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A Class of Optimal Performance Directed Probabilistic
Automata

LUC P. DEVROYE

Abstract—A new type of probabilistic automaton is presented which is
optimal, converges quickly, and is flexible in the sense that several
characteristics of the unknown random environment can be learned and
incorporated in the scheme without affecting the convergence. Emphasis
is on the proof of convergence and a theoretical and experimental
comparison with other strategy selection procedures.

I. PROBLEM FORMULATION

The problem of the sequential selection of the best of N
strategies a;, i = 1,--:,N, in a stationary and finite random
environment is considered. A finite random environment & is a
finite collection of distribution functions on %!, let us say
{Fy,- + +,Fy}. The environment is unknown, i.e., no information
whatsoever is available concerning the distribution functions F;,
i=1,---,N. At each iteration (epoch) n, one strategy S,€
{ay,-- -2y} is picked and applied to the unknown random en-
vironment which responds with a number Y, called the loss or
the response of the environment. .

Given that S, = «;, Y, is a random variable distributed at Y*
where Y has the distribution function Fy(-) in #' and the mean

b fy ) = EXY'} = E(Y, | Sy = @)y i= 1N,
M

where c; is the expected loss (or risk) with strategy «;. Throughout
this paper, it is further assumed that the variances (2) are finite:

il

o f = c)? dE(Y) = E{(¥' — c)?)

E{(Y, — c)* | Sy = a}
<o¢®< o, i=1,---,N. (2

Manuscript received February 26, 1974; revised July 1, 1975, and June
17, 1976. This work was supported in part by the Air Force under Grant
AFOSR 72-2371,

The author is with the Department of Electrical Engineering, University
of Texas, Austin, TX 78712.



778

To describe the strategy selection process, we assume that there
exists a probability distribution on {a,---,ay}, let us say
P, = (Py,,, -+, Py,,) so that

M=z

Pl_,.=1, n =

3)
4)

The selection probability vector P, is usually a random vector.
The a priori expected loss at epoch »n is denoted by M, and is
defined by (5):

1

P, = P{S, = oy}, cvooN, n=12--..

N "N
M, = E{Y,|P,} = i;AE{Y‘}P{S,, =a| P} = ,Za Py ucy.

(5)

A set of rules for computing P, given (P;,S,,Y),j = 1,---,n,
is called a probabilistic automaton [2], [3], [5}-{16], [19]-[21].
In particular, we are interested in optimal automata, i.e.,
automata which insure that

lim E{M,} = d = min {¢;,---,cx}. (6)
n

For general environments, none of the known probabilistic
(stochastic) automata with a variable structure (SAVS) is op-
timal. To describe the properties of some of the SAVS,
Viswanathan and Narendra [11]-[12] introduced the concept
of e-optimality. The underlying idea is the following: For all
g > 0, a set of rules for computing P, ; can be found within the
class of stochastic automata under consideration such that
lim, sup E{M,} < d + &. For most of the classes of automata,
the set of rules is completely determined by the choice of one
parameter.

If Y'e {0,1} for all i, e-optimality was proved for a broad
class of SAVS [3], [11], {12], [19]-[20]. The most promising
experimental results for general environments (Y'e R! for all
1,---,N) were obtained by Shapiro and Narendra {3}, but
their procedure is not optimal. The stochastic approximation
type automaton of Fu and Nikolic [10] is proved to be optimal,
but one of the conditions of convergence is not a priori control-
lable. Experimental results show that their algorithm behaves
very similarly to e-optimal automata.

We will present a new class of probabilistic automata that is
optimal, converges quickly, and is flexible in the sense that several
characteristics of the unknown environment can be learned. This
information can be incorporated in the scheme without affecting
the convergence.

i=

II. A New CLASS OF ALGORITHMS

Let S, € {ay,---,2y} be the strategy selected at epoch » and
Y, be the corresponding observed loss. We will need the following
random variables which are defined for alli = 1,-..,N:

Ro= IS =} - Lia= 3 Ru
1 & 1 ¢
Gin = m 1;1 YiR, D, = m kgl Yszl.k
Vin = Din ~ Gy Q)]

where 7{.} is the indicator function of the event {.}.

