorsaramm @'ar'atay AV igpt dpne

Functions of = 1 2 or 3 of the four vanables ¥ v p 1 are also conudered THe approach can be
used to aralyze temperature fields from radiosonde measured tamper dures and! satethie radiance
mceasurements sunuliancoushy *oincorporate the peostrophic wind approvimation aid other information
In 4 test of the method tfor d = 2) simulated S00 mb heght data were obt und Widisarete points cor-
responding to the U S radiosonde network, by using an analytic represeation ofa S00 mb wave and
supenmposteg reddistic random errors The analvtic reprosentation was roeoy reidan o tine gnd wath
what appzirto be impressive results An exphcit represent stion for the nuein izer ohifq (D s found and
used as the baws for a direct (as opposed to aterative numerteal dponthm whoh s accurate and
cfticient for N somewhat less than the high speed stor wge capacity of the computer The results extend
those of Sasikt and others tn several directions In particular no starting gucssesand no preliminary
interpolation of (he data 1s required, and it 1s not necessary 1o solve a bound iy sdlie problem or even
assume boundary conditions to obtain a solutton Different types of data ¢ 1n be sumbined i1n a natural
way Pnor Jimatologizalhv estimated covanances are not used This method may hertioucht of av a very
general torm of low-pess filter The parameter A controls the haif power pont of the irphied data filter
while m controls the rate of roll off  of the power spectrum of the analyvzed ficld I'rom another point
of view A and m play the roles of the most important fre: pirameters in 1n Umplaf) pnor (ovanance
The correct choice of the parameter A and to some extent m 15 important These panmeters are estimated
Jrom the data beng anar2cd by the GCV method This method estimaics A and sibr which the smphed
data filter has maxunum internal predictive capability This cap hility 18 assesscdHy the CCV method
by imphicstiy feaving out ore data point at a time and determining how well the mesing datum can be
predicted from the remaining data The numernical algonithm given provides for theeffivient calculatton
of the opuimum A and m

meteorological field of mrerest say

476

Voruse 108

tton ®{xn por) of fown vanables representing a
hetght, tem-

vartational analysts for the objective analysis of
mecteorological fields In the most genceral form of
vanational analysis considered here we seek a func-

* Resvarch supported by the Office of Naval Research under
Contiact NO1S 77 C 0678

? Research supported by the Nanonal Scicnce Foundition
under Grant ATM75-23223

0027 0644 RO/081122 22509 50
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perature or a componeritof the wind field as a func-
tion of ground projectvn coordinates (x,v), the
vertical coordinaie p antdymer This function should
be suitably close to theiteight, temperature or wind
field as measured at a finte sct of pasihions, pressures
and umes. it should reliwt known behavior of such
fields. and 1t should be “smooth  1n some sense
For an example of hnswn behavior, if we fix p at
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500 mb. then @ 15 the 500 mb geopotential height
Letting b = (b(v,y p,,.1), then the sum of the tend-
ency and honzontal advection

0d/0t + ¢ (0D/Dx) + ¢ (OV/Dy)

should be small, where ¢, and ¢, arc the v and v
components of the wind velocity Sasaki and others
have incorporated weak (1 e . approumate) and
strong (1 ¢ , exact) constraints involving the tend-
ency, the advection. the geostrophic wind. balance.
honizonta! momentum. adiabatic energy, and the
hydrostatic and continuity equations (Sasaki, 1971;
Lewis, 1972; Lewts and Grayson, 1972, Achte-
meier, 1975)

Using the sum of the tendency and advection as
a weak constraint. Sasaki (1971) suggests finding
¢ 10 minimize

I = Uﬂ[aw — by

R

[a¢+( b 9P
(ar T Uy

odb 2 ad,2
+ [a,(-:_;—) + (I,(——)
2
+ a,(gi)-) “dld\d\. an
d H

where a, a. a,. a, are smoothing parameters to be
determined. ¢ 1s the observed hewght field data, ¢,
and ¢, are the (observed) components of wind
velocity, and R 1s the spatial and tempora' region
of interest The first term represents the desire that
@ be close to the data. the second that the sum
of (he tendency and horizontal advection 1s small
and the third, that the function be smooth in x,
yand1t.

Since &, ¢ and ¢, are only measured at a {rela-
tively sparse) set of wrregutarly spaced points,
Sasahiassumed that the data have beennterpolated
to a gnd sufficientlv fine for numenical analytic pur-
poses Aftler some simphtying assumptions, the
Euler equation tor the mmmimizer of (i 1) was ¢b-
tained by Sasakr (1971) and the mumimazer 1s found
to satisfy an elliptic partiel ditterential equation with
some boundary conditions Various authors using
this and other constraunts (see. e g . Lewts and Gray-
son  1972) have chosen values tor the smoothing
parameters, and solved the resulting Euler equa-
tions numencally to obtain an objectively analyzed
ficld

In this paper we develop a general mathematical
fornnilinm bisicdhy ambodvine Sasake s approach
with the tollowing ive modiications

GRACE WAHBA AND JAMES WENDELBLCRGER 1123

1) It 1s not necessary to first interpolate the data
to a gnd to obtamn b, raw data ts used directly

2) The problem of providing or ¢nforcing bound-
ary data 1s climinated

3) The main unknown smoothing parameters are
estimated from the data to be analyzed. rather than
from historical data or by guesswork

4) The method provides a technigue whereby raw
indirect data, such as satellite radiance data. can be
combined with direct data such as balloon tempera-
ture data 1n a single analysis procedure This can
be done without preconverung the radiance data to
temperatures

5) Discretization 1s the last step rather than the
first, so this source of error does not propagate
through the analysis This can be important (see
Nitta and Hovermale, 1969)

The method to be descnbed avoids the problem
of sclving partial differential equations numenically
However, it has tts own challenging numenrical prob-
lems which we have been able to solve simply using
existing pachages for medium sized (but not large)
data sets

To introduce our general method, we begin with
the simplest nontrivial example We fix time as well
as pressure and suppose that & = d(r1,3) 15 the SO0
mb heightat (x.y)at timet = 0 Weignore the tend-
ency and advection (second term)in(1 1)and suppose
observations d(x, v ) =d,., 1 =1, 2, ..N, of
th= 500 mb height at the N stations with coordinates
(v, ¥). = 1,2,. . N,aregiven We wanttoob-
tain a function ¢ which 15 smooth and such that
$(a, ) =D, 0= 1,2, ....,N.Consider the nuni-
mization of

\
NS (o) - DR+ AP, (12

where

JUD) = ” [( aq’)z + (ff)z]d\d.\ (13)

[Var ay

and A 1s given

If one attempts to minimize (1 2} by. for example.
wrniting the Luler equation one finds that the solu-
tion ‘nvolves a Green s tunction for the Laplacian
operator A, Ad = g-d/dv + FD/ME, and, un-
fortunately, this Green s function s not bounded
Sasahki (197D observes a similar phenomenon [see
paragraph which inddudes Eq (32)] but ignores 1t
For thus and othet teasons to be Jdiscussed, we seek
to find the minimizer (in a swtable space of tunc-
tons) of

\
NN DA - B F + A

¢ t

m= 2.3 ... (1.4
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where

2b\2 2
s = [ [(57) 2z
axt ardy

+ (-"’_’:—f-)z]d\dy (1.5)

or, more generally,

L m 2
o= J[ 5 (D
veo \ ¥ axt aym-r

m=2,3,....

If J(®) is small, then ¢ will be smooth

We have deliberately omitted any mentinn of the
domain of integration If the domain of integration
in (1.5) and (1 6) 1s tahen as a bounded region R
then 1t can be shown that the mimimizer of (1 4)
satisfies -

Amq’ = ov (X')') #* (Xt-)’a),
where A 1s the Laplacian, 1.e.,

(16)

l=l,2‘.--’N'

2 2
Ad = E;?. + _a_(b- ,
ox? dy?

and 1t satisfies the natural (Neumann) boundary
conditions This result in a similar problem appears
in Dyn and Wahba (1979) We avoid the necessity of
soiving a4 boundary-value problem by letung the
domamofntegrationbe —x < v,v < = The bound-
ary conditions are shifted to * The solution will be
defined for —= < x,) < * However, we will only
compute 1t on R and, of course, it will only have
meaning if there ai¢ data points not tco far from the
boundary We are also assumuing here that the world
1s flat in R, although the entire analysts that we do
nere can be done on the sphere [for the theory, see
Wahba (1979¢))

The solution, which we call ¢, ,, ,, to the problem
15 as follows Find ¢ 1n a suitable space X to muni-
mize

N
N-i 2 [(b(xny() - (t’l]2

iml

o x m md) ?
+ )‘J J s ('")(-i——) dxdy (17)
% Je» =m0 \ V ax"ay"‘"’

This was obtained by Duchon (1976a) and further
studied by Meinguet (1978, 1979) and Wahba
(1979a.b) It1s known as a * thin plate sphne " and
15 a natural generalization to two dimensions of
the one-dimensional smoothing polynomial sphne
{Reinsch, 1967).

