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Summary. Let f, be a histogram estimate constructed from a sample of i.i.d. real-valued random variables
with common continuously differentiable density f. In this paper we prove a central limit theorem for the L,
error || f, — f . We determine a positive constant 0 < ¢ < 1 — 2/r in order that, under the usual conditions
of consistency, the law of

S =1 =ELf =1 1)e
be asymptotically Gaussian .1 (0, 1).
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I. INTRODUCTION

Although density estimates have been extensively studied during the last thirty years,
many results were only obtained under superfluous assumptions. For example, this is
the case in asymptotic normality studies for the global measures of deviation. Either the
error between the estimate f, and its expectation E f, is considered instead of the real
error f, — f or strong assumptions are made on the density f. In this paper we consider
the asymptotic behavior of the L, error || f, — f || where f, is an histogram constructed
from a sample of iid. real-valued random variables with common continuously
differentiable density f. Results about histograms still present practical interest, as
histograms are more adapted to on-line high data speed signal processing. Also, averaging
histograms circumvents the problem of their variability (Scott 1985, Hirdle 1991).

Let N* denote the set of positive integers and let (X),.. be a sequence of i.i.d. real
valued random variables with common unknown density f with respect to the
Lebesgue measure 4 on R. We denote by u the measure with density f. For each neN*,
let h, be a positive number and let Z, be a partition of R into intervals 4,;, je N*, with
equal measure h,:

VneN*, VjeN*, A(4,;)=h,.
For neN*, let f, be the standard histogram estimate of f constructed from X |,..., X,
and the partition Z,, that is

£.(x) = % it xed,, (1)

n
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where the empirical measure i, is defined, for any set 4 in 4, the Borel g-algebra of R,
by

_#lilXeA 1<i<n)
- .

HalA

We show that the L, error || f, — f || = jR |f,, — [, suitably standardized, is asymptoti-
cally Gaussian.1(0, 1) under the usual conditions of consistency on (h, ). Our technique
relies on a Poissonization argument originating from the fact that a multinomial
distribution can be written as a conditional distribution of a set of independent Poisson
random variables given their sum. From this, Bartlett’s idea of partial inversion for
obtaining characteristic functions of conditional distributions can be applied. Using
this idea Beirlant, Gyorfi and Lugosi (1994) proved the following results: if nh, — oc and
h,—0 as n— oo, then

= EL ) —ElLf,—Ef 1o, - 470.1), 2)
where o7 =1—2/n. Beirlant and Mason (1992) extended this to the L, norm
D,(p=lw)P(t,—Fz,) IP. where m, is a weight function and 7, is either a histogram or
a kernel estimate or a regressogram. Note that these results are limitlawson (f, — Ef,)
and not on {f, — f). Obviously this limit law can be extended to the L, error if the
variation term | f, — E f, || dominates the bias || E f, — f||. If one wants to have small
expected L, error then the variation and the bias terms should be of the same order, so
in this case the asymptotic normality does not follow. Csorg6 and Horvath (1988) and
Horvath (1991) proved for the kernel estimate that if / belongs to a subset of twice
differentiable densities and the variation term dominates the bias, then the asymptotics
of || /,, — f llis independent of f. Under the additional conditions, they obtained a limit
law when the variation term and the bias term are of the same order. Devroye (1988,
1991) proved that if f,, is the histogram or the kernel estimate, then

Var{/nllf,—f1} <1 (3)
and
P{/nlllf,—f I —Ellf,—fll]| > &} <2772 (4)

for all f, n, h,, ¢ and nonnegative kernel. (2), (3) and (4) suggested the conjecture that we
have asymptotic normality with asymptotic variance less than ! and maybe indepen-
dent of the density. In fact the asymptotic variance depends on the smoothness of f, but
it is smaller than the asymptotic variance of the variation term. According to this
VW fu—f Ui —Elf,—fIl is of order n~ "2, This should be compared to the rate of
convergence of E| f, — f ||, which is at least of order n " '’* for differentiable f, and it can
be achieved for h, = cn™ . The best choice of ¢ is

()

(Devroye and Gyorfi (1985, section 5.6)). The limit law in this paper shows that
essentially all information about | f, — f|| is contained in E|| f, — f{.
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1I. MAIN RESULTS

Introduce

s

x u
wa=u3] (1)

Vi) = Var{y (N},

and

where « > 0 and N is a standard normal ..+ (0, 1) random variable.