All these quantities can be computed recursively. L, , counts
the number of times strategy «; was applied to the environment
up to time 7. G, , is the estimate at epoch n of ¢;, = E{Y'}. D,
estimates E{(Y")?}, and V,, is the nth epoch estimate of 5,2
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Denote the N-dimensional column vectors corresponding to
these quantities by R,, L,, G,, D,, and ¥,. Further, ap is the
best estimate of the optimal strategy at epoch n and is defined as
follows. Let T, be the set of integers j for which G,, =
min; {G;,,}. Choose H, at random from I,. Clearly,

H,eT, < {1,--,N}.  (8)

Gy, » = min {G,,}
t

To simplify our notation, let J, denote the N-dimensional
column vector with components J; ,, = I{H, = i}. The random
variables in whose asymptotical behavior we are interested are
M, (5), which is the loss to be expected at epoch n + 1, and
Z, = cy,, which is the risk associated with ap, .

A probability vector is, in our context, an N-dimensional
column vector from [0,1]¥ whose companents sum to 1. Let
B, = (Byp--+,By)T be an arbitrary probability vector,
ae(0,1], and let {8,}5=, be a random sequence from, [0,1]
satisfying 34_; B, = co with probability one and lim, 8, = 0
with probability 1. Then relation (9) defines a PDPA (per-
formance directed probabilistic automaton):

Ppor=Ii=n+1}, 0<n<N-1

Puss = B, (“N 1+Q- a)B,) +Q = B

N<n

)

where 1 = (1,1,---,1)7. ,

The reader can easily verify that J,, P,, and 1/N - 1 are prob-
ability vectors. B, is to be picked in such a way that the algorithm
performs “well” (e.g., displays a high rate of convergence or
samples all the strategies so as to equalize the variances of the
estimates G, ,, { = 1, --,N, etc.). We now give a few examples,
some of which gave excellent experimental results. Let G, =
max,; {G;,), 8 > 0 and b > 0, and let {6,};~, be a sequence
from [0,00]. Define for i = 1,---,N the random variables C, ,:

i) Cl.n =1
ii) Cw = Viw Lu™?)
iii) Cpp = (G, — G0’
iv) Cp=1+ b1 — G )Ly
V) Cip=(b+ LV (Grm — GH,..n)z)_o"- (10)

Further, in each case let

N -1
B, = Cl.n []ZI Cl.n]

so that B, is a probability vector. If i) is chosen, information is
voluntarily rejected and uniform sampling is favored. Therefore,
i) is only useful in high equal noise problems, i.c., all o, are
approximately equal and much larger than max, ;|c, — ¢;].
Choice ii) results in a higher sampling rate for relatively less
sampled strategies (i.e., strategies with high estimated variance
V,.» relative to the sample size L, ,). Choice iii) favors *“promis-
ing” (low G, ,) strategies over other strategies. The parameter 8
controls the value of the largest B; ,. Choice iv) is very similar to
choice iii) and was first suggested by Meerkov [13]. It is only
applicable if Y e [0,1] for all / and will be discussed later. The
last choice combines the features of ii) and iii) and made al-
gorithm (9) converge quickly in most of the test examples (for
particular choices of {6,};= ). It is clear that this list (10) is not
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exhaustive and that, regarding the selection of B,, the designer
is only limited by his imagination and experience.

Besides this class of PDPA, another SAVS will also be dealt
with in this paper. Let {{,}22 and {J,}5— o be random sequences
from [0,1] satisfying (11):

s

Y 8, = ®,  with probability 1
n=0
lim¢{, = 1, with probability 1
n
lim§, = 0, with probability 1. 11
n
Then we define this SAVS by
1
Po = —]G. 1
On
Pyt =P, + 0 | = ), + 7v--1 - P, n=0 (@12

Algorithm (12) coincides in form with the algorithm of Fu and
Nikolic [10] for é, = O.
III. PrOOF OF CONVERGENCE '

Both classes of algorithms satisfy the following requirements.
There exist random sequences By .- - *,By,n @and ¥y 1 = 1,2,- -+
with lim, y, = 1 with probability 1,

o
Z ﬂi.n = ©
n=1
with probability 1 for all/ = 1,..-,Nand
Pl.n = ﬂ!,n; i= ls""Na n = 1,2""

PH,..n = Pns (13)

For all automata which satisfy the foregoing condition in en-
vironments satisfying requirements (1) and (2), (14)-(17) hold:

n=12---.