We will give an explicit computable formula for
My ,, » later Problems in assigning boundary valugs
are climinated, and no prchiminary analysis of the
raw data 1s used.

My Ly be conndered as the result of apply-
g lovw-pass blta o the data Infroguency space
it can be shown that A controls the halt-power pont
of the tilter and mr the steepness of the woll-oft {see
Wagner (1971). Craven and Wahba (1979 and Wahba
(19784)] In one dimension the tilter tunction f (v)
as a function of w wvenumber s looks hike f(v)
= /(1 + Ae*™) We choose A and m trom *he data
by the GCV (generahized cross-vahidation) method
{(Craven and Wahba. 1979. Golub ¢1 al . 1979)
which proceeds as follows The cntena for a good
choice of A and n1 15 taken to be the abiiity to predict
the value of the field where data are withheld.

To estimate this predictive abihty from the data
let @), . be the funcuon which 1s the minimizer of
(1 7) with the Ath data point omutted If A and m are
good choices. then on the average Y, . (vi.3:)
— &, should be small and we measure this by the
ordinary cross-validation function

\
Ve =N S [OF, duaa) - B

A=l

(18)

This expression 1s difficult to compute. furthermore,
effects of unequal spacing of data points are not
suitably accounted for For these and other techni-
cal reasons recounted 1in Craven and Wahba (1979)
and Golub ¢r al (1979), one should measure the
ability of @, ,, , to predice missing data by the gen-
eralized cross-validation function (GCVF)

Vi(A)

= NS [P, auys) = Sl (ma).

A=t

a9

where the w,(/m.)A) are certain weights which have
been given 1n Craven and Wahba (1979) and Golub
et al (1979} V,(A) turns out to have a collapsed
representation whrch s refatively easy to compute
Foreachm = 2,3.4 . up to some preset maxi-
mum, V,(N) 1s computed as a function of A and
the value A(m) of A mimimuzing V,,(A) 1s determined
Then m 1s selected by comparing V., (AM(m)} over m.
A computer implementation of this example has
been made and apphed to data simulated from a
mathematical model for a 500 mb height field The
results are presented in Section 4

We next generalize this approach to allow the
imposition of weak constraints  Continuing with
p =500mb r = 0 we conuder as an example the
geostrophic wind approximation

ty = f'9dforx,

where @ is the S00 mb haght, w, and t, are castward
and northward components of the geostrophic wind,
and f 1s the Conohs paramcter If the eastward
and northward components of the wind are mcas-
uied at cach station, one can seek b to minimize

1, = = 10d/n,

e A e T o) A

———

\
. me m w e et g A v

v-_-4
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NS oy idix,y) — b

n 2
+N'Y 0.2-2(.6_(’1 +ﬁ'4,)
i a-v Ty by
n 2
NS (,:-z(i‘l - fi;,) + MWD), (110}
=1 ax I, ¥,

where N = 34, &, 1s the measured 500 mb neight
and @,, ©; are the observed wind components at
station: o,%is a weight which s, 1deally, the mean-
square error in the measured height field o,* 15 the
sum of the mean-square error 1n the measured east-
ward component ot the wind and the mean-square
error n the geostrophic approximation to the true
eastward wind o,° has the corresponding meaning
for the northward component of the wind

For m = 3 an exphcit formula for the ouninuzer
D, x of (1 10) will be given

Since we are going to choose A from the data, 1t
1~ orly necessary that o,%o.* and a¥/a;* a.e known
reasonably well Assuming all mean-sqaare errors
are known, it has been suggested by Reinsch (1967)
and others to choose A so that the first three terms
in (1 10) with & replaced by ¢, ,, , sum to 1. How-
ever, 1t has been shown (see Wahba, 1975 Craven
and Wahba, 1979) that tius will lead systematically
to undersmoothing

The 1dea of the generahzed cross-validation func-
tion extends to the choice of A and m in the
munimizer of (i 10) and we can obtain the GCVF
V(A) wihich can be minimized to estimate good
values of m and A

In this example where o%, 7,? and o4* may be
different the mumnnizer of the GCVF estimates A
and m which best predict missing data points,
inversely weighted by the appropriate o,?

We next turn to the andlysis of a temperature
field using both direct (balloon) and remote (satellite
radiarce) data  We assume that ail data are
measured at 1 = 0 and tt < v,v p) represents the
temperature The data consist of direct measure-
ment of the temperature from station s at pressure
p.. and indirect satcllite measurements of radiances
I(v) at frequency » and subsatellte point (v )
In the smmplest case (cloudless, looking down),
after some lhineanzation and appronimations * a
known function r(1) of the measured radiance
1(v) can be related to the temperature & by

[
r(v) = j Kw.p)yd(y s p)dp. (rn

In the provess of ncane to obtan (F T tostwe s
hold s unad One coatt obtun this tst s ikl by gy sing,
the balleon dats lone by fCwvang ont the s whbutede v what

follov » faccond taman o1 1))

| b i uiaics St bR AR b st S gt
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where K(v,p) 1s known for each frequency v = v,,
e .o Vy(see Frtz et al . 1972)
Thus we seck @ to mmumize

N'T o Dyp) — GulP + N ' S o,
ik

L

Pa 4
X [J K(v.p)P(xynp)¥dp — ’l(l’)]
i
+ A (D) (112)
where N s the total number of observations and
/ m!
anmg:n-u \01'02'03')

Jul®) =

m \ 2
X IJI (—ﬁ—\?—-—) dxdvdp. (1.13)
alauaya:apln

We will give an explicit formula for the minimizer
Dy e 0of 17.12) and the GCVF V_(A) for tis prob-
lem for ~ = 2. In theory. there is no difficulty in
adding vk temperawire constraints, or in cariying
out ths analysis in three space vanables and one
time vanable with direct data, indirect 4atz and weak
constramnts (A finite number of strong constrants
can be added, too, and we briefly indicate how ) In
practice the method has computational imits The
computatien of @, ,,, requires the solution of a
hinear system ¢* dimension close to the number N
of data ® and *weak constraint’ terms The com-
putation of the GCVF required the solution of an
eigenvalue problem of size ¥ We are obtaining very
good results with NV up to as large as 140 with p,escent
methods on the Umivac 1110 at the Umiversity of
Wisconsin, Madison, but improved algorithms wil!
have to be developed to go beyond this point on this
size mchime There s reason to believe that this can
be done Some algonithms handling four tinies as
many points in certain special cases have been
developed by Pathua (1978). Other numencal
methods suitable for large data sets are saggested
in Wahba (1980a,b} &, ,, 15 found 1n terms of coef-
ficients of certain basis functions, so that the bulk
of the numencal work 1s only done once tor each
set of data ., ,,,. and 1n certz.n cases its denva-
tives, can be evaluated on a fine gnd essentially
for ‘irce

We briefly mention the relationship of this work
to some other approaches in the hterature Fritsch
(1971) discusses a related form of two-dimenstonal
spline objective analysts Wagner (i971) analyzed
some of Sasakt’s varational objective analvsis
methods from the point of view of their properties
aslow-pass filters and expenimented with the param-
oot which contiols the halt power pomt of the blier
thete A). w th the equivalent of our m =2 The
Frelds of Intormation Blerding developed by M

T I B U A N O R A SO O

P R )

~
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Holl and assaciates also has the capability of blend-
ing ditterent types of data In our notatton Holl's
approawch s to munimize a discaete appronimation
to e b winch minimizes