Theorem 1. Iff is continuously differentiable on R and if h, = cn™ '3, then

S = I =Elf,—f1)fo = .470,1),

32y
o’ :JI/<L l{‘)f di.
21

Note that we do not have any tail condition: the support of f can be unbounded.
Lemma 1| below, giving the behavior of the function V, implies that 6?<1—-2/n,
and 62 — 1 — 2/nasc 0. When ¢ is large, the bias dominates the variation, and ¢ varies
like 1/c? (Lemma 1(c)). Thus if we cannot set ¢ = Copr then ¢ > ¢, should be preferred

OVer ¢ < ¢,

where

pl°

IHI. LEMMAS AND PROOFS

Lemma 1.
® (a) V is monotone decreasing and has infinitely many derivatives.
® (b) For o, small enough, V is concave on ]0, o, ]. As 20,

2 2
Vi)=1—=—-——a%+ o(a?).
n 3n

® (c) For a, large enough, V is convex on [a,, +oo[. For 1 <a,

and

1
lima?V(a) = ~.
mo‘ V(o) 5

¥«

Proof. (a) For b > 0 we define the functions z(x) =y, ,,(x) and z'(x) = (0/0b)(z(x)) and
prove that for any positive random variable X with finite variance, Var {z(X)} is a non
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decreasing function of b. This clearly implies that ¥ is monotone decreasing. We have, if
all derivatives are with respect to b,

(Var {z(X)}) =(E{z}(X)}) — (E* {z(X)})
=E{(z})(X)} = 2(E{z(X)}) E{z(X)}
=E{2(X)z(X)} — 2E{Z(X)} E{z(X)}
>0.

Let us explain every step in this chain. The first equality is obvious. In the second one,
we only use the fact that with g(x, b) = z*(x) one has

CE{g(X,b)] dg
YR _E1Yont
cb (7b(X)

The interchange of derivative and expectation is only allowed under certain circum-
stances: fix b > 0 and consider

Ejh g(X,b+u)—g(X, b)l

) u J
Atevery x >0, the limit of (g(x, b + u) — g(x, b))/u exists and equals ¢'(x) = 2z(x)z'(x).
Also, as zZ'(x)= —(1-b>x%)"/(2b%), it is easy to see that the family
{{g(x,b + u) — g(x, b))/u} is uniformly integrable in u over a small interval near zero,

provnded that EX2 < o0. Thus, by uniform integrability - the dominated convergence
theorem, really, see Chung, 1974, p.97~ we note that

3 _
E dg(x.b) _E “mg(X,bJru) g(X.b)
b uio u

X,h —g(X,b
CimEJIX 0 —g(X, )}
ul0 u

_ Eg(X.b))

B ob '
The third equation in the original chain follows by taking g = z. For fixed b > 0, both
z(x) and z'(x) are increasing in x. Thus, z'(X) and z(X) are positively associated (Tong,
1980). Hence,

E{z(X)z(X)} 2 E{z(X)} E{Z(X)}.

thus explaining the last step. Now, if ¢» denotes the standard normal density then (b)

and the second part of statement {a) follow from the expression;

2 1 (o
V(a)=1 *-+2—J (> —y*)P P(y)dy

1 [ 2
—Zf J (o0 =y p(y)dy — < J(a—y)"*d)(y)dy>~
0
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(c) is a consequence of

1
2

b =

2 Via) = j (2* — y*)* p(y)dy

(x —y)2<i>(y)d,vz)-

NS

5 * 5 !
+(a‘+1)f =y |
To prove Theorem 1, we use Poissonization (for L, norms, this was also used by
Horvéth (1991)). For any positive integer i, let N, be a Poisson (i) random variable
independent of the sequence (X)), .. Define, for neN*

gy PllXEAT<I<N,)

.“N,,( "

and

A L
:'UL"}(,—E—) if xed,

n

Iy

Assume that the {A,;| arc ordered according o non-decreasing distances of their
centers from the origin. For ye(0, 1) choose the integer m, such that

myt 1

L—y,= Y A, )<=y < Y u(A,)).
ji=1 i=1
Roughly speaking, S, = l J',.";'1 A,; 1s approximately an interval centered at the origin

S

with I —y ~pu(S, ). Obviously nh, — oo implies that m,/n— 0. Moreover,

0<y,—7 S ulA,,, . 1) Smaxp(d,;) -0
j

as n—oc. Also define S, as the interval centered at the origin with the property
F—y=u(S,).