Z, - d, with probability 1 as n - o (14)
E{Z,} - d, asn — o0 15
M, - d, with probability 1 as n —» o (16)
E{M,,} A asn — o an

Remark: Equation (13) implies that lim,_ . B;, = 0 with
probability 1 for i = 1,2,---,N.
Proof: Let C, denote the event [lim,y, = 1] and

N o
C, = n = 0|.
SR [ngl B ]
We know that P{C, n C,} = 1. Assume first that Z, — d with
probability 1 as n — 0. Because d < ¢; < M < oo for all

i=1,---,N, E{Z,} - d follows. Next, picke > 0 and § > 0,
arbitrarily. We have

N
P{U [ Pi'k01>d+8]}
. kzn {i=1

< P U[rk-Zk+(l—-yk)-M>d+8]}
kzn

y [z,, >d+ g]} + P{kg,. [1 - %> ﬁ]}

A
vy

IA
M
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which holds for all n large enough in view of P{C,} = 1 and
Z, — d with probability 1. Thus M, — d with probability 1,
and because d < M, < M < o, E{M,} — d as well. There-
fore, (14) implies (15)-(17), and we will now prove that Z, — d
with probability 1. Again, pick ¢ > 0and § > 0 arbitrarily. Then

P:kU [Z, > d + a]}

2n

IA

P {U gl [IG,.,‘ - ¢l > 58];

kzni

1A
=

i

v

e
|Gk — e > E}

1A
=

7|

Yk
£

P {U [lGi.k - ¢l > E]’ Ly = Ro}

kzn

-
[}
[,

N
+ P{L;, < Ry}
1

N
32 + ), P{Lix < Ro}
i=1

A

(18)

where we used the Hajek-Renyi inequality [24] (in view of the
independence of Y;,Y,,- - -) and where the constant R, is chosen
such that

(19)

N
Ro > —l-g . Z q"z.
& i=1 :

From the sampling procedure we see that there exist random
variables L, ,* with

n
Li"" = Li,n* = jZl Z(.J

where Z,,,-++,Z;, are independent binary valued random
variables with P{Z, ; = 1} = B, ;. Notice that

E{L;,*} = By

ey

and

M=

o {Lia*} <

BI.J'

it

1

For all n sufficiently large, i.e., such that E{L, ,*} is greater than
2R, and greater than 8N/J, we obtain by means of Chebyshev’s
inequality: '

P{Ly,, < Ro} < P{L,* — E{Li;’} < Ro — E{Lya'}}
< P{Li,* — E{L;,*} < —E{L;,"}/2}
GZ{L‘,,*}
T (E{Lia*2))?

n -1
<4 (2 B ,) < 3]2N. (20)
=1
Collecting bounds gives that for all » sufficiently large,

P{kg" (2, > d + s]: < 4,

which completes the proof.
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Fig. 1.

It is worth mentioning that (14)—(17) are still true if E{|Y*|} <
o, i = 1,--+,N, instead of (2). In the proof, observe that the
first probability in (18) tends to 0 as n —» oo by the strong law of
large numbers [24] for sums of iid random variables, given the
existence of the first moment. Notice, however, that if 6,2 = o
for some i€ {1,---,N}, then one will no longer be able to use
the estimators D, and V, (7).

1v. EPSILON-OPTIMALITY
With the following fixed-parameter algorithm (21),

Py=N-!-1

Py = BN"1-1+ (1 = B, forn=0 (21)

where B, € (0,1], there is at every instant a positive probability
of selecting each strategy. Hence this scheme (or similar more
complicated ones) can be used in nonstationary environments,
provided the performance is not evaluated by simple averaging
but by a finite memory device such as an exponential filter. From
the previous theorem we know that since P{C;} = 1,lim, Z, = d
with probability one. Thus '

lim E{M,} = d + Bo- N™*- ﬁ‘, (e, — d).
n i=1

To achieve s-optimality, it suffices to take

N

Bo < ¢/N7* 'Zl (e = d).

Average performance c; versus a;.