\
}: 0,-,(1.,4) - d’:)’
=1
[sce Holl (1976), Eq (5)} The data arc assembled
ona regular discrete grid and €18 computed only on
the same grid Denvatives are replaced by finite
difterences Some ot the smoothing s effected by the
fact that there are more terms i vhe sum above than
there are gnd paints on which 4 1s to be computed
and. 1n addiion, the system ot equations to be solved
to obtain the mimimizer 1s solved approxin ately by
iterative techniques. where the choice of weigating
parameters and number of iteraticns will have a
filter.ng effect (sce. also, Wahba, 1980a, Section 8)
The discussion would not be complete without
noting that. in general. vanaiional objective analysis
methods involving a quadratic non-negative definite
penalty term hike AJ,(®) are inumately related to
certan forms of (Gandin) opumum objective anal-
ysts methods We illustrate this remark by a simple
discretized example Consider a vector of vanables
of interest x = (v,, ta. . . . \,) Suppose 2, =\,
+ ¢, 15 observed for: = 1, , n, where the e; are
supposcd to be 7zero mean independent Gaussian
1andom varniables with vanaance o Suppose that the
x, have a prior Gaussian distnibution vath Ey, = 0
and Evn, = 0,5, where £ 1s mathematical eapec-
tatton Letting X be the n x # matnx with ¢th
entry o,,, then the conutiona’ eapectation 1 of x
giventhe dataz = ‘z,, . .,z,) 18

x = XX + o)z,

where /1 1s the n X n 1dentity matnx However,
it 1s also true that x given above i1s the solution to
the mimimization problem find a to mimimize

L
nTt Y g - L)+ A(x),

=1
where J(x) = x'E7%x and A = ¢¥n Returning to
functions d(x.v) for example, there 1s a prior
covanance on ¢ », v) such that &, , ., the minimizer
of (1 7) has the property that §, ,, ,(v,)) 1s the con-
ditional e.pectation of d(x,v) given the data z;
= (x,.1,) + ¢,, where the e, are independent zero
me  Gaussan (error) random variables with com-
mon vanance o- The theory behind this remark
can be found in kimeidorf and Wahba (1970, 1971)
and Wahba (1978b, 1979¢) The choire of n contrels
the rate of decey of the power spectrum of the
sigaal with wavenumber, equivalently the shape of
the low-pass filterin the frequency domain Thiekaux
(1980) dircusses the relationship of m to prnor
sovariances in seme related but shghtly different

480
Vouuae 10R

examples Detads tor law-passfiltering on the spbere
v vanational methads may be touad i Wahba
(979, Scctionn 4 )

In Scction 2 we provide the solvton to a geactal
munmntzation problem ot which all the previomly
mentioned problems e spectal cases 1n Section 3
we describe the GCVE which allows the estimation
of A and m from the data being analvzed  In See-
tton 4, results of a Monte Canlo test of the method
1s given, using reatintic simulated 300 mb heett data
where the 'true  teldisknown Numernical methods
used are somewhat nonstandard and are descnibed
in some detal in the Appendices

Analysis of the heicht field via nuninuzaetion of
(1 4) 1s an isotropie method  Thiebaux (1977) has
provided some evidence that an teproved analysis
may be obtained usirng metheds which have ditferent
north-south and cast-west scales This feature may
be incorporated here by making a change of scale
v — Akv and v — A . A good scale parameter A
may be estimated bv GCV amultancously with A
and m Some vernv prehminary numencal results
with actual reparted S00 mb height data from the
U.S rawinsonde network suggests that the A = 1
{1 e , 1colropic) anulyvsis can be imrroved upon by
esamating A (see ‘Vendelberger 1981 We do not
discuss antsotropic methods further here

Kkreiss (1979a.b) notes that for successful numen-
cal soluti. n of certaun differential equations related
to numencal weather forecasuing, 't 1s desirable to
have nntial condrions that have certain continuity
properties We coniecture that the methods sug-
gested here can oe used to provide these imtal
conditions

2. Solution of a general minimization problem.

In this section we give a solution to a general
minimization problem of which the mimimization
problems of Eqs (1 7). (1.10) and (1.12) are spe-
cial cases

Our resalts hold in any number of dimensions,
where most mcteorological problems of interest wall
mvolve d = 2, 3ord Thed = 1 case results in the
familrar poly nonual smoothing spline (see Reinsch,
1967) We will <av a tunction «# of d vanables x,,

X g s amooth® of J, (), defined by
. m'

J, () = A Tt o !

art ea, m 0277 Ay

Jd™u 2
~ { ’ (———————) de,  dxy,
BN AU S L) # 1
N-l

1s small

We ~eeh to find o« which 1s simuhaneously comn-
patible with the data z,. -, . 2\, and 1s appro-
priately smooth The duta are assumed to be

:I = L;" + ‘h
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where the L, are (any) continuous hinear functionals
of # and the ¢, are mcasurement errors A rigorous
defimuon of a continuous lincar functienal as being
used here 1s gaven in Appendix A, but we note
the most useful ones here Lett* = (¢,*, ..., x4%)
be a fixed point in d dimensions Then

Tu = uit*)

is a continuous hncar functional for cach fixed t*
provided
2m - d >0

and
Ou i
L = ————
a‘?.. .a‘.:".' ‘J’l _rllzl
witha, + -+ + a, =& 15 also a continuous hnear

functiunal for each fixed t*, provided
2m - 2L -d >0

This allows incorporation of the winds as estimates
of the gradient uf the pressure field via the geo-
strophic appronimation L of the form

Lu = j [K(r... X, L xgddyy edxy

is a continuous linear functional if, for exampl:,
€115 a bounded set and

[ fn

0

..r,,)ldr. dy, < =,

This allows merging of radiance data with direct
temperature data in the objective analysis of tem-
perature fields We remark that Lu = «(t*) 1s not
a conunuous hinear functional ff m = 1, d = 2, and
this leads to the diticultiecs mennoned previously
tn regard to the miaimizaticn of (1 2)

We suppose that the ¢, are independent zero meen
errors with Ec¢,° = o, We seek to find v v a suit-
able (Hilbert) space of functions (defined 1in Ap-
pendix A) to munimuze

A}
N_l }: (L.“ - :').‘(rl.2 + A-’m(u)

iny

@n

In this Section A and m are fixed In Section 3 we
show how to choose A and m We will give an ¢x-
plicit tormula for the « which mimmazes (2 1) for
general L, The speaial cases (1 7) (1 10) and (1.12)
and others ot anterest can then be deduced Com-
putational alconthms are discussed in the Appendices
and a4 numerncal test ot the method on simulated
SO0 mb height datas given in Scction 4

The mummizer lbituy, (ot 2 D oaseypiessable
mntoras of ponviends of wetel acciod loss than
and the tundamontal soluttons of the terated
Laplacian Buetore stating the tesult, we difine some

GRACE WAHBA AND JAMFS WENDELBERGER
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notation In d-dimensional space there are

d+:‘1!|—l)

polynomials of total degree less than or equal to
m -1 Welet {, )12 be these M polynomuals, For
example, if d = 2,m = 3, then M = 6 and

dilx1xe) = 1, )
CARITE) B Y Q2
(X, X2) = X3 DT = Yy

de(xy,x3) = 1y}

Observe thatJ,(¢,) = 0. JM.sothy
polynomuals of total degree == m - 1are considered
infinitely smooth by this method. We define the
Laplacian A by

M=(

Gt xg) = 1

L.2,..

7y

4 8%
Au= 3y —.
0

if 4 and all its denivatives up to order m — 1 ure

continuous and are zero at nfimty, then by inte-
gration by parts, onc¢ has

U} = I Iu.l"’ml\.' dy,
R4

Thus, the sterated Laplacian A™ would play a role
in an Euler equation approachy for the sotution of
the vanational problem (2 11, although we do rot
use that method to obtain the solution
Lettings = (V.. ol U= (X, . .,Xx4)ane
d4
Is - ‘l = [S (x, - \')!]U!.

then the fupdamental <olution of the uterated
Laplacian 1s given by E,(s.t) deined by
Euts.t) = Et|s = t], 2.3
where
O™ 4 Inr, d even,
- 1)AI2+ 14
One = 23t ’:mll D'm — Jd12)
E(r) =
01" dodd, 0, =
F(di2 — m)
2!mnlh.'(,” _ l)l

\

[L.(s ) has the propurty A%EL(s ) = Sy = 1),
where the subseript (3) aindicates that A" s ap-
phed to £, constdered a tunction of s and 8§ i the
delta functron see Sahwarty (6o We cm onow
st the iesult

tet L. L., Ly be N lincarly independent
conttnuous lincar tunction s and suppose

- —-

PP T

e ekt 2l Ak

’

amar =t
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Lo Y. =0, A=1,2....N. 24

unphes that all the ¢, are 0.
fhen the solution to the problem Find #y , 5 t0
minimize

N -— - 2

N-' X (-E-"—'-—"-) + M) (2.9
J=1 g;

is unique and has the representation

A M
uh.w.l(‘) = z ch‘l(‘) + 2 dv¢vu)o (2-6)

=1 =]
where

fg(‘) = ng)E..(t's)o j = ‘. 2. o ey N. (2.7)

and L,,, means the linear functional L; applied to
what follows considered as a function of s. The co-

cfficients ¢ = (c,, .candd =(dy, ... .dy)
are determined by

(K + NAD,x + Td =z, (2 8)

Tc=0, 29

where K 1s the N x N symmetric matnx with
Jkth entry

LyyLiwEn(sa), (210
T s the N X M matnx with suth entry
L, @tn

and D, is the N x N dizgonal matnx with yth
entry o, An outline of the dentvauion s given 1n
Appendix A.