Beirlant, Gyorfi and Lugosi (1994) allow one to extend central limit theorems for
Poissonized functions to the original ones (see Lemma 2). To prove our theorem with
a centering constantequal to E | fn, — /I, we have to choose suitable functions Gnj and
to verify the conditions of this Lemma. Then we will get the final result by making use of
Lemma 10 which implies that

1
E —fI=Elfi—fl=0l—F4)
I v, =S —Elfu—fl=c <ﬁ>

Lemma 2. Let y,; be real measurable functions with
E {gnj(iuN"(Anj))} =0 (n,j=1)
Assume that for all t, v and y

o N - 2,2 2
(Dn-)'(tr U) =E {exp<l[ z gnj(.uNn(Anj)) +iv - n>}_’eVI » /Zeiv /21
N
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with p2 = |5 h(x)dx, where h(x) is some measurable function such that p = [ h(x)dx < .
Then

Gui(a( A,V po — 1 (0. 1),
j=1

ji=

Lemma 3. Let f satisfy the condition of Theorem 1. If a is the center of Ae?,, put
g x)=E f (@) + [(@)(x —a) (xeA)

and

I,= \/EJ U fy, = f1=Elfx, =1 =Sy, = 9al = Elfy, — g,
Sin
Then E{I}} > 0.

Proof.

m, 32
E{I7] =”E{ J (if!\’,.-fi'E"/.N,,'j-i-(|f,\r"-gnl-E]f,\’"vgn“)}
j Anj

2

my r )
=n} E{J (lfN,ﬁff*Elf.w,,‘fi~(lf~,fgniAEJ.fN,,—y,.i));
j=1 Anj

=n Z Var{f (|an—f|_|fN"_gn|)}

S el an-r-1s, ~a",|)}2

j=1 Anj

Hin 2
<n )y <j I.f*g,,|> :
Jj=1 Anj

Consider the Taylor expansion of f, f(x)=f(a)+ f(a)(x —a)+ o(h,). Then, as
§uf =§4Ef, we see that E f,(a) = f (@) + o(h,). Thus,

A

J lf—gal= J | fa)—E f,(a) + o(h,)| = J o(h,) = o(hy),
and therefore,

E{I2)<n Y o(h!)=nm,o(ht) <n(diam(s,) + h)o(1/n) = o(1).

j=1

Lemma 4. Let g be a function such that for Ae?, | B f,={, = [,qg. Then

J lg = f.l =J [Efu—/fx,l

+ 21[u\,l{A)>u(A)]J (9—Ef,— |Efn‘f1v,.“+
A

+ 21[#\'"(A)<u(A)]J‘ (~@—Ef)—IEf,—fyD"

A
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Proof.
f Ig—an|=J (fn,—9" +f (g—fn)" J (S, — f (9—fn)"
A A A
and
I[u\,,(A)>u(A)]J (f,\ g [m (A)>u(A)]f (-/i’v,._E.fn)
=I[M,\"(A)>M(A)]J | fx, —Eful-
A
Thus,
f |g~—f:N'n|I[u\,,(A)>u(A)]:I[m,,(A)>um)}J‘ | fx,— Efl
4 A
+ 21[#~.,,(A)>mA)]j (g - Efn - |Efn ‘fN,.“+-
A
Similarly.

JL‘/ — Sl gy y <uian = Ty ) < u(A)]f |fx,—Efal
A

+ 21, 4 <uin f(—(a—Ef)—lEf, '

liin, (A4) St
A

Remark 2. Lemma 4 holds when f), is replaced by f, as well. Taking f = g, this means
that for the histogram, the L, error is larger than the variation term.