V. CoMPARISON WITH OTHER METHODS

Historically, automata were first studied for use in 0 ~ 1 -
random environments (i.e., Y’ € {0,1} for all {). Excellent surveys
of stochastic automata with a variable structure for use in such
environments can be found in [2]-[4]. As a rule, P,,, depends
only upon P,, S,, and Y,. Perhaps the most representative al-
gorithm for this class of automata is the Lg_; (linear reward-
inaction) scheme (22):

Py = N~'-1; P,y = P, + Bo(l — V)R, — P,
forn =0, foe©1). (22)

This algorithm is e-optimal [11], [19], [20], and its main
advantage is that it requires no performance estimation through
some auxiliary variables as G,. The deceleration algorithm of
Meerkov [13] is a completely different type of algorithm for
0 — 1 environments. In fact, his algorithm is exactly of the form
(9) with choice (10, iv) for B,, wherea. = 0 and g, = 1 for all n.
However, he proves only convergence in probability, and ex-
periments show that for any choice of the parameter b, his
procedure converges extremely slowly. If Y' € [0,1] for all i (or
if Y'e [4,B] for all i and A,B are known, we can consider
Y! — A/B — A), (22) can still be used, but convergence or even
e-optimality are not yet established (see [7], [14]). If 4 and B
are unknown, Viswanathan proposes estimation of 4 and B by
A, and B, as the search proceeds [7] and the use of Y,* =
Y, — A,/B, — A, in (22). As an example of a SAVS which is
not even ¢-optimal but merely “expedient” [16], [21] (for the

’
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Fig. 2. E{Ps(N)} versus N for stochastic automata with variable structure.

latest definition, see [5]), we cite the Lgp (linear-reward-
penalty) automaton of Fu and Maclaren [4], [8], [15]:

Po=N-'.1;

Y,
Puvs = Pt Ao R = 70+ 0= R) 22— p1]

forn >0, Boe(@01). (23)

It is shown in [4), [8), [15] that for [0,1] environments,

N -1
lim E{Pk.n} = Ck_l (Z C‘-l)

i=1

so that asymptotic optimality is, in general, excluded.

If Y! e (— o0, + o) for all /, one can try to find some nonlinear
transformation, let us say g: (—o0,+®) - [0,1] or A: (— o0,
+00) — {0,1} and use g(¥,) or k(Y,) in the schemes for 0 — 1
or [0,1] environments. In general, however, such transformations
do not preserve the order in the ¢ i.e., if ¢; = E{Y'} < E{Y’} =
c;, then it is desired that ¢,* = E{g(YH} < E{g(¥Y))} = c*. It

should be pointed out that for most of the environments an
order preserving transformation A(Y) exists. For instance, let Y!
be Gaussian with mean ¢, and nonzero variance o2, then for any
A€ R': i(Y) = I{Y > A} is order preserving. If no assumptions
can be made about the environment, one really needs a ‘““memory”’
for past measurements (such as G, etc.). The solutions presented
by various authors all had the same characteristic, i.e., P,y
depends upon P, and J,. Further, e-optimality is the best that
can be said about the asymptotical behavior of some of the
SAVS. Moreover, due to the fixed parameter B, (see (22) and
(23)), there exists a positive probability that M, + dasn — ©
(because of “‘absorption” in one of the states ay,- - -,ay of the
automaton), although this probability can be made arbitrarily
small by decreasing f,. In general environments, very high rates
of convergence can be observed with the Lg_; type algorithm of
Shapiro and Narendra [3]:

Po=N"1.1; P, = P, + B(RTINUJ, — Py,

forn = 0 and B, €(0,1). (24)
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Fig. 3. E{Ps(N)} versus N for performance-directed probabilistic auto-
mata.

The idea is to update P, only if the selected strategy S, was the
right choice, i.e., S, = ay . The scheme behaves experimentally
in an e-optimal way but is not known to be e-optimal. In any
case, (24) is not optimal in the sense of (6). Fu and Nikolic [10]
proposed a stochastic approximation type of algorithm with
varying parameter:

PO = N_l'l; Pn+1 = Pn + Bn(-’n - Pn);

for n = 0 and {B,}:2o < [0,1]. (25)
They prove that if 62 < 0 and ¢; < ¢; < -++ < ¢y, then
P, , — 1 with probability 1, provided the sequence {8, 1L o satis-
fies:

Sh=o ¥ B<o
n=1 . n=1

and

a0
Y B.P{H, = i|Yy, Yooy} < 0, foralli=2---,N.
n=1

Unfortunately, this latter condition is difficult to check in ad-
vance. In fact, it is not hard to see that it is a very strict con-
dition. Experiments with several environments have shown that
the algorithm behaves e-optimally, much like the Lg_; algorithm
24).
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The main differences between the PDPA and the discussed
algorithms (22)—(25) are the following.