EXAMPLES

The simplest example 1s when the bounded linear
functionals are all evaluation functiorals Lu
=ut).t =1,2,.. ,N Forcondition (2 4) to be
satisficd 1t 1s necessary that the N poinist,, WAy
do not he tn 4 hyperplanc of dimensiond — 1orless
For example, if d = 2, then we need

N > (m + l)
2
and the N points must not fall on a straight hne

Then
LypEnist) = E,(t,0) = ¢ . 12

L')II-MUE-(S-‘) = Evu(tptk)v (2 |3)
le)r = (br((l) (2-14)
If
»
Lu =J K(xydul(y,® xp*va)dvy,
then

f(pr:.\'J) = r K()’;)E,,,(X|’.X2‘\\'1. P TS U l’ﬂll) 1
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ote I general & of this form oy oot be hnown
cyphartly, and then o quadiatine appronmmation
may be necessay  An appropuate quadrature
appronimantion fou a sl problem can be found
i Dyn and Wahba (1979 An enample of & when
Laomvehves detvatives is gnen i Appendin B

We make the mmportant obwivation that esti-
mates of denvatives of 17 up to order / may be ab-
tamed by dlferentiatung iy, analytically, pre-
vided2m - 2l —=d > 0.

We remark that in the more famihar Hilbert
spaces of functions for whichat s only assumed that

12
[I.-'I u’(‘lv .. -Xl)dxh LR d"ﬂ] < x‘

the evaluation functionals L i = u(t,) are not con-
tunuous hnear functionals.

3. The generalized cross-validation (GCV) method for
choosing A and m

We describe the generahized cross-vahdation
(GCV) method foi choosing A and . We emphasize
that A and m are the ““tusing paramcters™ of this
msthod (every objective analvsis techmigque has
wmng parameters') and one of the novel featu-es
being reported here 1s the ability to estimate good
values of A and m automatically from the data being
analyzed Frequently, ths sk s performed by
tnal and error We remark that GCV also can be
used with other methods but we do not pursue
this point here

To describe the GCV method, we first define the
*ordinary’ cross-vahdation function V,°(2). Let
'ty , be the mimmizer of

\
NV N (Lu = z¥a,% + A (1),
i

it ¢, the Ath data point has been left out Then,
LL“‘\‘L:A = an

1s the difference between the Ath data point and
an estimate of the Ath datapoint trom the remaning
data when m and A are used Tt and A are a good
choice the quantities 1in (3 Br should be small on the
average and this can be maasured by

\
VAN = N Y (Lt = Pt (3.2)

A=t

The geneial tdea 1s that one would choose A and m
to mmnze (321 It tures out diat (3 2) 1s very
difficult to compute  Futthermote. it s shown 1n
Craven and Wahba (1979, hercafter CW) Golub
et al (1979, hoceatter GENY and Wahba (1977)
that from a theoretical posmt of view 1tas better to
choose A and mr 1o muinmeze o certain weighted
varcinn Vo of Va0 defned by

s

-w

-r
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Va(d)=N-! 2 (Lytemn ~ 2xPawp(m,A), (3 3)

kwi
where wy(m ) are weights defined by
”‘k(mﬂ\)

N
= {1 = au(m A1 = N' 3 a,(m, M)}, (34)

(L)}
where the a,,(m.A) satisfy

iLw\ ma = aa(ni). 3.5)
62.
If the a,, were all the same the weights would be 1.
We first review the results from CW and GHW, on
the optimality properties of the GCV estimates A
and /it which are obtained as the mimmizers of (3 3).
Then we provide a simplificd expression for V,,(A)
which 1s amenable to computation, and 1n fact 1s
much easter to compute than V,,°(A)
The optimality properties of A and m are based
on assuming that

y=Lu+e, j=12, .,N,

where i is the **true™ field and ¢; is an error which1s
assumed to have mean zero and mean-squaie o?.*

4 In fact, here and clsewaere 1t 1s only necessary that the o,
are relauvely correct, since one can multply all the o, by an
arbitrary constant which then gets absorbed sn A

GRACE WAHBA AND JAMES WENDELBERGER 1129

We define an error function when m and A are

used as
N

R.(A) = EN-} 2 (L,u - L;uv_m A)’a‘,", (3.6)
=1

where the E means expected value. R, (A) 15 not
computable, of coursc, since v 15 not known. How-
ever, it ts shown 1n GHW and CW that under
rather general ctircumstances the A and m which
mintmize V,(A) are good estimates of the A and m
which minimize R.(A), and EV,(A) = R,(A) + «a
constant, for A near the mintmizer of R,,(A)

We now give a different, but equvalent, expres-
s1on for V,(A) of (3 3) which 1s suitable for efficient
numencal evaluation First, 1t can be shown by the
same reasoning as in CW, Lemma 3.2, that

Lty — 2k
= (Lyityma = 21 = au(m\)) (37)

and, substituting this 1nto (3.3) gives an alternative
expression for V,.(A) of (3.3),v/z.,

A
Va(A) = NV 3 (Lytty ma ~ 2)'0x72

k=1
N
x(I=N3 a)', (3.9
i)

where a,; = a,(n.\) Letting A.(A) be the N x N
matnx defined by

: .C\,‘ fﬁu AR

REERRY
»
SE
4 33 Stvaludon
x
Gr oundary,
s N\
v\
i . ( -
X x ” e )\
X}/
T «{\3
x I - >
X
x {1y b X £ V- NELI®!
! X‘C?\ » ¥ N 1
" N
[
] X
X
—— e

Fie | Loedation of noddd ridiosonde sthitions and boundary of gnd usd
for evatuion of the wndysin (The stition at San Juan, Puerto Rico, v not
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Lty wa where D, w the diagonal matuy with pth entry

'-.‘"\ ma =

‘,,,(I\)I. 7 = (2. . . :\"-
L\“\nk

then the expression (3.8) for V() can be wntten
in the cquivalent form

N-YUD,'T = A, (W2

er,, the trace of a matnn is the sum of s diagonal
entrres, and s the T edhidean noom A esphat
formula for 7 = A, (A m teuns of the matices k,
T and D s givenan Appendin € n Appendin C we
deaeribe a numerntcal algonithm for computing V', (A)
and finding the munmmizing A for cach m.as well as
computing the coefhicients ¢ and d  This algonthm

V(A = .. (3.9) was successfully implemented for the special case
[IN-* Traceld — AN d=2Lu=ut)o?=o’.m=2134 Sor6and
3.0
vs(2)
N g=10
2.5 |
2.0 )
~
2
x !
=
Z s |
<
Rs(2)
1.0 L
.5
-8 .7 -8 -8 -4 -3 -2 N
log‘ A

FIG 2 R.(A\)and V(&) m = 5 Example |

.y

)

&
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N = 120, to give the numencal results in the next
section

4. Numerical cxperiments

We have programmed and tested the mcthod for
analyzing data from simulated 500 mb height fieids
using simulated data at N = 114 North Amenican
radiosonde station locations The simulated data
were obtained from a mathematical mode! of 500 mb
height fields used by Dr Thomas Koehler of the
Department of Meteorology at the University of

300
g=5
200 |
w ¢ Y0
[
Ry{}) ¢ o ©
1 L4 [ ® )
0 1 1 i )
2 3 4 5 6
"
g n-
9 (a)
£t 800
&
“ c=15§
£ 700 |-
>I
. 600
o =
5§00 ¢
V(%)
400 | L] - . °
300 | .
200 ). ‘
an
p
o L ¢ ¢ o 0
] ! ! 1 1
2 3 s 5 6
n -
(c)
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Wisconsin that was based on an earher model
developed by Sanders (1971) The location of the 114
stations s given in Fig 1 The equations generating
the ficld are givermin Appendix B Discussion of the
rationale behind the model appears 1n Koehler's
(1979) thests. Contour maps of the modet fields ap-
pear oclow together with contour maps of the
analyzed ficlds determined from the simulated data,
Data were simulated by computing the true 500 mb
height at station « by calling Koehler’s program and
adding a simulated measurement error The simu-