Lemma 5. Let g be a function such that for Ae ?,, [ ,Ef, = [ .f = [ 49, and let g be linear
on A with slope C. Then

J g —fn,|= lpp(“lN,,(A)_ (A,
4

where
|Clh;
p=
Defining
v o/l (4) — ()]
NpoA T(A)
we have

\/’;J‘ Ig —anl =/ ﬂ(A)lp,(A)(IMN",AI)s
A
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where

=
iCly/mh
2. ulA)

v /

2A) =

Proof. LetA=[a,b].h,=b —a,and g(x) = Cx + D, xe A. Because of the condition on
g, Ef,(a) = C(a+ b)/2 + D. Taking into account

]
J |Ef, = fy| =iy, (A) — w(A)],

and Lemma 4, for py (A) > p(A) we have

f (9—Efi—IEf,—fu )7 = j (9 —Ef,— |y, (A) = p(A)|/h,)"

= ,[ (C(x—(a+b)2) =y (A) — u(A)/h,) " dx
A

p /< ey (/4)—#(-4”)“2
=— | -8 2 0 .
=)

For puy (4) < pu(A) we obtain a similar result.

Lemma 6. Let H:R ™ — [c,d), 0< ¢ <d < + ¢ be an increasing, differentiable and
invertible function such that

Hw<c,u”, §, <2

Let (4, [iM + ~)and N be respectively a Poisson (4) and a normal .4 (0, 1) random variable.
Then there is a constant C, such that

™

(H(M|)} —E{H(N]}| <

Sl

and
Co
\/ /

Proof. Without loss of generality we may assume that 4 > 0 is integer, thus

|[E{CH(M) (50 —EH(N) 50} <

IM+i=Y M,
i=1

where M,,..., M, areiid. Poisson(1). Therefore, by the Berry-Esseen inequality, there
is a constant C, such that for ueR
C, 1
IPIMzu} —P{N>2u}|<—%

NGE:
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Thus,

[E{H(IM])} —ETH(IND}I =

f P{H<|M|)>r}drvf PH(IN])
0 O

rd

| [td
J‘ P{H(|Mj)>t}d1J

<

d

&

C, ™ H(u
S*/—I-J ()}du
\//’L 0 ]+u

C,c, [‘ u’
< du
/T n 1+u?
\, &
_%
\/f’

The proof of the second statement is analogous.

.

Lemma 7. Properties of Y (u), for

>

R

~ and 11> 0
p ang u = Ul

<

0y (u) <1

A

. 0, mr(u) <u,

o 2
[, (1) — vy (v)]| < |Ju—v], Eé v u) <<+ u.

2

Lemma 8. Let g, be defined as in Lemma 3. Then

. ~ : 21 s
Iim Var{\/nj |fN"—g,,|}:f V< Z\ﬁ >f=a;.
n— % S‘." S, .

Proof. Let ﬂM + A be Poisson (4), then first we show that there is
constant C, such that

f \
'Var{'/’a”M')J'Vaf{l//g(INl)}|<C2<M+i>

N -
A
V L

Defining, for r > 0,
A= [E{, (1M} — E (NI},

we have

[Var {,(IM])} — Var {y,(IND}I <A, + AT+ 2A E{YL(IND.

337

>t} dr

P{H(|Nl)>t}dt'

gJ [IP{IM|>H ')} —P{N|>H '(t)}|dt

a universal
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Thus we get the result by applying Lemma 6 with H =y, and H =y?. Therefore
denoting by a,; the center of 4,; and setting

A A Hf( dy |\/nh2
] AVN(A,.,)
we have
372§
|Vaf{ f 1y, . Zu(A GV (ﬂ—(“_l)')‘
L JS J \2\//#(Anj)/hn |
< Y wANIVar (Y, (IMy L, 1)) = Var (Y, (1N}
j=1
il 1+ E{W 0, IND] 1 >
<C u(A,,-)( =7 +
zjgl i \//"#(Anj) n(A,;)
P m,\
=G, <—/— Z \/ﬂ(A,,j)(l + E{‘//{z(A,,i)(lNl))} + —)
VHi=1 n
s ] m” A . AN Y
SCZ(T Z \/V,U(Anj)<l 1"—“(2"]) { 1)+%)
V=1 "
1 & ju(A,;)
<C T h o+ oh, lf(n)|h+ )
3<,/nh,,,zl h, Z !
i [ i { m,
:q( J JAl +o(1 )+hJ | f |(1+o(1))+-)—»0.
nh,Js. s. h
Since
m, 302y g
i=1 ’ 2/ utA, )ik,
we get