1) The bulk of the information is not carried by P, but by G,.
Note that the same is true for algorithm (12) since {, — 1 with
probability 1 so that asymptotically, P,y y & (1 — 3\, +
8,N~! 1. As a consequence, the convergence properties of G,
can be exploited to prove the with probability 1 convergence of
the algorithms (9) and (12).

2) The second difference is the freedom in the design of a
technique (through B,, see Section II).

VI. EXPERIMENTS

Consider the maximization problem of Narendra [3] with
N = 10. Fig. 1 gives the plot of ¢, versus «;. Y! is uniform on
[e; — 2, ¢; + 2]. Note that ag is the optimal strategy. Obviously,
the problem can be regarded as a minimization problem if Y,
is replaced by — ¥,. Figs. 2 and 3 depict multiple run estimates of
E{Ps_,} versus n for various techniques.

In Fig. 2, the results are given for three SAVS:

1) the algorithm of Shapiro and Narendra (24) with f, = 0.01
and 0.001 (the curves are averages of 47 runs),

2) the stochastic approximation type algorithm of Fu and
Nikolic (25) with 8, = Bo(1 + 0.001n)~! and B, = 0.01,
0.0033, 0.002, and 0.001 (the curves are averages of 43
runs), .

3) the Lg_; type automaton with adaptive 4, and B, of
Viswanathan and Narendra (f, was 0.0075). (See [7] for a
detailed description).

For all these algorithms there exists a nonoptimal asymptotic
level for E{Pg ,}, and this level can be brought arbitrarily close
to 1 by decreasing the value of f, at the expense of a slower rate
of convergence. Note also that the SAVS (23) of Maclaren and
Fu is not competitive at all in such high-noise situations; e.g.,
if Y, is replaced in (23) by (¥, — 2.7)/(7.6 — 2.7), lim E{P¢,,} =
0.121 follows.

The results with some of the PDPA are given in Fig. 3. They
show, in general, less sensitivity with respect to the choice of f,
and behave asymptotically optimally. Curves 1, 2, and 3 are
40-run averages for algorithm (9) with

B, = min {1; -—B9——}
(1 + 0.001n)

and B, = 0.5, 1.0, and 1.5, respectively. B, is constructed with
the aid of (10, i). Note that the gradient of the curves even for
n = 24000 is still very steep. Curve 4 is a ten-run average for
algorithm (9) with the same S, and Bo = 0.1. B, is constructed
with the aid of the more complex choice (10, v) for C;,
i=1,---,N. We took a = 0.005, b =10, 6, = B,~'. The
initial rate of convergence for the PDPA is slower than the rate
for some SAVS, but this phenomenon almost inevitably occurs
when asymptotically optimal systems are compared with non-
optimal systems. Note further that the main field of application
of the PDPA (9) (10, v) is where the on-line estimation of o2,
i=1,--+,N, can pay off, i.e., in much more irregular noise
situations than the one of the test example. Curve 5 in Fig. 3 is
a 50-run average with the deceleration algorithm of Meerkov
(i.e., algorithm (9), (10, iv) with @ = 0, B, = 1 for all n). For
allb > 5, E{Pg,,} was below 0.3 even after 24 000 units of time.
For small b, the behavior was as in Fig. 3, curve 5 (where b = 1).
Y, was replaced by Y,* = I{¥, > 5.18} which, in this example
-is an order-preserving transformation.
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VII. CoNncLusION

A new type of automata is developed for general environments
(Y'e (- 00,4+ o) for all ), differing from stochastic automata
with a variable structure in that the selection probabilities are
not adaptive but depend directly on some estimated parameters.
One of the advantages of the PDPA is that with probability 1
convergence is insured for all the random variables of special
interest. Furthermore, the PDPA is remarkably flexible regarding
learning some parameters of the environment and introducing
this learned information in the scheme. Examples are given of
mean and variance estimators as well.

The asymptotic optimality of the scheme was proved and can
be extended without too much effort towards strategy selection
problems with a countably infinite number of strategies. In
addition, it is indicated how the PDPA can be modified for use
in nonstationary environments. Finally, some PDPA are com-
pared both theoretically and experimentally with most of the
well-known SAVS.
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