300 ,-
9
3 o=10
.v-m
200 - .
MO
100‘-. R.(;)
SO NE
0 1 1 1 3
2 3 4 5 6
N+
(v)
800 ¢- -
A
V.( ) o= 20
700 - e o )
®
600 -
500 |-
400 -
300 au ~
R (2)
P e
200 r’ ¢ o o L
100 |~
0 1 | 1 I
2 3 4 5 6
A
(d)

Fit. 3 1 (A} and R.(M)

B T e ]

.
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FiG 4a The model (dashed hne) and analyzed (solid fine) fields witheg = §

lated measurement error was obtained by calling the normally distributed number with mean 0 and stand-
pseudo random number generator RAENBR in the ard deviauon ! and muluphes this number by a
University of Wisconsin Academic Computing Cen- constant which 1s given here as the standard devia-
ter hbrary. This program obtains a pseudo random tion of the measurement error This procedure re-

FIG 4b Asin Fig 4a except witho = 10

-
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FiG 4c AsinFig daexcept witha = 15

sulted 1n a set of 114 simulated measured S00 mb
heights which were then used to obtain an analy zed
ficld This 1s the simulated data vector z To ie-
capitulate the formulas tor obtaiming the analyzed

ficld, we go back to Section 2, withd = 2, N = 114,
L.u = uit,). where t, = (x;,v,). the coordinates of
the ¢th station We have considered m = 2,3, 4,5
and 6 The analyzed field 1s gtven by u, . . of Eq

Fio 44 Asin b da

\\\
e

creept with e = 20
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(2.6). where £, is defined by (2.12). &, is defined by
Q2 Dform = 3 and analogous formulas for other m,
K s dehined by (2 10) and (2.13). and 1 s detined by
(2.1D and (2.14) For cach m. V,(A) 1s defined by
(3.9), where D, is taken as the identity matnix since
all measurement errors are assumed to have the
same standard deviation. V,(A) 1s computed as in
Appendix C but since D, 1s the identity matnx,
then T = T. The earth was assumed *‘flat” and
latitude and longitude coordirates were treated as
(1.v) for the analysis of the field and then converted
back to latitude and longitude in the contour maps
given below. To msnimize round-off errors x and ¥
were rescaled 10 be 10ughly of magnitude one n
absolute value for the calculations.

30 - RMSE (m,3)
21172
- R 6nY
o5
20 |
+ ¢
L L
«° o
3 - 3
g 10 - - | 3
0 [ i I L
2 3 5 6
| B.d
0 .
- RHSE(M.X)
. R (0012
o=15
0
+ +
£ £
3 S
i W pr H
19 F * . . .
0 1 1 1l ]
2 3 4 s 8
ne

488
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In the first senes of expentments we considered
one ficld (to be called Faampie 1) and considered
=510, 1Sand 20 m torcachdataset e vaelue
ofr)weletm = 2.3.4,5and 6 Letus hirst enanune
the choice of A In the first example discussed here,
ag=10andm =5 (m = Swas the estimated " m
for this case. mote about that nent.) Fig 2 gnves a
plot of V5(A) vs A and R (A) Here R,(N) 1s defined as

A}
R,.(A) = lv-‘ S ["n m A('l) - "“')]2‘

where u(1,) 1s the *'true’".1 e . model 500 mb height
field at station: Theoretically, V,.(A) should “*track™
R.()\) near the mmmimum of R,,(A) (see Craven and

0 ~ - RHSEEa-:)Z
* (R,(0))
c=10

20 b=

0w . -

1 1 1 1 J
2 3 4 5 6
| 4
40 - - .
0 - RMSE (m,3)
172
« (R, (1))
o= 20
30 -
20+ o
: * . * 4
10 -
0 1 t L. J
2 3 & 5 6
[ IR.d

Fic § RMSE(m.A)and [RaiA)])'* vsm fore = S 10, 15 and 20

vy e

LR

FRAVOU RS TP, VUvRrRey 3.1
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Wahba, 1979, Golub ¢r al . 1979) In practice R,.(A)
is not known but in this example which s fauly
typical, it can be scen that the mimimizer, call it A,
of V.(A) 1s a very pood estimate of the mimimizer of
R.(A\) In fact the "mnefficiency * R,,(A)mun, R,.(A)
= 1.005

Fig 3 ilustrates how m 1s chosen from the data
and how good this choice ts To study vanability
of the method with m and o, the same set of 114
pseudo-random numbers has been used in each of
the 20 = 5 » 4 analyses behind Fig 3 The pscudo-
random number for station ¢ *vas muluphied by
o - 5,10, 15 and 2010 turn to get four data sets

Fig 3a plots V,, at the miminmzing .aiue A for
m =2,3,4.5 and 6 for the first data set (7 = §)
The nunimizing value A will be dilterentincach case
According to Tig 3a the choice of i = 5 would be
made from the data For comparnison R,,(A) 15 also
given Figs 1b, 3¢ and 3d give the same plots for the
other three data sets aith o = 10, 15and 20 It s
seen that the choice i = § would be made from the
daia in each case In general, R,.(A) 15 very close to
mun, R,.(\) and these plots suggest that choosing m
to minimize V',,(A) will resuit in a good choice of m.
However R, (A)form = 4andm = 61sonly shghtly
larger than R (A} The two points corresponding 19
them = 5 o = [0 case of Fig 2 are circled in Fig
3h Fips da-4d give the model and analyzed field
form = 5 with the estimated A for cach o tried The
model field contours tdashed hines) are the same in
each ficure The analyzed ficld contours are solid
hnes The contours are labeled 1n tens of meters

AN FAGE
R QUALTY
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From the data behind Fig 3 one can establish that
[R (M)} *1s between O 6 and 0 8¢ Thus the meas-
urcment notse 1s being filtered out to give a better
estimate overall, of the stauon 500 mb height than
the mcasured heights!

In practice, of course, we want the analyzed field
to be a good estimate of the true field over a whole
region, not just at the points where it 1s measured
To determine how well this goal 1s being met the
RMSE (root-mean-square error) of the analyzed
field over a 17 x 26 gnd covering the region out-
lined over North Amernica with a solid hne in Fig |
was computed This RMSE 1s defined as follows.

RMSE = RMSE(m.A)

L8 % e )
l7 x 26 '.-_' l.‘:.' ["lll n A( nd’;) ll(f’,.d’,)] .
where A 1s the estimated A for each i The RMSE
1s, of course. an overall measure of how well an en-
tire field can be estimated over a region trom the
114 data points .

Fig 5 gives plots of RMSE(/m.\) for the four
values of o tried. RMSE(m.A) 15 generally greater
than [R..(M)]' . For companson [R.(A)]'* 1s also
plotted The excess of RMSE(/n.A) over [R,(A)]*?
reflects the mnability of the method 10 interpolate
between data points

It can be seen from Fig 5 that by the RMSE
criterta an m somewhat smaller than 5 would give
shightly better results in these examples To what
extent this result on a model field carnes over to real

Fiu 6 The modid iddd td ashed ined and two analy zed ficlds (solid hines) with replicated Jdata

489
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ficlds 1s really a question of how closely the model  ple 1 abave with o = 10 was rephicated beginming
represents the real world with respect to the feature  with a new set of random numbers b, (0 was com-
ty

being tested puted trom the data and m = § was agaun chosen
To get afeel for the vaniability of the analysis with  from the data. .
actual vanation 1n the measurement crrors, Exam- The estimated value A in the second replicate was

FiG 7 Four examples with o = 10 (a) ALON, = 105, (b) ALON, = 100, (c) ALON, = 95,
- (d) ALON, = 90

e e i e PR

[ "SR
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very dose to A in the tirst rephicate (Remember that
the “"model ~ ficld 1s dentical tn both cases Y How-
ever, while the RMSL was 13 691nthe first replicate,
it was 17.13 in this one The model and the two
analyzed ficlds for this case appear in Fig 6

Finally, we look at vaitations as the ficld varied
Thice other ficlds, 1n addition to the first example,
were generated by moving the field from west to
east. The four fieldy are charactenzed by the
parameter ALON, n the model in Example 1,

o= ¥
-
.