Var{ﬁf IfN"—.q,,]}—»af.
Sv"

Lemma 9. (Beirlant, Mason (1994)): IfﬂM + 4 is Poisson (A) then for eachr = 1 there
is K, > 0 such that

E{lJAMPP ) <K (X + A, ¢ ).
Lemma 10. Ifsup; u(A,;) < 1/4, then

‘Ejmv vft-Ejl.f;,—.ﬂ‘<M+znexp[—nu —log2)/2].
" Jn

Proof. By f, , we denote the following density estimate:

1 k
.fk‘n(" _h Z X, edn(x)

where A4,(x) is the set of .2, containing x.
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Then f, ,(x)= f,(x)and fy ,(x)=fy (x). We begin with simple discrete sum calculus.
Introduce the notation J, = {| /., — f 1. and AJ, = J, ,, — J,. Iterating this, we have
A =J;, ,—2J;, +J; Itistrivial to see that

for all j. We show that

T 3i2

when i > n/2 and sup; (A, ;) < 1/4. Fixi = n/2. If K and L are the (random) indices j of
the intervalsin {A4,;} to which X,, , and X, , , belong, and if P; denotes the number of
points among X, ..., X, that belong to 4,;, then

E{A%J,)

i) 2,
_Ei Igoi I A ‘]if

k.

B (1P 41 1 colp N
:}_JP{szaL:I}E{J ’Z'—_f'—J v‘—_,fu
Ani A

Py n nh
P, +1 [P
Y PIK= kL_l}E“ i -/lv J‘}
ki Anic nh o Ank nh
k IJA 1k nh ! A ’nh 1 JA,.k‘ nh |j
P P.+1
=% u(A,,)E — L _fl-2 LR
;/‘( k) {JA"‘( nh ! +JA"’( ah f .L,.k i f’}
where we made heavy use of symmetry. Also,
P.+2 P P+ 1
AL L Ll
Anie nh | Anic Ank nh
2 1
hE/(Ankmp( P.<nhf(x)< P, +2})
2 4. . . ) .
=— 3 MAunxj<nhf(x)<j+2})P{P, =}
nh ;=
2 i
<~};maxP Z/A Nixcj<nhf(x)<j+2})
n j j=
2 2
€ — [————21A,)
nh\ (i + DutA,,)
4 2

(i + Du(Ay)
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where in the last inequality we used that for a binomial (n, p) random variable B, with
p < 1/4, we have

(n+1)p’

supP{B=j! <
) J

which follows from standard upper bounds (see, e.g., Mitrinovi¢, 1970, p. 197). Thus for
i=n/2 and sup; u(4,) < 1/4,

It 1s easy to see that

S Nk—1—)A2,  if k>n
ol (i—k+DA2J, if k<n.

i

Jk=Jn+(k—n)AJ,,+{

In the above equations for J,, we replace k by the Poisson (n) random variable N, and
take expectations. The coefficient of AJ, drops out. Thus,

i=n

N-1
E{Jy —J,} = E{INM Y (N—l—i)EAZJ,}

n-—1
+ E{JM Y (i—-N+ l)EAZJi}.

i=N-1

Therefore,

N-1
|E{J\n —Jn}| < CnE{IN>n Z (N_ 1 _l)}

N-1 n-1 )
+C"E{I”,23N<n Z (i—N+1)}+E{1N<M2 Z (i——N+l)—}
' i=N-1 i=N-1 h
SCE{Ily (N=1=n?} + C,E{I,, vy, (n=NV} + 2nE{l\_, .}

< C,E(N—n)?*+2nP{N <n/2}
=C,n+2nP{N <n/2}

_8supi /uld,)

N

+2nexp[—n(l —log 2)/2].
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Proof of Theorem | First we show that

S L= I —Elfy, = )6 4170, 1),

from which, using Lemma 10, Theorem 1 follows. Now, check the conditions of Lemma
2. Choose the functions g, ; as

.qnjm:\/r%(JfA (}T\,,‘f!‘Ef \““,“"f"—f!) (j=1.2...).

Any n,
Introduce

M (A
somri 3 ([ [t | ]
i=1 Anj h" Any

for which a central limit result holds as we will show. Note that

,uN"(A"J) _ N
s |

n

Uy, (A)

o Zosl _ f

h,

>+UN" !
T

i - 1

Var(S,)=n ) {IZ Var{J
j:1 A"J

+ ZIUE{J
Anj

Mp A . ,3/2 7
ny Varjr !‘uN"( "”—j'll—» ( V(( |‘/ff_|\f.

j=1 (JAnd h" I) JS, \ 2\/// /

To finalize the asymptotics for Var(S,) it remains to show that

Eeil

JA,,j
Because of the proof of Lemma 3 it suffices to show that

N An' g
iﬂi(zn_ﬁ —/ ‘(ﬂN"(An,—) - H(A,.j))}} + 0

By Lemmas 3 and 8

.uN,,(A,,j)

—e—t—f

h

n

(aty, (A,;) — lt(A,,j))} -0 as n- w.

ny, (A"-
ny E{J :“N,.h—J)_g" (#N,,(An_;)_ﬂ(Anj))}—’o as n—oo.
ji=1 Anj n

Then

£

n E{J |.an_gn|(:uN,,(Anj)_M(Ani))}
j=1 Anj

n

Ed

=n

E {l//ﬂ(Anj)( I MNnvAnj|)MNn-Anj }

It

j=1

Applying Lemma 6 with H =, , we get

|E{l//g(,q,,,)“MN,..A,.,|)M+,,,A,,J-} —E {l//a(A"j)”N“N*H

Co

iV n/l(A,,j)

N
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and similarly for My , and N . AsE{y,, ,(IN])N} =0 we get

my,

ZEH |y, — gullity, (A,,) — u(A, )} =N "')h
= Au; ,

\/nh,,J 1

- 1 FR TR | LR B . I - 1 1 1 ¥ : Coa1
and the sum in the right hand side tends to {5 \/f. This completes the calcuiation of the
asymptotic variance. To finish the proof of

S ;.,1"/Ot rV/(3/2|/’\I+L‘\ as n-o o
g ) |

we apply Lyapunov’s central limit theorem, and note that we only need to show that

QLE{[[ #N..(A"J)_f“E[ iy, (Ay)) 3}
=t U Jagl - Jan, |

h h,

n

-/

) + U(/IN"(A,,I-) - :u(Anj))

and
Y Bl (A, AP

are both o(n™%2). By invoking the ¢, inequality, this would follow from

mn 3
LY,=n*?Y E{ J "“"(A ) —EJ }_»0,
Anj Anj

#N,,(Anj)
< h, h
n?? Z Elluy, (A,;) = u(4,)*} -0

n

-f -/

ji=1

and

This last statement is shown in Beirlant, Gyorfi, Lugosi (1994). In order to show the
former, let F, ; be the distribution function of [My,_, 1. Then
)

LY,,:E::E{

ji=1

/l(A"j)(l//a(A"]_)” MN,,.And) - E{'//annj,” MN,,_A,,jI)}

»

3
dF,(u)

- Z 1A, )32 l//am,‘,)(“)‘f‘pa(Am)(v)ani(”)
i=

Y

Z u(A JI!//MA"J)(M) =Yy, O AF, WAF, (v)

o

< Y (A, JludeFnj(u)anj(v)
<4y u(%)“”(ﬁ +0Y)dF, (wdF,(v)

i=1

=85 y(A,,j)”zE{IMNMMP}.

j=1
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By Lemma 9,

(A2 alA,) \
E{|M~.,.Anj|3}<K"((nu(A:,-)” iy s

1
s KI»S <1 t (n#(Anj))l/’Z I["ﬂ(Anj)Sll)'

Thus,

< 8K1.5< > (A, + ﬁ Z 1(A,)) [nu(Annsl])
J

j=1 =1

1
<8K, (max\/ #l(A,;) +—-—>—>O,
j<my, \/H

and we get the first limit relation in Lyapunov’s condition.
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