— e

Fic 7 (Connnued)

.
Py
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ALON, = 95, the other three casés are 90, 100 and
108 The sceond repheate with ATON, - 95 i
used in this senes, and the same set of 114 onginal
random numbers used in the second replicate s
uscd in the other three examples here. A set of
data with ¢ = 10 was genetated for cach of these
thice new ficlds. The estimated values of i were

ALON, m
105 4
100 4
95 5 (already given)
% 6

Fig 7 gives a plot of the true and analyzed field in
each of these four cases. The RMSE values were

ALON,  RMSE(i,A)
105 8.40
100 1080
95  17.13
9%  13.08.

We have used o = 10 as a typical value here
because the results in Thiebaux (1977, Table 1.,
first row. fifth column) suggest that the root-mean-
square measutement error at Topeha 15 less than
10 m (assuming zero mean measurement eirors)
Note an earlier study (Air Weather Service, 1935)
has estimated ¢ at ~20 m.

The question of whether 1n practice m and A can
be eftectively chosen once and for all or should be
estimated dynamcally from the data has not been
completely addressed here This question can be
addressed with ""model * data only to the extent
that the model represents the real world with respect
to the phenomena being studied Furthermore, if the
critena 1s mimmum RMSE then this question can-
no* be answered with real data unless 1t is available
on a fine gnd Predicuive ability on the measure-
ment grid can be studied 1n experiments philosophi-
cally ke those of Thiebaux (1977). who omitied data
from Topeha and then cxamined how well the Topeka
data could be estimated from other data We are
presently doing this with both the isotropic and
amsotropic method and preliminary resuits are very
promising

A few preliminary expeniments we have carned
out with a hmited set of examples have resulted 1in
effccuvely similar values of A for fixed m If m and
A can be fixed, then the cost of repetiti’e estimation
of tty ,.x from data from a given set of stations be-
comes very inexpensive

Ultimately, whether or not m and A should be
estimated from the data or can safely be * fixed * at
some pnor value will have to be determined with
respect to the utumate use to which the analyzed
field s put (e g f 1t 1s used in a forecast model,
then one should determine whether dynamic estima-

tion of A and mr is cost effective in terms of better
forecasts)
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APPENDIX A
Outline of the Derivation of Eq. (2.6)

The solution to the minimization problem of (2 5)
will be found by the use of geometry in Hilbertspace.
By use of classical methods, 1t 1s possible to char-
actenize the soluticn as the solution to a partial df-
ferential equation with delta functions and denva-
tives of delta functions on the nchi-hand side. but
the present approach leads simply to algonthms
which do not require the numencul solution to a
partial difterenual equation. The reader not famihar
with Hilbert spaces may find Akhiezer and Glazman
(1961, pp 1-21 and 30-3%) provide the necessary
defimtions of Hilbert space norm and inner product
The Hilbert spaces we will use all possess a repro-
ducing heinel which s used to constiuct the solu-
tion. these kernels vall be descnibed be'oa We wish
to mmnimize

A}
N= N (L = 200,72 + A (1) 25

=1
i an appropriate Hilbert space* X of functions for
whech J, (i) 1s finite We first define a suitable inner

product on X Let s,. s.. . 5y be a fined set of
M pomtsin Euchdeand space withthe property that

v
N oa,pls) =0, for s=s,.. sy

imphes that all «, are 0 The particular chowce of
these points 15 ununportant as they will cancel out
later Annner pioduct (e ¢) 15 defined on X by

11
() = N utsh(s) + N

1
=1 wr ugmm @ a,

" dm
x] Jd Jgru L de,  day (A

LU W1 S A P

m!

Ry

It follows from (A1) that the norm [u] on X 1s
given by .

* The ngorous dofimbion of N v N s the vector space of all
the Schwartz distibutions for which afl the partial dors stives
inthe distihution s sense otiotdorder m are squarcntegrable
Ince Munguat 1979 Ty (3y)

~
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ol which 1s equivalent to (2 9), i.e.,
wlp = ¥ uls) + J,.(u) (A2)
fluff = X u'ts, T'e = 0, 2.9

ot
A (rcal) continuous binear functional L defined on

functions  in X 1s a functional which as<igrs a real
number to cach 1 with the property

Loty + Buy) = aluy, + BLu,

for any u, and «, and furthermoie there exists a
constant C so that

WLul = Clup, all v € X (A3)

For the familiar space L, of functions with

flet? = j 'Ju’(r,. oxddeye deg.
R,
Lu = u(1*)1s not a coutinuous hnear functionatl be-
cause (A3) cannot be satished However, in all the
spaces X that we will consider, L = u(t*) will Le
a continuous hnear funcuional By the Riesz repre-
sentation theorem {Akhiezer and Glazman, 1961,
p 33).°4f L, 15 a continuous hnear functional on
functions in a Hilbert space X, then there s a func-
tion 7, tn X, called the representer of L,, such that

Lu = (n,.u)

Suppose these »n, were given Then our mmmimiza-
tron problem s as follows Find « 1n X to minimize

‘
Nt S ((n.) = 2P0, 2+ M, (1) (Ad)

=1
We look at this problem from a geometnc point of
view. Any u 10 the Hilbert space X can be wnitten
as a linear combsnation of n,, T LDy
plus some function p which ts perpendicular to each
7, and &,. that s,

A u
u=Sem+ Sdo +p (AS)
a=f y=1

for some coefficients ¢ = (¢, o)L d=(d,,

e . ody), where
(m.P) =0, 1 L,2,.. N N
{(d,p)=0. »=12,.... M

By substituting (AS) into (A4) and using (A6) re-
peatedly. onc can show that for « of the foria (AS)
to munmmze (A4). 1t s necessary that p =0 By
using Lemma S 1 Rimeldorf and Wahba (1971,
. can also be established {assuming (2 4} that the
coelficientis ¢, must satnnfy

it

(A6)

AN

(6. N em) =0, v=12, MO AT

* Abhiezer and Glhwmnuse  hinoar tunctional for what we
are cflinge  continuous haesr fundtional

since (1n,.4,) = L;¢, Itrematns to find the n, and the
coefficientsec = (c ... ,¢\) andd =(d,. ..dy).
To find the n, we use the theory of reproductng
kernels. {For more dctails concerning what follows,
see Aronsazjn (1950) and Kimcldor@ and Wahba
(1971) ] A Hilbert space X 1s saud to possess a re-
producing hernel (rh) af, for cacht* 1n R, the func-
tional L = 1‘1*) 1s a continuous linear functional
Then there exists a representer ¢, 1n X such that

Lu = u(t*) = (g, .u).
We define the function Q(s.t) of two (vector) ran-
ables s and t by
Qst) = {gs.qq).

where Q ts called the reproducing kernel for X The
basic property of the reproducing hernelis that given
Q. one can find tne representers of any continuous
Iinear functionals. The 7, ate given by

7() = L,Q(s 1), (A8)
and, furthermore,
('ﬂu'fh) = Lﬁs)L,(“Q(S.t), (Ag)

where, as before, the subscnpt (s) indicates that the
functional L, 15 to be applied to what follows con-
sudered as a function of s

Using results in Duchon (19764, 1976b) cad
Meinguet (1979), 1t 1s possibie to acduce that the
reproducing hernel (O(s.t) for X with the inner
product given by (Al) 1s given by

QGs.t) = K(st) + P(s.t), (A10)
where
L
K(s\t) = Lo(s.t) = 3 pAE,(s,.5)
rai

o
= 3 pulS)En(t.s.)

=]

M
+ Y puSIPAVEL(suS, )

Boy=1

M
P(s) = X p.s)p,(t)

=1
E.(st) 1s as defined in (23). and p,,. ,py are
the M polynomials of total degree less than i satis-
fyingp,(s,) = 1. = ¢ and s equai 1o zero other-
wise To venfy that (s t) 1s the reproducing hernel
for X at 1s sufhcient 1o check that (g = w(t),
where ¢(8) = O O ead that g isin X Thes can be
done using Memeudt (1979

Now, ktting ¢t b as i (2 7).

£ = L, E.dsD Q@.n
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and using
) =1 Ost),

and assunung that ¢, .
b+ venfied that

<oty Satisfy (A7) it can

\ . \ "
Vemitd =¥ GEN = X N 00,00, ALD
(23} [L.2] = pm]

Thus. since the double «um on the night 1s a poly-
nomual, this establishes that the mintnmuzer of (2.5)
has the forma

v v
- A“) = E (cfc(') + S d.(b,(t). (2-6)

i=1 rel

The coefficients ¢ ~nd @ are obtained as follows:*
Sice ¥ e N & and uy,,.. differ by poly-
nomials, .

JalZ em) = Jul 3 &) = Julttam ).

By (Al1), S, s} =0, v=1,2,...,M, s0
by use ¢, (A2) and (A9

A
-’u(z cl’h)
(L]
A \ s
=S et = S ¥ eGLgy LanQsD). (A12)
- t=1 j=i

Using (A7) and (A 10) it can be shown that the aght-
hand side of (A12) 15 equal to

AT Y

4\: -‘-: Lt ,L,“)L'“)E,,,(S,t, = ¢'Ke.
1ot jmi
Using
Ll"\ ” oA
= Ke¢ + Td,
L\ll\ -

Eq ‘Ad)1s equal to
N YKe+Td -2)'D,Kec + Td
~z) + A¢'Ke. (AY)

Mintmization of this expression witn respect to ¢
and d gives the desired equations forcand d, 1 e,

(K + NAD e + Td = 2. (28
Tc=0 (2.9

We close this Appendiny with the observation that
one can also eiforce strong constraints by the same
mct, ods  Supnose one wishes lo minimize

A1
NUYN (Lyn = 2P0 + A (6), (A1)
k=t
subject to
L‘I{ =23 ) )\'. +1.. NV (ALS)
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The aumnuzer of ( VE) subject to (A TS) s obtained
by settme of O, NV, 0 N (2N
Hoacver  the vomputatie wal procedine given m
Appendices C and D s not statable tor this vase
since the procedure imvolves divivon by o Fora
computational procedure tor this care see Wahba
(1980b. Sec. 6 2).

APPENDIY B

Example of the Calcutationof £, Kand T
for L, tnvolving Miflerentiation

Letd =2, m=3
S

L‘“ T
13

.
[P, )]

Lyu = —
' ax,

wurl :h‘

then

ad

£i(xy.xg) = v Ex(v .t Tl."z)!h.;t'
AR}

3

i(ve = P + (th — PP

0|

]
a,
X Inl(y = 4+ (= ) sy
= 0.{20(t) = )+ (vh - w))

X (v} = x) Inf(v} = ) + (37 = x)7)

+ (- P+ (= Wl - )b

b
[ty = ) +(x% ~ )7

1
LgLinEast) = vt 3

Ny = L)+ (v - \5)’”.,,-:'.
re=ry

a
= E‘ f,(h-‘f-)l:‘.;{'
]
etc
APPENDIX C

Calculation of V(X)) and Its Minimizer,
and of cand d

Calculation of ¢, d and V , (AYare based on formulas
(C1—(C3) below These formulas are derved in
Appendix D

¢ = RR'KR + NAR'D,/R) 'Rz Ch
d = (1'D,*'TY'T'D, "(z — k) (CH
[cand dhave onginally beengvenin(2 8)and (2 9))
I - AN
= NADJR(RAR + NAR'D,RY'R', (C3)

where 4 1v anv NV A N~ Vf dimensional matnix of
rank N - VM satusfyimg R'7T = 0, 4.y
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Itis shownin Appendin Dthatthe N = M X N - M
dimensional matrix B Jdefined by B = R'KR is
always strictly positive <definite (although K may not
be) This allows some of the calculations below to
procced

We now discuss a computational procedure which
we have successfully implemented for the special
caxcd=2. Lu=ut). o =20, m=2,3,4,5
or 6, and N = 120

R can always be chosen so that R'DR = 1,_y
where I, y 15 the N - V[ dimensional dentity
matnix  This 1s done numencally as follows [et
T=D,'Tand formthe matnx C =1 - (T7'T)y'7T"
This symmetnic non-negefive definite matrixas a pro-
jection matnix of rank.N ~ M sausfyingT'C = Oy,
and so 1t has N - M cigenvalues equal to 1 and M
eigenvalucs equal to 0 The N — M eigenvectors
ry, P, s Provy, SAYy, corresponding to the ones
have the property

T#H=0 j=12,...,N=-M,

and the property that the N X N — A dimensional
matnx R with columns f#,. . Fu_y satisfies R'R
= [. The eigenvectors corr=sponding to the ones are
not indivitually umquely defined of course. any set
will do Letr, = D,”'/,and R = D,'R. Then T'r,
=T#=0 y=1,2... .N-M and R'D,R
= R'R = 1. Thus R 1s the desired matnx We suc-
cessfully used EISPACK (Smuth et al , 1976) n
double precision to deliver the {7} given C, for N
upto ~120 Once R 1s determined, let the eigenvalue
decomposition of B = R'KR be

B = UD,U’,
where U 1s orthogonal and Dy 1s the diagonal matnix
with diagonal entnes the eigenvalues b,, of B,
i=1.2,. N =M UandDyare again obtained

by EISPACK The b, are theoretically all positive.
Then ¢ 15 readily computed from the 1dentity

¢ = RU(Dg + N\)'UR'z
and d s computed from
d =(I"'N"'T'D,"'z - Kc).
By (C3) we obtain
D~ - AN = NAD ¢
and using (3.9) we have
Vau(2)
_ N-UNXMD RUWD, + NAL W |?
" NT(NAF[TraceR D,-RiB + NV R'D, R

v \;."__‘_‘,’
ca AN

AN ) l 2
(v 5 5w
l:-] h, + NA

vans 18
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where w = (wy, .. . ,wy_y) = U'R’z. Forfixed m,
ptven the w2 and the b, ot is not hard to find the
A mumrmizing the right hand side of this expression
by global search. It 1s conventent to work 1n units
-of logA.

APPENDIX D
Derivation of (C1), (C2) and (C3)
We obtain (C1) and (C2) from (2.8) and (2.9).
¢ =R(R'’KR + NAR'D/R)'R'?, (C1)
d =(T'D,*)Y'T'D,*z - Kc), (C2)
(K + N\D,%c + Td = z, (2.8)
Te=0. 2.9

Here R is any N x N — M matrix of rank N — M
satisfying R'T = 0. Since T'c = 0 there exists a
unmique N — M vector y, say, with

¢ = Ry. (D)

Multiplying the left side of (2.8) by R’ and substtuting
n (D1) gives

R(K + NAD)Ry = R'z ]
vy =[R'(K + NAD,)R) 'R’z

and multiplving the left side of (D2) vy R gives (Cl1).
To get (C2) we multiply the left side of (2 8) by
7'D,~* 10 get

T'D,*Kc + T'D,*Td = T'D,"%z.  (D3)

Finally we muitiply the left side of (D3) by
(T°'D,*N"" to obtain (C2).

To obtam (C3)
I - A,
= NADSR(R'KR + NAR'D2R)'R', (C3)
it is necessary to know that
Ledy = LyyLyjyEnlt ).

This is not hard to check from the definitions. Then
one has

N u
Littymp = S LE, + 3 d L,

=1 el

(D2)

k=12,....N,
or

Lty

Latvwr | = ke + T4,

l'\"\ LAY
and by the defimtion of A, (A). we have
Ke + Td = A (\)z,

.
PR Sy
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Thus,
1 - ANz =2- Ke - Td (N3
But from (2.8)
z ~ Kc - Td = NAD, . (D5)

Substituting (C1) into {DS) and the result into (D4)
gives (C3).

We now give a brief arpument why the N - M
X N — M matnx B = R'KR s always stnctly posi-
tive dehinite. Let K, and R, be the special cases of
K and R when L;un = u(t;) Duchon (1976b) has
shown in this case that R,/’KaR, 15 always strictly
positive defimte for an N = A, By using the fact
that all coniinuous lincar functionals in a reproduc-
ing kernel Hilbert space are imits of sums of evalua-
tion functionals, one can show the positive defimite-
1ess 1n general [see Dyn and Wahba (1979) for
more details].

APPENDIX E
500 mb Height Model

As mentioned earher, the height field used in the
numerical experiments 1s the same as that used by
T. Kochler. Koehler adopted the model of Sanders
to represent meteorological phenomena of interest
(in particular, we used pressure surfaces) over an
area the size of North Amenica. In his model the
height = of any pressure surface p at longitude dand
latitude ¢ 15 defined as follows:

2(8.d.p) = Z cos[(2n/L 0B, — 0 + ADG () + 2
+ [T(1000V5][1 = (p/1000) 4 71)
= (R/g){In(1000/p) — (a/2){In(1000/p)}?}
%X {(arlsindyXcosd, — cosd)
+ T cos[(Qn/L X8, — 0)]G(P)},

where
T,(1000) = 278 K
t=10K
2=150m
Ii=90m
Rylg = 0.0953
a=09x10Km™!
r = 6371 km
A =9
Ly = 30°
¢y = 45°
a = 0.621
R=2870ms K™
£=98ms™?
p = 500 mb
8, = ALON,
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Also

18 “ o p18 :
G(‘b) = b{;(‘b - d’o)} 1 ¢ ll; ("’ - ﬂbu)]

+ dl-'Eub - dm)]' +e,
w

with
b = -1/60, d = -40/60,
« =11/60, e=1,
and
¢ sing’' aG(¢')
G'(d) = de’.
@ J& sing, d¢' ¢

In the numencal expenments the parameter
ALON, was vaned taking the values 105, 100, 95
and 90 This parameter determined the longitude
at which the wave “begins™". Hence, by decreasing
ALON, the wave "‘moves’* from west to cast. For
the physical interpretation of the other constants
and functional form of the model the reader is re-
ferred to Koehler (1579)

REFERENCES

Achtemeter G L. 1975 On the imtishzation problem A van-
tional adjusiment method Mon Woa Rev 103, 1089-1103

Air Weather Service 1955 Accuracies of radiosonde data TR
105-133  Headquarters Air Weather Service Military Awr
Transpert Servaice USAF Washington DC 12 pp

Ahhtezer N 1 and | M Gluzman 1961 Theory of Linear
Opcratars i Hilhait Space Yol | 147 pp (Translated
from the Russian by Merhind Nestell Ungar New York)

Aronszajn, N 190 Theory of reproducing kernels  Traas
Amer Math Soc (58, 337-404

Craven, P. and G Wuhba 1979 Smoothing noisy data with
spline functions cstimatng the correct degree of smoothing
by the method of gencralized cross-valtdation Aumer
Math | 3, 377-403

Duchon. Jean 19764 Interpolation des fonctions de deux van-
ables susvant le principe de 11 flexton des plaques minces
RAIRO Anal Nunmer , 10, $-12

—.1976b Fonctions spline dutype Plaque mince en dimen-
sion 2, No 231 Scminaire d Anidvse Numenque Mathe-
matiques Apphquee s Universite Scientifique et Medicale
de Grenotle

Dyn. N and G Wahba 1979 On the estimation of functions of
scveral vanables from aperegated data MRC Tech Sum-
mary Rep No 1974 Mathematics Research Center, Um-
versity of Wisconwin, Madison 34 pp

Fri'sch, J M 1971 Objective unalysis of a two dimenstonal
data ficld by the cubic spline techmique Mon Wea Rev
99, 379-386

Friz S D Q Wark H L Fleming W L Smuth H Jacobe-
witz, D T HillearvandJ C Abshouse, 1972 Temperature
sounding from satetlites  NOAA Tech Rep NESS 59,
49 pp

Golub G, M Hecath and G Wahba, 1979 Generatzed cross-
validation as a method for choosing a geod ndge perameter
Fechnomernes, 21, 215-223

Holl M 1976 The upper-wir analvas capability FIB/UA -
troducing weighted spreading Project M 213, Mctcorology
Int, Inc , Monterey CA 32 pp

Kimcldorf, G . and G Wahba, 1970 A corrsspondence between

PR N

Vas uae 108

0 ——

= et e g png

b,




ORIGIIAL

NCE IS

OF POOR QUALITY

AUGUST 1980

Bayesian csimation on stashastic provessus and smoothing
by sphnes Aun Math Statine | 41, 495-502

— ., and —, 1971 Some results on Tchebyheffian sphine
functions J Math Anal Appd | 33, B2-98

Koehler T. 1979 A casc study of herght and temperature
analysis derived from Nimbus 6 satellite soundings on a fine
mesh model grnid Phd thess, Dept of Meteorology, Uni-
versity of disconan Madison, IN6 pp

Kreiss, H O 19791 Problems with diffurent trme scales for
ordinary differcati il cquations Umversity of Uppsala Com-
puter Sciences Deparntment Tech Rep Mo 68

——. 1979 Problums with difterent time scales for partial dof-
ferential equanons  Umiveraty of Uppsala Computer Sci-
entes Depirtment fech Rep No 7€

Lewis ) M 1972 Ap operational upper wir analvses Tellus,
24, 514-530

——.and T H Grayson 1972 The adjustment of surface wind
and pressure by Sasahi s vanauonsl matching tchmique
J Appl Meteor |11, 586-597

Meinguet, Jean 1978 Multivanate interpolation ot arbitrary
points made simple Rep No 118 Institute de Mathemanque
Pure et Appliquec  Lnnversite Catholuque de Louvain (1o
appear n Z Agnenw Math Phvs )

—. 1979 An intansic approach to multivanate sphine inter-
polation at aibitrary points  Proceedimes of the NATO
Advanced Stdy Iinvtaute on Polsnomial and Splite Approvi-
manon, B Sahney Fd ., Calgary 1978 (1n press)

Nitta. T . and J Hovermale 1969 A techmgue of obiective
analysis and tmtialization for the pnnutive forecast cqua-
tions Mon Wea Ry 97, 652-658

Pathua Moates 1978 Queques methodes numeniques pour le
calcul de fonctions sphines 1 une ot plusters vanables
Thesis  Anilyse Numengue Unncisite Sucntifique ot
Medicale d¢ Grenoble 171 pp

Resnsch G . 1967 Smoothing by spline functions Nanier Math |
10, 177183

Sanders F 1971 Analvtic solutions of the nonhinear omega and
voruicity equation for a structurally simple model of dis-
turbance 1n the barochinic westerhies Von Wea Ry 99,
193-407

Sasaki, U 1960 An objective analysis for determaining mitial
conditiors for the pnmitve equahons Tech Rep 208
Department of Oceanography and Meteorology A%M Col-
lege of Texas $$S pp

~——, 1971 A theoretical interpretation of amsotropically

.

GRACE WAHBA AND JAMES WENDELBERGER 1143

. weighted smoothing on the basis of numencal vanational
analyss Mon Wea Rev .99, 698-708

Smith, V. T.J M Boyle.B S Garbow, Y lhebe,V C Klema
and C B Moler, 1976 Mainix Ligensvstiem Roulines-
EISPACK Guude Springer Verlag, 387 pp

Thiebaux, H J. 1977 Extending estimation accuracy with
anisotropic taterpolation  fon Wea Rev , 105, 691-699

Wagncer, K 1971 Vanations! analysis using observational and
low pass filtening coastraints  MS thesis, The University of
Oklahoma, Norman, 39 pp

Wahba G, 1975 Smuothing noisy data with spline functions
Numer Math | 2%, 383-393

—. 19784 Automatic smuothing of the log spectral denwity
Univeraity of Wisconsin-Madison, Tech Rep 536 To
appear ing Amer Statint Asvoc

——. 1978d Impropcr priors, spline smoothinng and the prob-
lem of guarding against model errors in regresston J Rov
Stanst Soc . B40, 364-372

—, 19792 How to smooth curves and surfaces with splines
and cross vahildation  Proceedings of the 2dth Design of
Evperiments Conference US Army Research Office, Rep
79 2, 167-192

—, 1979b Convergence of ‘thin platc  <plines when
the data are noisv Smoathine Techmques for Curve Esu-
mation, T Gasser and M Rosenbiatt, Eds , Lecture Notes
i Mathemancs, No 757 Spanger-Verlag 232-245

——, 1979¢ Sphine¢ interpolation and smoothing on the sphere
Dept of Staustics Tech Rep No 584, University of
Wisconsin, Madison, 18 pp.

——, 1980a Spline bases regulanzation 7 nd generalized cross
validavon for solving approximation problems with large
quantiics of nony data Dept ot Statistics, Tech Rep
No 497, Unmiversity of Wisconun Madison 8 pp [To
appear in Procecdings of the International Conforence on
Approamation Lheory in Honor of Georee Lorens, January
1980 Ausun, TX Ward Cheney. td  Academic Press )

-, 1980b [ll-pased problems  Numencal and stausucal
methods for mildly mwoderitely and severely 11l posed prob-
lems with noisy Jua Dept of Statisties Tech Rep No
595, University of Winconsin Madison 69 pp [To appear
in the Proccedings of the International Conference on Hi-
Posed Problems Newarkh, DE October 1979, M Z Nashed,
Ed . Academic Press |

Wendelberger J 1950 Smoothung nowy data using mult-
vanate splines and generalized cross validatson Phd
thests, Dzpt of Statistics, University of Wisconsin

497

- ——

[

cottts ik i sebabaiaddlondi




Lasas o

il

T

B
el

VLR

-
ot B A

v

At i




End of Document



